ex)

T. Non-Kahler COW\P\BX Geoma’\'rg

Simple eX amp\e of' A non—K&\r\ler melric :

(s = complex Lie avou ea. (G- GL(K,Q’.)
¥ areHR, =% G=SL(xC)

Choose hermitian inner PV‘OJ on T;’OG"

Choose €,,-)€, aqlobal frame of left-invariant
ol‘é \Ieo‘for -f{c“; on 6'

Lef wz= i Z2e"re” e” (ep) = 8%
o dual frame

dW:= L £ aea/\ e
a .
4

o L a
-1 iy ene’, [e el=ciy e

2
aw ‘k 0 un lesg E,] 0.

=D Le£+'ianY€an1' metric on cph( Lie %rovp

is non- Ka hler.

Genevral Sefup t Notation
e« X c.ow\ple,x mfé, cjimd: X = V).

> hol'e coords: 22’“};,,.
T X= TX® T™X

~> Ve [(T"x), V = Vv/9
22/




ex)

V=V o -
-v’a +v/f3 _

* Hermition metric: %’ [ r (T“m)® T“o'n),
% = %_/A; JzﬂQJz;’) where gf‘bP;])o pos def,
s = DE-

1) inner product on ™X°
N —
VWO, = 9,5 VT WYV V We M (%)

|“JVCCS

2
\mef\'r.o fensor on T X: 9 € F(T)(@T X)
For ﬂm's) sef ‘é/uyzoj %/‘;530/ 9/‘4;’ 23,;/7, and:
a (VW)= i V'w? | viwe M(TX).

N=). Coord Z=X+ C}) hermtian melric %ZZ- >0,
E; ‘3 —\;9 ) a +-t9

az 2 x Y 92 2 2 82)

N (9x,9x ) = 9(2;+95,9,+35) = 2 925.

[ Herm;han -?wm: w = ‘b,n‘a JZ/AA szé Q"'(X)“Q)

Cov aY, am‘f Der: Va'fi\les

(X)%) NA"'Ural V. owm TCX?



Notafion: @, (V"3,):= (%:V") 3, Ve P (T,X)
V;\/.< < 3;\/K + \": Ké Vd

\. Levi-Civita connection

C K _ 0¥ 4
rlL . 4 " 2 (-aﬂ %.3 + a; %13 + é%l\')
2

Exercice:

Lce _°%  _ . o

This means :
l-e,t Ve I (T"ox) . Di f‘eren'\'ia"'e :

IRV LR PRV L = 8 «_ B

/4
- L] ; P
=) (iow)x a V"

o

2. Chew\ Connec't’fon
3\. V on T"°X s.t.
_ od _ IRV
©) V/ug Aup = 0.
From (T"OXJV)' Can induce V on ’\}_X \>5= V-‘Va'-: V;V

P\—oo# o‘ Chern connection: expc\m\ @:
- x -
I Pap =N« 3ng = 0-



A

N7
= r; « 9 a/*%et&
X

« -0

x =0

523 d
b4

C“A:‘ -0

AN others obtained ‘o\) Coﬂé“%a“'fl’ﬂ.

W

3. "H-connection ™ (Yano, Strominger, Bismut)

?l‘ H e Q%(x) with ansq‘rz

V=V -z9H
P'K’ - I.Gil(3 _)2- iKé

whic\\ Preser\Ies T"o)(. N,fe; 6%: O s
automatic b‘b

Need: X the ansatz.
[<7p =0
B Lo
Exercise: Le 3
) Compute T n7p =0
NG =-1 (13w).7 5

2) $o\\le, gov H = HZ l(a"é)w




Rema\rKl a\l L) Connec{ions acbree
when w is Kahler.

VLC._: vdnern _ 6 <=> é&) -0

CUV“A‘\'“TC +CY\5°V L £rom o covavian®t Aer;vdive

Von T X, we define:
Re Q'(End TX)

A A R (e

Reg'; %

Exeycise: ComPu"'e, curvature of Chern connection.

Other exercises:

e Com u'l‘e R e .O. (EnJT X) for:
(a\ Levb—C.V."’a Connec{'con
(b) H-connection

e = complex L\e arovp as be fore w\-H\
Eel) a] c” lael() w:'.(..ée Ae.
1)) H
Com‘:q,fe RLCJ RC , R n Terms of CK;'a.



E NDY\- Ka\h\eV Ca\a‘)f“Yau Ggomefy—:a

g Le,'t X be Compaof c.omp\eY man: fo\d u:ﬂ.A.‘m&)(sn
odm, “{mb, o holomorphic volvme #form :

Qe /\".O(x)n:)) dfl = o,

Q ‘;" ‘-e(.Z) dz‘/xw/\ clz“) ‘-F 'oca| nowheve.

Vouﬂ(S")\'V) 5 ho "& 'F\d"l 'c

et Term'\no|o : for o hermitian mefric. W, We say
() o is K?.-?.kr i{ dw =0 ’
(b)) w i5 balanced it d%w =0

(Y@ is conformally balanced i# d (1Q],w™):0

The norm : Iﬂ\:) ;" "?f
4 Q O\—J%ﬂ;

dam: (101,4)-0 > & (L )

"
Q

Proo* oi@ claim: \Jer.

~ne)

'\oTe’o Can %o \)e,Tween dw =0 b'é w:=e W.
- c\(\ﬂ-\ww"'\)?—o

note: Kahler €7 geometry is conformally balanced.

eq. X= %_:2” 2;‘;0} € IPT s Kahler €Y 3.

You's Thm => I wey Kahler Ricei- flat

Exercise: (Kahler 1933) Show if w Kahler, then
Ricks = 3u 95 log o,

where Ricpé = "RP'“ma"'




" Wey Kihler Ricai-flat solves A log IO, =

=) I-Q"w Z comst  awd A ( |Q\w°, QJGY""): 0.
| 24

So *or Ka\\\er CY ‘.O.\ 15 cons'ram"'
for non-Kahler md’ncs \Q_\w Moy $luctvate.

Note: non- Kahler me,‘\'v«c.s with V 2 \ =0
— are not R\cc\ - -ﬂat IS?-'U
C.oW‘zo'\' S9N gvom shrmoa 't\') ewa IS

Rmn + 2v"‘v¥| é ’-‘:’— HMPq_ Hn Pq’zé(dH)PPmn
on (M,%S Riem mfd where: He Q2 (M)

® scalar function

Kaher CY soln o . sef Hzo, & = const
Now -Kahler CY sy to ‘ need A

. v(_f}_ =0.
nofe: If V(&_):o) )Sllw)
- \ Q)

thow R0 (@ comection is "Ricei-$1et")
Proof of claim =¥
() Recall ¥ comection :
VRS V(g "9u365) V F - H/A«ka
$;V = aﬁV - H/;qe vP




(2) AcYion on L“,Oy‘xo\rmsf Ye /\n'O(X)
6/‘ v = a/“'.\.K - (%“;9/4 ‘}qi)i + H/M«q ':E
V/ﬁ'df: aﬁﬁk +H/‘4dq’y

(3) Der{\la‘h‘sle, 013 de‘fe\rm(nanf:

O log 1QI7, = I log, LEL°
cle)"%

“4E - (57 ng4)

(4) {%ﬁg—. (3 log 1OV, + H. %) Q
6/.79. = (H/-.qq) (9]

9,.('%‘0) =L 7.0 -aﬂlog\mwﬂ)

= 1 (aﬂ log |21, + Hﬁ“d)ﬂ

12,
A
(9 \. 2 (-9 =
v"(rﬁ\)'\ﬁ\w( O lealal,* Hy ,().Q
ny
(5) A(I_Q\ww )-O
=) H 2. z-9 lo \Q\ where as before
% /A“q /A_ ? « H:i(a-s§)w.
H/‘x o\ = 3/44 ‘0%‘9‘03

(4) + (5) prove the claim.



ex\) X = SL(Q, c\.’,)//\ c.ompac,f quotient

Ta Ke \ef-’f- ihVam'am'\' baSu’s éeaz Of' s{ (2, £) ’
e. c} .

(e X < (0 | ) [H)X]: 7 X [ei)eéj'—CK;éeK
ez:\/: (OO) [HJ\/]:-ZY C‘a':l

| O c"az’—'z
e3: H: (‘03 Ex.)vjz H C3|g-’—|

w:= 2 ieKAC-K le$t- invariant metric
Q- e‘/\e:"/\e,3 hol'e with QL) = ).

qu'f \ec‘ture 2 5&) = -.iC“\,J e“A e-"A e"’ ]

Exercise: sz‘:o =D %cP;P =0 V<.
v
trve for
sL(2, &)
ex) Iwasawa mfd: (a,bde2l] ) C° by
LX,\5|Z\ = (x‘ra) YrC, T+ Ry + b)
X= €/~

T X T%: /N * C/A
7"(,7(,\3\?)7- Lx,xa,)

X = _‘..7. Lbration over CY2
L= dezadxady  hol'e volume form




ex)

o = e“o’f; + ieAé

A _ X
W= 1dxA dx 4-143,@?5

©= dz- Xdy

. |,
w: T ' = IR -V
4

Exevcise: 6—)

d\;) w:TTs R

[ ) \Q\w S e-u.
* J(\ﬂ\wwz)= O
e X does not admit any Kahler melric.

- 2
hint : show 23w, = A

A

A - -
where W, = W+ «9/\9,

and consider: g ] 95100 A CU
D4

Kah -

A

Fu-‘-i - \/Ml" X = >_( D xt Con ‘-?o'é YTransition.

C)=C D0

A

X Kahler X X,
Y3

X‘t Mou\b, or MG\k no'\' quporf o K&Mer mefnz)
but:
E (Xt,wt, Qt) with: Jﬂt =0
d (\Qt|utw:) =0 .




. S¥vo m\'nﬁe\r stTem

X cpt cplx mfd Acmcx =3
g)- hopo V°\ form—

w \nev m¢ ham mo\'h‘c So‘V\'ng
1D w*) =0
i?SQJ‘-’r Ol' (Tr FAF - Tr R/\R)

wheve: Rz 3( ) chern cuyrvatvre
Fz 2(H a?.) cuvv of HYM metfric h on hol'e
bundle E 5 (X, w)
o'y 0

Note: ch, (E) = ch, (X). Rile of budle E
— is to cancel C.h (X)) so
con selve eqn when ch, (x)

ITF ch, (X)= 0, cav xo0-
'l'aK& E = '\""VM' and 'trna Yo solve

idow= —-d’ Tr RaR.
Exercise: when «'z0:

EAUQ\ w™)z20 =5 w Kahler Ricei-#$lat
199 w=o

Outline:
) Compufe.

(i’a-éw)/“’“’o 2o R, - R v liBwl”
23 Show Rq‘; p =0 gor Cohg b@‘ mejﬁcﬁ

33 %ﬂ; 3/4 9; |0ré |.9—\:) = | aw|7'




4) Apply maximum principle
Aw -0 aMA \Q\ = const.

w

Inferpre“a’ﬁan as hové é‘hr
Q - TN(l,o) @ EnJ E @ T-u,o)
p: Q”°(Q) - Q"™ (Q)

5 - (5 F" H+«'(R-V)) (T)
F End E
_a- TU;O)

=2 2\ _ Jz-(\aaw*a(wa -TrRAR))P,f,Jz®
O dz’
0

(\B]

-

D=0 ¢ iRw: ﬁ‘(TrF,tF -Tr R/\R\ .
2
Note (Q D) is net a hole bundle since:
D($s) % 9fs + £ Ds
D($s) = 38s + £0s + O(a')

Definitions: let [2 N and
E— al e Q™" e,.u; de fine :
v T“ﬁ)

F(V\ - E‘; Aiy/\ \/
F*(“) = Te F/n'r '@ dz” A a




MN(V)= H/o§/u d2"®@ 437 \//A

(R9)V - -1 Rez 70 Vs de @l T
!

Insfeal olt— #u” Cq\cdahon D=o} we
worK oul some simpli $ied setups:

(A) Q=EnEDT"

> (% 5)

D* ( ) (9(Fv)+ Fav) (a)e(enAE

T
A(FV)- 5( ; dz”)
9 \7 ‘EAcI? +V aF’de

d
F(3v):= Fue d2” A (D;V/Ac\z“)

=) 52(;\) = 0.

(®) Q-= T'"®EdE®T™

3 EY M T
D= ( o J E) (EnJE)
- 0 o) o I
D: Q" (a)

> no, K+ ( Q)

D £o||ow5 $eom Bianch; : §F:O Feﬂ'"(EnJE).



-2 (Z) (9 (’H’V) + 'H-' 9V + F F V) go“owi
D |a from:
V 0
9 (F
9

( = (checked bekre)
(F*a) + F¥2a = 0. (simlar)
LS (HVY= I( Hpgu V" d2’@ 327 )

HIV = H/DV/A 5 VAde?® dz7Adz P
S>3V« H3V = D Hosu v 32 dzfude”
H:z(a—ﬁ)oo

9 (MV) + HIV= ) ( .aaw)ppvﬂvﬂdz’%ézﬁg
(Con\len‘hons? QH = L

L oP MY
2!2! (QH)O‘P,W JZ AAZ
Hu:_' qui’ 3ZdPA32;
2!
SR =

x v
= 0 Haps d27'a d2"F )
s gV d2’® d2"ade”
(Tr FAF) o505 = 2 (v P Fug - Te E5 F5)

F'FV- ‘; (T FaF) oz v/'dz”"® dz Fa

F'FV= T F,

da”




‘ bz(z)‘(%(-.‘a&u + 5 TrFa F)P(?/W Vﬁdzp@dze\éz‘y
B 0
Vv

O
67'50 = iRDw=LT FF

2
Thus . soln to (Q,B)‘DX
iRw=q (Tr&F -Tr RaR) 62‘50

5 5 5 .
05 P(Q)-> 0% (@) » Q°* (&) 5 Q°>(}R)-> 0

Ai££eren‘\'\'q\ ComP‘eX- Exercise: e“ip’fic Complex

Signi cance H Q) ?

o coho molo%a

Argvmnt from
string, {'\\emr-ar

H_ "' (Q) = nfinitesimal deformations
> o} S*rominze\r s»sfem




1_’\7_ Aeppii and Boﬂ— Chern classes

o X c.et cP|x me
Aeﬂ)\{ Cohomo‘o%la,';

HAP'q' - Ker B—Q A _Q_P'q'

Im 9@ 2

Boft - Chern <o homdaéxb_:
H % - Kev A ﬂ QP/‘J—

BC e ———

Im 929

DO\beau’l". Co homo‘o%ji
H- PI‘-" - Ker 5 n QPA-

2 Im 9
Note: T2 X is Kahler J then

] Ny P % n P/
HA?ﬂr Y H,, v H§ i3

35—\emm«: X sofishies the 99-lemma i there holds:
Svepose M € Q%% Lah dM=0. TFAE:
. N> d«

2. M=

3 =

qQ. M= 93’)(

Lem- 1§ X HB‘P'Q' - HaP'q'

satisies 150 mwphism .

92-len  then: E”L]BL = E"’L]g




Iné ective: exevy cise

Sqréeo\'we,‘. Lot E"L]ge ng Solve S o
oM = 99 .

[ms = [-9%x];
[m- 5”‘]& = [M-9%x13

Le_m_'. If X satsfies 93-lem, thev

'S an  i%0 morphism )

P$- injective: it M,=N, + I, + Ja,

VIV

!
"2

o
)
o

then: 394,20 =5 9%, =93% => [nI;-[",].

Sur/sec,‘\'(sle.: exercise.

Note:. In céenexa\ Ha, Hae, Hs are all X fferent,

f\\ov%\\ ‘\'\\ere, i o Poinc.are,’ Aua\i‘tta,

k" n-p,n-4
HA x HBC == C

[dlA [‘3]66 4 So(/\ﬁ
K

D HP* ¢ (Hec“-m-q)*'




Bawk '\'o Strom'\nzev' ss.as‘\'em ;

d(1 ™) b e Hy. ()
b= [, o]
'135(0: el\ (Tr FAF-TrRAR)
o e Hy (%)

az[w - 'R [hh]1-a'R,[9,3)-a" £ ]
Compare with Kahler C‘/:”
dw =0 [w] e H"(X)
You's Thm: 3! Wy € [w].

On o non- Kahler CY,
No‘\'(on 0‘-‘— Kih'e\r c|a$§ bfea.ks m"'o +wo:

(A') Con look for so\n in %Nen a € HM (X)
(,B) Can looK for soln in %Nen bé H::(.X)

Bo'\'\\ approo.c.\oes ho.\le been P\lr$ue¢l
in the \ifferature.

How Yo dedine Aeppk class Ed.]/{

\. Choose Te‘-eevewce melrics (a)i\,\ on T"ox E
Solve E(%\ = Tr |?A$ - Tr ﬁ/\/’\; :

Heve - _ _
E = (93)(33) + (33)(23) * (3"3) 33
+ (') + 35+ 33




E s KoAaiY‘A - SPeY\ceY‘ OPeV'AfOY‘-
= 4t order e\\ip‘h’c o perator

Exercice: Ker Ez Kerd N Ker (33)"
Since €20 (X) = c,B‘(E),

Tr FaF ‘TY§A§ ¢ Im 2.

Fredholm alternative =5 can solve

2. 1% E(¥)=i337, then dJ¥:o0.

3. Define /(3 =-f: (35)1-§ : i33@ = E(¥).

4‘. So'VQ A A
E (X)= T\r RAR" TY‘R/\ R

Define R4 33= (33 ¥.
193 R[g 37= T RaR-Tr RA R
S- Define RLh,h] similarly.
33 RLhh]= T FaF-TrFaF.
6. From
195 (w-o'RLhh1+4'RE3,3]-'3) = 0.

7. class inAe,ped\Jevfl’ of choice of fe{' (%,G)
TqK& o Pair (3., ﬁ.)) (32) ‘:;z)




-RChh] +RI3,31 -4 (33) (--)

+RLhh,] -RUlq, 3 ¥ 8,

NoTe. o A

99 L?S)T&’ ‘TYFAF"'Tr FAF *r Tr RAR - Ty @.A )
"TV‘FAF "’TvRAR-l—TrFAF Tr- FzAaf:.z
"TrRAR +Tr Rzl\f? + Ty EA F “Tv R, Aez

=0
D £33N 4> =o
D@3 ¥ =0

= RLhh1-RIg aT+p € Q" indep of
ve{evence (,'é h).




g/_ Boﬂ-chern ba‘omcsc! perspech'\le,

\/a.u Cona,". e X cPlx q:'l' m $£d Aim¢X=3
o X O\Ami‘\'s '\o“c Vo lume fom S)_

® X admts conformally balanced w,

¢ E (X, 18] w,) stable hol'c bundle
. c,_BC (%) = ngcc(e_) with ¢ (F) =0
Then Vd'50 small, T soln (w,h) to:
d(1Q), w*) =0

Fh A ooz = 0

99w = o (Tthth -Tr RAR)

\[m'\‘*'wzlec - DD"% w:]ec '

I.e,'\'|5 che, an ouﬂ(ne of Proof in ﬂ)e Speciq. casé
[ial o1 [w07]

(Gevxe\ra\ c.owé shl\ open)

A

Sef\'u‘) in Kah \ev' case: W K&Mer—Ricc( :Ha‘f,

E - LX) &) stable \)\mMe) ¢, (B)=o-
2

Dona)dson- Uhlen beck - Vau - 3‘; st. F;.‘. A = 0.




b)

De’tormdhon ° cons,der eu h wJ where :
ot (G;Wv/) ° ’ °)

ue HO(E)"{U\& M(EnJE): uT:u, tru :og

1, wy =10 r0, el

U= §@eﬂ“ e o 2F 2
|Q,|& w +6 >0

De fine:

F:IRx H(E)xU > W

Flo' w,0)= e?%w;,\;li e 2 \

9w, — d '(Te EAR -TrR AR, |
nofe: Kahler €Y  soles F(0,0,0)=0.
wai: F(a',u, ©,)z0 Vd'e (-£¢).
Compu"e |me,av\‘za1'fan ow\c\ use IFT-

F(.d‘) “;9)- Derivative turns out to be:
D, F| (4, 8é) =(L' A) (w)
0 o L, (2]
AD

L, (w) = - 5 o U @

w
3!

v
L, (&) =- '_ A




Lan Show L\) Lz are in Vev"’.‘b’&
in svitable spaces.

=D DZF) s inverlible.
o

Imphcit function thm =D Fpath of soln
F(X‘/ Uy @dn) =0
near (0,00).

Ful details: see Colling - Picard - Yau

(a\sa earlier relafed worK by -
Li -You ) Avndveas - Garcia- Fern anJea)



