Problem Set 7: Cohomology

Problem 1. Let M be a compact closed connected oriented manifold. Show that if
o € QUmM(N) satisfies [;, @ = 0, then a = df for some 3 € QU M=1(Af).

Solution. Recall that H°(M) consists of constant functions c. Poincaré duality on top
forms is the statement that

PD : H9mM () 5 (HO(M)), PD([a])(c):c/ o

M

is an isomorphism. If [, «a = 0, then PD([c]) is the zero linear functional. Since PD is
injective,

la] = 0.
This means o = df for some § € QIMM=1()r). O

Problem 2. Compute H*(S?%).

Solution. The relevant vector spaces are:
HO(S?), HYS®), H?*S*), H*(S%).
We know H°(S3) @ R, and by Poincaré duality
dim H°(S?) =1, dim H'(S?) = dim H*(S?), dim H?*(S®) = 1.
So we only need to compute H'(S?). Decompose S* using stereographic charts:
SP=UuU,

where

U=R3 U=R? UNU=ZR\{0}.

Hence 3 3
U~{x}, U~{x}, UNU~S
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The Mayer-Vietoris sequence starts with
0— H°(S®) — H'(U)® H(U) - H'(UNU) — H'(S®) = 0.
Given what we know, this is

0—-R—-RO®R—R— H'(S*) - 0.

For an exact sequence of vector spaces starting and ending with zero, the alternating sum
of the dimensions is zero.
0=1-2+1—dim H'(S%).

Therefore H'(S?) = 0. Altogether

Problem 3. Compute H*(S%).

Solution. The relevant vector spaces are:
HO(SY, HY(SY, H*SY, H*SY), H*Y(SY.
We know H°(S?) 2 R, and by Poincaré duality
dim H°(S*) =1, dim H'(S*) = dim H?(S*), dim H*(S*) = 1.

So we only need to compute H'(S*) and H?(S*). Decompose S* using stereographic
charts: )
St=UuvU,

where

U=RY U=RY, UNU=ZRYN{0}.

Hence . 3
Ux~{x}, U~{x}, UNU=~S>

The Mayer-Vietoris sequence starts with
0— H(S* = H'(U)® H(U) - HY(UNU) - H'(S*) = 0.
Given what we know, this is

0+R—-R®R—R— H'(S*) — 0.
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For an exact sequence of vector spaces starting and ending with zero, the alternating sum
of the dimensions is zero.
0=1-2+1—dim H'(S%.

Therefore H'(S*) = 0. It remains to calculate H?(S?). Part of the Mayer-Vietoris
sequence is

HY UNU) —» H*(S*) — HXU) @ HX(U).
Since UNU ~ S, and we calculated in an earlier problem that H'(S%) = 0, this implies
0 — H*(S*) — 0.

Therefore H%(S*) = 0. Altogether

Problem 4. Let M = R3\{py, p2, p3}, where the p; are distinct points. Compute H*(M).
Conclude that any vector field F' on R3\{py, pa, p3} satisfying V x F' = 0 admits a scalar
potential: F'= V.

Solution. Decompose R?* = M UV, where V = LI?_; D; and each D; is a small open ball
centered at the point p;. The overlap is

MV =UL (D\{pi})-
These opens are homotopic to
Vel {x}, MnV~ul s2

Since M is connected, we know H°(M) = R. We look for H' in the Mayer-Vietoris
sequence and find

HY(R?*) — HY (M) H'(V) = H' (M NV).
We know H'(S?) = 0, so this sequence is
0— H' (M) — 0,

and H'(M) = 0. For H? we continue along the Mayer-Vietoris sequence and find the
segment

H*(R?) = H* (M) @ H*(V) = H* (M NV) — H*(R?).
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This sequence is
0— H*(M) — R*— 0.

Therefore H*(M) = R3. Finally, we find H? in the sequence.
H*R?*) — H¥*(M) @ H*(V) — H*(MNV).

This sequence is
0— H*(M) — 0,

and so H3(M) = 0. Altogether,

Ho(M) =R
HY(M) =0
H*(M) =R?
H*(M) = 0.
Given a vector field
F = (F\, F, Fy),

the condition V x F = 0 is
O Fy = 0o Fy, OF3 = 03F1, 0yF3 = O3F).

Therefore the 1-form
a=Fdr+ Fydy+ F3dz

satisfies

do = (81F2 - 82F1) dx N dy + (32F3 - 83F2) dy Ndz + (83F1 — 81F3) dz N\ dx
=0.

Since H' = 0, we conclude that there exists a function ¢ such that a = d¢. In compo-
nents, this means

Fidx + Fody + F3dz = 019 dx + Oxp dy + O30 dz

and hence F = V. [

Problem 5. Let M = R3\{z-axis}. Compute H*(M).

Solution. Since
M = (R*\{0}) x R,

this manifold deformation retracts onto a circle.

M~ St



This is because R — {*} and R*\{0} — S*. Therefore

H°(M)=R
H'(M)=R
H¥M)=0, k>2.

Problem 6. Let M = T*\{pt}. Compute H*(M).

Solution. We write the union
T>=MUD

where D C T? is a small open disk centered at the removed point. Then M N D is a
punctured disk and
D~{x}, MnND~S"

We know H(M) = R, and look for H' and H? in Mayer-Vietoris sequence.
HY(M N D) — HY(T?) — H'(M) & H'(D) — H'(M N D) > HXT?) — H2(M) — 0.
We found a zero on the right, but we also need to find a zero on the left. We extend the

sequence one term further to the left.

(a,b)—>—a+b
N

HO(M) & H°(D) H(M N D) > HY(T?).

The map

HO(M) @ HO(D) “"75" HO(M 0 D)

is surjective since H°(M) = H°(D) = H°(M N D) = R. The sequence is exact, so
dim H°(M N D) = dimker § = 1.

Therefore
1 =dimkerd +dimimd = dimimé = 0.

So we can write
0— HY(T?) — H'(M) & H'(D) » H (M N D) > HXT? — H2 (M) -0, (1)

but we're still stuck since we have two unknowns H'(M) and H?*(M). To move forward,
we use information about the connecting homomorphism. Recall that the general formula
for this is: if X = U UV with Mayer-Vietoris sequence

a,b)—b—a
@3

H*(X) = H*(U) & H*(V) o UNV) S H(X)

then
d[n] = [dpu Am], puv+pv=1, supppy CU, supppy C V.
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In our setup (1), this means
H'(M D) % HT?),  8[n) = [dpas A1
where pj; is a bump function supported in M. We will show ker§ = {0}. Now
dim H'(M N D) = dim H*(T?)

so to show ker d = {0}, we just need to find one nonzero element d[n] # 0. Choose polar
coordinates (7,6) on D such that the puncture is at the origin, and bump function p;(r)
such that ppy =0 on {r < e} and ppy =1 on {r > 2¢}. Take

n=db, [neH (MnD),

To test whether d[n] € H?(T?) is zero, we integrate.

/Tz ol = /T dpy A1 = /Dp’(r) dr A df.
/T2 oln] = /0 K / - P (r) drd = 2r.

d[n] # 0.

This proves kerd = {0}. We can now add this information to the exact sequence (1).

Therefore

It follows that

0— HYT* — H*(M)® H' (D) — 0.
Since H'(T?) 2 R? and H'(D) = 0, we conclude
H'(M) =~ R?.
The exact sequence (1) with ker§ = {0} also gives
0— H'(MND)— H*T*) — H*(M) — 0

which becomes
0—-R—-R— H*(M)—0

and implies H*(M) = 0. Altogether,

H(M)=R
H'(M) =TR?
H*(M) = 0.

Problem 7. This problem is not about cohomology, but results here will be used in the
next problems.



(a) Consider the top form
AV = dey A Ndansr, dV € QU (R,

the radial vector field )
n+

0
= § i— (TR
and the differential from
W= (&1dV), we Q”(R”“).

Let ¢ : S™ — R™*! be inclusion and let
wen = '@ (2)

be a top form on S”. Compute [, wgn.

(b) From
7R S R g —a,

define the antipodal map
7:5" = 8", T="T|gn.

Compute T*wgn.

Solution. For (a), we expand

_l’_

n+1
w= (-1)i_11’i de’l/\/\dl’l/\ /\dl’n_H
1

.
I

and compute
do = (n+1)dzy A+~ Ndxp.

By Stokes’s theorem,

/ wsn_/ a)_/ di = (n + 1)Vol (B™1),
n 8Bn+1 Bn+1

For (b), we compute T*wgn.

n+1
T wgn = U*7* {Z(—l)i_lxi dey N Ndx; N+ A d$n+1:|
i=1

n+1
— L* |:(—1)7'l+1 Z(_l)l—lxl dxl /\ e /\ dxz /\ e /\ dxn+1:|
i=1

= (~1)"ugn. (3)



Problem 8. Compute

To do this, view RP? as the quotient of S? by the antipodal map 7 : S? — S
RP? = S%/(7).
It comes with a quotient map
m:5% > RP?* s [a].

Start from y € QF(RP?), with k = 1 or k = 2, satisfying dy = 0. Lift x to the double
cover and show
[m*x] = 0 € H*(S?).

Then descend back down to QF(RP?) to prove [x] = 0.

Solution. We proved in a previous problem set that in this setup of a quotient by an
involution S?/(r), differential forms can be understood by an isomorphism

™ QF(RP?) & {a c QF(SH) : Tra = a}. (4)

Degree 1: Let x € QY(RP?) satisfy dy = 0. We want to show that y = df. To do this, we
lift to the double cover and consider

a =1y € QY(S?).
Since H'(S5?) = 0, then [a] = 0 and there exists f € C*(S?) such that
Ty = df.
We claim that actually f is 7-invariant and so descends to the quotient. To see this, note
d(f—7'f) =0

since 7*71* = 7*. Therefore

f=1mf+c
for some constant c. Applying 7 again gives

"f=f+c

hence ¢ = 0. So 7*f = f. By (4), f descends to the base: f = n*fp2 where fp2 €
C>(RP?). We have shown
T = wdfpe.
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Applying the inverse of the map 7* in (4) proves
x=dfpr = [x] =0€ H'(RP?).

Degree 2: We move on to show H? = 0. Given x € Q*(RP?) with dy = 0, we must show
x = df. Lift to the sphere.
a ="y € Q*(S?).

On one hand, since 7*7* = 7*, we know that
[7*a] = [a] € H*(S?).

On the other hand, H?(S?) & R implies [a] = c[wg:] for some constant ¢, where wgn was
defined in the previous problem, where (3) shows T*wg2 = —wg2. Thus

[7*a] = —[a] € H*(S?).
Therefore [a] = 0 on S?, which means there exists Bg2 € Q2!(S?) such that
7T*X = dﬁsQ.

We now need to construct a 1-form 3 down on RP? such that df = . For this purpose,
we let

1 _
B=5Bs +76s2), b€ Q'(s?).
Then ]
dB = E(W*X + 7' x) =77,
and by (4), since 7*3 = f3, there exists 3 € Q'(RP?) such that

B =mr"p.
Taking the exterior derivative gives
7 (dB) = 7'x.
Applying the inverse of the map 7* in (4) proves
df = x

as required. N

Problem 9. In this problem, we show that every vector field on an even dimensional
sphere must have a zero.

(a) Suppose S™ admits a nowhere vanishing vector field V' € I'(T'S™). Then

F S x[0,7] = 8" F(x,t) = (cost)a + (sint)|_‘t|

is a homotopy between the antipodal map 7 and id. Use the induced maps on cohomology
to prove that an even dimensional sphere cannot admit a nowhere vanishing vector field.

(b) Construct a nowhere vanishing vector field on an odd dimensional sphere.




Solution. For (a), we first verify that F(-,t) maps to the sphere for all ¢.

V2
(cost)r + (sint)—| = cos®t+sin®t =1,

Vi
using V -z = 0. Since F(z,0) = z and F(z,7) = —z, we see that F' is a homotopy
between 7 and id. Therefore 7* and id* have the same action on cohomology classes. In
particular 7* and id* are equal on [wgn|, where wgn was defined in (2).

[T*wgn] = [wsn].

This implies
/ T wgn :/ wgn = (n + 1)Vol(B"1) > 0.

On the other hand, suppose S™ is even dimensional. Then (3), with even n, implies
T*Wgn = —Wgn, SO

/ T wgn = —/ wgn = —(n + 1)Vol(B™) < 0.

This is a contradiction.

For (b), on an odd dimensional sphere we can define
V = (=29, =1, —X4, T3, ..., —Tpi1,Tn)-

Since

TzSn:{UERn+IIU'I':O}

we see that V' defines a nowhere zero vector field on an odd dimensional sphere S™. [
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