TOPICS IN COMPLEX GEOMETRY: PROBLEM SET 3

Due Nov 21

1. Let (E,H) — (X,w) be a holomorphic vector bundle with metric over
a compact Kahler manifold. Recall that the curvature F' € AVYEnd E) is
given by F = 0(0HH ™).
e (a) Show that iTr ' € AM (X, R) is given by
iTr F = —i00log det H.
Note that dTr F' = 0.
e (b) Let H be another metric with curvature . Show that

iTr F —iTr F = i00 log f

where f: X — (0,00) is a well-defined function. Therefore
1
c1(E) = o-[iTrF] € H*(X,R)
™

defines a de Rham cohomology class which is independent of the choice of
metric H. (In fact, it defines a class in Bott-Chern cohomology, where the
equivalence is up to the image of i90.)

e (c) Show that the pairing

c(E) - [w]" = /Xcl(E) Aw™eR

produces a number which does not depend on the metric H or the choice of
Kihler metric in the class w € [w] € H2(X,R) N AbL

2. Let D C X be a smooth analytic hypersurface in a compact complex
manifold X. Let O(D) — X be the associated line bundle and let s €
H°(X,0(Y)) be the defining global section vanishing along D. We will
work through the proof of

1 (O(D)) - [ = /X 1 (O(D)) A x = /D %

for any x € A"~ ~1(X) with dx = 0. This is sometimes written
c1(0(D)) = [D].

For readability, let’s assume that the complex dimension is n = 2 so that
X has two local coordinates (z!,22). The proof in higher dimensions is
identical.

We start by covering D with open sets U, C X such that
DmU:{(Zl,ZQ):’21‘<1, ZQZO}.
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A tubular neighborhood D C D. C X is given by
D.NU ={(z1,22) : |z21] <1, |z2| <e}.

Let h be an arbitrary metric on O(D) with curvature iF), € AY (X, R).
Since Fj, is a smooth differential form,

1 1
/iFh/\X_hm/ iFy A x.
2w X e—0 27 X\D-
e (a) Show that
iF}, = —id0log|s|? on X\D..
For this, recall that over the trivialization U, then by definition of the defin-
ing section we have sy(z) = 22, and by definition |s|} = sySghy in this
trivialization.
Computing ¢1(O(D)) - [x] then leads to the limit

c/(O(D)) - [ =t o [ iddlogsf A x
X\D-

e—0 21
and by Stokes’s theorem
e1(O(D)) - [x] = lim — | loglsfi A x.
In a local chart,
OD.NU ={(z1,22) : |z1] < 1, 22| =€},
and so the integral we would like to compute splits into two pieces:

lim_l/ 5logh/\x—|—lim_Z/ dlog|zl* A x.
=027 Jop.nu e=0 27 Jop.nu

You can parametrize integrals over 9D, N U by setting z; = ee®™ for 0 <
t < 1.
e (b) Show that
lim_l/ dlogh A x =0.
aD.NU

e—0 27

In fact lim._¢ |, op.nu =0 for any smooth 3-form n over U.

e (c) The non-zero contribution is picked up from the singular integrand
—q _
— dlog |z2)* A x.
27 Jop.nu
Write ‘
X = X;rdz? A dzF

and show that this integral is given by

—1 _ _.dZ _
x11 (21, 22, Z1, Zz)z— ANdz' AdZ.
2
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Set z9 = ee2™ for 0 < t < 1, send € — 0, and deduce

lim — / dlog |z|> A x = / xai(z1,0, 21,0)dz" A dz
e=0 27 Jop.ru {lz=a<1}

| x
DU

3. Let Ly, Ly — (X, w) be a pair of holomorphic line bundle over a compact
Kahler manifold, equipped with metrics hq, hs.

e (a) Equip L = L; ® Ly with the metric h = hy ® hs, and show that
F;L = Fh1 + FhQ,
which implies ¢1(L1 ® La) = c1(L1) + c1(Lz). Similarly, L* has metric h*

and Fy. = kFj. Here the product in the notation L* is the tensor product
of line bundles.

which is

as required.

e (b) Now let L be a positive line bundle so that there exists a metric h
with ¢Fj, > 0. Using the Kodaira vanishing theorem H4(X,L ® Kx) = 0
for ¢ > 1, deduce the following vanishing theorem: there exists kg > 1 such
that for all k > kg, then

HY(X,L*)=0, ¢>1.
To do this, write L* = (LF @ Ky') ® Kx.



