
Math 426
Homework 9

Due 28 November 2022

1. Let S1 denote the unit circle and s ∈ S1 the basepoint (1,0). This based space can be identified with
the quotient [0,1]/{0,1}. Suppose X is a topological space. Observe that a map f : S1 → X determines a
morphism [ f ] : f (s) → f (s) in the fundamental groupoidΠ(X ) (i.e., an element [ f ] ∈π1(X , f (s))).

(a) Suppose f : S1 → X and g : S1 → X are maps of spaces. Using Proposition 6.20, prove that f ≃ g if
and only if there exists some morphism α : f (s) → g (s) inΠ(X ) such that [ f ] ·α=α · [g ].

(b) Suppose f : S1 → X is a map of spaces. Prove that f is nullhomotopic if and only if [ f ] is trivial in
π1(X , f (x)). Note: the nullhomotopy need not be relative to any basepoints.

2. Let S1 and S2 be the two subsets of R3 given by

Si = {(x, y , i ) ∈ R3 | x2 + y2 = 1}.

Let X1, X2 and X12 denote R3 \S1, R3 \S2 and R3 \(S1∪S2) respectively. Let x0 = (0,0,0) be a basepoint for
all three of X1, X2 and X12.

(a) Calculate π1(X12, x0). (You may assume that π1(X1, x0) ∼=π1(S2 ∨S1, x0), since these spaces are ho-
motopy equivalent, that π1(S2∨S1, x0) ∼=π1(S2, x0)∗π1(S1, x0), by use of the van Kampen theorem,
and that π1(S2, x0) is trivial, also by use of the van Kampen theorem.)

(b) There is an inclusion i (1) : X12 → X1. Describe the induced map i (1)∗ : π1(X12, x0) → π1(X1, x0);
you do not need to prove your description is correct—it should be immediate from the calculation
in the previous part of the question.

(c) Draw a picture of a loop in X12 that is not nullhomotopic in X12, but is nullhomotopic in each of
the two superspaces X1 and X2.

3. Let K denote the topological space that is the quotient of [0,1] × [0,1] by the equivalence relation
generated by

(x, y) ∼ (x ′, y ′) if

{
x = 0, x ′ = 1 and y = 1− y ′;
y = 0, y ′ = 1 and x = x ′.

This is indicated in Figure 1. Let p ∈ K be a point. Use van Kampen’s theorem to calculate π1(K , p). Prove
that K is not homotopy equivalent to S1 ×S1.
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Figure 1: A quotient of the unit square.
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