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Abstract: We consider the Landau-Lifshitz equations of ferromagnetism (including the
harmonic map heat-flow and Schrodinger flow as special cases) for degree m equivariant
maps from R? to S?. If m > 3, we prove that near-minimal energy solutions converge to
a harmonic map as t — oo (asymptotic stability), extending previous work (Gustafson
et al., Duke Math J 145(3), 537-583, 2008) down to degree m = 3. Due to slow spatial
decay of the harmonic map components, a new approach is needed for m = 3, involving
(among other tools) a “normal form” for the parameter dynamics, and the 2D radial dou-
ble-endpoint Strichartz estimate for Schrodinger operators with sufficiently repulsive
potentials (which may be of some independent interest). When m = 2 this asymp-
totic stability may fail: in the case of heat-flow with a further symmetry restriction, we
show that more exotic asymptotics are possible, including infinite-time concentration
(blow-up), and even “eternal oscillation”.
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1. Introduction and Results

The Landau-Lifshitz (sometimes Landau-Lifshitz-Gilbert) equation describing the
dynamics of an 2D isotropic ferromagnet is (eg. [13])

i = ay (Al + Vi) + aii x Aii, a1 >0, ar € R, (1.1)

where the magnetization vector it = u(t, x) = (uy, up, u3) is a 3-vector with normalized
length, so can be considered a map into the 2-sphere S?:

:00,T) xR> > S :={u eR| i =1}. (1.2)

The special case ap = 0 of (1.1) is the very well-studied harmonic map heat-flow into
S?, while the special case a; = 0 is known as the Schridinger flow (or Schrodinger map)
equation, the geometric generalization of the linear Schrodinger equation for maps into
the Kihler manifold S?.

In order to exhibit the simple geometry of (1.1) more clearly, we introduce, forii € S?,
the tangent space

T;8? =it ={cR’|i-E=0) (1.3)

to the sphere S? at ii. For any vector v € R?, we define two operations on vectors:

JUi=ix, PVi=_JvJ"y (1.4)

Forii € S2, P¥ projects vectors orthogonally onto 7;S?, while J s a /2 rotation
(complex structure) on T,;Sz. Denoting

a=aj+iar € C, (1.5)
the Landau-Lifshitz equation (1.1) may be written

i, = PiAi, Pii:=a P"+ayJ". (1.6)

a

The energy associated to (1.1) is simply the Dirichlet functional
o1 -
E) = —/ |Vii|?dx, (1.7)
2 Jr2
and (1.6) formally yields the energy identity
t -
Eu(n)) + 2a1/ / | P Aii(s, x)|*dxds = £(ii(0)) (1.8)
0 JR?

implying, in particular, energy non-increase if a; > 0, and energy conservationifa; = 0
(Schrodinger map).
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To a finite-energy map i : R — S is associated the degree
S T
deg(u) := — Uy, - J Uy, dx. (1.9)
4 R2

If lim|y|— 00 U (x) exists (which will be the case below), we may identify & with a map
S? — §?, and if the map is smooth, deg (i) is the usual Brouwer degree (in particular, an
integer). It follows immediately from expression (1.9) that the energy is bounded from
below by the degree:

- 1 - 7o - -
Em) = 5/ |1y, — J”uxz|2 + 4 deg(u) > 4 deg(u), (1.10)
RZ

and equality here is achieved exactly at harmonic maps solving the first-order equations

iy, = Iy, (1.11)
which, in stereographic coordinates
o +i
250« Mecwoo} (1.12)
—u3

are the Cauchy-Riemann equations, and the solutions are rational functions. These har-
monic maps are critical points of the energy £ and, in particular, static solutions of the
Landau-Lifshitz equation (1.1).
In this paper we specialize to the class of m-equivariant maps, for some m € Z*:

it x)=e"%%@t,r), ¥:00,T) x [0, 00) - S? (1.13)

with notations
R:=J"=kx, k=(0,0,1), (1.14)

and polar coordinates

X1 +ixp =re'?. (1.15)

In terms of the radial profile map v = (v1, v2, v3), the energy is
— =2 m? 2, .2
Ew)y=m [Ur]” + — (v} +v3) rdr. (1.16)
0 r

Finite energy implies 9 is continuous in 7 and lim, o v = :I:lz, limy oo 0 = +i (see[11]
for details). We force non-trivial topology by working in the class of maps
o= i = "RG(r) | EGi) < 00, B(0) = —k, B(00) = k}. (1.17)

It is easy to check that the degree of such maps is m:

deg [z, =m. (1.18)
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The harmonic maps saturating inequality (1.10) which also lie in %,, are those cor-
responding to Bz" (B € C* = C\{0}) in stereographic coordinates (1.12). In the
representation S> C R3, the harmonic map corresponding to z” is given by

m@R}‘l’( ) h (h1,0,h3), h —2 h —rm - (1.19)
€ r), = ] ’ = ’ = ° N

: . : r’m . r’m T
The full two-dimensional family of m-equivariant harmonic maps in X,, is then gener-
ated by rotation and scaling, so for s > 0 and o € R, we denote

w=mlogs+ic, h{ul=e*Rn*, 1*=h(r/s). (1.20)

The harmonic map ¢”?®h[ 1] corresponds under stereographic projection to e #z™.

We are concerned here with basic global properties of solutions of the Landau-Lif-
shitz equations (1.1), especially the possible formation of singularities, and the long-time
asymptotics.

For finite-energy solutions of (1.1) in 2 space dimensions, finite-time singularity for-
mation is only known to occur in the case of the 1-equivariant harmonic map heat-flow
(a; = 0) —the first such result [5] was for the problem on a disk with Dirichlet boundary
conditions (this was extended to X on R2in [10]). Examples of finite-time blow-up for
different target manifolds (not the physical case S?) are also known (eg. [22]).

For the Schrodinger case (a; = 0), it is known that small-energy solutions remain
regular (this was proved first in [6] for equivariant maps, and then in [2] without sym-
metry restriction). In the present setting, the energy is not small — indeed by (1.10)
and (1.18),

E Iy, > 4wm. (1.21)

A self-similar blow-up solution, which however carries infinite energy, is constructed
in [7].

In the recent works [9,10,12], it was shown that when m > 4, solutions of (1.1) in
%, with near minimal energy (€ (i) ~ 47 m) are globally regular, and converge asymp-
totically to a member 7R ﬁ[ (] of the harmonic map family. In particular, the harmonic
maps are asymptotically stable. The analysis there fails to extend to m < 3, due to the
slower spatial decay of ﬁ}_{ [1] (a point which we hope to clarify below). With a new
approach, we can now handle the case m = 3 as well:

Theorem 1.1. Let m > 3, a = a; +iay € C\{0}, and a; > 0. Then there exists § > 0
such that for any u(0, x) € %, with £@u(0)) < dmm + 82, we have a unique global
solution it € C([0, 00); ) of (1.1), satisfying Vi € Liloc([O, 00); LY). Moreover,
for some n € C we have

i (1) — "R Rl oo + a1 EGiR) — €™ Rh[u]) — 0 as 1t — o0, (1.22)

In short, every solution with energy close to the minimum converges to one of the
harmonic maps uniformly in x as ¢+ — oo. Even for the higher degrees m > 4, this
result is stronger than the previous ones [12,10,9], where the convergence was given
only in time average.! Note that in the dissipative case (a; > 0), solutions converge to

! The statements in the previous papers do not follow directly from Theorem 1.1, but are implied by the
proof in this paper.
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a harmonic map also in the energy norm, while this is impossible for the conservative
Schrodinger flow (a1 = 0).

The analysis for the case m = 2 seems trickier still, and we have results only in the
special case of the harmonic map heat-flow (a; = 0) with the further restriction that the
image of the radial profile map v(r) remain on a great circle: vy = 0 (though of course
the map u(x) itself covers the full sphere m times) — this is a condition which is pre-
served by the evolution only for the heat-flow. These results show, in particular, that the
strong asymptotic stability result of Theorem 1.1 for m > 3 is no longer valid; instead,
more exotic asymptotics are possible, including infinite-time concentration (blow-up)
and “eternal oscillation™:

Theorem 1.2. Let m = 2 and a > 0. Then there exists § > 0 such that for any ii (0, x) =
PR30, r) € Ty with £u(0)) < 87 + 82, and v2(0, r) = 0, we have a unique global
solution u € C(|0, 00); o) satisfying Vi € Ltz’loc([O, 00); LY). Moreover, for some
continuously differentiable s : [0, o0) — (0, 00) we have

i (1) — " Rh(r/s@) L + EGi() — " RR(r/s(t)) = 0 as t — oo, (1.23)

In addition, we have the following asymptotic formula for s(t):

2 YAy, r)
(1+o0(1))log(s(t)) = — ———dr + 0.(1), (1.24)
T )1 r

where as t — 00, o(1) — 0 and O.(1) converges to some finite value. In particular

there are initial data yielding each of the following types of asymptotic behavior:

(1) s(t) > 55 € (0, 0).

2) s(t) —> 0.

3) s() — oc.

(4) 0=liminfs(¢) <limsups(¢) < oo.
(5) 0 <liminfs(¢) <limsups(¢) = oo.
(6) 0=liminfs(t) < limsups(t) = oo.

Estimate (1.23) shows that these solutions do converge asymptotically to the family
of harmonic maps. However, the evolution along this family, described by the parameter
s(t), does not necessarily approach a particular map in X, (although it might — case (1));
The solution may in fact converge pointwise (but not uniformly) to a constant map +k
(which has zero energy, zero degree, and lies outside %) as in (2)—(3) (this is infinite-
time blow-up or concentration), or it may asymptotically “oscillate” along the harmonic
map family, as in (4)—(6).

Note that the above classification (1)—(6) is stable against initial “local” perturbation.
Namely, if two initial data v!(0) and v>(0) satisfy

oo 10 _ 20
/ |U1(,r) U](vr)|dr
1

r

< oo, (1.25)

the corresponding solutions have the same asymptotic type among (1)—(6). More pre-
cisely, the difference of their scaling parameters converges in (0, c0). The point is that
the energy just barely fails to control the above integral.

In particular, the oscillatory behavior in (4)—(6) is driven solely by the distribution
around spatial infinity. In fact, if we replace the domain R? by the disk D = {x €
R? | |x| < 1} with the same symmetry restriction with m = 2 and the same boundary
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conditions v(z, 0) = —k and v(t, 1) = l;, then it is known [1] (see also [8]) that all the
solutions behave like (2), namely they concentrate at x = 0 as t — oo, provided that
v3(0, r) has only one zero. The formula (1.24) suggests that we should always have (2)
on D without the additional condition. Also, if we replace the domain R? by S?, then
we can rather easily show in the dissipative case a; > 0 that the solution converges to
one harmonic map for all m € N, by the argument in this paper, or even those in the
previous papers. We state the result on S? in Appendix A with a sketch of the proof.

We should mention that existence of eternal oscillation of the same type was first
shown in [18] for the semilinear heat equation of u(¢, x) : [0, 00) x RN & R,

ur — Au = |u|?u, (1.26)

for very high dimensions and power” (N > 11 and p > 4/(N — 4 — 2/N — 1)), by
using the comparison principle, but they did not obtain an asymptotic formula valid
for all solutions, nor the asymptotic stability of the family of stationary solutions in a
solution class containing the eternal oscillations.

There is another example in [21, Sect. 5] with less similarity to ours, but for the
harmonic map heat flow, which shows existence of “eternal winding” around a compact
1-parameter family of harmonic maps from S? to S* x R? with some warped metric,
where the analysis is reduced to an ODE on the target by the special choice of initial data.
In this case, the weird behavior of the solutions is entirely due to the artificial choice of
the metric on the target.

Compared with those results, we have the following advantages:

(1) The setting is very simple and physically natural.
(2) The asymptotic formula is explicit in terms of the initial data, and valid for all
general solutions under the symmetry condition.

We want to emphasize also that our analysis works in the same way in the dissipative
(a1 > 0) and the dispersive (a; = 0) cases. We need a, = 0 in Theorem 1.2 only
because the angular parameter o () gets beyond our control (hence we remove it by the
constraint), but the rest of our arguments could work in the general case.’

1.1. The main difficulty and the main idea. The standard approach for asymptotic sta-
bility is to decompose the solution into a leading part with finite dimensional parameters
varying in time, and the rest decaying in time either by dissipation or by dispersion. In
our context, we want to decompose the solution in the form

B(t) = h[p(®)] + (1) (1.27)

such that the remainder v(¢) decays, and the parameter p(t) € C converges as t — 00
(at least for Theorem 1.1). In favorable cases (the higher m, in our context), we can
choose 14(¢) such that all secular modes for v(¢) are absorbed into the time evolution of
the main part A[w(¢)]. This means that tlle kernel of the linearized operator for v(¢) is
spanned by thf parameter derivatives of h[u], and hence we can put that component of
0,0(t) into d;h[(¢)]. This is good both for ¥(¢) and 1.(¢), because

2 The power is bigger at least than the H 5 scaling critical exponent.

3 We will use the parameter convergence in the proof of Theorem 1.1 in the dispersive case a; = 0 to
fix our linearized operator. However it is possible to treat the linearized operator even with non-convergent
parameter and a| = 0, if we assume one more regularity on the initial data. We do not pursue it here since the
wild behavior of «(¢) prevents us from using it.
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(1) v(¢) will be free from secular modes, and so we can expect it to decay by dissipation
or dispersion, at least at the linearized level.

(2) The decomposition is preserved by the linearized equation. Hence i(¢) is affected
by ¥ only superlinearly, i.e. at most in quadratic terms.

In particular, if we can get L2 decay of v in time, then /i(7) becomes integrable in time,
and so converges as ¢t — oo. This is indeed the case for m > 3.

However, the above naive argument does not take into account the space-time behav-
ior of each component. The problem comes from the fact that the decomposition and
the decay estimate must be implemented in different function spaces, and they may be
incompatible if the eigenfunctions decgy too slowly at the spatial infinity.

In fact, the parameter derivative of h[u] is given by

dh[p] = h}e*®[(h3, 0, —h})dpy + (0. 1, 0)d 2], (1.28)

and hence the eigenfunctions are O (r~™) for r — 00, i.e. slower for lower m. On the
other hand, the spatial decay property in the function space for the time decay estimate
is essentially determined by the invariance of our problem under the scaling

U(t, x) = D(Z°t, Ax), (1.29)

which maps solutions into solutions, preserving the energy. If we want L? decay in time
(so that we can integrate quadratic terms in /1), then a function space with the right
scaling is given by

U/r e L2L>. (1.30)

To preserve such norms in x under the orthogonal projection, the eigenfunction must
be in the dual space, for which m > 3 is necessary. Indeed, this is the essential reason
for the restriction m > 4 in the previous works [10-12]. We emphasize that the above
difficulty is common for the dissipative and dispersive cases, since they share the same
scaling property. That is, the dissipation does not help with this issue, even though it
gives us more flexibility in the form of decay estimates.

The main novelty of the present approach is the non-orthogonal decomposition

L2 =) ® (9t (1.31)

where ¢*(r) is smooth and supported away from r = 0 and from r = oo, so that
the (non-orthogonal) projection may preserve the decay estimates. This is good for the
remainder v, but not for the parameter u —the decomposition is no longer preserved
by the linearized evolution, since they have no particular relation. This implies that we
get a new error term in f1(¢) which is linear in v(¢) (see Sect. 6). This contribution is
handled by including it in a sort of “normal form” for the dynamics of the parameters
w(t), explained in Sect. 7. In particular, it is this new term which drives the non-trivial
dynamics for the m = 2 heat-flow given in Theorem 1.2.

For the purely dispersive (Schrodinger map) case, one tool we use should be of
some independent interest: the 2D radial “double-endpoint Strichartz estimate” for
Schrodinger operators with sufficiently “repulsive” potentials (in the absence of a poten-
tial, the estimate is false). The proof is given in Sect. 10.2.
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1.2. Organization of the paper. In Sect. 2, we use the “generalized Hasimoto transform”
to derive the main equation used to obtain time-decay estimates of the remainder term.
Section 3 gives the details of the solution decomposition described above, and addresses
the inversion of the Hasimoto transform. The estimates for going back and forth between
the different coordinate systems (the “Hasimoto” one of Sect. 2 and the decomposition
of Sect. 3) are given in Sect. 4. Section 5 is devoted to establishing the time-decay (dis-
persive if a; = 0, diffusive if a; > 0) of the remainder term, using energy-, Strichartz-,
and scattering-type estimates. The dynamics of the parameters p(¢) are derived and
estimated in Sect. 6. The leading term in the equation for s is not integrable in time,
and so Sect. 7 gives an integration by parts in time to identify (and estimate) a kind of
“normal form” correction to . (t), whose time derivative is integrable. At this stage, the
proof of Theorem 1.1 for m > 3 is complete. A more subtle estimate of an error term
for m = 3 is done in Sect. 8, completing the proof in that case. Finally, in Sect. 9, the
normal form correction is analyzed in the case m = 2, ap = 0, v = 0, in order to prove
Theorem 1.2. Proofs of certain linear estimates (including the double-endpoint Stri-
chartz) are relegated to Sect. 10. Appendix A states the analogous theorems for domain
S? and sketches the proofs.

At the end of each of the main sections, we will put a proposition summarizing the
main contents of that section.

1.3. Some further notation. We distinguish inner products in R and C by

3
a-Bzzakbk, a-b=ReaReb+Imalmb. (1.32)
k=1

Both will be used for C3 vectors too. The L2 inner-product is denoted

(flg)= / f(x)gx)dx, (1.33)
]RZ

while ( f, g) just denotes a pair of functions. For any radial function f (r) and any param-
eter s > 0, we denote rescaled functions by

i) = f@r)s), fU0r) = f(r/s)s™2. (1.34)

We denote the Fourier transform on R? by F, and, for radial functions, the Fourier-Bessel
transform of order m by F,:

1 : o
FN© =5 [ et an Eore) = [ oo 139)
T JR? 0
where J,, is the Bessel function of order m. For m € Z we have

1 T . ) .
Jm(r) — E/ elm@—lr sm@da, f[f(r)elmg] — im(]:mf)ezme_ (136)
-7

We denote the Laplacian A, on the subspace spanned by d-dimensional spherical har-
monics of order m by

A =824 (d —1)r7 9, —m(m+d —2)r 2. (1.37)
Finally, the space Lf; is the dyadic version of L”(rdr) defined by the norm

171 = 17 @R <r <2Yiergan

. 1.38
. (1.38)
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2. Generalized Hasimoto Transform

In this section, we recall from the previous papers [9—11] the equation for the remainder
part, which is written in terms of a derivative vanishing exactly on the harmonic maps,
and so independent of the decomposition. The equation was originally derived in [6] in
the case of small energy solutions (hence with no harmonic map component), and called
there the generalized Hasimoto transform.

Under the m-equivariance assumption (1.13), the Landau-Lifshitz equation (1.6) is
equivalent to the following reduced equation for v(r, t):

= 9, m?
- 2 2 -
U = P} [ar +7’+r—2R i|v. .1)
Define the operator d; on vector-valued functions by

m -

0y := 09, — —J"R. (2.2)

r

Since for any vector b, J'Rb = k(3 - b) — (k - ¥)b, we have J'R = —v3 on the tan-

gent space T5S? = v+. For future use, we denote the corresponding operator on scalar
functions by

L :=0,+ @ (23)
Then Eq. (2.1) can be factored as
i = —P D50, (2.4)
where
D := P3P’ (2.5)

will always denote a covariant derivative (which acts on T5S?-valued functions), and
denotes the adjoint in L%(R?). Denote the right-most factor in (2.4) by

b= 950 = 7, — L PUE. (2.6)
Then (2.4) becomes v; = — P’ DZw, and applying Dj to both sides yields

Dy = —PY Dy D% ib. 2.7)

Now we rewrite the equation for w by choosing an appropriate orthonormal frame field
on T5S?, realized in C>. Let e = e(z, r) satisfy

Reec i-, |Ree/|=1, Ime= J'Ree. (2.8)
Let S, T be real scalar, and let g, v be complex scalar, defined by
Ww=goe, Pk=voe, De=—iSe, D,e=—iTe. (2.9)
Then we have the general curvature relation

[Dy, Dyle = i(T; — S,)e = i det (v U, v)e. (2.10)
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Using Eq. (2.4) for v, we get
T, — S, = (i + — Pk) - P} D, 2.11)
r
Now we fix e by imposing
D,e=0, e(r=o00)=(1,i0). (2.12)
(The unique existence of such e will be guaranteed by Lemma 4.1.) Then (2.11) yields
m
-8, =(g+—v)e(iaLiq). (2.13)
r

A key observation is that in the Schrodinger (non-dissipative) case a = i, we can pull
out the derivative on g: S, = (9, + %)(%|q|2 +%vegq), and so

®  dr 1, m 1., mws
S=-0+ 20—, 0:=—lgl"+—veg =-|w|*+——. (2.14)
- r 2 r 2 r
The evolution equation (2.7) for w yields our equation for ¢:
o0 m
(0 +iS)qg = —aLjLq, S = / (g + —v)e(iaLiq)dr. (2.15)
- r

This is the basic equation used to establish diffusive (a; > 0) or dispersive (a; = 0)
decay estimates. The operator acting on ¢ can be expanded as

- D?  2m(1—
D7 omd—w)  om (2.16)
r

LiL% = 9%, +

r r

Following is a summary of this section:

Proposition 2.1. Let m € N and ii(t,x) = ¢™Ru(t,r) be a (local) solution of the

Landau-Lifshitz equation (1.1), and let e(t, r) be a complex orthonormal frame field on
T5S? satisfying

D,e=0, e(r=00)=(1,1,0), (2.17)
where D denotes the covariant derivative (2.5). Define W, g and v by
> > m _s- - g
w=7v——P%, g=w-e, v=Pk-e. (2.18)
r

Then they solve equations
o0 m
3 +iS)g =—aL,Lyq, S= / (g +—v)eo(iaLlq)dr, (2.19)
, r

where L, = 3, +mv3/r and L} is its adjoint. If a = i, the equation of S can be rewritten
as

o0 dr 1 m
S:—Q+/ 20—, 0=—|gP*+—v-q. (2.20)
- r 2 r

We will use the above equations to derive decay estimates on the remainder v — ﬁ[u]
via ¢g. The following two sections are devoted to the correspondence between g and
the remainder (including the existence of e), and then in Sect. 5 we derive the decay
estimates.



Stability and Oscillation of Harmonic Maps 215

3. Decomposition and Orthogonality

In this section, we investigate the interplay between the decay estimates and the orthog-
onality condition for the decomposition into the harmonic map and the remainder, illu-
minating the difference between the higher and the lower degrees.

We introduce coordinates for the decomposition of the original map

U= h[p] + 0, 3.1)
or more precisely for the remainder v, and a localized orthogonality condition which
determines the decomposition. The choice of coordinates is the same as in the previous

works [9,10,12], while the decomposition itself is different.

For each harmonic map profile ﬁ[u], w = mlogs +ia, we introduce an orthonormal
frame field

£ =[] = e®R(—h" x j+ij) (3.2)
on the tangent space Ty M]Sz, such that the parameter derivative of ﬁ[,u] is given by
dhlu] = h3dpef. (3.3)
We express the difference from the harmonic map in this frame by
z:=v-f. (3.4)
In other words Pﬁ[“]ﬁ =zof,orv =7z-f+ yﬁ[,u,], where we denote
yi=v1-1z2—1=-0(zP. (3.5)
As explained in the Introduction, the orthogonality condition in the previous works
(z|h) =0 (3.6)

would not work for m < 3 due to the slow decay of hi for r — o0. Hence instead we
determine the parameter p by imposing localized orthogonality

(z1¢)=0, ¢ =0/, (3.7

with some smooth localized function ¢(r) € C3°((0, 00); R), satisfying (h; | ¢) = 1.
The fact that emeRh[p,] solves (1.11) means that

oph =0, (3.8)
and so we have
. > . m v v o .o om.o
W = 05V = Uy + —(h30 + U3V) = L*0 + —U30. (3.9
r r
Hence

i . . - m., m
L*z:LAv~f+v~f,:w~f—7v3z+7 17 (3.10)
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In order to estimate z by w (or equivalently g), we introduce a right inverse of the
operator L° = 9, + “*h3, defined by

RS g :=27h{(r) /0 ” / /r S e dr" @ (YRS (Y dr (3.11)
Then we have
L'Rig=g,  R)L'g=g—hi(g|¢", (3.12)
hence Ré = (L* y~!on (¢* )L. Moreover we have the following uniform bounds

Lemma 3.1. Forall p € [1, o0] and |0| < m, we have
1RSI0z S I9l-ap1 g1y (3.13)
P

where the L,’; norm is defined in (1.38). Moreover, the condition on ¢ is optimal in
the following sense: if ¢ > 0, then ¢ € r_lL}? , is necessary for Ry, to be bounded

rf=1L% — D'(0, 00).

We give a proof in Sect. 10. Note that the above bounds are scaling invariant: denoting
Dy f := f(r/s), we have

R;:sDSR(})D;], LS =s"'D,L'D; (3.14)
We can combine the estimates of the lemma with the embedding

2 2
rgngll c ”Gngzz — E -t = Z — 602, P1 = P2, q1 < 2. (3.15)

The above lemma is used as follows. First note that the orthogonality (¢* | z) = 0

implies that z = Rj,L*z because of (3.12). For the energy norm, we choose 6 = 0 and

p = 2 in Lemma 3.1. Then
lz/rlic2 S lzliege S lellpaliLizllpy S UL 2l g2 (3.16)
Since |L* — 8,| < 1/r, we further obtain
R 'L — /X, (16] <m), (3.17)
where the space X is defined by the norm
lzllx = llz/rllz2 + llzrliL2- (3.18)
The Sobolev embedding X C L is trivial by Schwarz:
IzlZe0 < Nz/rllz2llzell 2 (3.19)
Hence we get by using (3.10),

lzllx S IL%2lz2 S lglizz + lzliellzllx. (3.20)
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For L? estimates of z, we use Lemma 3.1 with & = 1 and p = oo. Then we have
lz/rlicge S el -1l 2l S WL 2l g (3.21)
for any p € [1, oc], and so by using (3.10),
lz2/rl2r0e S Nallp2pse + 12lees Izl 200 (3.22)

If we were to use & instead of ¢, then we would need m > 3 for the Strichartz-type
bound (3.22), and m > 2 for the energy bound (3.16), by the last statement of the lemma.
As a summary of this section, we have

Proposition 3.2. Let m > 2, v(r) € X, and, for some u = mlogs +ia € C,
3 =hlpul+v, z=10-f, (3.23)
where f is the orthonormal frame on Ty M]Sz defined in (3.2). Suppose that
zlg®) =0, @' = o(r/s) (3.24)
for a fixed ¢ € Cy(0, 0o) satisfying (h1|¢) = 1. Then we have the estimates
lzllx = lz/rlizz +lzrllz < lglzz + lzllizgellzllix,
lz/rllzge < lglizge +llzlizgellzlize (1< p < 00), (3.25)
lzllzge < lzllx,

where ¢ = W - e is the same as in Proposition 2.1.

In the next section, we see that such an orthogonal decomposition uniquely exists for
U € X, with energy close to the ground one, with small norms for ¢ and z, so that we
can dispose of the quadratic terms in the above estimates.

4. Coordinate Change

Before beginning the estimates for the evolution, we establish in this section the bi-Lips-
chitz correspondence between the different coordinate systems: v and (u, g), including
unique existence of the decomposition. It is valid for any map in our class X,, with
energy close to the ground states.

For that purpose, we need to translate between the different frames e and f. At each
point (¢, r), we define M =f ® e € GLR(C), areal-linear map C — C, by

Mz =1 (e-2). 4.1

Its transpose ‘M = e ® f, defined by ‘Mz = e - (f- 7), is the adjoint in the sense that
(Mz)ow =z (“Muw). For any b, ¢, d € C we have

b-(cod) = (Reb-c)ed+(Imb-c)-d. 4.2)

Since f(00) = e"%e(c0), and f L E[,u], we have

M(o) =™, M, =f@e +f,@e=—fRi 7,)— —hv@e (4.3)
r
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Then e can be recovered from M by

e = PMlMe+ (M[p] - e)hlu] ="ME — (1+y)" (M2)h[ul. (4.4)
provided that |y| < 1. We further introduce some spaces with (pseudo-)norms:

En(@) = EE"R5(r)), |ulc = min(|Re p|, 1) +dist(Im p, 27 Z),
lzllx = llz/rliz2 + lzrllg2, IMIy = UMl + IM I,

- ) _— - ,. (45
Yn(8) ={v(@) :[0,00] = S7 | v(0) = —k, v(co) =k, &,(V) < dmm + 57},
L*(®) ={q(r) : [0,00) > C| llgll 2 < V28}, C =C/2niZ.
The metric on C is defined such that
IRI" ) — kLA x ~ IRl T = Al ~ 1t = 1lc. (4.6)

The following lemma is the goal of this section.

Lemma4.1. Letm € Nand ¢ € C(l) (0, 00) satisfy (¢ | h1) = 1. Then there exists 5 > 0
such that the system of equations

b=hlul+d, z=0-flul, (z1¢")=0, y=+1—|z2—1,

N . 4.7)
g=e-(@i, — —P%), De=0, e(o)=(l,i,0),
r

defines a bijection from v € £,,(8) to (1, q) € C x L2(8), which is unique under the
condition | z|| Lo < 8.0, z and e are also uniquely determined. Moreover, if (v/, ..., e/)
with j = 1,2 are such tuples given in this way, then we have

“1_ -2 1_ 2 12 1 2
[0° =07 llx +llz" —27llx + e’ —eflLoe + M — M7ly

S =Ty ~ ' = ile + g =4l (4.8)
where M7 :=f/ @ e/.
In particular, we have pointwise smallness,
9l ~ Nzl S8 < 1, 4.9)
so that we can neglect higher order terms in z or v.
Proof. We always assume (3.9), (3.4) and (3.5), which define the maps
V> w=gqgoe, WO,uW—>VU<zy, @, Q) —7, (4.10)
with the Lipschitz continuity

Sy =1 = 1.2 1_ 2 ‘1 _ 2
lw' = w2 SV =07lx, Ny —v7llx Slz —27lx ~ 10" =97 lx,

13" — 2 lx — 10" — 2 lx| S In' = iPle. (4.11)
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The energy can be written as

2
> > 12 m
260 (@) = 5,112, + | = &3
X r

2 =
L=l |~ Pk
= [BlI7; +2m(@, | P'k/r) = [B]l7; +4r[v3(00) = v3(0)).  (4.12)

L3

Since || P*3)x < Ex(©)/2, X € L and |9| = 1, the boundary conditions v3(0) = —1
and v3(co) = 1 make sense in the energy norm.

Next we consider a point orthogonality. Let v € %,,(8). Since v3(0) < 0 < v3(c0)
and v3(r) is continuous, we have ¥(so) = e/®R (1) for some o = m log so + ic, SO
that v = I_i[,uo] + v is a decomposition satisfying (z | ) = 0if o(r) = (¢ — 1). In
this case v is recovered from (w, ug) by solving the ODE:

P . m., m. g
L z=w-f[uo]—7v3z+7hl y, 2z(so) =0, 4.13)
or the equivalent integral equation
- m m
2= R,y [ fluol - Tz + 7h§0y] . (4.14)

The uniform bound on Rg' (r—1) can be localized onto any interval I > s, because z is the
solution of the above initial value problem. Hence we get, in the same way as in (3.16),

Izl 20z S Mall2a + Nzliealizl2a- (4.15)
Since z(sg) = 0 and ||q||L§ < § < 1, we get by continuity in r for I — (0, 00),

lzlixnee < liglze < 6. (4.16)

Thus every ¥ € X,,(8) is close at least to some h[wol, and we have 3! — 92 € X by
(4.11). X,,(8) is a complete metric space with this distance.

Now we take any ¢ € Cé (0, o0) satistying (¢ | h1) = 1, and look for p around pg
solving the orthogonality

F(u) = @-flul | ¢") = @ flul | ¢") = (z | ¢") = 0. (4.17)
Its derivative in p is given by
I , o R ds
dF = —(©-h$hlul | ”)dp — i@ - hSEp] | 9")da — (- £l | (rd, + 2)@’)7

= —dp — (- hlul | hjeM)dp — @ - £[u] | (rd, +2)¢ ds/s +ihig da)
= —du+ 0@0|dul). (4.18)

In particular we have
oF
|F(ro)l <6, @(MO) =—1+0(). (4.19)

In addition, both F(u) and 9, F are Lipschitz in v. Therefore by the implicit mapping
theorem, if § > 0 is small enough, there exists a unique u € C for each v such that
F(u) =0and |u — wo| < 8,and v — u is Lipschitz. Then

lzllzee S 15 — Alpolllzee + o — ul S 8 < 1., (4.20)
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and so by the same argument as for (4.16), we get ||z||x < &, and in addition,
Iz' = 2lx S lu' = @le + o' — w3 2. (4.21)
If we have two such = 1, up with ||z7 |z < 8, then

[ —pale ~ Al =hlp2llie S 10—hlpillie+17 — hlpalllze S8, (4.22)

and so the implicit mapping theorem implies that 1 = u. Thus we get a bijection
U — (u, w) with the Lipschitz continuity

=1 =2 12 -1 =2
[v" —v7llx ~ " —ple+llw —wll2. (4.23)

For the frame field e, we consider the matrix M = f ® e, together with the equivalent
set of Egs. (4.3) and (4.4). Integrating (4.3) from r = oo, we get

IM = elly < 19/l 2 102 + 15/r 12 18 /7l 2 S 6.

. R 5 5 4.24)
MY = My St — 1P le + 80180 — 3Plx + 8lle! — e?[| + 0! — %Ix,
while (4.4) provides
le' — el S IM' = M2l + ' = pPlc +lIz" = 22 1. (4.25)

Hence for fixed ¥ € %,,(8) (and ), we can get (M, e) € Y x L* by the contraction
mapping principle for the system of (4.3) and (4.4). Moreover we get

IM" = My + ' — e[l S 11" — 9% (4.26)
If (u,q) € C x L2(8) is given, we consider the system of Egs. (4.3), (4.4) and
t=R} [Mq L @hiy] , 4.27)
r r

which is equivalent to the ¢ equation in (4.7) under the orthogonality (z | ¢¥) = 0. The
last equation provides, through the uniform bound on R},

l2'=22lx St = iPle +llg" — g*lp+8lIlM' — MP|ly +8lIz" — 2%[lx. (4.28)

Combining this with (4.24) and (4.25), we get (z, M, e) for any fixed (i, g) by the
contraction mapping, and moreover they satisfy

1 2 1 2 1 2 1 2 1 2
28 =27 llx + M = M7y + e —e“llee Sln —wle+llg” —q Iz (429
O
So far we have derived estimates at each fixed 7, for the energy norms in the above

lemma, and for the dispersive norms in Proposition 3.2. Now we turn to the main part
of this paper, the analysis of the global dynamics.
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5. Decay Estimates for the Remainder

In this section, we derive dissipative or dispersive space-time estimates of the remainder
v in terms of z, from Eq. (2.15) for ¢. First by the smallness of z, we obtain from (3.20)
and (3.22),

lzOllx S Ng®liz S8, Nz/rlieye S llglliese. (5.1

for all p € [1, oo]. Next we estimate the factor S, by using

o
”’/, fedriie S 27 N felpimaty ~ I gl < 128l (5:2)

Jel k=j
Then from the expression in (2.15) for S, we have
ISz S USOl-1p5e S (lglizz + lzllyr2 + DILg 2 S 1L5q 2. (5.3)
In the dispersive case a; = 0, we avoid the derivative by using expression (2.14)

IS@ 2 SISON-1r0e S Ulglzz + lzll-r2 + Dligliee S lgliege (a1 =0).
(5.4)

For the time decay estimates, we treat the dissipative and the dispersive cases separately.

5.1. Dissipative Lt2 estimate. Here we assume a; > 0. By Eq. (2.15) of ¢, we have
dllql?, = —2a1l|L%q|3 ., (5.5)
hence
lgllzerz + ILEql 212 S Ng )2 ~ 8. (5.6)
Since R;*L*™ = I and Ry" : L? — rL? by Lemma 3.1 and duality, we have
gl S ILql2 S ILEql 2 + I9l<ligll oa- (5.7)
Since the last term can be absorbed by (4.9) smallness of v, we get
lglx < llg/rll2 + 1Ll 2 < ILEq 2 (5.8)
So by using the bound (3.17) on R, we obtain
Izl 2x S gl 2x S 1E3qll2 S lg©llz2 ~ 6, (5.9
and also from (5.3),

ISl2.2 6. (5.10)
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5.2. Dissipative decay. Next we show the convergence g — 0ast — 0o, by comparing
it with the free evolution. For 7" > 0, let

g7 =g — =Dy, (5.11)
Then we have
gl —any" VT = (S —aV)g, ¢"(T)=0, (5.12)
where the potential V (¢, x) is given by

2m(1 —
yomdmv) m (5.13)

r 2 r
Multiplying the equation with g7, we get the energy identity

m—1

1 t
Sla" Iz +/ ar(llg/ 17 +1 q"|17,)dt
X T X X

r

t
= Re/ (—aVq+iSq | q")dt, (5.14)
T
and hence by Schwarz, and using estimate (5.3) to put S € LZZL)%,
||qT||Lj'§TL%ﬁLf>TX 5 HQ/r”Lzz>TL§ + ||SQ||LIZ>TL)1( + ”q”iiTLi
Sha/rle 2+ lalerlal e x =0 (T = 00). (5.15)

... . (m—1)
Hence ||q(2)]| ;2 can not converge to a positive number, since el=Taky q(T) - 0
ast — oo forall T > 0. Thus we obtain

lz®lx S Ng®llz = 0 (& — 00). (5.16)

5.3. Dispersive L,2 estimate. Next we consider the case a; = 0 (and ap # 0). We set
(with no loss of generality) a = i. Since the energy identity provides only L% bound
on g, we have to work with the Strichartz estimate in a perturbative way. Denoting
H?® := L’L**, the equation of ¢ is given by

qr +iH Qg =Ny + Ny, (5.17)

where

hS(O) _ hS(f) v

v w
Ny = —2am3r—23q, Ny :=iSq — 2amr—;q — amT3q, (5.18)

and S is given by (2.14). We have
IN1| S 1hs(s(0)/sO)Igl/r?, (5.19)
and so

INU 201 S s (s @) /sO) s ligl 2 50 (5.20)
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Using (5.4), we have
2
1Sall1z < ISzl 2 e S Nl (5.21)
The other terms in N are bounded in L! L2 by
2 2
1132, + 12/ 20l 2050 < 1907 (5.22)
Now we need the endpoint Strichartz estimate for H* with fixed scaling s:

Lemma 5.1. Let H® = L°L** = —A;m_l) +2mr2(1 - h3) and m > 1. Then we have

—iH5t
le™ ™ ol e anr2rge S lollr2
t 5.23
I I fhar| < 029
e f LPLINLALSY ~ f LIL2+L2L)>
—00

uniformly for any fixed s > 0.

This lemma will be proved in Sect. 10.2. Hence if |log(s(¢)/s(0))] <« 1 for all ¢,
then we have

lall i r2nizege S 1a@llgz ~ 6, (5.24)
and also from (5.4)

ISllz222 <6 (5.25)

5.4. Dispersive decay. Next we prove the following asymptotics of scattering type for
q and z:

. (m—1
—itA,

e )q(t) — dg, in L)zc, z—>0inLY (1 — 00). (5.26)

For the scattering of g, we further expand the equation

g — iy Vg = No+ N, (5.27)

where N, is as in (5.18), and

1—hs
4. (5.28)
"

No := —2am
Then the global Strichartz bound implies that
”NO”L,ZL%(T,oo) — 0, ”N2||L,1L_%(T,oo) — 0 (5.29)

as T — oo. By Strichartz (for A;m_l)) once again, we get the scattering of g.
For the vanishing of z, we use the inversion formula

2=R)g. g=Mg+r"mhly —vs2). (5.30)
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Since Ry, is bounded L)ZC — L, the latter two terms contribute at most with ||z|| . [|z/ 7
L2 < llzllLe, hence we may drop them. Also we may replace g by its asymptotic free

. it AT . . .
solution ¢*® := ¢’22 ¢,. Moreover we may approximate ¢, by nicer functions.

Hence we assume that g := F,,_1q+ € C3°(0, 00). Then we may further replace the
free solution with the stationary phase part:

g, 1) = Cpt ™ 14) /0 " T /20 g (0) pdp
= Cpt L4051 (20)) + R, (5.31)
where the error is bounded by Plancherel
IRI2 ~ 1L — e /4Nl 2 S 7 1r2gull 2 — 0. (5.32)

Now that spatially local vanishing is clear (eg. it follows from ||R;Mq(t)||,Loo <

lg>®(@)|lL> — 0), we may extract the leading term of pr for large x. We assume
that s(r) € L{° and supp ¢* C (0, b) for a fixed b € (0, 00). Then for r > b we have

()

(Rg)(r) = o(1) + / iy 80
= 0(1)+/b r'/r)"g(rdr’ asr — oo. (5.33)
Thus we are reduced to showing that
Gy = /br(p/r)m/\/l(t, p)t e/ @0y (p/1)dp — 0in L (5.34)

forany x € C§°(0, 00). By partial integration on (p/t)eip2/(4t), we have
PGy = (/1" M)y (o)1),
— [ [on = DM@)xo/0)/0+ M 011

+ M, (p)x (p/0)] p" e /@D dp. (5.35)

The right-hand side is bounded by r™ /¢, using |x (0/1)| < p/t for the first, second and
fourth terms, |x’(0/t)| < 1 for the third, and M, € L;X’L](dr) for the fourth term.
Thus we obtain [|z(¢)[|Lee — 0.

Thus we have obtained the following a priori estimates in this section

Proposition 5.2. Let m > 2 and u(t, x) = e"Ry(t, 1) be a solution of (1.1) on 0 <
t < T withi(0) € ,, and £(0)) < 4mm + 82 for some small 8 > 0. Let q, z, S be as
in Proposition 2.1, and let 1u(t) be given by Lemma 4.1.

(D Ifa; > 0, then we have
Izl e 0,7 300220, 730 %) S Nl 7:020n0020,7:%) S a2 ~ 8. (5.36)
Moreover, if T = oo then

lz®lx S lg®liz2 = 0 (& — o0). (5.37)
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D) Ifa; =0and s(t) = s(0) + O(6), then we have
Izll oo 0.7 )02 0.7 L5%) S g1l oo 0.7:22)nL20.7:L5°) SlgOllgz ~ 6.
(5.38)

Moreover, if T = oo and s(t) converges ast — oo, then

. oA (m—1)
lzO)llre = 0, llgt) —e 32 “gill2 =0, (1 —>00) (539

for some radial ¢ € L)z(. Agmil) is the (m — 1)-equivariant Laplacian, see (1.37).

Note that the decay of z is transferred to the remainder v by Lemma 4.1. By using
the above arguments and Lemma 4.1, it is easy to see that the solution is global unless
s(t) — 0O in finite time (for a detailed proof, see [11, Sect. 3]). The remaining sections
are therefore devoted to the analysis of the parameter dynamics, which is the most novel
part of this paper.

6. Parameter Evolution

It remains to control the asymptotic behavior of the parameter 1(¢) of the harmonic
map part of the solution. Its evolution is determined by differentiating the localized
orthogonality condition

0=20,(z|¢) =@ f)+@ £ | ¢°)+ (2] de"), (6.1)
and each term on the right is expanded by using

U = U — Z[M]t = —(aLZ%q)oe - h‘iljé"f,

s - ' S ) (6.2)
f, = —ihjaf — hiphlnl, 8,¢° = —-ro.¢".
S
Plugging this into the above and then dividing it by s2, we get
. . | .
fo=—WMaLjq | ¢") = (May | ¢") = @ | Cordy = ifuh)e”).  (63)
The last two terms are bounded by
izl (el + rdrelip), 6.4)
and so absorbed by the left-hand side since ||z||z> <8 < 1.
Since [v| = |Pk| < kY +|0| and hence
1] S lgl +|zl/r +hi/r, (6.5)
we get from (4.3),
M| S lgzl + 1212/ r + |zhi| /7. (6.6)

The leading (firstin the r.h.s) term in (6.3) can be estimated, using [Ma, L] = M,a,
as follows:

|MaLig | o) S s™ UMz + 1Mz g2
S s gllza +liz/rll2 + Dligll, g2 (6.7)
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Hence using that [|z]|z S llzllx < llgll2 S 6 <1, we get
Isitl 2 S la/rlz, S lall2pg- (6.8)
Then the last two terms of (6.3) are bounded in L} by
sl 22/ 7l 20 N lgl + r21ge Dy S g7z, - (6.9)
where we used (5.1). Thus we have obtained

Proposition 6.1. Let v, g, u, ¢ and M as in Proposition 5.2 and Lemma 4.1. Then pu(t)
satisfies

fo=—(MaL%q | oY) + error, (6.10)
where LY = —08, — 1/r + mv3/r, and
. 2
”s:u“”LtZ(O,T) S ||CI||L[2(0’T;L50)a ||err0r||L[1(0’T) 5 ”q”L,Z(O,T;LSO)' (6.11)

Thus our problem is reduced to the global behavior of the above term on the right,
which is linear in q.

7. Partial Integration for the Parameter Dynamics

Now we want to integrate in ¢ the right-hand side of (6.3), which is not bounded in L}.
The key idea is to employ the g Eq. (2.15), by identifying a factor of L;LZ%gq, through a
partial integration in space.

For the spatial integration, we first freeze the phase factor M. Since E[M] =0=—k

at r = 0, we have M(t,0) = €%, ie. £(t,0) = e/%(t, 0) for some real &@(¢). Then
D:#f(t,0) =ia’ ()f(z,0) —iS(t, O)f(z,0), and so

&) = S(t,0) +a' (1) 7.1)
We decompose

M=%+ M, (7.2)

and rewrite the leading term of (6.3) as follows. Letc = ||h ||222. Since Ly = LS +mvs/r
and L°h} = 0, we have

(MaL%q | ¢*) = ae'®(Liq | ¢*) + (MaL%q | ¢*)
= ae™ |(LEq | (p = ch)) + (mqis/r | e |
+(Magq | Lyp") + (Myaq | ¢*). (7.3)

The second term is bounded by ||gvr 3 ey S lla/rllz: llz/r? I 2, and the last two terms
are bounded by "

lg/rll 2 UM /rllz + IM/rlls), (7.4)
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where the last factor is further bounded by using that M=0atr =0,
IM/r e S IMe/rlle S lg/rllz + 112/ S gl (7.5)
We further rewrite the remaining (main) term. By the definition of ¢, we have
(@ —chy | h) =1—clh7, =0, (7.6)
and so we have
¢’ —ch} = LX*R;*((/)S —chy), (7.7)

where the operator R; was defined in (3.11). Let

V= Ri(¢ —ch) = ——r""" 4 001" (r - o0), (7.8)
m—1

where the asymptotic form easily follows from the fact that

V() = —c(hy (r)r)”! / nEdr > 1), (79

r

Then we have, by using Eq. (2.15) for ¢,

(—aL%ql(p — ch1)’) = (=aL’Liq | ¥*/s)
= (g —iSq | ¥*/s)+ (amq | Lyvsr 'y /s), (7.10)

and, using (3.9), the last term is bounded by
lgal +18/rDr 21y S (la/rllz +11z/r12)% S lgljg- (7.11)
Form > 2,¢ € Lgo, and so
1CSq 1 /)l S ISl 22Nl 2 < Slgll 2, (7.12)
either by (5.10) or (5.25). Thus we have obtained
it = e a1 9 /)11y < 8llall20- (7.13)
Integrating by parts in ¢, the leading term is rewritten as

¢ qr |0 )5) = 0 %q | Y [5) — i(sq + 55, 0)(e g | YY)
+§(%g | (rd, + DyY). (7.14)

The last term can be bounded in L,1 by using (6.8),
Isicll21Ga | o+ DYz S gl 2pgeli@ | o+ DYz (7.15)

Ifm =2orm > 3, then (rd, + ) € L', and so the above is further bounded by
llg ||i2 oo When m = 3, we need some extra effort to bound the last factor in L,2 — this
=2

is done in the next section.
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If m > 2, we have for the leading term

1E%q 1 /)] S gl ¥z < g, (7.16)

while for m = 2 this term can be infinite from the beginning. We will show in Sect. 9 that
the time difference [(¢!%g | ¥*/ 5)];, can be controlled for finite 7, but still may become
unbounded as + — oo for some initial data.

This also means that the second to last term of (7.14) is beyond our control when
m = 2, and so in this case we force it to vanish by making the assumptions ap = 0 and
vy = 0. For the other cases (m > 2), we should estimate S(z, 0), for which we use in
the Schrodinger case (a = i) that

_ <20 Lo, omo 2 2 s
§=-0+ - dr, Q—Elql +7w3—0(|ql +lz/r|"+qhy/r), (1.17)
r

since [w3| < |g|lv] and |[v| < ki + |z|]. Thus we get at each ¢, using (5.1),
ISlzee < gz +5 llgloe. (7.18)
Then the second term in (7.14) is bounded in L,l,
||Q||itngo||(q | /) Lo + (lsall 2 +llgll 2,001 (g | lﬂy)HLtz
S Igllp2r50 (8 + 1l | lﬂy)HLtz), (7.19)

where we used (6.8). If m > 3, then ¥ € L! and hence the last factor || (g | ¥¥) ”Ltz is
bounded by ||¢]| 1205 < §. Its estimate for m = 3 is deferred to the next section.
In the dissipative case a; > 0, we estimate simply by (2.15) at each ¢,

ISz < (lg/rllzz +lz/r? M2 + 103/ r2 1) Ligl 2. (7.20)
and hence the second term in L} is bounded by
gl 2 llgl 2 + Alsicll 2 + gl 2500 T2
S gl @+ 1 Y2, (7.21)

where we used (6.8) and (5.9).
Thus we have obtained all the necessary estimates to prove Theorem 1.1 whenm > 3.
In summary, we have

Proposition 7.1. Under the same assumptions as for Proposition 6.1, we have

v =3 (eqy* /s) — isi(e®q|y?) + (% q|(rd, + YY) +error,  (1.22)
where ||err0r||Lt1(0!T) < SH‘IHL%(O,T;LgO)' Moreover, if m = 2 orm > 3, then the second
to last term can be included in the error.

The proof of Theorem 1.1 for m = 3 will be complete once we show

1 1Y)z +1Gg | d, + DY S 6, (7.23)

which will be done in Sect. 8. This estimate together with the above proposition implies
the convergence of u(t) = 1(0) + O(5), closing all the estimates and the assumptions
in the previous sections. For Theorem 1.2, it remains to derive the asymptotic formula
(1.24) from the leading term (g | ¥*/s), and to show that all of the asymptotic behavior
(1)=(6) can be realized by the choice of the initial data #(0, x) — this is done in Sect. 9.
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8. Special Estimates for m=3

In this section we finish the proof of Theorem 1.1 by showing (7.23). It suffices to
estimate the leading term for r — oo:

=2 x ) [z S8, 8.1)

with y € C* satisfying x(r) = Oforr < 1 and x(r) = 1 for r > 2, since the rest
decays at slowest O(r—%) e L;, for which we can simply use g € L%Lgo. Once the
above is proved, we can conclude that

lellzge S 1O+ gl oo 2nr2 150 (8.2)

The boundedness of n and the scattering of ¢ imply that the “normal form” correction
(e'“q | ¥*/s) converges to zero, and so w(¢) is convergent as t — 00.

. . ) @)
To estimate (8.1), we use perturbation from the free evolution e®/42 "

g —anrPq = No+ Ny, (8.3)

where Ny and N; are as in (5.28) and (5.18), satisfying
No € r=2(r/s) " L?L>®, Ny e L!L%. (8.4)
For the contribution of N, as well as the initial data, we use the following estimate.

Lemma 8.1. For any | > 0, any a € C* with Rea > 0, and any functions g(r), f(r),
and F(t,r), we have

@)
(8 1 €22 Pl 20,00 S I8 l2se 1 f 112
8.5
il [ e sl oy < 1Pl F ®
8 e s)as ||L$(]R)N||r g||Lg°|| ”L,‘L%
—00

Proof. We start with the estimate for the free part. Let g = F;g and f = Fif. The
above Lt2 norm equals by Plancherel in space,

a2 o
1@ e Pl 20,000 ~ | /0 e G ()T 120 00y (8.6)
where we put
G(0) =g f(o?). 8.7)

If a; > 0, then (8.6) is bounded by Minkowski,
o0 oo |
< II/0 f“"”IG(G)IdGIIL;(O,o@) 5/0 e Nt G0/ D 20,0004

o0
< 1G22 0,00) /0 o e %o Gl 12 0,00)- (8.8)

If a; = 0, then a» # 0 and (8.6) is bounded by Plancherel in ¢,

(e8]
< / €717 G (@)l 2y ~ 1G22 0,000 (8.9)
0
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Thus in both cases we obtain

0 N -~ -
(g | e 20,000 S NGOz ®y S N8Nzl f N2 ~ &Nl fllz2. (8.10)

Then the first desired estimate follows from

o]

R o dr
[g(p)] S/() [J1Grp)llg(r)lrdr < ||r28||L;<>/O |Jl(r)|7 ~ ||r28||L;0, (8.11)

since |J;(r)| < min(r!, r=1/2) forr > 0.
By duality, the estimate on the Duhamel term is equivalent to

o N0
[ /O Ms + 0™ g()dsll o2 S P28l I 2, (8.12)

which is equivalent to

*° —AD
I /0 M08 g0t 1z S gl 42, (8.13)
which is dual to the first estimate. O
For the potential part No, we transfer the equation to R® by u = r~2¢ and consider
u —aAu = r2No. (8.14)
Then thanks to the decay of the potential, we have
r2No € LIL" (R®) ¢ L2 Hy, )P (RY), (8.15)

as long as s(¢) is away from 0 and oco. Then by the endpoint Strichartz or the energy

estimate on R®, the correspondmg Duhamel term is bounded in L2H3 175 (R%), and since
Vyr~ X(r) < r~>, we have r 4 R c H 1/S(IR(’) Thus to summarize, we
~ 5/4 3/2
have
I —2x | D2 S gz +ligll2 5 - (8.16)

Completion of the proof of Theorem 1.1. Let initial data #(0) be specified as in Theo-
rem 1.1. The existence of a unique local-in-time solution #(¢) in the given spaces can
be deduced by working in the (i, ¢) variables (using the bijection of Lemma 4.1) and
using estimates similar to those of Sects. 5 and 6. The details are carried out in the
Schrodinger case (@ = i) in [12], and carry over to the general case in a straightforward
way (in fact, there are well-established methods for energy-space local existence in the
dissipative case, starting with the pioneering work [19] on the heat-flow). It follows from
this local theory that the solution continues as long as w(¢) is bounded and ¢ is bounded
in L°L2 N L2LSC.

For m > 3, the estimates of the previous four sections give the boundedness of g
and p which ensure the solution is global, as well as the convergence of w(t). The
convergence to a harmonic map then follows from the estimates of Sect. 5. O
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9. Special Estimates for m=2,a > 0,v,=0

Let m = 2 and (with no further loss of generality) a = 1. By the bijective correspon-
dence U <> (i, q), itis clear that v, = 0is equivalent to xt, ¢ € R. It remains to control
the leading term for the parameter dynamics

(g 1 ¥*/s). 9.1)

In particular, we will show that this can diverge to 00, or oscillate between them for
certain initial data.
First by the asymptotics for r — oo, we have ¢ + cr1 S L2 where we denote

1 rb (r>a) 1 b r<b) rl (a<r<b) 9.2)
= r_, = o, = . 9.
“= 0 (r<a = 0 @(r=b =t 0  (otherwise)
Hence we may replace s~ by —Cr ! modulo 0(1)L°°
Next we want to replace g by the free solution ¢ := ¢! Ay q(0). For that we use the

following pointwise estimate to bound g — ¢go:

Lemma 9.1. Let Rea > 0 and | > 1. Then for any function g(r) satisfying |g(r)| <
(ry~, we have

16929 g(r)| < min(1, 1/r, r/1). 9.3)

Proof. Let a; = Rea. By using the explicit kernel we have

) —ar —2rqcos9+q
el =S [T [ i ¢ (q)qdbdq, ©04)
—TT
and the integral in @ can be rewritten by partial integration on ¢'? as
T r r2—2r cos 6 2
/ % sin e 6 (1) g dBdyg. 9.5)
—TT

The double integral for | — r| > r/2 is bounded by using the second form by
®rq *dlﬂ . ,alﬁ s —1/2 -1 .
t_2€ & min(q, 1)dg < re” % min(z 70 Smin(l, r/t, 1/r), (9.6)
0

and that for |¢ — r| < r/2 is bounded by using the first form by

L

and by the second form by < r2/t x1/r=r/t. O

demm(r Ddg <t Y2 /rHY? min(r, 1)

< min(1, 1/7), 9.7)
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The nonlinear part of g contributes as

_ L=,
(rlla—q"=- /0 (2 Tl 1 Vgt 9.8)

where the potential term is given by

V=M+ﬂw3=w+0(ﬁ3/r2)+0(q/r). 9.9)

I"2 r 1’2

The contribution from the last two parts is estimated with the 7 ~! bound from the above
lemma, thus bounded by

U153/ 2, +llg/rllz Dla/rlz, < la©];. (9.10)

We need to be more careful to estimate the other term ¢ (1 —£13)/ r2. First by Schwarz
and the pointwise estimate, we have

2

! m=0, _
/(e“AZ COrho 1 2q( = hy)ar’
0

t o0
<llg/rl3 / / min(s(rrl,r—l,r/(r—r’>)2<r/s(r’>>*“’”dr—rdr’, (9.11)
txJo Jo

where we also used that |1 — h3(r)| < (ry~2" 1t suffices to bound the last double
integral. Let t = 1 — t'. For 0 < 7 < s()2, the r integral is bounded by

T/s(t) 2d s(t) 1 d © 1d
/ ra +/ d +/ T <72+ log(s(1)2 /7)), (9.12)
0 T K

27 /s(t) S(l‘)27 () r2r

hence its T integral is bounded by

s()? 1
/ s()72(1 +log(s(t)?/7))dT = 1+/ |log0|d6 < oo. (9.13)
0 0

For s(t)? < 1, the r integral is bounded by

s@) 42 g 0y 25 dr s(1)?
/ —2—+/ 2( 4) 7 < (2) : (9.14)
0 T r s@y T m-r T

and its T integral is bounded by the square of

”S(t/)/":”L%(s(t)z,t) S s /Tl2myzn + 1@ = s =) /Tl25002.0)
1
S 1+/ ||S(t — 977)”L%(s(1)2,t)d9
0
1
S+ [ IslaeRas S 1. ©.15)
0

Thus we obtain
= la—aD S la/rlie (0s/r1e + 131z +D S lgOl2. ©.16)

namely we may replace ¢ by the free solution ¢ in the leading asymptotic term.
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Furthermore, we can freeze the scaling parameter because

sre = oy 1 gD Sl = ri) N2 llg® @l 2
< Ilogs1h2o(1) < o()(IllogsThl +1).  (9.17)

Thus we obtain
(1+o(1)[2logsT) = —c[(r;(O‘)< 1O +0(), (t— o0, (9.18)

where O (1) is convergent.
The leading term is further rewritten in the Fourier space by using that

o0

Filryg)10) = p~! / Ji(rydr
s(0)p

= p ' Jo(s(0)p) = p<1/5(0) +5(0)R(s(0)p), IRe L2  (9.19)

Let go := F14(0). By Plancherel we have [|g(0)[I.2 = [|goll 2 and

(= (s 1400y = (4 =™yl o) 1G0) + O(1)

= 0 180 + O

= Firy o | 2O) + O

NG
= 27[/ q(0,r)dr + 0(1). (9.20)
s(0)

Thus we obtain (using that ¢ = ||/ ||Z22 =n"2),

Ji
1+ 0(1))[logs]6 = %/ q0,r)dr+0(), (9.21)
5(0)

and the error term O (1) converges to a finite value as t — 0.

Completion of the proof of Theorem 1.2. As in the proof of Theorem 1.1, we now have
all the estimates to conclude the solution is global (in particular, u(#) remains finite
by the above formula and estimates), and the convergence to the harmonic map family
follows from the estimates of Sect. 5. It remains to consider the asymptotics of s().

Since ¢g(0) € L)% does not require floo lg(0,r)|dr < oo, it is easy to make up
q0) € L?, for any given s(0) € (0, 00), such that the first term on the right of (9.21)
attains arbitrarily given lim sup > liminf € [—o0, oo] as t — oo. In particular, all of
the asymptotic behaviors (1)-(6) in Theorem 1.2 can be realized by appropriate choices
of (¢(0), s(0)), for which Lemma 4.1 ensures existence of corresponding initial data
u(0) € %y.

Using that v; = 0, we can further rewrite the leading term in terms of v. Since
e = (v3, i, —vy), we have

- 21)1 201
g=w-e=vv3 — 03V, +— = —Fr + —, (9.22)
r r
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where B is defined by v = (cos 8, 0, sin 8). Hence we have

L2 [Yu0,r)
(1+0(1)[logsl, = ;/(0) ——dr +0(D), (9.23)

where O (1) converges ast — co. 0O

10. Proofs of the Key Linear Estimates

10.1. Uniform bound on the right inverse R,.

Proof of Lemma 3.1. Lets = 1 and omit it. It suffices to prove

||R<,0g”r9L°O 5 ”(p”r_"')L1 ”g“re*'lL('xJa

(10.1)
IRG fll—6-1100 S Nl@ll—ops Il fll—or1 -
From this we get by duality,
IRpgl 020 S N@lly-ops gl oeipts
. - (10.2)
1Ry fll—o-1p00 S Nl pr L fll-opt,
and the bilinear complex interpolation covers the intermediate cases.
It remains to prove (10.1). We rewrite the kernel of Ry,
h
Ry,g = // #(r//))x(r, r e (' g(rdr" dr (10.3)
1\r

where x (r) is defined by

1 ¢ <r" <r),
x(r, ', rh=3-1 (r <r" <r), (10.4)
0  (otherwise).

We decompose the double integral dyadically such that r ~ 27, " ~ 2K and r’ ~ 2/,
and let

Aj=2"Rygllpoo(rmniy.  Bj =2 VRSl oo pmniy

L (10.5)
o =20l L1~y 86 =270 R gl L1ty fe = 2% F L -
For R, we have
AJ S z 2—m|j‘—9j+m‘k|+9k—m|”—Ql(plgk. (106)
j—l1<k<I+1
[—1<k<j+l

The sums over k are bounded for j —1 < k </+1andfor/—1 <k < j+1 respectively
by

. . (—=m+6)j 1 o (m+9)l 1
—m|j|=0j—m|l|-0l max (2 , 1) max( .
2 2 Sl]ip 8k X Imax(Z(—m+9)l’ D maX(z(m+0)j, 1, (10.7)
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and since the exponential factors are bounded, after summation over [ we get

1Rygllop0 < D sup @i, (10.8)
k
l

as desired. For R(’; in (10.1), we have

~

B/ < Z 2m\j\+9j—m\k\—0k—m|l\—91¢l fk- (109)

k—1<j<i+l
I-1<j<k+1

Then the sums over k and / are bounded in both cases by

29T sup @ £ min(2™ =% 1) min(2~" =% | 1), (10.10)
k.l

and hence ||Rf;f||,_e—1Loo < sup; x ¢18k as desired.

Next we show the optimality. Letb € Z, and choose any g which s piecewise constant
on each dyadic interval (27, 2/ +1), suppg C [2b, o0),and g > 0. Then for0 < r < 2b
we have

Ryg(r) = h(r) / / ah(s)q(p(a)h(a)ag(s)dsda
2b 2b

j—1
2 h(r) D D 2 kg om0l > h(r) D i1, (10.11)
j=b k=b j=b

where we denote gx = [Igll,o-1700¢~0k) and @j = [l@|l,-611(~2j). Choosing a test
function ¥ € C§°(0, 0o) satisfying ¥ > 0, suppyy C (0, 2y and (h | ¥) = 1, we
see that ¢; € Ef/ (j > b) is necessary since we can choose arbitrary non-negative
gk € E,f(k > b). Similarly by choosing supp g C (0, 2] and supp ¢ C (2%, 00), we see
that ¢; € K?/ (j < b) is also necessary. O

10.2. Double endpoint Strichartz estimate. Lemma 5.1 holds for more general radial
potentials. We call

t
ro! / I £(5)ds Srfll,2 (10.12)
0 lex rx
the Kato estimate for the operator H, and
”“”L?<LS°) S ()2 + lliu: + HMHL,Z(L;) (10.13)

the double endpoint Strichartz estimate for H. Lemma 5.1 is a consequence of the
following.

Theorem 10.1. For anym > 0, the double endpoint Strichartz (10.13) holds for radially

symmetric u(t, x) = u(t, |x|) and H = Agn) = 8,2 +r719, —m%r2,
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Lemma 10.2. Suppose Hy and H = Hy + V are both self-adjoint on L*(R?) and
|x|2V(x) e L®(R?). Assume that the Kato estimate (10.12) holds for H, and that the
double endpoint Strichartz estimate (10.13) holds for Hy. Then we have the double end-
point Strichartz also for H. The same is true when we restrict all functions to radially
symmetric ones, if V is also symmetric.

Corollary 10.3. Letr V = V(|x|) € CI(RZ\{O}) be a radially-symmetric function with
Ix|2V € L®(R?), and suppose H = —A + V is self-adjoint on L*(R?). Let f(t,x) =
f(t, |x]) be radial. Then

(1) the Kato estimate (10.12) holds for H if and only if the double-endpoint esti-
mate (10.13) holds for H,
(2) both estimates hold provided

inf 2V(r) >0, inf —r2(rV(r)), > 0. (10.14)
r>0 r>0

Since our linearized operator H* satisfies (10.14), the above implies Lemma 5.1.

Proof of Corollary 10.3. The first statement follows directly from Theorem 10.1 and
Lemma 10.2. For the second statement: the methods of [4], adapted to the 2-dimen-
sional radial setting (detailed in [12]), imply that conditions (10.14) yield the resolvent
estimate (10.15), hence the Kato estimate, and the double endpoint estimate. O

Remark 1. While the double-endpoint estimate (10.13) always implies the Kato esti-
mate (10.12), the reverse implication does not hold in general. For example, consider
H = —A acting on 2D functions with zero angular average. The Kato estimate in this
case can be verified, for example, by using the methods of [4] to establish the resolvent
estimate

sup [|(H = 1)~ gll 21 < lloll 21, (10.15)
270

from which the Kato estimate follows by Plancherel in ¢ (see [12] for details). On the
other hand, if the double-endpoint estimate were to hold for zero-angular-average func-
tions, so would the endpoint homogeneous estimate. Since the latter is known to hold
for radial functions (see Tao [20]), it would therefore hold for all 2 D functions, which is
false (see Montgomery-Smith [16], also see [20]). Alternatively, a constructive counter-
example is given by placing delta functions of the same mass but opposite sign at (1, 0)
and (0, 1) in the plane.

Proof of Theorem 10.1. Following [15], we use the identity

dr a+3r
// F(s, t)dsdt = / / / ds/ dtF(s,t),
s<t R

for the decomposition, where C > 0 is some explicit positive constant. Define the
bilinear operators /; for j € Z by

2J+1 d
1i(f.g) = / ’ /R / ds / (955" £ (5)]g0))..

where f and g are radial (i.e. f(s) = f(|x|, s), etc.).
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The desired estimate follows from

DG DS I 2 gl 2

JEZ

5 oA (m) .
Using the 1/¢ decay for [le/%2 || 11 100, We can easily bound the supremum of the
summand. To get summability, we need decay both faster and slower than 1/¢. In fact

we have, for ¢ = ¢(|x]) radial,
wmzwwu<mLWmmu -m < pu<1/2. (10.16)

This follows easily from the explicit fundamental solution

@ ) =2 [T, () g pao

(¢ a constant) in terms of the Bessel function J,,, of the first kind, for which

sups“J,(s) <oo, —m<pu<1/2.
s>0

Next, when the decay is slower than 1/¢, namely if we choose © > 0 in (10.16),
then we get a non-endpoint Strichartz estimate using the Hardy-Littlewood-Sobolev
inequality in time:

. (m)
wée’mzfﬁwﬂhgﬁﬂfhy“w, (10.17)

forO0<a<1/2and1/p=1/2 —a/2.
Now the rest of the proof follows along the lines of Keel-Tao [14]. We will prove that

11 (£l S 2 PRNLN oy rallgl 210 (10.18)
for
—m<a=p<0 (10.19)
and for
0O<a, B<1)2. (10.20)

For the first exponents (10.19), we use the decay estimate (10.16) and the L% — L1~
duality at each (s, ¢). Then we get

24 g aﬂrnfmulummnna
s [ [ e [ e
R — 5]

2]+1
¢4y
/2 / 20N 2 am3ramrsn =) 18N L2 a1

2J+1 d
ro.
- 4/0‘_
S /2/, r 2 r”f”lelYt(73r<t7a<7r;L)lc‘_a)”g”Lg',(r<tfa<3r;L)|(’_'1)
< pja
VNS 2 gra gl 1o

where we used Holder for s, 1, a.
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For the second exponents (10.20), we use the non-endpoint Strichartz (10.17) for
both integrals in s and #, after applying the Schwartz inequality in x. Then we get

2/ dr da
. < = -
(9l S /2 ” /]R =1 sramrs 18 ararare

2j+1 d
r da .
5/ —/ _21(a+ﬂ)/2||f||L2(a—3ra—r-Ll,fﬂ)IIglle(aHa”r.Ll,,a),
27 r JrR r z 3 L) 2 : !

J

and the rest is the same as above, where 1/p’ = 1/2+a/2 and 1/q" = 1/2+ /2. Thus
we get (10.18) both for (10.19) and (10.20). By bilinear complex interpolation (cf. [3]),
we can extend the region (o, ) to the convex hull:

1 1 1
o> ml(ﬂ——), B > ml(a——), o, B < —. (10.21)
m+§ 2 m+§ 2 2

The only property we need is that this set includes a neighborhood of (0, 0), where we
are looking for the summability.
Now we use bilinear interpolation (see [3, Exercise 3.13.5(b)] and [17])

T:XixX;—> Yy (A, j,i+je{0,1}
- T:X(‘)l,rl XX@z,rz - Y91+92,r0 1/1‘():1/}"1+1/F2,

where Xy , := (X0, X1)g,, denotes the real interpolation space.
The above bound (10.18) can be written as

N ez S WSl 2 a8l 20
where £, denotes the weighted space over Z:
lalleg = 127a; ¢z
Hence the bilinear interpolation implies that
HCfs @) oo S AN 2=l 2 1ms (10.22)

for all (e, B) in (10.21), where

q o ks 14
Il ps = D 12501 iy
keZ

and we used the interpolation property of weighted spaces (cf. [3]):

(€%, Ehe)o.q = €0 =0*0P o £ B,
(Lp,a’Lp,ﬁ)eq — Lg,(l—é’)o&é’ﬁ7 a # B.

By choosing « = 8 = 0in (10.22), we get the desired result. O
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Proof of Lemma 10.2. By time translation, we can replace the interval of integration
in (10.12) and (10.13) by (—o0, t). Then by taking the dual, we can also replace it by
(t, 00). Adding those two, we can replace it by R. Then the standard 77* argument
implies that

i Hot

i H
lle' I‘P”Ltz([}rl) Slellzz, e ¢||L,2(L§°) S lelle.

Now let
[ .
u =/ I £(5)ds.
—0o0

Then the Duhamel formula for the equation
iuy+ Hu=f—Vu

implies that
[ .
U= / &I (f Vi) (s)ds.
—00

Applying (10.12) for H and (10.13) for Hy, and using L>! L;, we get

||u||L[2(L§°) NV V“HL%(L%)

S 2y + 172V Iz lul 2z S 1F Iz, (10.23)
Then by duality we also get
lall 22y S 1 N2
Feeding this back into (10.23), we get

||u||L[2(LgO) N ||f||L,2(L%)~

The estimate on e/ ¢ is simpler, or can be derived from the above by the 7 T* argument.

O
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Appendix A. Landau-Lifshitz Maps from S?
The same stability problem on S?, instead of R2, is much easier in the dissipative case,

because the eigenfunctions get additional decay from the curved metric on S2. Indeed
we have convergence for all m > 1:
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Theorem A.1. Let m > 2, a € C and Rea > 0. Then there exists § > 0 such that
for any u(0,x) € %, with £@u(0)) < 4mm + 82, we have a unique global solution
i € C([0, 00); ) satisfying Vii € Ltz’loc([O, 00); LY). Moreover, for some (1o € C
we have

lii(0) = " R RlpoolllLge + EG@W) — " Fhlpoc)) = 0 (1 = 00).  (AD)
Our proof does not give a uniform bound on § if m = 1, but we have

Theorem A.2. Letm =1, a € C, Rea > 0 and o € C. Then there exists § > 0 such
that for any ii(0, x) € Xy with £ (0) — h[uo]) < 82, we have a unique global solution
i € C([0, 00); X1) satisfying Vu € Ltz’loc([O, 00); LY). Moreover, for some [ € C
we have

i (2) — "Rl ool e + i) — " Rhpol) = 0 (t — 00).  (A2)

The proof is essentially a small subset of that in the R? case, so we just indicate
necessary modifications.

Outline of Proof. By the stereographic projection, we can translate the problem to R?
with the metric g(x)dxz, where g(x) = (1 + r? /4) ~2.The harmonic maps are the same,
while the evolution equation is changed to

g =iSq—alig~'Liq, S= [ g \(q+™weialiqd (A3)
' q v8 349> g (g P taLzqdr. .

o0

In this setting we can use the “standard" orthogonality to decide u:
0=(z|gh)), (A4)
since ghy € (r)~'L'. The energy identity
orllgls, = —2a1(s™ ' Liq | Liq) (AS)
implies the a priori bound on ¢:
lgll o2 + 18~ "2 L3gl 212 S Mg @)l 2 ~ 6. (A.6)
Since g~!/2 = r, we get (by using g = R$*L**q as on R?),
lgllz2 S IrL3qlle S lle™"?Liglp2 € L7 (A7)
Then by the orthogonality (A.4) we have z = R;SLSZ with
s o= sg(rs)h/(ghy | b)), (A8)
and so
l2/rllzz S IL 2l 2 bl (A.9)
Since

min(1l,s72)  (m > 2)

min(s~ L, s m=1)" (A-10)

/Oog(rs) min(r, 1/r)"rdr ~ [
0
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we have

(m >2)
max(s~ ', 1) (m=1)"

Ipsllyy ~ (A1)

Anyway, if 8 is small enough (depending on s), we get by the same argument as on R?,
lzlix S lgllp2 € Lf N L. (A.12)
Differentiating the orthogonality, we get

. ~ ~ fy .. .
f(hy | gh}) = —(MaLiq | h}) — (gz | (;Var +ifah3)hY)

—(M, + =2 Myag | 1)

—(gz | {%(rar +m) +ipa(hy — Dihy), (A.13)
where on the second equality we used that L*4} = 0 and (gz | #}) = 0. Using that
|(rdy + m)h1] +|(h3 = Dhi| S minG™ = r 72" S )7 (A4
we can bound the last term in (A.13) by

el llzll Lge min(s?, 1), (A.15)

which is much smaller than the term on the left. The second to last term in (A.13) is
bounded at each ¢ by

lgl72 1A lzee < lgll7- (A.16)

If m > 1, we can improve this for s < 1 as follows. By the same argument as on R?, we
have

lglleg, S IL3ala < e~ Ligll e, (A.17)

where we need m > 1 for the boundedness of Rfm : rzLé — rL3” and RJ* : rLé —
L5°. Then we can replace the above estimate in the region r < 1 by

lglgeac2 103l Ls vree S g7 minGs?, 1. (A.18)
Thus we obtain

, 52 (m = 2)
Il S {C(S)Sz m=1)" (A.19)

and hence if § > 0 is small enough, we get the desired convergence as on R%. 0O

Remark 2. Tt is a natural question whether one can prove a weaker asymptotic stability
as in Theorem A.2 also on R?. It is impossible in the energy space, at least in the heat
flow case (a > 0), because of the presence of blow-up solutions arbitrarily close to the
ground state, together with the scaling invariance of the energy space. It is however quite
likely that the stability holds for sufficiently localized initial perturbation. This requires
weighted estimates on the linearized evolution, which will be pursued in a forthcoming

paper.
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