de Rhom cohomo loay

Ker §$d: QM) = Q"'(m)3
Im $d: Q"'(M)> Q" (M\}
o) H'(M): § $ec®(m) : dE=0)

Exercise. Lel M be o connected mid.
Then HO(M) = % constant $unctions }

Z R

H*(m) =

Main Properties 3 (will all be proved during this course )
A) I3 M 2N homotopic, thea H (M) ¥ H"(W).
Cor: H*(R") = O VK21
B) Mayer-VieToris: M=z Uu V uion open sefs. Fexact seq
> R (M) > H W@ H (V) = H (Unv) 5 H" (M) > -
c) Kiameth formula:

H*(MxA)= @ H(W® HY(W)

P-I-q—. w

D) Poinc.wre' A\ka\i ‘\'\5 M c.ompao‘\') orien"a\“e, AimM =N,
H (M) & (H™ ()"
(e H W) > £, ()= g waM  ackng on [wle K" (M)
M

Cov: I# M compad’ + Oh'en“'u\)\e + COnned'eJJ dimM = n, 'then"

E/\] —> S /A 5 isomor(:hism% H"(M\’;'R
M



HomoTopy

Def"' 4’,""1 M“>N ave »\omo'\'opi(, (43"_{4’) i:f-
= Jsmoth F: Mx[o1] 5N st

Flxo)= ¢
Flx1) =4,
Mi M a'\A N ove hamd'opic (M '-‘—'N) if’
3 Smooth maps #'- MDSN st 0£ v id
%: N S M o% ~ !J

o) R" = §ptd. 4. R > §o)
(5-. io} o \R"

%of—"_ﬂ id wia Flxt)=tx

De.gmfm«hon fe,\'ratj: Svppose L A DM inclision and r MDA
o map st reizidy I$ IF:Mxlop]->M st
F(xl"):x, F(x1)= ter(x), then A is a deformation m‘:‘uj"«

ex) IRNEY & S’ via e IR*\{o} = 5\, r (X)) = X /x| -
Flot)z (0-t)x + ¢ %4 -

ex\ (IPn \ i[%“)%l]} v (")n-' via F ( [zo,"', Z,,]I‘(') = [20, - Zn-\, ("’f) zn] :
P = § L2, ., 2,01 e CIP" )

exX) [ED M  vector bundle. Then E “M  cefrads to zevo section.

ex) C N - IR™\ ilﬁj "'H\'nde"/

Mabivs strip all
cetract to 6

<)
B ) reTraoT 'h?
[ ’ bovq,ve:f of
~ two civeles

ex)




.P_E Let weﬂ (MxI) be st dw=o.

Then [L w] [L wl] e H" (M) where : tt=M—>MKI

p = (pt).
ex)| w= (1+x)dt + tdx

c!(u= dxadt +dtadx =0
Vwzdx, (w:=0.
i.‘*w - i.:u) = J ("vnc"{on on M)

, we Q(MxRY M=R.

?roof‘- '.e,t St-. MxT -5 MxT '-“ow of 2 .

6, Lp,9) = (p, s+t) ot
|
Lrw - L:w = d i:tw dt
&
Nite: d '\:w =d L:G:w = t:é O, w
dt dt dt
= L: et* La w
ot

|
Diw - Lw =g by L, w dt
5t

'g ‘¢ (A 3Jw+ QJJw)c“'
ot

- d § [(2aw)
=d (Someﬂlm%\

Review of Car'hm's £ormu|a=

Lie Deriva\'i Ne

LV W = A._ et*w) @t ﬂow of V: é_ @t = V.
A-“' +=0 At t=0
S MM
eo - i‘l/“\

8,8, : 0

t+s




Carfon's /“\ouzic Formu la

vaz Vadow + d(Vaw)
where: Vo Q5 (M) = QM(M)

(VI¥)in s V¥,

iy

(v ) (wu - WK-I\ =V (VJ W, .., W, )

Proo£ 0£ Cavfanls medal Le.t's on\% PNNG '\\' &N‘ \'f'"‘ms

Let w e Q' (M)
L,w=4d @:w
dt t=0

= é\ 3_9: Wy (G*Lx\) éxi)
d“' +=0 ax‘

=(.a('v“w°( + S“'\ ‘apwq V? ) Axl
= (9 viw, VPQPQ)&) dx'

Vadw = VOWwY, dxt
v® (?P W, - 9; WP) dx'

A(V..Iw)= J(VPwP) _
= 3;(\/"%) dx'
= (%VPwp + VP 3 wp) dx!

D Vadw + dlvaw)= (VP + Q;VPwP) dx*




(5 4

.

-_r‘\_m_" Le,‘\' F‘ M-SN be hom::"'ofic, SMOO'“‘\ Mmops. Let w € QK(N)
G:M>SN with dw =0

Then: EF*w] = [G*w].

Pf' Lt H MxT DM be o homo*opa, from F to G-
[Fowl:= [(Hot,)w] Ly Hw] [t Hw] [(Hot)w] [¢"w]. o

Nofe: Given <@: MDN  con detine

@": H'(N) 5> H (M) by: @ [11= L[]
Thn: MEp =) H (M) 2 R,

P¥~. Take £ M SN w: th oaoif’_‘.’ )
B 3N 2M foaq v id.

= (% \ml [13 € H"(W)
(%oh*[dl [«3 € H"* (M)

D o 2" 1 =[]
£ ‘3* [al = [al

= £ HK(N\ - HK(M) 5 '\somorphibm- 0

Cor: HK(IR")zo Y K 21\,

Clr'. If weQ_ (|R) Kzl amcl dw = o, then w-= c|°(
g—or Some 0(60. “R)

Cir'. Let M be o smocth manifold.
VP&M; Inbhd U on which every closed form is exact

HK‘Tz\iPX) = HK(@) = HK (@) bot not really, becavse
@ is not & méd.



ex)

ex)

Cohor\mﬂozii wth Comeocf Suggofr
QF (M) = ¢ (m) ® QF (M),

C:o(M\ = % #e C‘”(M) : 3 KemM comPo\d" st. £‘

vl

0 }
M\ K
HS(M)= Keri d: Q) = n"‘*‘(mg

Im § d: QM Q™3

N8§. H: (M) faﬂ\er Ji*ferewf ﬂ\m HK(M) gor non-covrbfaof M.
= (T‘\e» oe the came $or M Compu:l')

H. (get3) = IR
H’ (IR") = 0O
-_rh_m__' HCK“(M,( 'R) 422 HGK(M) iSomehic-
€x
Here: T : Q':*‘(Mx IR) — Q: (/“\) in"e%rd'fan a'ong the f:ber

Trx ( M(xs*)ﬂ*c?m—\ + f("){') W“‘PK A ‘!t) - (g f(".f\ J{—) CPK

where: W $e C (MxRR)
@ € L (M)
*: M~ R = M Proa'eot'on

er : 0,7 (M) > Q" (MxR)
e* (Q) et Tr“CQ N F“") J't w‘\erg Pl‘ﬂ CP"' SVPPorf with Sfét =\

Cor: H,“(R") =§ IR K=n

0 oﬂ)erw{se

eq. H (R) = H (R) = H_ ({et?)=IR
H,' (R*) = HZ (IR)= O

H: (lR‘) = 0.



P$ of Theorem: (Ouﬂ""e)

1) Show ATy =md so e H, " (MxIR)D HE (M) wel-dedn.

2) Notice & HS (M) H." (MxR) anl
Tee & (M) =N VMeQl (M)

3) To $inish construction of inverse, need:

e om ()= + d( %Meﬂnm%) Ve Q.:H (M >IR)
with dM =o0.

Svppose for e.xamp't. N = $ixt) T A At,
where: $e Co: (M"‘R)) ‘PeQK(M\) dM=o.

Compare N with: -
e om, (M) = ( ( ux,.)) m'cp a ptH) dt

Consider:

$[(Sroms) e - (Froms) [ ran) a ]

t
= £(xf)JfACP + S aailx,u)du JxAQ + g ‘-e ) JCP
xl

‘(S ?ai Lx,u\Ju) dx'a (S‘ ,a)

-0

(g f(x,u\clu),ol-ﬂclf/\cp -( mu\gu) )Jcp .



Use c\"], <0 ?

>o0-:4d (12 CPAcH') =D a_f dx'a oadt = - 2 Jeeadt
ox'

t t
D\ xwdu dise - -S f(xwydude , also
ox' e

~0o

=>(g°°a;_§_tx,um) ( gjf ) dinee = < S:nx,..wu)( g;} )de.

- 00

SodF) = Sl dta e - (Smﬂx,u)du) plH)dta .

=00

5 d(e5) = (M- eom i)
=) [e*"ﬁn (4].\] = L-ol]
Exeruse: Show Le,om, (1)) =[] for M= uxt)n'ep
with ceeQ.""(M),
ue c':(MxiR),
dM=o.

L



