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Proof o'-'» Theorem: We on'wa prove the case dimM = 2.
See Bott-Tu for oeneral case.

Eqv\'P TN with o metric o -
=D Transition functions of TM O M can be reduced to SO(2) £ U()-
D Can understand TM2M as o U - bundle.

g e (TM) - 'im S e (TM" where Ms =M\ U BS(P;), P Zeroes

M S0 Mg of Ve (TM)
= \im S Vire VMaTM, ©:TMoM
S0 ‘Mg V], 0, Vi, viea)
= lim 'S VAP L ""GQ‘ (Tm®) om%u\mr form
890 MS A‘*= -n*e
¥=1 (do-im"A)
ri}

-Sv*cW: -0 vy

M IM @ am
5 X Clockwise @5\@

=2L§V'Ae- é_LSTr*JA
v2T aDs(P) ' 2om DS‘-P:\



g Se(TM\ = 2 N S V'de = é ind (p,).
M Loam 904 (p) . =

T‘\mﬁ Le.t M be o Compw\' oﬂen“’u\ me
g e (TM) = Y (M).

M

Cor'- (Pomcafe'- Ho?f')
Lt M be o compact orienfed m#¥d. .
Let VeT(TM) be o vector field with isolated zevoes §p.i.., -

LMY= & inJP‘. (V).

Proo£ of T\\m S

Lot iwcz basis for H‘(/“\)
i"’;z JVa' basis \mc‘er Poincan' JVa‘(‘.'\ai

S CA); A ’Y, - 5,’
M
CDI\SiJer M ¥ M with P"a‘e(j(ons T: MxM DM

P MxMDIM
K\“Mmeﬂ\: H*(M“M\ has \msis ﬂ'w.-;\,o*’l’,-.

Let M€ Hn(M"M) be the Poincave” dval of A QMXM,
A= (pP): pe M3,

S\'eg ): "\A - ? (V) | T w; A ,0*’?".

Sfeg 2: S""A = ’X(M)



?roo£ o} S"e.p K "IA= Cij W'wi/\p"l”' linear combo of basis.

Test ’7[4 o%ains‘t 1'(’""“/\ f‘w,_:

S 1\""““ Ap‘w’.l\ "‘A = S C;s Tr"l’, Af.wl A ﬂ"w; A P*'\’a‘
MxM Mxm

(deg ;) (deg T +deg wy) . i

) Ciy S T (w;A'V‘),o(w!,.a.)
(deqy wy) (deq +d¢3 wy) MxM

=) Cxe-

?rofe\r"a of Poincare” dva'\'*%?

S W‘IV“AP‘O)’_A "lA = S Tl'*""‘ A /o'wn

MxM A
(JG% %) (de$ w,_\
= S ,‘IKA wl = ('\) SK!
M
dea Wk
Doz (N2 S,

Ffoo‘ o£ Sfep 2:

deo, W; . -
S’nb - é oy S Twinp ¥
(A

A
de Ww;
_é (") 5 S Q)-LAT&

M

< (-.)9' dim H¥ (M) = X (M).
9

P"oo"’ o£ $‘|'e|> 3: We c\a.‘vn TA — A aYe isomovp\m'c

Na = A bun J\es/
and TAETTM
AT M
Assuming, this,

g My = g P (Na)

Ja

$zevo seckion}




= { 3(12)

$2evo Se(,\'ion)

= g @ (Tm)

{zevo sed‘ion)

=§e(TM\.

M

Proof o£ C|aim .
Llet E-= T(MwM\l , E-> A
: N

E- i (p,p,V,Ww): peM V,WeTPMg
TA- % PP,V V) : PEM, Ve TPMg
E=TA® NA) where Nj-= % (pp,v,-V): peM)\leTPMg

As o \)\ml\e) Yriviaki zations on TA=D>A : VUse coords on A:

@, T (Ugx Ug) D Uy x IR U xU, €A
LX,XJ V‘-BU V\.a") - (lei) \'/
xeuqs M

Trivializations on NA S>A: .
@y T Uy U D Ugx R
(%, %, v'3;,-via ) M (x v')

TA S L ace isomorphic bundles via (pp,v,v) - (pp v, -v).

NA o WA
nN
Also:  J(pv): pe M } = TM = TA:= (l(p,p,V,ﬂ: pe M 2
% VETPM ‘ \ Ve"";M
\V4 A Vv
M =D A

Snce AX M ave Jif‘eomvp\\'\cl their ‘\‘an%en“' bundles ave is::mwp\\ic:
TA ZTM.

|



G auss - Bonnet Theovrem
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