Differential Geometry I: Worksheet 1

e Problem: (Stereographic Projection) Let S C R? be the 2-sphere.
S ={(z,y,2) eR*:2” + P + 22 = 1}.
Let N =(0,0,1) and S = (0,0, —1) denote the north and south poles. Define
U=S"\{N}, U=5\{S}

and consider the open cover

S*=UUU.
Define local coordinates by
0:U—=R% oz,y,2) = (u,v),

where (u,v,0) is the unique point where the line through (z,y, z) and N intersects
the {z = 0} plane.

We can also define )
¢: U — R?, o(x,y, 2) = (a,0),

where (@, 0, 0) is the point of intersection of the plane {z = 0} and the line through
(x,y,2) and S.

Give explicit formulas for ¢ and @, and compute the coordinate change %o 1.

e Problem: Let
RP" = (R"*"\{0})/ ~

where ~ is the equivalence relation

(@05 - @n) ~ (Yo, - -+ Yn)

if

(oy -y Tn) = (AYoy - -+ s AUn)
for some A € R\{0}. The equivalence class of a point = = (zo,...,x,) will be
denoted

[0, ..., X,

with square brackets. We can cover RP" by the open sets

Ul’ = {[Qfo, c. ,.fL'n] X 7& O}
Define coordinates ; : U; — R™ by

T Ti—1 T; X
Soi[x07"'7xn]:<_0~~-7 Zl, l+1,~-- —n)Z(wl,...,w").

X ’ X X4 7 Z;

We then have two different coordinates charts on Uy N U;: let us denote these by
(Up, w) and (Uy,w). Compute the coordinate change formula @’ = f*(w) on UyNUj.
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e Problem: Let G(2,4) be the set of all 2-dimensional subspaces of R%. A point V
in GG(2,4) can be represented by a matrix

U1 Vg2 V3 U4
Wy wy w3 wy|’

where v = (vy,v2,v3,v4) and w = (wy, wy, w3, wy) span V. C RL If V € G(2,4) is
represented by a 2 x 4 matrix A, we will write V' = [A].

Let V € G(2,4) and € > 0. A topology on G(2,4) is given by the open neighbor-
hoods

Oy, = {V’ € G(2,4) : Iy (v') — | < e|v'|}
for all ' # 0 in V’. Here I, : R™ — V is the orthogonal projection.

(a) Suppose a 2 x 4 matrix A can be brought to the form
1 0 Ty T3
0 1 To T4
by row operations. Show that such a matrix is unique, i.e. the xy, 9, x3, 24 are

uniquely determined.

(b) Show that if A can be brought to the form above by row operations, then any
other matrix whose coeffcients are close to the coefficients of A can also be brought
to that form.

(c) Show that any 2 x 4 matrix of rank 2 can be brought to one of the following

matrices
1 0 * =% 1 x 0 =% 1 * % 0
0 1 x %7 |0 = 7|0 x x 1|’

x 1 0 = x 1 0 * % 1 0
x 0 1 {7 |« 0 « 1|7 |* = 0 1|’
by row operations. Conclude that any point V' € G(2,4) can be represented by

V' = [A], where A has the form of one of the matrices above.

(d) Cover G(2,4) by the sets
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0

@:{Veaggzvzﬂé*? TQ,

and so on for Us,...,Us. By the argument in (b), these sets are open. Define
coordinates ¢, : U; — R* by

10[1311’3 _(Sl}waL’)
¥1 011,2 T4 - 1,42, 43,44),
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and similarly for the other (U;, ;). Compute the coordinate change ¢; o ;.

A similar argument shows that all goiowj_l are smooth functions, and hence G(2,4) is
given the structure of a smooth manifold. In fact, this argument can be generalized
to the Grassmannian G(k,n), which is the space of k-planes in R".

Problem: Let .
St ={e"?:6¢|0,27]}.

Cover S! by the following two open sets:

Use the cover S* = U U U to equip the tangent bundle T'S* with coordinates.
Compute the change of coordinates on T'S*, and conclude that T'S! is diffeomorphic
to St x R.

Problem: Equip S? with stereographic coordinates:
S2=UuU, U=58)\{N}, U=5%{S}

Let (u',u*) denote stereographic coordinates on U and (', 4*) stereographic coor-
dinates on U. In a previous homework, you computed the coordinate change

(@', @*) = (f'(u), f*(u)).
Compute the change of coordinates on the tangent bundle T'S%. Recall that this is

of the form: 9l . o2
~1 ~2 ~1 =2y _ [ g1 2 ou ; ou
(U ,u,q ,q )— (f (U),f <U’>7auZQ7au,LQ)

Problem: Show that the map F : S? — CP! given by

[z +iy, 1 —z] if 2 #1,

F(z,y,z) = {[1’0] if (z,y,2) = (0,0,1)

is a diffeomorphism.

Problem: Consider the map F : S? — RP? given by
F(I’O, €, x?) - [:COJ Z1, 'TZ]-

Show that F'is smooth. Is F' surjective? Is F' injective?

Problem: Show that F: S' — RP! given by
F(e) = [cos(6/2),sin(0/2)]

is a diffeomorphism.



e Problem: Let F = (f,g) : R* — R? be a smooth function. Let a be a regular
value of f and let (a, B) be a regular value of F.

(a) Let Y = f~}(«a) and Z = F~*(«, ). Prove that Z C Y is a submanifold of Y.
Hint: to do this, let p € Z, and you may choose coordinates near p such that

flzy, ... x,) = x1.

Consider then G : Y — R defined by G = g|y and prove that p is a regular point
of G.

(b) Consider the function h : R* — R? given by
h(z,y, z,w) = (2% + 32, 2° + w?).
For any a € (0,1), show that h~!(a,1 — «) is a 2-dimensional submanifold of S3.
e Problem: Let P : R¥ — R be a homogeneous polynomial of degree m. This means
P(tzy, ... txg) =t"P(xy, ..., xx).

Assume m is an integer with m > 2.

(a) Prove Euler’s identity
k

oprP

Hint: consider %‘tzlP(tx) =4 " P(x).
(b) Let @ > 0. Prove that

X, ={z eR": P(z) =a}
is a k — 1 dimensional submanifold of R*.

(c) Prove that X, is diffeomorphic to Xj.

e Problem: Consider
S ={(e”,e*) .0 c0,27]} C T?

where T2 = S' x S'. Show that S C T? is a submanifold.



