
DIFFERENTIAL GEOMETRY II: PROBLEM SET 1

Due Feb 6

1. Let RPn = (Rn+1\{0})/ ∼, where ∼ is the equivalence relation

(x0, . . . , xn) ∼ (y0, . . . , yn)

if
(x0, . . . , xn) = (λy0, . . . , λyn)

for some λ ∈ R\{0}. The equivalence class of a point x = (x0, . . . , xn) will
be denoted

[x0, . . . , xn],

with square brackets. We can cover RPn by the open sets

Ui = {[x0, . . . , xn] : xi 6= 0}.
Recall that RPn is a manifold with coordinates on Ui given by

(u1, . . . , un) =

(
x0
xi
, . . . ,

xi−1

xi
,
xi+1

xi
, . . . ,

xn
xi

)
.

The tautological line bundle L→ RPn is

L = {([x], w) ∈ RPn × Rn+1 : w ∈ [x]}.
Define the bundle projection π : L→ RPn by π([x], w) = [x].

We can view L as a line bundle by trivializing L over Ui. A local generator
for the fibers over Ui is given by

eUi([x]) =

(
x0
xi
, . . . ,

xi−1

xi
, 1,

xi+1

xi
, . . . ,

xn
xi

)
so that any w ∈ L|[x] can be written on Ui as w = λeUi([x]) for λ ∈ R. In the

notation from class, here eUi is the local frame and λ is the local component
in that frame.

(a) Compute the transition function cij on Ui ∩ Uj .

(b) Show that the linear functions x0, x1, . . . , xn on Rn+1, and more gen-
erally,

s =
∑
k

akxk, ai ∈ R

define sections of the dual bundle L∗. To do this, from s we obtain local
functions si : Ui → R on Ui by setting si = s/xi (write these local functions
in ui coordinates), and show that s transforms on Ui ∩ Uj by

si = c∗ijsj ,
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where c∗ij are the transition functions of (L∗, Ui).

2.
(a) Let E → M and Ẽ → M be two vector bundles. Suppose E and

Ẽ can be trivialized by the same cover M =
⋃
Uα. Denote the transition

functions by

cµν : Uµ ∩ Uν → GL(k,R), c̃µν : Uµ ∩ Uν → GL(k,R).

Show that E is isomorphic to Ẽ if and only if there exists local functions
hµ : Uµ → GL(k,R) such that

c̃µν = hµcµνh
−1
ν ,

on Uµ ∩ Uν .

(b) Show that a line bundle L → M is isomorphic to the trivial bundle
R×M if and only if it admits a nowhere vanishing section.

3. Let E → M be a vector bundle with trivializing cover M =
⋃
Uµ and

transition functions cµν : Uµ ∩Uν → GL(r,R). Recall that E is orientable if
it is isomorphic to a bundle with trivializations satisfying det cµν > 0. The
determinant bundle associated to E, denoted detE, is a line bundle over M
with the same trivialization M =

⋃
Uµ and transition functions det cµν .

(a) Let Mn be an orientable manifold with Riemannian metric gij . Show
that

dVolg =
√

det gij
defines a nowhere vanishing section of detT ∗M . This section is sometimes
written

dVolg =
√

det gij dx
1 ∧ · · · ∧ dxn,

since detT ∗M = Ωn(M).

(b) Show that a vector bundle E → M is orientable if and only if detE
is isomorphic to the trivial bundle M × R.


