Math 427, 527
Homework 4
2026-03-02

1. This question is not to be handed in. Let X be a CW complex.

(a) Let Z be a set of points such that each cell e of X contains exactly one point from Z. Let

fz: Z — R be afunction. Prove by induction on the skeleta of X that there exists a continuous
function f : X — R with the property that f(z) = fz(z) for all z€ Z. You may assume the Tietze
extension theorem.

(b) Deduce thatif K < X is a compact subset, then K has nonempty intersection with only finitely

many cells of X.

(c) Suppose A < X is a closed subset. Prove there exists a continuous function f : X — R with the

(a)

(b)

property that f~1({0}) = A. Deduce X is Hausdorff. You may assume points are closed.

We first define f on the skeleta of X. The case of Sk_; (X) is vacuous. Suppose a continuous func-
tion f;,—; : Sk;—1 X — R has been defined with the property that f;,_; (z;) = i for all x; € SNSk,,—; (X).
We will extend this definition to Sk;, (X).

Set up the pushout diagram
Hieln Sn_l L> Skn—l(X)

l |

Wier, D" —2— Skn(X).

Let Z, denote Z n (Sk, (X) — Sk,—1(X)). For each disk D" in the disjoint union, the set ﬁlz)l,, (2)
consists of 1 point in the interior, by hypothesis. Denote this point by w. The set {w}u §*~! c D"
is closed and in two connected components. Using the Tietze extension theorem, we can define a
continuous function D" — R that agrees with f,,_; o @ on $"~! and that agrees with f7 o § on {w}.
Repeat this for all disks D" in the disjoint union to get a function F : [ D" — R that agrees with
fr1oaon[[S" ! and with f7 on B~1(Z,).

The universal property of the coproduct applied to the two maps F : [[ D" — Rand f;,-1 : Sk;—1(X) —
R yields f}, : Sk, (X) — R, which agrees with fz on Z.

The universal property of X as a colimit of the skeleta means that the functions f,, defined on each
Sk,, assemble to give a continuous f : X — R that agrees with fz on Z.

Suppose that U c X is a subset that meets an infinite set of cells. Let {u;},en be an N-indexed
of points in U, each in a different cell of X. For each other cell e c X, pick a point w € e. Let W
denote the set of all these points. Define a function f7 : {u;}nen U W — R by setting fz(u,) = n
and fz(w) = 0 for all w € W. Use the previous part of the question to extend fz to a continuous



function f : X — R. Note that the image f(U) contains every natural number, so is unbounded.
Therefore U is not compact.

(c) We will establish this result with an even stronger conclusion: the function f can be assumed to be
nonnegative, i.e., f : X — [0,00).

First, we handle the case of a finite dimensional X, which we do by induction on the dimension.
The case of dimension 0 is trivial, since X is discrete and all functions X — R are continuous.

Next, we suppose that X = Sk, X and the result has been established for n — 1-dimensional CW-
complexes. Let A’ = An Sk,-1 X, which is a closed subset of Sk,,—; X. We may find a continuous
function fy,—1 : Sk,—1(X) — [0,00) for which f;,*,(0) = A'.

Now consider the pushout diagram (without the dashed or dotted arrows)

[rs* 1t —2% sk,.1 X

S~ | [0,00)

Define aset A” = [[S"'uB~!(A), whichis closed in [ | D". We already know the value we want fof3
to take on A”: it should agree with f,,_; o on [[S""! and it should give the value 0 on ! (A). On
the intersection, i.e., on @1 (A’), these two functions agree by construction of f;,_;. Therefore we
already have a continuous definition of a function g : A” — R that agrees with what we want from
fob.

Since each D" is a metric space, we can use the Tietze extension theorem to extend g to give a
continuous function & : [| D" — R that agrees with f;,_; oa on [[S”"! and that gives the value 0 on
B~1(A). In principle, g(x) might be 0 for some x outside of f~!(A), but we can add to g a function
€: D" —[0,1] that is 0 on and only on A”. In this way, we can ensure g(x) = 0 when and only when
xeBl(A).

Using the universal property of the pushout, therefore, we can define a function f:Sk, X = X — R
that agrees with f;,_; on Sk,,_; and gives the value 0 on and only on A. This completes the induction
step.

For the case of an infinite-dimensional CW complex X, we use the finite-dimensional result to
produce an infinite family of continuous functions f;, : Sk, (X) — [0,00), one for each n € N so that

i. f, agrees with the restriction of f,; 4 to Sk,; X whenever d > 0.
ii. f(x)=0ifand onlyif x € Sk, X N A.

The topology on X = JSk, X is such that if we define f(x) = f,,(x) if x € Sk, (X), then f is continu-
ous. This function f: X — [0,00) has exactly the property we want.

Finally, we can use this result to prove that X is Hausdorff. Let x, y € X be two points. There are
continuous functions fx : X — [0,00) and f} : X — [0, 00) with the property that f,(¢) = 0 if and only



if £ = x, and similarly for f,. Then form the continuous function
fx(0)
fx (O + f(0)

forwhich g(#) = 0ifand onlyif = xand g(¢#) = 1ifand onlyif t = y. Then g_1 (0,1/2) and g_1 1/2,1)
are disjoint open neighbourhoods of x and y respectively.

g:X—[0,00), g()=

2.

(a) This part is not to be handed in Establish a homotopy equivalence between S! v S! and the
pair-of-pants space p illustrated in Figure 4. The space p is homeomorphic to S? with three
disjoint open disks removed.

(b) Calculate the homology of the torus-with-two-open-ends space in Figure 5. This is homeo-
morphic to the torus with two open balls removed. In your presentation of the homology,
what is the homology class corresponding to the indicated loop under the Hurewicz map?

(c) Calculate the homology of the genus-2 surface in Figure 6.

(a) A deformation retraction is indicated in Figure 1.

(b) There are several methods to do this. Call the space X We can decompose X as the union of two
subspaces, U, V, each homeomorphic to the pair-of-pants P, intersecting in two cylinders. This
gives a Mayer-Vietoris sequence:

e Hg(STUSY s Ay (P ey (P) — i (X) — Flga(S'US) — -

Only H,(X) and H; (X) might potentially be nonzero. Once we insert the known groups (up to
isomorphism) we get:

> 0 > Ha(X)
o)

[+ 72 Iy ez @ D
0

[—>Z s 0 s 0.

J'BL
—Jx

sions of the intersection into the upper and lower pairs-of-pants. Reference to part (a) gives us

The calculation now depends on the calculation of j. =

where j¥ and j’ denote the inclu-

1 0
o 1
]* _1 0 )

0 -1



(©)

Figure 1: A deformation retraction of the pair of pants onto S' v S'.

which is a split injective homomorphism. We deduce that Hy (X) = 0 and that there is a short exact
sequence

0— 222 H (X)—~Z—0
which is necessarily split since the quotient is a free group, giving us H; (X) = Z3.

It is possible to draw loops on the surface X representing the three generators. This will be useful
for the next part of the question, so we do so in Figure 2. The nature of the generator y can be
deduced from a snake lemma argument, but we do not need it, so we do not give the argument
here.

Again, there are a number of ways to proceed. Call the genus-2 surface Y. In order to calculate
H.(Y), we first calculate the homology of the torus with one open end, Z

The homology of Z can be calculated by means of a Mayer—Vietoris sequence arising from covering
Z by a space homeomorphic to X from part (b) and a disk, intersecting in a cylinder C. This is
pictured in Figure 3. We get a sequence in homology of the form



Figure 2: The surface X and homology generators.



Figure 3: A cover of the space Z.



v —— 0 — Ha(2)
o)

[»ZL>23—>H1(Z)
o)

(—>O > 0 > 0.

Again, the calculation depends on the nature of j.. The homology of X is generated by three classes
a, B, v, indicated in Figure 2. The generator H; of the cylinder C in Figure 3 is , which maps maps
to a + B in H; (X). This gives us the calculation

7% ifg=2;

H,(2) =
q {0 otherwise.

Furthermore a loop around the surface near the opening, e.g., € in Figure 3, represents 0 in homol-
ogy. This is because it is equivalent to a + 8, which also represents 0.

Now we may take two copies of Z to cover the genus-2 surface Y, intersecting in a cylinder. Apply-
ing the Mayer—Vietoris sequence again, we have a long exact sequence

> 0 >6H2(Y) j

[» 7 I 22072 2y {1 B
0

(—>0 > 0 > 0.

Here, the map j. sends a generator of H; (S') to the class represented by &, i.e., to 0. Therefore
Jj» =0, and we arrive at

7z ifg=2;
Hy(Y)=17% ifg=1;
0 otherwise.

3. Produce a CW complex as follows. Start with a solid cube, with the “obvious” CW structure:

there are eight 0-cells at the vertices, twelve 1-cells, being the edges, six 2-cells being the faces and a
single interior 3-cell. Now form the quotient CW complex X by identifying opposite (closed) faces,
but with a twist. For each pair of opposite closed faces A and B, identify A with B by twisting A by
90° in the positive direction from the point of view of someone looking at this face from outside the



Figure 4: The “pair of pants” space P, and an embedded copy of S' v S.

=/

Figure 5: Torus with two open ends, and a marked embedded circle.

(= ==

Figure 6: A genus-2 surface.



cube, and then projecting to the opposite face, B. (Observe that the identification specified by this
procedure is the same if the roles of A and B are reversed.)

The resulting CW complex X has one 3-cell, three 2-cells and some number of 1- and 0-cells.
Determine the number of cells of X and calculate H.. (X;Z).

The identifications are illustrated in Figure 7. One should imagine the smallest square face in the middle
as being closest to the viewer. The cube has been deformed so that four of the remaining five faces are
also visible: the top face on top, the bottom face on the bottom, the left face to the left and the right face
to the right. Only the rear face is invisible in the picture.

After the identifications, there remains 1 3-cell, the interior of the cube. There are 3 faces (one rep-
resentative of each is labelled A, B, C in 7a). There are 4 edges, labelled 1,2,3,4 in Figure 7a. Let us call
these edges ey, e2, e3,e4. There are 2 vertices, or 0-cells. These are labelled with orange squares or blue
disks in Figure 7b. The cellular chain complex takes the form:

do

d: d
0 s 7 — 73 s 74 2Ly 72 50

Where, for definiteness, we give the group in degree 2 the ordered bases {A, B, C}. These cells are oriented
in the way indicted by the green arrows in Figure 7a (strictly, these arrows indicate an orientation on the
boundaries of the attached 2-disks). The group in degree 1 is given the ordered basis {e;, e», e3, e4}, whose
orientations are specified by the arrows along the edges. In this basis, the transformation dj is given by
the matrix

1
1 -1 1
1
1

where a 1 indicates that the attaching of the 2-cell to the edge is in an orientation-preserving direction,
and a —1 indicates the opposite. For instance, the second column of this matrix indicates d»(B) = —e; —
ey +e3+ey.

If we use the ordered basis {A, A+ B, A+ C} instead, the matrix is

1 0

(=3 \CI S )

1 0
1 2
1 2
which is the result of carrying out two elementary column operations on the original matrix. Now also

use the ordered basis {e; + e; + e3 + e4, €3 + e, e2 + €3, e4} for the target. We have
d2(A)=ej+exy+es+ey
d>(A+ B) =2(e3 +e4)
dy(A+C) =2(ex + e3),
so that the matrix of d, with respect to these ordered bases is

0 0

S O O+

2 0
0 2
0 0
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(a) The identification of the edges. (b) The identifications of the vertices

Figure 7: Identifications of the cube

We see that d» is injective. In particular, H,(X), which is a quotient of ker(d,), must be 0. The identity
dy o d3 = 0 in the chain complex now tells us that im(d3) = 0 as well, so that ker(ds) = Z. Since im(dy) =0,
we deduce H3(X) = Z.

Give Cy(X) the ordered basis consisting of the orange square first, then the blue dot. We can calculate
the matrix of d; with the choices of ordered bases made so far:

0 0 0 1
0 0 0 -1}

We see that ker(d;) = {e1 + e +e3 +e4,e3 +e4,er +e3).

Having calculated ker(d;) and d» (and therefore im(d,)) in the same basis, we deduce that H; (X) =
ZI(2)® Z/(2), generated by the classes of e3 + e4 and of e, + e3.

Finally, it is easy to calculate Hy(X) = Z, generated by the difference of the two vertices (alternatively,

one could argue that X is a path-connected space, being a quotient of the cube, which is contractible).
We see Hy(X) = Z.

In particular, we have the following homology calculation:

Zifq=0,3;
Hy(X)=<2/2) 02/ ifqg=1;
0 otherwise.
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4. Let n be a positive integer. Suppose A is an abelian group that appears in a short exact se-

quence

0254l zim—o.

(a) Prove that A is generated by 2 elements.

(b) Prove that A is generated by 2 elements, one of which is torsion of order dividing »n. Hint: if
X,y generate A, so also do m; x+myy, ny x+npy whenever m;, mp, nj, n are integers satisfying
myny — myn; = 1. This, combined with Bézout’s lemma, may be useful.

(c) Prove that the two generators obtained in the previous step actually generate direct sum-
mands, so that A= Z & Z/(d) where d is a positive integer dividing 7.

(d) For any positive integer d dividing n, construct a short exact sequence

0-Z2Lzezi@Lzim) = 0.

(a) Let x = i(1) and let y € A be an element such that f(y) = 1. If a € A is an element, then we can
find an integer m for which f(a) = m1 = f(my). Then a— my = nx for some integer x, giving us
a=my + nx. Since a was arbitrary, we see that x, y generate A.

(b) Consider the same x, y as in the previous part. We know that f(ny) = 0, so that ny = bx for some
integer b. Let d denote the greatest common divisor of n and b. Dividing n and b by g gives n’
and b', two relatively prime integers. Using the hint, we can find a pair of generators x' = b'x—n'y,
¥y = myx+myy for A, where myb'—min’ =1 (such my, m; exist by the Bézout lemma in elementary
number theory). But dx’ = d(b'x—n'y) =0, so one of these generators is torsion of order dividing
d, which divides 7 in turn.

(c) We continue using the notation of the previous part. Since A is not finite, it cannot be generated
by two torsion elements, so y' is of infinite order.

It suffices to prove that the intersection between the subgroups of A generated by x" and y’ is {0}.
Any element in the intersection can be written as m; x' = myy' some integers my, m,. Since x' is
torsion, myx’ = myy' is torsion, but y' is not torsion, so my = 0. Therefore the only element in the
intersection is 0.

(d) Define f(1,0) =1 and f(0,1) = n/d. Certainly df(0,1) = 0, so that this homomorphism is well
defined. Since f(1,0) = 1, it is surjective.
By direct calculation f(n/d,—1) = 0. We claim that (n/d,—1) € Z & Z/(d) generates the kernel.
Suppose f(a, b) = 0 for some integers a, b. That is

a+ bg =0 (mod n), )
which implies that n/d divides a. Write a’ = a/(n/d) The division formula for dividing (1) by n/d

gives us
a=-b (mod d).
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That is, a'(n/d,—1) = (a'n/d,—a’) = (a,b) since the second integer is reduced modulo d. This
concludes a proof that (n/d,—1) generates the kernel of f, which must therefore be an infinite
cyclic group.

5. Let n = 2 be an integer. Let f : [0,1] — S” be a closed embedding (i.e., a closed continuous
injective function).

(a) Let[c]e H,,(S" — f([0,1]); Z) be a homology class where g = 0. Let 0 = iy < i1 < ip <---<ip_1 <
im = 1. Use the Mayer-Vietoris sequence to prove that [c] = 0 if and only if the images of [c] in
Hy(S" - f(lij-1,i1);Z) are O forall j € {1,..., m}.

(b) Observe that f([0,1]), being a compact set, is some positive distance away from the image of
each singular n-simplex oy appearing in a g-chain ¢ = }_; myo. Hence or otherwise, prove
thatif c € Z,(S" - £([0,1])), then [c] = 0 € Hg(S" - £((0,1]); 2).

(c) Suppose g: S' — S" is a continuous injective function. Calculate H. (5" - g(S'); 2).

(a) We may generalize the problem slightly by replacing [0,1] by an arbitrary closed interval [a, b]
where a < b are two real numbers, and where a = iy < i} < - < i;; = b. The original problem is
a special case of this one, and the general case can be deduced from the case of [0,1] by a linear
reparameterization of the interval.

We now proceed by induction on m. The base case of m = 1 is trivially true. Suppose the result has
been established for a subdivision of the interval into m — 1 parts. There is an open cover of the
contractible space S" — {f (i;;,—1)} by two sets: U = 8" — f((a, i;-1]1) and V = 8" — f([i;—1, b]). The
Mayer-Vietoris sequence for reduced homology implies that the map
i/l
- -jil ]
Hy(S" - f(la, b))  — Hg(S" - f(la,im-11) ®Hg(S" = f(lim-1, b))

is an isomorphism, where j U jV are the inclusions of S” — f([a, b]) into U, V respectively.

Consequently, [c] = 0 if and only if jY([c]) = 0 and jY ([c]) = 0. The second of these is the image
of [c] under the inclusion induced by S” — f([0,1]) — S” — f(lim-1, im]). The induction hypothesis
tells us that jY([c]) = 0 if and only if the image of [c] in each of H, (8" — f([ij,ij+1])) under the
inclusion is 0 for j € {0,..., m — 2}. Therefore [c] = 0 if and only if the image of [c] is 0 in all of the
groups H;(S" - f([ij,ij+1]) for j€{0,...,m—1}.

(b) Suppose cisa g-cyclein S — f([0,1]). We may write ¢ =} m;0 as a finite Z-linear combination of
g-simplices 0. The image of each o is a compact subset of S” disjoint from the compact subset
f(0,1]). Therefore there is some positive distance € > 0 for which dist(o, f([0,1])) > €x. There
being only finitely many o, we can find € > 0 for which dist(o, f ([0, 1])) > € for all 0.
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We claim that we may decompose [0,1] into subintervals [iy = 0,111, [i1, i2],** [im-1,1 = i] with
the property that f([i;,ij+1]) = S” is contained within an open ball of radius ¢ centred at one of
the points of f([ij,ij+1]). There are many ways to establish this: for instance, consider the set
of all balls of radius ¢ with centres on f([0,1]). Take the inverse image of this cover, which is a
cover of the compact set [0,1]. Apply the Lebesgue covering lemma to find a positive radius r so
that all subintervals [a, b] < [0, 1] of length < r are contained in at least one of the open sets of the
cover. Then find an integer N > 1/r and divide [0, 1] into N equal-length closed subintervals, which
constitute the [ij,ij+1]. By construction f([i},i;+1]) is fully contained in one of the open balls of
radius € centred at a point of f([0,1]). This establishes the claim.

Having decomposed [0, 1] into subintervals, we invoke the previous part of the problem. This tells
us that [c] = 0€ Hq(S" - £(10,1])) if and only if the image of [c] vanishes in H,(S" — Fij,ij+1D) for
all je{o,...,m—1}.

Fix one such j. Let B denote an open ball of radius ¢ centred at a point of f([0,1]) such that
flij,ij+1]) < B. The image of [¢c] in H, (8" - f([ij,ij+1])) is represented by the cycle 3 myo, where
each o is actually contained in the contractible space S — B. Therefore [c] in the image of the map
induced by inclusion I:Iq(S” -B)— Hq(S” - f(lij,ij+1])). Since S" — B is contractible, this implies
[c] =0, as required.

(c) Cover S! by two closed semicircles, X = {(x,y) € Sl|x=0tand Y = {(x, ¥y € S! | x < 0}. These are
both homeomorphic to [0, 1], and their intersection consists of two points (+1,0).

Now take S” — f(X) and S" — f(Y) to be an open cover of a space S — f(X N Y) with intersection
S"— f(XUY)=S"- f(S'). Here we exploit the fact that f is an injective closed function. Observe
that S" — f(XNY) = R" —pt = S"~ 1,

There is a Mayer—Vietoris sequence in reduced homology
o Fg (87 =25 Fg (87— £(SY) L g (8" - F(X) @ F4(S" - F(V) Ly s —

Since X = [0,1] = Y, the previous part of the problem assures us that Hq(S” -f(X)n=so0= Hq(S” -

f(Y)). Therefore the connecting homomorphism 0 is an isomorphism Hq+1(S”_1) = Hq(S" -
f(s 1)). Therefore the answer is that

Zifg=n-2;

H, (8" - f(SY)) =
al F8) {Ootherwise.

Remark. The importance of this result follows from the weakness of the hypothesis on f. For instance,
f(SY) could exhibit fractal behaviour as in the case of the Koch snowflake in R?. More regular, but very
interesting, are knotted embeddings of S! in S? as studied in knot theory.

We state a corollary of the main result of this exercise.

Theorem (The Jordan curve theorem). Let f : S' — S? be a closed embedding of S' in S?. Then S*> — f(S")
consists of two path components.

Proof. We can calculate HO(S2 - f(Sl)) =7 H0(82 - f(Sl)) = 7 & Z from the exercise. Therefore 710(82 —
f (S1)) consists of two elements. O
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This result is famous for being intuitively obvious, but difficult to prove in full generality.

One might also wonder whether the two path components are necessarily contractible. They are: this
is the content of the Schoenflies theorem, which requires a further argument. All our result tells us is that
they have the homology of a contractible space, and in particular, are both path-connected.
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