Problem Set 5: Differential Forms

Problem 1. Here we practice manipulations of differential forms.

(a) Let a = xdzx +ydy and B = ydz + xdy be 1-forms on R?\{(z,y) : = +y}. Find the
frame of vector fields { X, Y} such that {«, 5} is the dual frame of {X,Y}.
(b) Let a € Q3(R*) be

a=zxdyNdz A dw.

Compute a,(X,Y,Z) at p = (2,2,0, —1) where

0 0 0 0 0 0
X—@‘f—%, Y—a—y—f—%, Z—&‘l‘a—?f

are vector fields on R*.

(c) Let h(x,y) = 2%y and g(z,y) = sin(xy) be two functions in R?. Compute dh A dg,
which is a 2-form in R?.

(d) Let a = sinx dx + ydy and
B = (2*+yz)de + (zy + 2*) dy + (y* — x2) d=.

Compute da, df and d(a A ).
(e) Let X =20, + y0, + 20, and w = zdy A dz + ydz A dx + zdxz A dy. Compute X _w.

Solution. For (a), write

X =X'9,+X%,, Y=Y'9,+Y%),.
The equations a(X) =1, a(Y) =0 are
l=2X'"+yX? 0=yX'+2X?
which imply
x 0 Y 0
2 —y?20x 2?2 —y?0y
The equations a(Y) =0 and S(Y) =1 are

X:

0=aY'+yY? 1=yY'4+2Y?



which imply
Y 0 x 0

xz—y2% xz_yza_y‘

For (b), we expand

0 a 0 g o0 0
X, Y, 7Z)=2d — — =+ =
a( ) y/\olz/\clw(a +8 'y 8w’8y+8z)

We drop the 0, in the first slot. We use linearity on the second slot.

o o0 0 0
X, Y, 7Z7)=2 il
a,( ) dy/\dz/\clw(a "By 3y 82)
o o0 0 0
+2dy/\dz/\dw(aw e 8y+§)

The second term is zero due to repeating d,,. We use linearity on the third slot and the
drop term with repeating 0,.

(XYZ)-Qdy/\dz/\dw( 0 9 8)

ow ay 0z

Skew-symmetry in the order of inputs gives

o 9 0
a,(X, Y, Z) = QdyAdZ/\dw<8_y’£’8_w> = 2.

For (c), we compute

dh = 2xydx + 2*dy, dg = ycos(zy)dx + x cos(zy)dy

and so
dh A dg = (2zxydz + 2*dy) A (y cos(xy)dz + x cos(zy)dy)

which becomes
dh A dg = 22y cos(zy)dx A dy + 2y cos(zy)dy A dz

and so

dh N dg = {ny cos(xy)} dx A dy.

For (d), we start with o = sin xdx + ydy which gives

da =0,
and
dB = 0,(y2)dy A dx + 0.(yz)dz A dx + Oy (zy + 2*)dx A dy + 0, (zy + 2°)dz A dy
+ 0.(y* — zz)dx A dz + 0, (y* — z2)dy A dz.
Therefore

df = zdy N\ dz + ydz N\ dx + ydx N\ dy + 2zdz N\ dy — zdx A dz + 2ydy A dz,
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which simplifies to
df = (y —z)de Ndy + (—y — z)dx Ndz + (—2z + 2y) dy A dz.
Next, since dega = 1 and da = 0,
dlaNp)=—-aNndp

which becomes
dlaNp) = ( — (sinz)(—2z +2y) —y(y + z)) dx ANdy A dz.

For (e), the interior product is

Xow=aXi(dy Ndz) +yXi(dz Ndz) + z X 5(dx A dy),

which by Leibniz rule becomes

Xow=a(Xsdy) Ndz —xdy N (Xadz) + y(Xodz) Nde —ydz A (X adx)
+ 2(Xudx) Ndy) — zdz A (X ody),

with X = 20, + y0, + 20.. This evaluates to
Xiw = xydz — vzdy + yzdr — zydz + xzdy — yzdz,

and all terms cancel.
Xaiw =0.

Problem 2. Let a € Q'(R") be nowhere zero. Let y € QF(R"). Show that y = a A f3
for some 3 € Q¥ 1(R") if and only if a A xy = 0.

Solution. Suppose x can be written as y = a A 3. Then
aANxy=aANaANF=0
since a A a = 0 for any 1-form «. On the other hand, suppose a A x = 0. Let
a = «; dzt
and define the vector field
V= Z o2 -
so that a(V) = 1. Then the interior product of a A\ x gives
0=Vi(aAyxy)=Via)Ax—aA (Vix)

which gives
AV X) = X.
Therefore = (V).



Problem 3. Let a € Q'(R?) be a smooth 1-form defined on all of R%. Suppose that
o= f(0)dB, on BA\{0),

when written in polar coordinates x = rcosf, y = rsinf. Show that a = 0.

Solution. The change of coordinates formula is

90 80
a9 = 5 dv+ 5 dy

We must calculate 0,0 and 0,0. Differentiating x = r cos 6, y = rsin 6 with 0, gives
1=(0,7)cos0 — (rsinf)0,0, 0= (0,r)sinb + (rcosh)0,0,

and multiplying the first equation by sin 6, the second by cos 6, and subtracting equations
gives

in
sinf) = —rd,0 = 0,0 = LN 0,0 = —%
i +y
A similar calculation gives
0 = ——s.
e +y
Therefore y T
) = —————dor+ ——d
$2+y2 x+$2+y2 Ys
. [Oay) , . afO.y)
Y T,y T T,y 2
=— d d R*\{0}.
2212 T+ 22 12 y, over R\{0}
Since « is smooth over all of R?, then
yf(0(z,y)) zf(0(z, y))
aley) = =" ey =00

are smooth functions on R%. We probe them by the ray (z(t),y(t)) = (tcos by, t sin bp)
for a fixed angle 6y as t — 0.
o) f (6 in ) f (6
al(()’ 0) — hm (COS O)f( 0)7 0/2(07 O) — hm (Sln O)f( 0) .
t—0 t t—0 t
We cannot have both cosfy = 0 and sinfy = 0, so we must have f(6y) = 0. This holds
for any 6, hence f = 0.
O

Problem 4. Find the flow of V = 29, — yd, on R?, and use it to compute the Lie
derivative Ly (x dy).




Solution. We must solve 2 (z(t),y(t)) = Vi), Which is the ODE

T = Y, y =T
with initial condition (xg,yo). Taking a derivative of & = —y and substituting y gives
T =—.

This has solution
x(t) = csint + xq cost.

Substituting this x(t) into & = —y gives
y(t) = —(ccost — xpsint) = ¢ = —ypo.
Therefore
x(t) = xgcost —ygsint, y(t) = xosint + yo cost.

Written in the notation ©;(z,y) = (x(t),y(t)), this is
Ou(z,y) = (zcost — ysint, zsint + y cost).

The Lie derivative is

d
Ly (zdy) = —

o O; (zdy).

t=0

This is g
Ly (xdy) = —
V(w y) dt

((:c cost — ysint)(sintdx + cos tdy))
t=0

which expands to

Ly (zdy) = (—xsint — y cost)(sintdx + costdy) + (x cost — ysint)(costdr — sintdy)

t=0

and simplifies to
Ly (zdy) = zdx — ydy.

Problem 5. Consider the chart U = S? N {z > 0} on S? = {2% + y? + 22 = 1} with

coordinates
90($7y7 V 1-— 1'2 - yZ) = (l',y)

Let ¢ : S? — R3? be inclusion.
(a) Compute the local coordinate expression for (*dz, *dy and (*dz over (U, p).

(b) Compute the local coordinate expression for t*(zdx + ydy + zdz) over (U, ¢) by using
part (a). Is there another way to anticipate this result?




Solution. We compute
Udr =dx, Jdy=dy,

and .
VGdz=d/1—22—y2 = ——nonuu——dz — Ldy.
/T— 22 — 2 /T— 22 — 2
Therefore

C(rdr+ydy+zdz) = zde+ydy++/1 — 22 — y? —#dx—#dy
V1—ax?—y? V1—ax?—y?

and so
M (xdx 4+ ydy + zdz) = 0.

This is because 7% = 22 + y? + 22 satisfies
dr® = 2(zdx + ydy + zdz)

and
cdrt = dvr? = d(1) =0

since r = 1 on S2. O

Problem 6. Let f:R3 — R be a smooth function such that

of
= 0

5, (P) #

at all points p € S, where S = f~!(c).

(a) State the theorem from which you can deduce that S is a manifold.

(b) Let w € Q*(R3) be w = dx Ady. Let ¢ : S — R3. Show that t*w € Q*(S) is nowhere

vanishing.

Solution. For (a), one can prove this either using the regular level set theorem or the
implicit function theorem. The regular level set theorem says that if f : M — N is a
smooth map and ¢ € N is a regular value, then f~!(c) is a submanifold. In this case c is
a regular value because for p € f~!(c) then

dflp = (0:f(p) 9yf(p) 0:-f(p))

has maximal rank since f,(p) # 0.

Using the implicit function theorem, there exists a neighborhood U C R? of p and an
open set V' C R? and a smooth function ¢ : V' — R such that

UNnsS={(z,y,¢(,y)): (z,y) € V}.

We may equip S with coordinates ¢ : U NS — V C R?
p(r,y,¥(z,y)) = (2,y).
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In these coordinates «(x,y) = (z,y,¥(x,y)). Therefore
Cwly =dx A dy.

In these coordinates it is clear that (*w is a nowhere vanishing top form. O]

Problem 7. Let S? = {2? + y* + 22 = 1} and ¢ : S* — R? be inclusion. Consider

O = xdy Adz + ydz Adx + zdx A dy € Q*(R?)
i = —ydz + xdy € Q'(R?).

Define w = *@& € Q?(S5?) and n = *) € Q}(S?).
(a) Find A\(z) € C*(S?) such that dn = \w.
(b) Find ¢(z) € C*(S?) such that X w A Y_w = ¢w, where
~ 0

- d 9, 0 0
X:— - e 2 2\ 7 Y:—— _
s zyaer(a: +y)az, yaera:ay,

are vector fields on R? which when restricted to the sphere define vector fields X and Y
on S2.

Solution. We start by computing w = +*@ on the upper hemisphere {z > 0} using
coordinates (z,y,+/1 — 22 —y?). We computed (*dz in an earlier problem in this set,
and our coordinates satisfy (*dx = dx and (*dy = dy. Therefore

z Y
Ww=zdy\ | - ——dr — ———=d
Y { T— a2 — 42 T— a2 — 42 y}
+y{—;da§—#dy}/\d:ﬁ
V1= a2 — 2 V1= a2 — 2
+[\/1—x2—y2]dx/\dy.
This simplifies to
1 1
w=————drNdy=—dxANdy on {z>0}.
m z

On the other hand, in these coordinates
n = —ydr + zdy, dn=2dx A dy.

So
A=2y/1—2a%2—y?>=22z, on{z>0}.

This is only on the upper half of S2. On the lower half {z < 0}, we use the parametrization
(x,y,—+/1 — 2% — y?) so that



On the lower half, n is the same, and so
A=-2y/1—-2a%2—y?>=22 on{z <0}

The general formula is thus
A =2z

We derived this formula on {z # 0} N S?, but in fact A = 2z on all of S? since both sides
are continuous functions. . 5
For part (b), the vector fields X and Y are tangential to the sphere since

We write these S*-vector fields in (z,y) coordinates over {z > 0}.
X = —z220, — 2y0,, Y = —y0, + x0,.

If this step is unclear, see below for a full explanation. Next, as before, w in (z,y)
coordinates on {z > 0} is

1
w = —dz Ady.
z
So
Y x
Xow=—xdy+ydr, Y_.w=-—=dy— —dx,
z z
and s
(X_uw)/\(Y_nw):—x +y dx N dy.

Therefore we can read-off
b= —a2 — 1 =221,

over {z > 0}. The same calculation works on {z < 0}. By continuity, we extend the
identity across the equator and deduce

p=2>—-1 onS%

Let us now understand why in coordinates (U, p) with ¢~ '(z,y) = (z,y, /1 — 22 — y?),
then
Xy = —2x0, — 2y0,

is the coordinate representation of the tangent vector

~ —ZT
X=| —zy | R

Here is the general theory. If




is a tangent vector in R? coming from some path c(¢) on the sphere S? C R3 (say on the
upper-hemisphere), then

x(t i

. d d :
X = i c(t) = T y(t = v
o e | T e |-

In local coordinates (U, ¢) the path c(t) appears as (x(t),y(t)) = @ oc(t), or in our usual

notation
o(t) = (x(1), y(1)).

The vector field in coordinates is the derivative of the path in coordinates. So

d 0 0
Xy =2 1), y(t) = i~ + .
o == tzo(x( Jy) =dan+ g
For the given example
) —zx
X=| —zy | eR’,
2?4y
we have & = —zz and § = —zy, and ¢(t) = % at p = (z,y,2) € S% O

Problem 8. Let {ioy,i09,i03} denote the following basis of su(2):

. 0 2 : 0 1 : v 0
ZUlziO,ZO'QZ _10,20'3:0_?:.

Extend this basis to a frame of left-invariant vector fields, denoted {ey, es, e3}, on all of
SU(2). In explicit detail, this means

exlg = (dLg)|1(iow),

where L, : SU(2) — SU(2) is left multiplication h — gh. Let {e',e? e*} be the dual
basis of 1-forms on SU(2). Compute de!. You can use the commutator identities

[iUl,iUQ] = —2i03, [’iO’Q,iO’g] = —2i01, [iUg,iUl] = —2i02.

Solution. We use the coordinate-free formula for the exterior derivative.
(de!)(X,Y) = X(e'(Y)) = Y (' (X)) — e ([X,Y]).
Since e*(e;) = 6%, we have
(de’)(ej, ex) = —e'([ej, ex])-
So we must compute some commutators [e;, ex]. Note
[ej, ex] = [(Lg)i(i0), (Lg)s(ion)] = (Lg)licy, o],
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so if
[io;,i0%] = ¢ (ioy),
for the explicit constants c‘;; given in the problem statement, then
lej, ex] = Cejk;eg.
In other words,

le1, ea] = —2e1, [e2, €3] = —2e1, [es, e1] = —2eq.

Therefore
(d€1>(€1,€2) =0, (del)(el,eg) =0, (d€1)<62, e3) = —2.

It follows that
de' = 2¢e% A €.

Problem 9. Let X be a vector field on a compact manifold M with flow ©, : M — M.
Let a € QF(M). Show that if Lya = 0 then ©fa = a.

Solution. The definition of the Lie derivative is

d
a@:a = @:(onj)
If Lya =0, then
d .
E@toz =0.
Therefore
Oja = O

and since Oy = id, we have Ofa = .

Problem 10. Let w € Q*(M), written in local components as

1 . .
w I%C §MZ] dx' A da’.

If dw = 0 and w;;(z) is an invertible skew-symmetric matrix at every point z, then w is
said to be a symplectic form.

(a) Show this definition is well-defined. This amounts to checking that if  and Z are two
sets of local coordinates over an open set U C M, then if w;; is invertible in coordinates
x then W, is invertible in coordinates .
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(b) Show that w € Q*(M) with dw = 0 is a symplectic form if and only if the following
condition holds: for every p € M and V' € T, M, then the condition

wy(V,W) =0 forall WeT,M

implies that V = 0.
(c) Let (M,w) be a symplectic manifold. Given f € C°°(M), the Hamiltonian vector
field of f is defined by

V=V, Vi =uwkof, (1)

* are the matrix entries of the inverse of w;;: this means w**wy; = §%;. Show that

where w'
V satisfies

Viw = —df.
Conclude that the local vector fields defined in (1) agree on overlaps: Vid,: = V*za.
(d) Let

w = i dz' A dy’,
i=1

on R?". Let V be the Hamiltonian vector field of a function f. Compute the components
of V' in terms of f.

(e) Let V' be a Hamiltonian vector field on a symplectic manifold (M,w). Show that
Lyw = 0 and hence the flow of V' preserves w.

Solution. For (a), the change of coordinates formula is

~ oxt  Oxd

Wap = 5 Wij5=5-
We write this using matrix multiplication as
Q= Prrar,
where oy
x
Gja]'

A matrix A is invertible if and only if det A # 0. Taking the determinant of both sides
gives

Q = [wy), Q:[a’aﬁ]v P=]

det Q = (det P)? det Q.

Since P is an invertible matrix, we see that
det[(;)ag] 7é 0 det[wij] 7é 0,

as required.

For (b), first suppose that w;;(p) is an invertible matrix. Suppose v € T,M is such

that



Since wy (v, d) = 0, we obtain A
wirt' = 0.

This is an equation of the form Av = 0 where the matrix is A = [—w;;]. Since A is
invertible, it follows that v = 0.

Conversely, suppose w,(v, -) = 0 implies v = 0. If [w;;(p)] is not invertible, then it has
a kernel. So there exists v € T, M with v # 0 such that

wik(p)v' = 0,

for every k. This means w,(v,dx) = 0 for every k, hence w,(v,-) = 0. This is a contra-
diction.

For (c), we compute

(Vow) (W) = Vie, WP
= wikakfwipr
= —(akf)prkiwip
= —(hfYWPS",
= —(0,f)WP.

Since df (W) = (0,f)W? by definition, we conclude
(Vow)(W) = —=df(W) forall W e T'(TM),

as required. Next, suppose we have two choices of coordinates 2' and 7% and use the
local definition to create the local vectors V¢ and V. It follows that

o, ~. 0

Vi— - V*— = —df +df =0.
< ox’ 6’%‘1) o o+ dp

By part (b), this implies V9, = Ved,. Hence the local definition of V produces a global

vector field V' € I'(T'M).

For (d), we let

.0 .0
V=X'"—+Y"—
8x’+ oy’
and expand
0 .0
X'—+Y'— = —d
< 6x1+ ayl)Jw f
to become
o o of . Of .
X'dy' —Y'dz') = ———=dz' — — dy".
S0ty vias) =~ O,

i=1

We can read-off

i 0f i 0f
X = oy’ Y ~ Oxi

and
of o af o

Oyt O * ozt dyt’
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For (e), we use Cartan’s magic formula.

Lyw =V _idw+d(Viw).
Since dw = 0 and V_iw = —df, this is

va = —de =0.

Problem 11. Let M be a compact manifold with a diffeomorphism 7 : M — M satis-

fying the involution condition
7 =id

and the fixed-point free condition

T(p) #p for all pe M.

In this setup, the quotient .
M = M/{r)

is also a smooth manifold with local diffeomorphism
M= M, ][z

Show that
o QN (M) — {a e (M) : m*a = a}

is a bijection.

Solution. First, we show that 7* sends Q*(M) to
{a € Q" (M) : " a = a}.
Indeed, if 8 € QF(M) then
T (1 f) = (moT)'B=m"0
as needed. Next, we construct an inverse for 7*. Define
T {a € Qk(ﬂ) T = a} — QF(M)

by
(o) |p(v1, - .o 0) = (01, . .., ), (2)

where j € 71 (p) = {p,7(p)} and ¥}, € T;M solves

d7T|]3(1~)k) = Vg,
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which is uniquely solvable since dr is an isomorphism due to 7 being a local diffeomor-
phism. We show this is well-defined. There is one other possible lift of p to M, namely
7(p), with lifted vectors dr (o). If we used these choices, then we would define

(T (01 - 08) = oy (dr (D), - ., dr(T0)) = (T°Q)5(00, - ., )

but since 7*a = « this agrees with (2). Hence 7, is well-defined. It is direct from the
definitions that
B =6, mma=a.

Therefore

T QF (M) — {a e QF (M) : 7% = a}

is a bijection. N
Note: to convince ourselves that .« is smooth, we can look in local coordinates (U, Z)
on M where the local diffeomorphism 7 takes the form

LGOS AR
Then if )
o i (£) AT A oo N T
then

1 e .
ma = Ty i (Z)dz"* N+ N dT*.
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