\/ec'\'or Bunc! ‘es

De¥: W: E-DM is a vector bundle of vank Kk if:

°® W:E—)/“\ 15 a 5ur'3eo"'i\le map o# mam’{JJs w;H\ ﬂ..‘.P)‘z EP
o Vector space Vpe M.

M= Uud, E- U".‘(ud)
w:‘\'\\ éi”eos o «

Py : ﬂ-‘(uq\ - ue( X 'RK
st a) T""(’:( lpv): P .
b) &, : EP > {p1* IR isomor phism .

g 3°pen Cover

/"‘\\ -’—') K
E / N\ CP“ ‘———‘ U*X'R
\V4

Transition functio ns:

Consider WPy © C?; : (uq/\up)" 'RK‘) (’u.( N up) X 'RK
(%, vy = ¥ gdp(x)v).

Call %qp’ ’u,,n’up -> GL (,K,lR) “'rmsihon fu\nc"'«'ons-

Note: %dp %98 = %d( on ue( N up N u{

Sections: 5: MDE is o section ¥ s()e T (X) WxeM.
Wrife 5 € P(E)
M‘ﬁ via (g S\ = (%, S.‘(x\)
——~L . Ud
st.  Sy: U= IR
M 54 * Yup Sp o uq/\up.



ex) Msbivs bundle E > S (rank 1)

6‘: OUO
u u

O 5\; %.H on [l +| ¢ GLO)
=1 on

~ (o]
unth J
E= (UxR) U (UxIR) /wv, mE->S' .
(p) ~ (p,¥) & Vzg,v (e P v
. (O
Coorjs on E= ﬂ-\(,u) v Tl’.‘(’a) C e P
-V
° Recall Lu’e)/ Lﬁ'é) Coords om 5' w‘-{'h
é= i e on n
G-ZT\’ on \J

® Couwds over T‘.\ (’u\ (e) V)
' (A): (8, V)

’éze on n
VzV
é:e-zT" on U
\’7:-\/

N;\'e'- om? section of Mo bivs bundle must pass fhrwah Zevo.
Let 5: 6' E, 5‘ z (6, S(e))
7 (u)
S'n-\(ﬁ) = ( é, g(é))

It eq. S(0)>0 = 8:29.5 =5 § 50 o N
%0 s < O

O

S¢eo




Coords on total Space of o Veclor \)umnc:

. M=§/u¢ with (Ug %) coord charts on M
o E:tjn"(ud) coord chads on E
(x. v, )= b (e)
* On overlaps (7'(W), (xv), (¥ (U (£9)) with.
) X= %) change of Coords om base M

®) g, UuN Up > GLIKIR) Fransition function

“;e c.oerJ o‘\aﬂ%e on “'ofa.‘ Space E 15
%x £
V 2 Ggul) v

or in Bll. X' = $(x -, x")

Vg, ', 0V

ex) TA > M tangent bundle.

It (U, X), (Up X) coord charts on M then

Yu * UaN Up > GLn, IR)

= IX
Do o
So becomes: V/A 3 V-
x”
Sections o8 TM = Vector fields
Ve lM(TMm) .
V\ (x V(x\) V= ( )€|R with \/» _;(‘,‘V.
ﬂ-\(u) ‘ax'l
S Vv 2 well-defined action on fe CT(M), since
ox”

via #- :’”2 $ \’3 the chain rule




Defo Let M:gu“, E=VUn'(W), E=Vi"(u,,).
— o

Bwu“es E ;7 M ave i50morf‘\i¢ if 3 X,( : ’uq -2 G’L(k,m)
E z’ M 5Moo‘h\ maps st

gédp = )\d %«p ),: on /uqnup-

D;{. E-= y‘l\:‘('u.() is orienfed if det Yap >0 V%.‘p-

Dﬁ: E is og-;enh\,le if i" 5 isomor’)hic. to om orienfeJ bum”e-

e%) M(,’\a\‘vs b\mcne, nof on‘enhﬂ)‘e-

uw() O'&' 3, = g i.m). 3 e M
.(- -\ on
Moy  X(@) ! ~/

~J

Never %onna mﬂke %l?- Posih'Ve, on an UI\’M

oEera\'(onS on Vector Bunlles

M = U Uq) E: U ﬂ.‘(’uu)' é" U T‘.|‘.u.(). T:-ES>M Vedtor \)\MJ'CS-

" W E->M
). Direct Sum: E®E > M

‘\'rivia\izahons: CP,‘@CVQ.(I Tf.‘ (u.() - u.‘ x “RK@ 'Rﬁ)

'\'ro.ns:hon gvm.tc'ons: (%dp o )

v

0 Qup

2. TeV\SOV‘ Proclud"i E ® é - M

trivialk zations: Y C\é,( =3 (u.(\ S Uy ¥ (lRKQ |RK)

Yransition functions: %dp &® %qp




3. Dual Bundle- EY> M

Triviak zations: (q:f ) !

'\'ro.nsihov\ #\Mchons: (%dPT)-.
Pont o this: sections se IM(E) may be paired together.
. $e ()
e (%) = du Sy
s‘ = (¥, Sd“‘”/ Su * S;‘l ) S« = Fup Sp
U e
ot =
b, 200 oat) s (0, 14),  daz(9.7) '$,
Nete: .7 5u = (Bag) @) (345 5,) = &7 s,
=) ¢(5) € C”(M) w&“’cl&fl'nel scalar ‘uﬁofion.
4. Hom::morﬁhism Bundle : Hom (E/ E) = E*® E

5. Pullback Bundle: #: N > M = N: yf"tu,‘)

{'E5 N
$'E- { (n,e) : ﬂn)'—ﬂe\g 5 N '-?"E E
Vg o) a K \', \‘/‘ﬂ’
Trivializations: $cg,: e (4 (u)) = ')~ IR NS> m
Yo, (170),¢) = o, (€) %

"'rmsi’ﬁan fumc,\‘ions'. fﬂ %dp = ‘éqp" 'f'

ReMwK" A Compkx Ve(,fo\r \)an.e °£- rank Kk ha} '\'riVia‘l'Sq,"'l'O”S
CP‘: w-\(uq) - uq X CK
an.\ "’r an S ‘.'\'on *u Ne ‘|'|'o»s

%ap: UaNUp = GL(k, ).

N;‘G‘- If M cplx mid + % ap \\.l'(,) Sma E-S5M holl bundle.




The normal bundle o o submanifold

D_f_£-. SEM is o svbm §4 i$ VPésj JUueMm coord chart
with coords (X;, \)‘) st

Y.

I I
/’:,//_) 2 | u
- — I — X

5

-_ ) - ) -

" 9‘3‘ 9'3""‘
T.5: Span %g .2 g
ox' x"

O >TSS >TM| >N - 0O, N= TM|, /Ts.

In 'H\CSe Coorés) TPM = span %2 N 9 9 . 9 2
ox!

a exact seqvence

Teansition funckions of TSDS and N5

On osle\r\ap Pc—, ’Mn’&' wﬂ'\n s|ice caonls ‘,x,‘a\) (.;Z,%)

¥
~ P-\‘, |
— b /'“"/_/3 %
| ® |
(%u,m): Bo' (xy). I peS, then @lp): (xip)o)

Q (P = (Xip),0)

D ?é(xtps,o) zo.

Transikon fwcdion - aj‘: ?_‘Aé_ - aii_ 0
o‘." T M \ X% oX% X
> 9% 3% % 9y




T\rcm s;kmn ﬂ—vnd's‘on . a_)h(’ Tnms;“’ion gum.f.‘on 4 ?_%

of TS5 2X 2 NS 9y
Cooac\e cond: TM| 5, Pap

TS5 5 s, ddp

N - 5) hqp

;’de = %u( %Kp Know TM  satisfies Coabde cond.

%4p O = [ PBay © )(%xp 0 = (%-«x%w 0 )
( * \"dp ( x ‘\qx * km) * “«x"m

D 04p = Gay Sy = TS5 Nalid bundles.
hap = hay \"n; N =5
) 2

C\P & CIP

s: §[2,2,0] ¢ a:lng. Compdde. tormal bundle.

Coords on uo‘ (x)'ﬁ') = _z_‘ ) 2_3-\, S/\u°= i%:oz

Z 2
Coords on U, : (a"é,fé)" (é) Z—")) Snu':i‘é':o}
zZ, %,
Gy ,
33 - x =) fYransition function h,o'- Uo/\'u| - C
o=
9‘2 o= %X "

Oetn: The complex line bundle  OUY=> €I is defined by

o % = Zg on UNUL.
3 7 2 5

ec”

= Normal bundle o3 €P' € CIP” s (O0)> CIP.

Prop'- I‘-t- S- iPJ(X) 303 < C|Pn 15 a $u\:m£¢! evt oot ‘)\b o
honno%encovs P°"3 8(;:) of Jeg J, the normal buwmdle of S s O(J)'s.



Mi Lc,t X \:e Com|>|ex m-ﬁJ A 5moo‘ﬂ'| aﬂa\\t‘ho h\a,persvrfaco.
DeEX is o svbmfd st Vpe D, Jhle charf U with pe U st

UI\D=3'¥=°}ﬂ’M, where ¥ hole function with df Sury,
tu-sc,
ond st. on oVer|a|>s uq/\ Up)

:Q : U DUy > c”
%o

Diih Given DSM) J line bmdle O(D) D M defined "‘3

Yap = F , o UnUy > hol'e.

ex) D= g_%zf=o} <P

2 oY= O(>: OW??
A D=§R ] SIP", B s poly deg d.
Same cdc =D O(.D)-‘— O(J)

Pr_ot: M comp’cx mfd
DeM gmosth ana\~a+(c ‘hbper.Sur&\ca

Ng 2 O(D).

CLY D ProP

_P-'-E; M=U'u.‘) Df\uu=§'¥“'—°3

‘) Notice Jf« now\)ere Zevo Section o¥ ND* -> Dn U.‘ .



This because: Since £., Z0 on DJ TPD: Kerégd"’.

N=TeM/T.D o d5, (V% YVeN,.

2) On DAUun Ug -

A£«=A(%£P)"A‘éup£ﬁ * %Yep b, %«9"%
A£“ = %“P Apfp on D/\ug(f\u‘g ’
=) Jf,( € F(O(D)® ND*) now here Vanishimz section.

) OD®N, trivel = Ny T O(D).
(W]

Nofe: L > M c.-mp\ex line bundle o.Jm;“imb o section sel (L)
which is nowhere Vanishimb. Then: L % € trivia)l bundle

Tsomorphic: need  Ng: Usd € st 1= Ag g, Xy -
Nowhere zevo section: ha ve Sq: Uy ¢ st Sa = Dap Se-

-\ - - -




