Problem Set 6: Metrics and Integration

Problem 1. Let (M, g) be a manifold with metric. The gradient of a function Vf is a
vector field defined by (df)?, or in local coordinates
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Compute V f in polar coordinates over R*\{0} with the Euclidean metric.

Solution. The Euclidean metric
g = dzdz + dydy,
in polar coordinates x = r cosf, y = rsin ), becomes

g = (cos Odr — rsin 0d6)* + (sin @dr + r cos 6d0)?,

which simplifies to
g = drdr + r*ddo.

Its inverse is

Therefore 5 5
_ rr -~ 00 -~
which becomes

o 1. .0
VI=0.f 5+ 50 5.

Problem 2. In this problem, we rederive formulas from calculus on arclength and surface
area.

(a) Let f: (a,b) — R and consider the submanifold

S ={(z, f(z)):z € (a,b)} C R



In other words, S is the graph of y = f(x). Equip S with coordinates ¢ : S — U,
U = (a,b) given by
plz, () =

Denote by ¢ the Euclidean metric on R? restricted to S. Find the expression for g in the
coordinate chart (U, z). To be clear, this means g = (¢ !)*ggy.. Derive the formula for
the arclength by simplifying the general formula

/ V/det gijdat - - da
U

in this context.

(b) Next, let f: U — R be a function of two variables f(z,y), where U C R? is an open
set. Consider the submanifold

S=A{(z,y, f(z,y)) : (x,y) e U} CR’.

Equip S with coordinates ¢ : S — U. Compute the metric g in these coordinates, where
g is the pullback of the Euclidean metric. Derive the formula for the area of a surface by
simplifying the general formula

/ \/det g;; det---do
U

in this context.

(c) Suppose the level set of the function F : R?* — R defines a submanifold:
S ={F(z,y,z) =0} CR.

Let (a,b,c) € S and suppose 0,F(a,b,c) # 0. By the implicit function theorem, there
exists a neighborhood U C R? of (a,b), V C R? of (a, b, c) and a function f : U — R such
that

SNV =A{(z,y, f(2,9)) : (x,y) € U}.
Use the results from part (b) to derive the formula for area of SNV
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Verify this formula by computing the area of the hemisphere by taking F' = 22 +y?+22—1
and U = {22 + ¢y* < 1}

Solution. For (a), we compute the pullback

(™) (dz @ dz + dy @ dy) = (1 + (f')*)dz ® dz,

and so g = (1 + f"?)dx?. This is a 1 x 1 matrix, so v/det g = /1 + f’? and
b
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is the formula for the arclength.
For—(m, we again compute the pullback
(¢7")"dz = foda + fydy,
and so
(™) gBue = (14 (f2)?)dz @ dz + (1 + (f,)*)dy @ dy + fofydz @ dy + fof,dy @ da.

where ggue = dz? + dy? + dz?. Written in another way:
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The determinant is

/}h+ﬁ+gmw
U

For (c), we differentiate F'(x,y, f(x,y)) = 0 to derive

and so the area formula is

Fi + F30,f =0
F2 + Fgayf - 0

Therefore we substitute f, = —F/F; and f, = —F5/F; into the area formula above to

obtain
F2 F2 1/2
/\/1+f§+f5dxdy=/( +ﬁ+ﬁ) dedy
U U

which simplifies to

/ (F? + F; + F3)'?
U | F3]
as required. If F' = 2% + 9% + 22 — 1, then

dxdy,

vr| 1
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The area is then
/ |IVF| / drd / / dxdy
O.F  Jyz v Ny

In polar coordinates we have
\VF | / /
2m.
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Problem 3. Let 0 < b < a. Let f: [0,27] x [0,27] — R3 be given by
f(u,v) = ((a+ bcosu) cosv, (a + bcosu) sinwv, bsinu).

This is a parametrization of the torus of revolution 7.

(a) Compute the metric g;; on T? in (u, v)-coordinates, where the metric is induced by
the Euclidean metric on R*. Give your answer as a 2 x 2 matrix function of (u,v).

(b) Compute the length of the curves ¢ : [0,27] — T? given by

Cl(t) = f(ﬂ-7t)>
and ¢, : [0, 27] — T2 given by cy(t) = f(¢, 7).

(c) Compute the area of the torus.

Solution. For (a), we compute

of _
ou

(—bsinwucosv, —bsinusin v, bcosu),

and
aof _
ov

(—(a+ bcosu)sinwv, (a + bcosu) cosv, 0).

Thus
Guu = b?(sinu)?(cos v)* 4 b?(sinu)?(sin v)* 4 b*(cos u)? = b?,

Guy = (bsinucosv)(a+ bcosu)sinv — (bsinusinv)(a + bcosu) cosv = 0,

Gow = (a + beosu)?(sinv)? + (a + beosu)?(cosv)® = (a + beosu)?.

o b? 0
95 =\ 0 (a+beosu)? |-

For (b), in the parametrization U, the curve ¢ is given by ~(¢) = (w,t) with constant
speed 47 = (0,1). Its length is

Altogether, we have

5115 = 9i5(7) (2)" (32)° = Gow-
Evaluated at the point (m,t), we obtain
5112(t) = (a + beosm)* = (a —b)>.

Therefore

2T
Ll = / |;71|g dt
0

2m
:/ |a — bldt
0

= (2m)(a — b).



In the parametrization U, the curve ¢, is given by 72(t) = (¢,7) with constant speed
42 = (1,0). Its length is

5212 = 95 () (2)" (2)’ = guu = .
Therefore the length of ¢, is given by

2
L2 = / |"YQ|9 dt
0
= 2mb.

For (c), the area is given by

2m 2m
A :/ / v/ det g;; dudv.
o Jo
Since 0 < b < a, we have |a 4+ bcosu| = (a + bcosu) and so
2m
A= (27Tb)/ (a+ bcosu)du.
0

Therefore
A = 47%ab.

Problem 4. Show that the manifold 7'M is always orientable, even if M is not.

Solution. Let {(U,x)} be an atlas on M. Given a chart (U, z), denote the coordinates on
the corresponding chart on T'M by

w = (2", v").

If 7' = f'(z) are a change of coordinates on M, then

it = f'(z)
, ox »
oxp
We need to compute o
ow [3— 3—]
ow % %
which is N
ow _ [g— Q]
ow * g—i '
Therefore ) oy
detg—z = <det %) > 0.
Hence every change of coordinates on this atlas on T'M has positive Jacobian determinant.
Therefore T'M is orientable. O



Problem 5. Let L — RP! be the tautological line bundle
L= {([x0,$1],w) ERP' xR?*:w e [:vo,xl]}.

Recall that the transition function is 7917 = zo/z;. Show that the manifold L is not
orientable.

Solution. We denote a point [Xo, X;] € RP! with capitals to distinguish from local coor-
dinates with lower case z. The two coordinate charts covering RP! are

U={[Xo, X1]: Xog#0}, U={[Xo,X1]:X1#0}
with coordinates

1 - 0 -
r=— overU=R, x=— overU=R.
0 1

Using the relation v = 7910 and transition function 79; = X,/X;, we obtain two charts

on L
(w‘l(U), (z, v)), (w‘l(U), (@, 17))

with change of coordinates

=N
Il
8=

[S41
Il
&
=

Let w € Q*(L) be a top form. Then
w= fo(z,v)dz Ndv over U

and .
w= fi(z,0)dT Ndv over U.
Since on the overlap,

dz

1
——dz, dv=vdr+xdy
xr

we have ]
dZ N dv = ——dz A dv.
z

Hence w € Q?(L) creates a pair of functions f; : R* — R such that
1 -1
fo(z,v) = - fi(z7 ,zv) on {z # 0}.

We can now prove that every top form w must vanish somewhere. Suppose f;(0,0) > 0;
if f1(0,0) = 0 then we are done and if f1(0,0) < 0 the following argument can be



repeated verbatim with all inequalities flipped. By continuity, there exists ¢ > 0 such
that fi(s,0) > 0 for all |s| < e. Then

fo(R,0) <0, R>¢el,
while on the other hand,
fo(=R,0) >0, R>¢cl.

It follows that the continuous function = +— fo(x,0) must attain zero at some point
z. € (—R, R). Hence w vanishes somewhere. An orientable manifold admits a nowhere
vanishing top form, thus L is not orientable.

O

Problem 6. Let 72 = S! x S' C R* be given by

Let
w=zzdwAdy, wePR".

Ww.
T2

You should declare an orientation on 7 before evaluating this integral.

Compute the integral

Solution. Introduce a local #-coordinate

w = cos b

x =sind
for the first S and a local p-coordinate

Y = COos
z =singp
for the second S*!. Orient T? by the nowhere vanishing top form
do A dp € Q*(T?).

Note that df and dy are globally well-defined as they are invariant under local coordinate
changes 0 — 6 + 2w. We write w in these angle coordinates.

w = (sin@)(sin p)d(cos ) A d(cos ).

Simplifying gives
w = (sinf)?(sin )2 dO A d.

2m 2m
/ w= / (sin6)? df / (sing)? dp = 7°.
T2 0 0

If the opposite orientation is chosen, the integral will be —72. O

The integral is then
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Problem 7. Let @ € Q%(R3) be defined by
w=zdy Ndz+ydzN\dx+ zdx N\ dy.

Let 1 : 5% — R? and w = *@ € Q*(S?). Give S? the metric g = (*ggy. and the outward-
pointing orientation via S? = B3,

(a) Show that w = dvol,.

(b) Compute the integral [, w.

(c) Show that there does not exist a € Q(S?) such that w = da.

Solution. For (a), let S*> N {z > 0} be given coordinates

o(r,y, V1 —12%—y?) = (z,y).

We computed in a previous problem set that
.- 1
Uw=—dxNdy
z

in these coordinates. Similarly, we computed earlier in this problem set that

F 1
dvol, = y/det g;;dx A dy = |’8VF‘\ dr N\ dy = 2 dz A\ dy.

Repeating this calculation over S? N {z < 0} with coordinates (z,y) also gives
o1
U'w = —dx A\ dy = dvol,,.
z
Therefore

1*& = dvol, on S*N{z # 0}.

By continuity of both sides of the equation, this identity holds on all of S%. Therefore
w = dvoly,.

For (b), we use Stokes’s theorem

4
/ w= / dw = 3/ drdydz = 3Vol(B?) = (3)=m = 4.
S2 B3 B3 3

For (c), we note that if w = da then

/w:/ da =0
S2 S2

which is a contradiction. ]




Problem 8. Let M = S? N {z > 0} be the upper hemisphere with outward orientation
and inclusion ¢ : M «— R3. Let

& =2dx ANdy —dx Ndz, &€ Q*(R?),

and define o = (*&. Compute the surface integral |’ A Q-

Solution. We can find an anti-derivative of & by inspection. For example,
a = d{2xdy — xdz},

so we let
n=2xdy—xdz, n=17.

Jur=

OM = {(2,y.0) : 2* + y* = 1},

By Stokes’s theorem,

The boundary circle is the equator

with counterclockwise orientation when viewed from above. It is parametrized via the
orientation-preserving map «y : S* — dM given by

v(e"?) = (cos 6, sin 6, 0).

We pullback
v*n = 2(cos 6) d(sin ) — 0 = 2 cos? 0 df.

2
/ 77:/ (2cos? 0) df = 2.
oM 0

Therefore [ Vo= 2. O

The integral is then

Problem 9. Cover S* by the two charts (U, 6) and (U, ) given by

U:{ew:GE(O,ZW)}, ﬁZ{eiéIQG(—W,W)}.
Let ¢ € R and consider the 1-forms
a=sin’0df, B =-cdb.

Find ¢ and f € C*°(S') such that o — 3 = df .




Solution. First, we find what the constant ¢ would need to be. Integrating both sides of

/1 1
S S

by Stokes’s theorem. This condition is

2m 2m
/ sin29d9:c/ dfd = 7= (c)(2m)
0 0
and so ¢ = 1/2. We now look for f() solving o — 8 = df, which in coordinates is
df

. 1 1
sin? § — 5= Of = —3 cos(20) = T

Taking the antiderivative gives

f(0) = —i sin(26) + C.

Since f is 2m-periodic, the local expressions satisfy f(#) = f(0), and so f is a well-defined
function on S?. O

Problem 10. Consider the 1-form

ydx x dy
x2_|_y2 x2_|_y2'

defined on R?\{0}.

(a) Show that da = 0.

(b) Show that there does not exist f : R*\{0} — R such that o = df.

(c) Find an explicit f : R*\{z = 0} — R such that a = df. Hint: consider arctan u.

Solution. For (a), we compute

Y
dazay(— x2+y2)dy/\dx+8x(

Lyz)d:v A dy

x2 +

which leads to

_22 4P _22 4P
da = (—2>2) dy N dx + (m) dx N dy.

Since dy A dv = —dx A dy, these two terms cancel.
da = 0.

For (b), suppose a = df. Let S' = {? 4+ y* = 1}. Then by Stokes’s theorem

/ a:/ df = 0.
st 51
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On the other hand, using the coordinates ¢ : (0,27) — S', 6 — (cosf,sinf), we can

compute
t*ov = —(sin@)d(cos 0) + (cos B)d(sin 6)

which simplifies to
o= db.

27
/ o= / df = 2.
S1\{0} 0

Adding back the point 0 € S* does not change the integral, hence

/ a=21 #0,
Sl

which is a contradiction.

For (c), we follow the hint and note that

Thus

1
— arctanu = .
du 1+ u?
We can then guess the combination
; Y 1 1 x
— arctan = = - =
oy r 14+ (y/x)?z x4 y?
and
2arctang = —;i = —L.
oz T 1+ (y/x)? «? x? + 92
We see that y Y .
darctan ; = —m dl’ =+ m dy,

and so f = arctan(y/z). This function is not defined on all of R*\{0}, which is consistent
with (b).
[l
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