Problem Set 7: Cohomology

Problem 1. Let M be a compact closed connected oriented manifold. Show that if
o € QUImM(AL) satisfies [, o« = 0, then o = d for some § € QEM=1(A1).

Problem 2. Compute H*(S?).

Problem 3. Compute H*(S%).

Problem 4. Let M = R3\{py, p2, p3}, where the p; are distinct points. Compute H*(M).
Conclude that any vector field F' on R3*\{py, pa, p3} satisfying V x F' = 0 admits a scalar
potential: F' = V.

Problem 5. Let M = R3\{z-axis}. Compute H*(M).

Problem 6. Let M = T?\{pt}. Compute H*(M).




Problem 7. This problem is not about cohomology, but results here will be used in the
next problems.

(a) Consider the top form
AV = dey A~ Adanyr, dV € QUHLR™Y),

the radial vector field
0
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and the differential from

0= (£1dV), we QM R,

Let ¢ : S™ — R™! be inclusion and let
wgn = L@ (1)

be a top form on S”. Compute [, wgn.

(b) From
7 R SRV s —g,

define the antipodal map
T7:8" = 8" T="T|gn.

Compute m*wgn.

Problem 8. Compute

To do this, view RP? as the quotient of S? by the antipodal map 7 : S? — S2.
RP? = S2/().
It comes with a quotient map
m:5% 5 RP?  xw [a],

Start from y € QF(RP?), with k = 1 or k = 2, satisfying dy = 0. Lift x to the double
cover and show

[m*x] = 0 € H*(S?).
Then descend back down to QF(RP?) to prove [y] = 0.




Problem 9. In this problem, we show that every vector field on an even dimensional
sphere must have a zero.

(a) Suppose S™ admits a nowhere vanishing vector field V' € I'(7'S™). Then

F:8"x[0,7] = S", F(x,t) = (cost)x + (sint)%

is a homotopy between the antipodal map 7 and id. Use the induced maps on cohomology
to prove that an even dimensional sphere cannot admit a nowhere vanishing vector field.

(b) Construct a nowhere vanishing vector field on an odd dimensional sphere.




