
USING A1 HOMOTOPY THEORY TO ADDRESS PROBLEMS IN ALGEBRA

BEN WILLIAMS

Part 1. First talk

Work over a field k. Let Smk denote the category of smooth, finite-type, separated k-schemes.
We embed this category in one with all small limits and colimits.

η : Smk PreSmk sPreSmk

Fun(Smop
k ,Set) Fun(Smop

k ,sSet)

Here η is the Yoneda embedding: η(X )(U ) = MorSmk (U , X ). We’ll usually omit η.
The functor X (−) is determined by its value on affine schemes X (SpecR) — write this as X (R).

This is the functor-of-points formalism for schemes. Eisenbud and Harris 1999, Chapter VI

Example.
A1

k (R) = MorSmk

(
SpecR, Speck[t ]

)= Mork-alg
(
k[t ], R

)= R.

An
k (R) = Rn ,(

An
k \ {0}

)
(R) = {

(x1, . . . , xn) ∈ Rn | 〈x1, . . . , xn〉 = 〈1〉}.

SLn(R) = {
M ∈ Matn×n(R) = Rn2 | det(M) = 1

}
.

Vt (An)(R) := {
(B ,C ) ∈ Matn×t (R)2 | B T C = It

}
I will call this a Stiefel variety. Basepoint

(
It | 0

)2.

Provided t < n, SLn(R) acts on Vt (An)(R) transitively, with stabilizer SLn−t (R).

SLn /SLn−t
∼= Vt (An).

The varieties Vt (An) parametrize pairs (B ,C ) such that B T C = It . You can instead define

V ′
t (An)(R) = {

B ∈ Matn×t | ∃C for which B T C = It
}
.
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This happens to be a scheme. There is a morphism

f : Vt (An) −→V ′
t (An) (forget C ).

Claim 0.1. There is a (Zariski) open cover {Ui } of V ′
t (An) with the property that

f −1(Ui ) Ui

Ui ×Ant−t 2

k Ui

∼ ∼

proj

(Pick a different row for each column of B — require the element there to be a unit.)

Corollary 0.2. f is an A1-equivalence: the base is a colimit of a diagram of the U ’s and their
intersections. Write U• for this diagram.

colim U•×Ant−t 2
Vt (An)

colim U• V ′
t (An)

∼

∼= f∼

∼=

V1(An)
∼−−→V ′

1(An) =An \ {0} ≃ S2n−1,n “S n−1+(n)”

STATING A PROBLEM

An element of Vs(An)(R) gives us a split short exact sequence

0 kerB T Rn R s 0B T

C

Let me write P = ker(B T ).

(⋆) P ⊕R s incl⊕c−−−−−→∼=
Rn is an isomorphism.

P is said to be stably free of type (n,n−s) (notation taken from Raynaud 1968). (P determined by
B ; (⋆) determines B ,C .)

If s′ < s, you can forget columns in B ,C and get

ρ : Vs(An) Vs′(An)
τ

The effect on P is to add an R s−s′-summand. That is P⇝ P ⊕R s−s′

Question: for what values of s,n, s′ does ρ admit a right inverse τ?

Equivalent question: for what values of n, s does every stably free R-module (over every com-
mutative k-algebra) of type (n,n − s) have a free summand of rank s − s′?

This problem is seminal in the history of applying homotopy theory to algebra: Raynaud 1968.
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Special case: if s′ = 1, s = 2, n even, then one can construct

τ :




b1

b2
...

bn

 ,


c1

c2
...

cn


⇝




b1 −c2

b2 c1
...

...
bn−1 −cn

bn cn−1

 ,


c1 −b2

c2 b1
...

...
cn−1 −bn

cn bn−1




(Bass, pre-1968.)

Take as read that we have an unstableA1-homotopy theory of pointed objects

(X , x0), x0 : Speck −→ X , x0 often dropped,

and for all R, X (R) is a simplicial set.
Constructions are possible: X ×Y , X ∨Y ,

X ∧Y = (X ×Y )/(X ∨Y ) — adjoint to the internal mapping object.

There is the superstructure of homotopy theory — ∞-categorical or model theoretic.
There is the homotopy category H (k)∗ in which all A1-equivalences are declared to be iso-

morphisms. This forces homotopic maps to be equal, among other things.
We will write [X ,Y ]A1 for the set of maps X → Y in the homotopy category.

We will be talking about the spheres: Sn is a simplicial sphere. By contrast, S(1) means A1 \
{0} with basepoint 1. Putting these together, Sa+(b) means Sa ∧S(1) ∧ ·· ·∧S(1) (b copies). Other
notation is Sa+b,b .

Realization. Heuristic: if you started with smooth manifolds instead of Smk and did the anal-
ogous construction forA1-homotopy, you would recover ordinary homotopy.

Suppose k ,→C; then GAGA (Serre 1956) gives us a functor

Smk −→Top, X 7−→ |X |C.

This propagates through the homotopy theory (this is treated already in Morel and Voevodsky
1999 at the homotopy category level, but a treatment in model categories, and therefore ∞-
categories, is given in Dugger and Isaksen 2004)

H (k)• −→H•.

This sends finite products to finite products and is in the way of being a left adjoint—it preserves
colimit-type constructions.

S p+(q) −→ |Sp ∧G∧q
m |C = Sp ∧|C×|∧q = S p+q .

Vt (An) −→ |SLn(C)/SLn−t (C)| ≃ Un/Un−t = Wt (Cn)

(see James 1976 for more about the topology of Stiefel manifolds)
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If k ,→R, then there is a version of this where we take X (C) with Gal(C/R)-action (“C2-action”).
Taking fixed points gives us

| · |R : H (k)• −→H• (real realization).

It may be useful to know this is mediated through C2-equivariant homotopy. This may also be
found in Dugger and Isaksen 2004.

Étale realization. This is a difficult topic, and cannot be treated fully in the time available.
(Isaksen 2004 is the source for the realization material. A more recent treatment is also in Hoyois
2023. For the étale homotopy type, Friedlander 1982 is the source for what the realization gives.
This builds on Artin and Mazur 1969.)

In arbitrary characteristic, one can produce a pro-object

X 7−→ |X |ét ∈ pro-Top,

built out of the category of étale covers of X . This gives a functor

H (k)• −→ pro-H• (is this left Quillen).

There are cases where we know almost everything about |X |ét.

I should say a word or two about completion. If ℓ is a prime number, then a topological space
Y has an ℓ-completion

Y −→ Y ∧
ℓ .

(Loosely) Y ∧
ℓ

depends only on the aspects of Y that can be recovered from invariants valued in
Z/(ℓ)-vector spaces. (A reference for completion per se is Bousfield and Kan 1972, building on
Sullivan 1974).

In particular, if Y → Z induces an equivalence Y ∧
ℓ

∼−−→ Z∧
ℓ

, then

H∗
(
Y ;Z/(ℓ)

) ∼= H∗
(
Z ;Z/(ℓ)

)
.

In fact, this is close to a characterizing property for the ℓ-completion Bousfield and Kan 1972,
Ch VI, Proposition 5.4.

This allows me to state a comparison result. Assume k is algebraically closed1. Let G be a
Chevalley group over Z— e.g. GLn , SLn , &c. Let ℓ be a prime invertible in k.

lim
(
|Gk |ét

∧
ℓ

)
≃ |GC|∧ℓ

(the left side is the characteristic-p construction, the right side the topological one).

This is hard work, but we get something. Assume k = k̄. Building from here (Friedlander 1982,
Chapter 8 and Friedlander 1973) we can say

lim
(
|Vt (An)|ét

∧
ℓ

)
≃ Wt (Cn)∧ℓ , ℓ invertible in k.

Theorem 0.3 (Raynaud, special case — different proof). ρ : V2(An) →V1(An) has no right inverse
if n is odd (n ≥ 3) and chark ̸= 2.

1Thanks to Kirsten Wickelgren for reminding me of this.
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Proof. Suppose for the sake of contradiction that it did, via τ. Apply étale realization and 2-
completion. We get a section of |τ|ét:

W2(Cn)∧2 W1(Cn)∧2|τ|ét

But

π2n−1W2(Cn)∧2 Z∧
2

π2n−1W1(Cn)∧2 Z∧
2

∼=

×2

∼=

(Gilmore 1967)

with W1(Cn) ≃ S2n−1, so there is no section. □

Primozic 2022 extended this result to characteristic 2.

JAMES NUMBERS

I define a sequence of James numbers b2,b3, . . . by means of their p-adic valuations:

vp (bq ) = max

{
s + vp (s) | 1 ≤ s ≤ q −1

p −1

}
,

with the understanding that the maximum of the empty set is 0.

Theorem (Adams and Walker 1965). The map ρ : Ws(Cn) → W1(Cn) of manifolds has a right
inverse if and only if bs | n.
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Part 2. Second Talk

A1
k = Speck[t ] has two points

i0 : Speck
0−→A1

k , i1 : Speck
1−→A1

k .

Given F : X ×A1 −→ Y , one can form

F0 = F ◦ i0, F1 = F ◦ i1 : X −→ Y .

We say these are naively homotopic. The relation is not an equivalence relation (not transi-
tive), so we define ≃N to be the transitive closure.

[X+,Y ]N = MorSmk (X ,Y )
/≃N .

(⋆) [X+,Y ]N
natural−−−−−→ [X+,Y ]A1

There is a condition of beingA1-naive: Asok, Hoyois, and Wendt 2018.
If Y isA1-naive, then

[U+,Y ]N
∼=−−→ [U+,Y ]A1

for affine U .

Most things are not A1-naive as far as I know; examples are relatively hard to prove Balwe,
Hogadi, and Sawant 2015, Section 4.1 (note that the failure of A1-locality may be witnessed by
an affine scheme). Ref

Remark 0.4.
[P̃1

+,−]N ̸= [P1
+,−]N usually.

For instance, if the target is SL2, then the right hand side is necessarily ∗, whereas the left con-
tains πA

1

1+(1)(SL2), which is KMW
1 (k) (Morel 2012, Theorem 1.27, over a perfect k).

Theorem 0.5. Asok, Hoyois, and Wendt 2018, Theorem 2.4.2 Vt (An) isA1-naive.

Theorem 0.6 (Gant and Williams 2025a). TFAE:

(1) ρ : Vs(An) →V1(An) has a right inverse in Smk ;
(2) ρ : Vs(An) →V1(An) has a right inverse in H (k)•;
(3) for every commutative k-algebra, every stably free module P of type (n,n−1) admits a free

summand of rank s −1.

Proof. If we ignore basepoints (the argument that says we can do this is not difficult, and not
very interesting), then we see that 1 implies 2 and 1 implies 3. Assume 2.

A major result of Lindel 1981 says that for a regular ring R finite type over a field k, every
projective module over R[t ] is extended from a module over R. In particular, this implies that if
SpecR ×A1

k → V1(An) is a naive homotopy, then the stably free modules it represents at times

t = 0,1 are isomorphic (note, the B ,C matrices are potentially different, but kerB T is isomorphic
across the family).
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Since Vs(An) is affine, smooth over k, and A1-naive, property 2 implies there is a map f :
V1(An) → Vs(An) that is naively homotopy inverse to ρ. This means that given P , stably free of
type (n,n −1), we can find some Q with the property that Q ⊕R s−1 ∼= P , using Lindel’s theorem.

The argument that this allows one to construct a precise right inverse for ρ in Smk is given in
Raynaud 1968. □

HOMOTOPY GROUPS AND THEIR CALCULATION

We could mean several things by “homotopy group”. For (X , x0):

(1) πA
1

n (X ) = [Sn , X ]A1

(2) πA
1

n+(m)(X ) = [S n+(m), X ]A1 , where S n+(m) = Sn ∧ (A1 \ {0})∧m

(global sections, since Speck is a stalk)

(1) πA
1,pre

n+(m)(X ) : U 7−→ [S n+(m) ∧U+, X ] — a functor Smk → Set/Ab
(2) πn+(m)(X ) — Nisnevich sheafification of the above.

Homotopy groups are the most widely studied examples of spaces / sets of maps in (A1-
)homotopy theory.

For present purposes,

V1(An) ≃ S n−1+(n),
[

V ′
1(An) =An \ {0}

]
.

Therefore we can consider ourselves interested in

πA
1

n−1+(n)Vt (An) = [
V1(An), Vt (An)

]
and its relation to

πA
1

n−1+(n)V1(An) ←− a homotopy group of spheres.

There is a stable homotopy category, S H (k):

Σ∞
P1 : H (k)• S H (k) :Ω∞

P1

forcing
S 1+(1) ∧ (−) = S1 ∧S(1) ∧ (−)

to be an equivalence of categories.

Important and relatively computable functors

Smk,∗ −→S H (k) −→GrAb

such as H∗,∗
Mot(−; A) or K∗(−) factor through S H (k).[

S a+(b), X
]
S H (k) =: π s,A1

a+(b)(X ).

The groups π s,A1

a+(b)

(
1
)

are thoroughly studied. There are two big approaches.
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(1) Slice spectral sequence (see Röndigs, Spitzweck, and Østvær 2024 for the calculations
used here). Calculates homotopy sheaves, over a general base (requires inverting p in
characteristic p > 0). 0 ≤ a ≤ 2+ε

(2) Adams-style spectral sequence: Isaksen and coauthors (Dugger and Isaksen 2010, Isak-
sen, Wang, and Xu 2023, Ormsby and Østvær 2014, mostly over C; calculates groups;
topologically facing; a very large computation indeed: πa+(b)

(
1
)∧
ℓ , ℓ-complete. (Inputs

are Z/(ℓ)-valued cohomology theories.) See Gheorghe and Isaksen 2017 for a map.

Observation. It is known from elsewhere that πa+(b)
(
1
)

is torsion (even torsion of bounded
order) when a > 0. Even absent finite-generation assumptions, this is enough to reconstruct
πa+(b)

(
1
)

from the ℓ-completions (for all ℓ).

FIBRE AND COFIBRE SEQUENCES

We have the notion of a fibre bundle

U ×F ≃ E ×B U E

U B

⌟
p

quotient map

where U → B admits a cover by Zariski / Nisnevich / étale / fppf. Well-behaved quotients by free
actions give examples.

In classical topology, there is a lifting property that leads to long exact sequences of homotopy
groups: F → E → B is a homotopy fibre sequence⇝

· · · −→πn(F ) −→πn(E) −→πn(B)
∂−→πn−1(F ) −→ ·· ·

You don’t get this inA1-homotopy—the lifting fails in general. You still get the fibre sequence
under A1-invariance conditions on the base. See for instance Morel 2012, Theorem 6.50 or
Wendt 2011, Section 6.

SLn−t −→ SLn −→Vt (An) (t ≥ 1)

is anA1-homotopy fibre sequence. Here, a homotopy version of the 3×3 lemma applies.

SLn−t SLn−t ∗

SLn−1 SLn V1A
n

Vt−1A
n−1 VtA

n V1A
n
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Lemma 0.7 (Gheorghe and Isaksen 2017 Stahn 2018, Gant and Williams 2025b.). Over k =C,

π s,A1

a+(b)

(
1
) ∼= πs

a+b

(
S0)

when a +b > 0 and 0 ≤ b ≤ a +2.

The hard part (i.e., the part for which I refer to Gheorghe and Isaksen 2017 and Stahn 2018)
is to compute the p-completed groups. The fact that these agree with the p-completed classical
groups in a range depends substantially on a result of Levine 2014.

Theorem 0.8 (A corollary of Asok, Bachmann, and Hopkins 2024, Theorem 6.2.1). Assume k is a
field of characteristic 0:

πA
1

x+a+(y+b)

(
S x+(y)) ∼=−−→π s,A1

a+(b)

(
S 0,0)

provided x, y ≥ 2 and b ≤ min{x −2, y −2}.

(James number)

vp (bt ) = max
{

s + vp (s)
∣∣∣ 1 ≤ s ≤

⌊
t−1
p−1

⌋}
(0 if the set is empty).

Theorem 0.9 (Gant and Williams 2025b). Suppose R is a ring containing C. If P is an R-module
for which there exists

P ⊕R ∼= Rn , where bt | n,

then
P ∼= Q ⊕R t−1.

Method:

(1) Recast as a statement about VtA
n →V1A

n .
(2) Homotopical algebra — recast as a statement about πa+(b)V1(An), using the fibre se-

quence.
(3) Using the results above, compare to classical topology.
(4) Problem solved for Wt (Cn) → W1(Cn) by Adams–Walker (see Adams and Walker 1965)

building on work of Toda, James (James 1958), Atiyah–Todd Atiyah and Todd 1960.
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