
DIFFERENTIAL GEOMETRY II: PROBLEM SET 2

Due Feb 27

1. (Extra problem: not required to be submitted) Let (M, g) be a Riemann-
ian manifold.

(a) Let (U, xi) and (Ũ , x̃i) be two coordinate charts with non-empty over-
lap. In coordinates xi, denote the metric by gij . In coordinates x̃i, denote
the metric by g̃ij . Write down the relation between gij and g̃ij .

(b) Let Γkij denote the Christoffel symbols in coordinates xi. Let Γ̃kij
denote the Christoffel symbols in coordinates x̃i. Show that

Γ̃kij =
∂x̃k

∂xp
Γprs

∂xr

∂x̃i
∂xs

∂x̃j
− ∂xr

∂x̃i
∂xs

∂x̃j
∂2x̃k

∂xrxs
.

We see that Christoffel symbols do not transform like a section of a vector
bundle due to the additional second term.

(c) You can use this to show that the Levi-Civita connection is a well-
defined connection. This means that if V = V i∂i is a vector field, then

W i
k := ∇kV i, ∇kV i =

∂

∂xk
V i + ΓikpV

p

defines a section ∇V := W ∈ Γ(M,TM⊗T ∗M). For ∇V to define a section,
it must satisfy

∇̃µṼ ν =
∂xa

∂x̃µ
∂x̃ν

∂xb
∇aV b

on overlaps of (U, xi) and (Ũ , x̃µ). Here

∇̃µṼ ν =
∂

∂x̃µ
Ṽ ν + Γ̃νµρṼ

ρ

is the expression for the connection over the coordinate chart Ũ , and

Ṽ µ =
∂x̃µ

∂xi
V i

is the representation of the vector field over the chart Ũ .

2. (a) Compute the Riemann curvature, Ricci curvature, and scalar curva-
ture of the Poincaré metric

gij =
1

y2

[
1 0
0 1

]
on the upper half-plane H = {(x, y) ∈ R2 : y > 0}.
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(b) Compute the Riemann curvature, Ricci curvature, and scalar curva-
ture of S2 with the metric induced by Euclidean space in spherical coordi-
nates

f(θ, ϕ) = (cos θ sinϕ, sin θ sinϕ, cosϕ).

3. Let (M, g) be a Riemannian manifold. Recall the local expression for the
Laplacian on functions:

∆f = gij∂i∂jf − gijΓkij∂kf.

Let (U, xi) be a local coordinate chart. Suppose ∆xi = 0 for all i. Such co-
ordinates are called harmonic coordinates, or the harmonic gauge condition.
Fix i, j, let gij = g(∂xi , ∂xj ), and view gij(x) as a local function on U . Show
that in these coordinates

∆gij = −2Rij +O(g, ∂g).

This is why the Ricci tensor can be viewed as the “Laplacian of the metric”.
This expression was used by Choquet-Bruhat to apply PDE theory to the
initial value problem in general relativity. This is also why the Ricci flow
∂tg = −2Ric(g) can be understood as a heat flow for the metric tensor. One
way to prove this is to first show the Bochner formula

∆〈∇f,∇h〉 = 2〈∇2f,∇2h〉+ 〈∇f,∇∆h〉+ 〈∇∆f,∇h〉+ 2Rpq∂qf∂ph.

and then apply it to f = xi, h = xj .

4. Let G be a Lie group with identity I. Denote for g ∈ G, denote the left
action by

Lg : G→ G, Lgh = gh.

Given a basis e1|I , . . . , en|I ∈ TIG, we obtain a global frame of vector fields
(Lg)∗e1|I , . . . (Lg)∗en|I , which we denote by e1, . . . , en for simplicity. The
structure constants of this frame are given by

[ei, ej ] = ckijek.

In terms of the structure constants, the Jacobi identity [V, [W,X]]+[W, [X,V ]]+
[X, [V,W ]] = 0 is

cpirc
q
jk + cpkrc

q
ij + cpjrc

q
ki = 0

for all indices p, q, i, r, j, k.

(a) Show that

dek =
1

2
ckije

j ∧ ei,

where {ei} is the dual frame to {ei}.
(b) We define a metric on the Lie group G by

g(ei, ej) = δij .
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Recall that the Levi-Civita connection ∇ is defined by

2g(∇XY,Z) = Xg(Y,Z) + Y g(Z,X)− Zg(X,Y ) + g(Z, [X,Y ])

+g(Y, [Z,X]) + g(X, [Z, Y ]).

Compute the connection coefficients Ai
k
j , defined by

∇eiej = Ai
k
jek.

The connection form is A = Ai
k
je
i.

(c) Further suppose that G is such that the structure constants are totally
skew-symmetric. This means that in addition to the usual antisymmetry
ckij = −ckji, we also have

ckij = −cikj .
Compute the components Fij

p
q of the curvature form F = dA+A ∧A.

F =
1

2
Fij

p
q e

i ∧ ej .

Use the Jacobi identity to simplify your answer.

(d) The Lie group SO(3) admits a global frame of vector fields {ei}3i=1
which satisfies

[ei, ej ] = εijkek,

where εijk is the Levi-Civita symbol. Show that SO(3) admits an Einstein
metric. This is a metric which satisfies the curvature condition

Rij = λgij ,

where λ is a constant.

5. (Extra problem: not required to be submitted)
A Schwarzschild black hole of mass M > 0 is the space R × (0,∞) × S2

equipped with the metric

g = −
(

1− 2M

r

)
dt⊗ dt+

1

1− 2M
r

dr ⊗ dr + r2(sin2 ϕdθ ⊗ dθ + dϕ⊗ dϕ).

Here (t, r, (θ, ϕ)) ∈ R× (0,∞)× S2 with (θ, ϕ) spherical coordinates on S2:
0 ≤ ϕ ≤ π and 0 ≤ θ ≤ 2π.

(a) Compute the Riemann curvature tensor Rρµγν .

(b) Compute the Ricci tensor Rµν .

(c) Show that

|Rm|2 = RµνρσRµνρσ ∼
M2

r6
.

Conclude that the black hole has a singularity at r = 0.


