Pomc,oxe’ Dualf‘}k

D;dz A %ooJ Cover iS5 o open Cover of a mfd M": ngg
st all finde infersections U nN--NU, are dibleomorphic

to IR". ¥

E._o_\'z A\ compact manifolds admt o $nite 0008  Cover.

Eﬁ: H M aJm-'+$ ' N £m:fe %ové Co\ery, 'H\en Hi(M) 'S
£im‘h A(menSiona\ Vi.

?_£7 1t M= ’U. Vuz with 'lA; X ’U\.n’uz'l' iPt} ) then 5? Ma%er- Vietorig
it ETU RO .' N ui
S H MaUY > H'(W - H (UWe H'wy) = H (unu,) =

Ker r:imSLao) imr = Kers & oo

Hi (MY = Kerr @ m v finike dim
Ne.ut Con siAer M: (’u.uuy) V) U3 amA c.on'hnue ‘)\3 n Juotion- g

mn-. (Poinc,oxe’ Aua\\"\"z\ Let M" be orienfa\:‘e w;‘H\ f.’mfe

aood cover. Then:
[,Y\J > g"\/\ iS5  on l'SOvnorPhism.
4 M
H(#) (R ()

Cor: T% M compact ovientable, then H'(M) % (H"" (M)
o dim H'(M) = dim H™(m).

. . X
Cor: I{' M“ orien'\'aue. wi‘H\ "e'in;"'e %ool Cover H'(M\@(H:ﬂ (M»

*

Cor: T4 M" compact comnected orienfable, H"(M) % IR and
H'(m) = IR is an 50 morphism. It NeQ’(M)
W O > S’V\ satisfies, dN=0 + S =0, they
M Jxe Q"(M) st. M=d«.




P{ ot Foincare” dvality 5 To start, suppose M=UuV, ULVEUvy R"

|_\ M‘”‘F‘" Vietoris seq with cpf svpport :

0 « QO (M) €O (WL (W) &« Q% (Unv) « 0

Sum ( w‘m-w‘v\ - w

2_\ I.on% exao\' Seﬂ’ in c.:»hom.:‘o%\a, wiﬂ\ cpf SvPP:
CHE (M) £ HE (W@ H (V) & HEUaV) € 1) () & Y (W) ) (We

"

Snake = “53 i'd S.'“ = Sl1]- [J (ﬁu”l)] where Pur Pv partion of Vni*'ﬁ
subordinate To UV
3) Dua‘ Seq_:

KH\ * K+ » KA ¥ (G 5‘ K
SH, " MY> H, (wy®@H, (W=H." (Uv)=> H_ (M) >
whee $:VOIW, £5woH V' with £ = w(W).
4\ Re.tbu\ar Mayer - Vietoris :

vestrich ditterence

= H " M) H (W@ H"(v) » H"(uav) 5 H*"' (M) -
snake 5§ [ = Ld(£,M)]
5) Bn% Sq,uare

vestridX didtecencs

> H V) > B W)@ H() > HE(Unav) > H" (1) -

! } R

- H™ (uw) » H:_"‘('M),t @®H *v) - W™ ('Unv)* - H:'H('u WY =

\Ier\'ico.\ Maps ave €. Hn(u) — H:hk(u)*
["\.] > So\',\

Exercise: check Jim%nm Commd'es up to Si%n-




Let's °“"'5 check the square:

H* (UaV) 2> H™ (Uvv)
Y L
Hq:k ('U/\V)* i) H :-n-\ (’quy

Let Cwle H™ (UnV)
[¥le H) ™ (Uuv) -

wr) G = Jsunt = Cdip arat
v M 2
(5w M= awnst=(uadlp)
M M
(swY () = S AIDMA wa T
M

z S (1) wa A/ou AY
M

= g () wa J(/o,u'l’)
M *
= (M Sw'(Y)

6) FNC Lemvno\= Given o commutative Jia%mm

L4 f e3 £¢
V\ - VZ - V3 - Vq, - Vg v{ ) wf Velj"r Spaces
) o e ¥y s b
W\ —;) W, :) Ws :) Wq_ :) WS

i A A

with: Vi DVa9V,9V, Vs exad seguences
W, D W, OW, D W, 5 W,

‘- %p S, ¢ iSomorPhisms :

Then: midlle one ¥ is an 150 mo rphi sm. Frof: no



.7-.) AP‘,l\a the Five Le,mma, to the \)\% Sq,UAV'G: Know

Show
® K -K *
Hu(lR")') H: ﬂmn) H™ (u) - H:‘_ (u) all iso sinee WUEVZEUAVZ)R"
HK('V) - H": (V)” Vse A;fe()t Cq\ﬂl‘atfoh
ar §a: H™ (Uav) > HE (uav)” H*(R") = {3 °
IR"

IR ') H: (‘R") - i:‘,ﬂ k=n
L) et Sy appkes & UnV = M
i5omor phism = Foincare” dual 0 apples Yo vV =A.
83 Congider M= (.'u.V uz) UU3) repeat wntil reah 900d cover
Nete: A = M=Uv U v-v Uy .
(Uv ;v Uy o
U R

Dezfee, af— A W\AEI /"\) N orien"'ec\ (.ompa.of c.onned'ecl
both o dimension n.

£“. M - N $Vhoo‘nl Ma‘>.

Dedine: deg($) = { #'w, we'W) ot (w1

: M N

Well- detined -

W, W, € Q" (V) withy S w,
N

Poincave 2 w-w, = d o

Ava.\i‘\"b . .
“2 = w. - *wt’— A#
W R >ng; | &x SM «

W

Sw,_ =) Sﬂ(w,-w,\ =0

N
* d(w-w):=0

]
O

Pro ger\'(es:
a) $,9: MSN  homefopic =D deg (§) = deg ()
‘)) # : M - N nof su.\r@&d'We. =) Je,aa('x-\.:o

C') Ig £" M- N sura'e,oh'\/e N\J q_eN v‘e%u\ar \la\Ve.) then
c‘e%u') =< + \ .

£'(q)




Def: £" M= N" Say f(p) i5 a rg.%q\mr valve if in locdl coords,

[aiM(P\] is o S\Avéechve m«d’rcx (n\nK:n\.
axi Nxm

Fac:\—" Saréls T\\m: £= Mm-) N"' The sef o C-V""‘icat\ Vu\\l%

hds me asvre 2evo.

(.n'"(cq\ Valves = if-(ﬂ . gl\)\ net re%w\mr v«\ve} = N

Prood of Sard: No

Prood of Erogcr‘\'fes o‘f— Jeﬁree‘:
a) If $%a the $°M:-a"m +d(-) VNeQ'W) dN=0.
b) Lt g3eN nt in £(m).

M ocpt = M) ot => FUEN open nbhd of g not hit by .
Lt Me Q7 (W) =) £7°M=0 D degl}) =0

c’) Recall: I £ MoN Ji£¥eo) then

S w = i’;f'w-

$M)
Sard's Thm =2 39N regular valve. Let £ (9:{p,,-, pc 3.

= [a_fﬂ(p;)] inverfible matrix.
%’

IFT D AV abhd ot g st § (V= U 00U with U disjont ond
£ U >V &b v

(.'Plkt ’_ . £

l‘-'{ , .Pz(
d




ex)

Let "leﬂ: (V\ with g"[ =\ B\b_ ) S\“g*ﬂ =z ).
N

= SM£"/VL= |Z: g £ - '%tl.

U;

$: 6" g"

X - an“'\'PoJa\ qu (; "E) (,.-_‘>

l. Need we Q-“(5") %ene.\rad'or o¥ H".

MOTNA"'(DV\ 'eram Po\wf COOV‘JS" /\
S"= %Y‘ﬂz c ,Rnn

Polar coords formu‘&i “JX. c‘xm.. = V‘n Jk Jé )
Di #fevential forms: Want +t find w e Q" (s") st ‘
' dx, A adxgy = ¥ dr A pw  on |RM) where

P R™ = s"

Solution turns .w'r 1o be X B X%

n+\ i-

w = 2 (=) ‘ X, Jx, A---AJX.'A---A Axm\ :

(A M

dra p'w = dra 2 - % d (%A a Y aa d (¢ %)
=\ s

-n-1| N+ i-

““ A é () ! X, AX\A---A (J’;)A"'A J"m»\ .

(1

Stokes's Thm D S w = S w = S dw = () del...g,,m\ = lna) Vol (8,)
s” 98, lo) 8,l0) 8 (o)
S Lwlxo

2. Compule degree of £
f'w = (“\“Hw

> ($o= ™ (w

D deg (M) = (™



ex)

C_gv_‘: S“ w(‘H\ N eVen Aoes nof aAm;'\' oL now\\ere, vmfsh-‘mb.

vector field.

_Pf‘- Le.\' V be o nowherc. Vam(sh{n%, vector giel«l-

X
Vv: 8" = r™ 5O\ ¢ Ir™
Vix):'X =0 N

Let Ua= Ve | (Uwal=); Ix=1 U-x=o.
IVl

F(X,{’) = cost X + sint U(x)  satisfies |F(x,ﬂ'2: I' So
F: $"x[o,w1 > s".

S F \\ome‘\'op\b feom X Fox to X = -X.
DE  since ée,% (x=>x)=|
deg (x Fo-x) = ™. -).
(|

Poincwr‘e, Dual of o Submanifold

®* M oriented m¥d dim n
® S SM orientel svbmfd dim k

w = Sw ) weQ: (M)
S
defines o linear $unctional on H: (M).

Fo\'V\care,’ Auo.\ﬂ'\a =) 3' ["ls] € Hn-K(M) 5.t

S WAMg = S w V[wleH, (M)
M S

P e MJ pom‘t in Compu,f comected mél.
Cnple H* (M) is represented by any Np€ Q' (M) with S"[ =\
Indeed: it [$]e H' (M) = $£zc const:

z ¢ = £ 4
§M£ e gﬂ



ex\

ex)

ex)

ex)

Pe IR".
[ﬂp]e Hn(mn) 1$ TepreSenfel \)\5 any +o‘> #om "l
T£ [21e H2(IR") = £= const + cpr swpp = §z0

Sg"lf =0 =S£
R" §e3
Al o M.

Clle H(M), tfake M, =1,

SwA"lM = Sw VYweH (M)
"

M
T =5x5s , S'=§e;9: 0&6221\'}
L eT® L= Im«ge(lf)
L

Kn_ow'- H'(T") = Span iJe‘) de” i
[M,1eH(*) > N :=Ade'+ Bde”

Test we H'(Tt), w: aJe‘a- BJez.
2

S w = g waM, < g 41;{*(a49‘+5361) z gwg(aae‘maam (Ade'+ Bdo*)
L ™ 0 °

4T +2mb = (20 (aB-bA)  Va b

DB=L, A:=-L D m:1de'- 1 dot

|
?\' 2T ™ 2w
CIP' € €IP” given by 5= §L[%2,0]¢ up‘}.

[Mle H(€R?). know: H*(€P) T IR, and [wpode Q (€P?).

Weg = i3 log (1412174 121*) over Uo=$ 2, *°3, z‘=z‘/z,.

rag



Since S weg = (LaSlog Livizr) = 1, camt have wig = d.
) zw
s op

S Lwe,d %eneu\’es H*(cr®).
S ["].5] = )\ E(AJF5].

2
SwFs,\"ls = S“’Fs = )‘SwFs-l.
ap* s ap?

Compu[\'e. g wF; P

cw’ -

. = 2 R - 2K
V) owp =i %5 de%, 43", 95k = (1r+12 )53" 2z
20 (1 +12)2)*

2) wF: = (Je’r%.z) 1d2'adz'a A i d2" 42"
nt  (n)"

—-(n+)

3) c’e‘\'gég = (14 12%)

4) i dzadz- JxAJ\aj
2

n n
5) S We, = g W
U,

ap”

Z= %X+ 6\3,

-(ns) — 5
e 48

ST
§ nl o

c
‘(".:)(l) vol(Szn’.)

| and ["lw]: [we] € H (élpz)J CIP ¢ CIP°

A




