THE EXACT :-VARIATION OF A PROCESS ARISING
FROM BROWNIAN MOTION

L. C. G. ROGERS! AND J. B. WALSH?

1. Introduction.

Let (Bt)i>0 be a Brownian motion on R, By = 0, and define

t T
At.) = [ Tpiendu= [ Lit.y)dy,

where {L(t,x) : t > 0,z € R} is the jointly continuous local time of
B. The continuous adapted process A(t, B;) arose naturally in earlier
work on the Brownian excursion filtration (see Rogers & Walsh [6], and
particularly [7]), where it was important to know about the existence
of a local time for A(t, B;). This would be a consequence of general
results (Meyer [4], Yor [9]) if it were a semimartingale, but it is not;
Rogers & Walsh [8] prove that the p-variation of

X, = A(t, B,) — /Ot L(s, B) dB, (1.1)

is infinite if p < ¢, and is zero for p > £. Defining for p,t > 0

[nt]
Vo) = 1X(j/n) = X((G = D/n)I?,
j=1
the sole aim of this paper is to prove the following result.

Theorem 1.1. For each t > 0, Vlf}g(t) converges in probability and in
L?, the convergence is uniform for t in bounded sets, and the limit is
given by

t 2
lim V77, () = 7 /O L(s, Bs)} ds, (1.2)

V= %F(g) E (/_O;L(l,z)z, dz)%].
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where




The proof we present is long, though none of the steps is par-
ticularly difficult. We have to estimate the pth moment of Vjj,(t) —

v Jy L(s, B,)3 ds. If the random variables were Gaussian, this would be
relatively easy, thanks to an elegant lemma of Kolmogorov (Lemma 1.3
below). However, they are not. In order to apply Kolmogorov’s Lemma
we approximate the increments by stochastic integrals and then notice
that if we condition on the proper o-field, these approximations are
Gaussian. This requires a rather careful decomposition of the incre-
ments. To guide the reader, here is an outline of it. For brevity, we
write h = % throughout, and frequently suppress the dependence on n
in the notation. We develop the increment

Ath = X5+h — Xs

Bgin s+h s+h
_ /B L(s,y) dy + / Iipo<p,.,y du— / L(u, B,) dB.
Bs+h 8+h h
= /; L(S> y) dy - / L(S, Bu) dBu + (/0 [{Bs+u—BSSBS+h—BS} du
s+h
- [t - 2.5 an, )
s+h

Bs h A~
— [ s dy~ [ L(s, Ba) dBu+ K, (13)
Bs s

where X is defined exactly as X, but in terms of the process B, =
By s — Bs (which is independent of (B,).<s). Now, as we shall see, the
essential part of A, X, is the first two terms in (1.3); and if we write
f(z) = L(s,x + B;) we can rewrite these two terms as

[ty [ 18, a8,

which, by a formal application of 1t&’s formula, is equal to
h ~ 0 ~
[ FBYdu=1 [ FwLiny)dy,

where L(t,z) = L(s + t,x + B,) — L(s,x + B,) is the local time of
B. This is only formal, since f is not differentiable. Nonetheless,
(L(S,y))yer is a semimartingale in the excursion filtration (see Perkins
[5], Jeulin [2], p. 261) and can be used for stochastic integration.
An integration by parts leads us to interpret this expression as the
stochastic integral +>°_1L(h,y — B,) L(s,dy). We must be careful,
though; this integral does not exist as an Ito integral. Even though
the function g(y) = ﬁ(h, y) is independent of the excursion filtration of
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(Bu)u<s, the integrand f)(h, y— Bs) will not be adapted for y < By, even
if we augment the excursion filtration with the independent process g.
We shall see that we must interpret it as a “split integral”, and that
the correct formulation of this argument leads to

A

B h . N 00
/ " L(s,y + By)dy — / L(s, Bu + B)) dB, = ]l Lh,y — B))L(s,dy),
0 0 —00

where  denotes the integral split at By, running forward up from B,
to oo, and backward down from B, to —oo; this will be made precise
in §2.

For a subsequent stage of the argument, it turns out to be es-
sential to approximate increments of X by (conditionally) Gaussian
variables. The semimartingale decomposition of (L(s,x)).er shows us
what to expect.

Theorem 1.2 (Perkins [5]). Let (€7).cr be the excursion filtration of
(Bu)o<u<s- Then the process

xT

M, = L(s,z) — / a(y)dy (1.4)

— 00

is a continuous (E2)-martingale with quadratic-variation process

4/ L(s,y) dy.
Here,
a(y) = Iy>py [2f{y<0} + 21 y<B.}

41> B, L(s,y) + 2y~

L(S> y) + 2y— S — A(Sa y)
with By = sup{B, : u < s}, B, =inf{B, : u < s}.

In view of this, we may write

/OO ﬁ(h, x—DBy) L(s,dx) = /OO ﬁ(h, x—DBsy) <2\/L(s, x) W, (dz) + afx) dx)

S

and since the support of f)(h, -) is small, the stochastic integral with
respect to W turns out to be approximately

2./L(s, By) /;O L(h,x — B,)W. (dz), (1.6)

which is Gaussian, conditional on the o-field

As = U(BSv L(s, Bs), (Bsyu — Bs)uzo) .
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The sense in which the increment Ay, X may be approximated by (1.6)
and the analogous integral over (—oo, By) is explained and proved in

§3.

The strategy for proving the theorem is to show that for any ¢ >
0, and T" > 0, there exists 6 > 0 and N € Nsuch thatif 0 < s <t <T,
andn > N, and t — s < 9, then

i

From this, |[VI(t) — 7 [y L(u,B,)3 dul|; < et, and the theorem will
3

follow. To estimate the L? norms appearing in (1.7), we have to know
about the covariance of |A,X,|3 and |A,X,|3. It is hard to get hold of
this for general random variables, but here we use the following result
of Kolmogorov, which we learned from J. Bretagnolle. Let p(X,Y) =
cov (X,Y)/(var (X )var (Y))% be the correlation coefficient of X,Y €
L2

3

V() — %"(s)—vfstL(u,Bu)%du’L§5|t—s|. (1.7)

Lemma 1.3 (Kolmogorov). Let (X,Y') have a bivariate Gaussian dis-
tribution, and suppose that v, : R — R are such that ¢(X),(Y) €
L?. Then

p(p(X), (V)] < |p(X, Y)]. (1.8)
Moreover, if E{o(X)(X — E{X})} =0, then
|p(p(X), v (V)] < p(X,Y)% (1.9)

A proof of this pretty result appears in an appendix. It will allow
us to estimate the correlation of (the conditionally Gaussian approx-
imations to) A, X and A, X;. This final part of the proof occupies
84.

To conclude the introduction, we record a few simple results
which we shall use repeatedly. Firstly, for p > 1, and positive a and b,

[P —aP| < plb—a| (PP vVar™), (1.10)
Vb —a| < \JIb—al,

and secondly for any p > 0, there exists ¢, such that for all z € R, and
t >0,

|L(t, @) = L(t, 0}, < cy(|a] A 22 + (220)%). (1.11)



5

The inequalities in (1.10) are elementary, and (1.11) is proved in Rogers
and Walsh [6]. From (1.11), it follows easily that for z,y € R, ¢t > 0

1
IL(t,2) = Lt ), < ol =yl A2 + (2 = 9)?1)%).

(1.12)
Finally, let us note that the processes { B;, t > 0} and {cB; .2, t >

0} have the same distribution, since they are both standard Brownian
motions. Since A and L are both functions of the Brownian motion, we
can compute them for both of these Brownian motions and compare to
get the following scaling lemma, which we shall use repeatedly below.

Lemma 1.4. The vector-valued processes {(By, A(t,x), L(t,z)), t >
0, z € R} and {(cByje2, FA(t/c? x/c), cL(t/c* x/c)), t >0, x € R}
have the same distribution.

2. Integral representation of increments of X

Recall the decomposition (1.3) of the increment A, X, = X1 p, —

X,:
Bs+h s+h A
ApX, :/ L(s,y) dy —/ L(s, B,) dBy + X,
Bs s
so that
N ) Bsyn s+h
A= Ko =i | [ o sy~ [ n Ls )B4, ,
: . s (241)

where o, (1) = e 1p(z/¢€) for some C* function ¢ which is non-negative,
supported in [—1,1], and satisfies [@(z)dz = 1. The convergence of
the first integral is almost sure. The second converges in L?, as we see
using (1.12). Hence by Itd’s formula

N s+h
AvX, = Xy =limy [ (v Lis, ) (B du

=limg [ L(hy = B)(e L(s,)) (v)dy

—tim: [ L(hy— B, (/_o:o o.(y — ) L(s, ) d:c) dy .

Elo —00

By splitting the z-integral at By, we get two terms, one of which is

oo L

by =B ([T Aol )a. 22)

—00

Now abbreviate

9(y) = L(h,y)
and notice that ¢ is independent of {B,, : u < s}, so we may condition

on {B, :u >0} = {Byis — B, : u> 0} and treat g as a deterministic
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function. As we recalled in Theorem 1.2, L(s,x) is a semimartingale
in the filtration (£2),er (if 7°(¢t, 2) = inf{u < s: A(u,z) > t} A's, then
E? is the o-field generated by (B(7°(t,x)))i>0—see Perkins [5], Jeulin
[2]). Thus we may integrate by parts in (2.2) to give

%/OO 9(y — By) (%(y — B,)L(s, Bs) + /: ee(y — ) L(s, dfﬁ)) dy

= %L(Sv Bs) /OO (ps(y - Bs)g(y - Bs) dy (23>

+1 / (/ 9(y — Bs)p:(y —x)dy)L(s,dx).

The interchange of orders of integration is achieved by taking Riemann-
sum approximations in (2.2) — which will be finite sums since g and
. are of compact support — then interchanging sum and integral and
finally letting the mesh go to zero, so that the integrands converge
almost surely uniformly to [ g(y — Bs)p:(y — x) dy, again by compact
support. The representation (1.4)—(1.5) ensures the conclusion. Finally
we let € | 0 in (2.3) to get

LL(s, By) g(0) + /B “ g(x — By) L(s, dx). (2.4)

The term coming from the z-integral over (—oo, By) is handled simi-
larly, except that now we work in the filtration (€?),cg, where we define
&S to be the o-field generated by (B(7°(t, —x)))i>0, With

7t z) =inf{u:u— A(u,z) >t} As.

Thus (£2) is simply the filtration (£7) for the Brownian motion —B.
If we write L(s,z) = L(s,—x), then L(s,x) is a semimartingale in the
filtration (£7), and

N ( =)L) )
/ {—%(y — B,)L(s, B;) — /_O; Py + ) L(s, dx)} dy
— —1L(s, By) g(0) — 2/_02 g(—z — By) L(s, dx)
as & | 0. Combining with (2.4), we have then that
ApX, - X, = %/Biog(:c — By)L(s,dx) — /_O; 9(=x — B,)L(s, dx)

- %][C’O g(z — By)L(s, dx) (2.5)

—00

as a piece of shorthand notation.
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The aim now is to express (2.5) in terms of the semimartingale
decomposition of L. From Theorem 1.1, we have that

A@EM&@—/ a(y) dy
M, = Lis,2)— [ aly)dy
are martingales in the filtrations (£2), (£2) respectively, where ¢ is

defined exactly as «, but in terms of —B:

a(y) =I5, [21{y<0} + 2l <5,

4[{y>—B } L(5> _y) + 2y~
Iy<-pyL(s,— ~ -

We shall suppose that the probability space is enlarged if need
be, and the filtrations (E2),cr, respectively (£2).cr, are enlarged so
that there exist an (£%)-Brownian motion 8} and an (£2)-Brownian
motion [, which are independent of B and of each other. This is not
essential, but simplifies the statements of results.

Proposition 2.1. There is an (E2)-Brownian motion W independent

of
As =0 ({Bs, L(8, Bs), (Bs4u — Bs)u>0}) such that

VBg VBs
Lis,yV By) = L(s,B) =2 [ JL(s.2) awr + [ a(x)de.
B B
: : (2.6)

Similarly, there is an (£2)-Brownian motion W~ independent of A,
such that

L(s,(=Bs) Vy) — = 2/ (s :B) aw,’ +/( Y (a:) dx.

Moreover, W+ and W~ are independent.

Proof. We begin by defining
AW, = Ipe<py dBF + (2y/ L(s,2)) " [p,cocpy dMo + Ipps,y A5

AW, = Ip<p,y dB; + (2 L(s,—2)) ' [1_p, <oy M, + o>y dB;
Wi =W; =0.

It is clear that W (respectively, W) is a Brownian motion in (€?)

(respectively, (£2)), and that (2.6), (2.7) hold by construction. To

xT
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prove the independence properties, take fi, f- € C, £ € bA,, and
compute

E{exp (Zf/ﬁr(l") dW;WLif/f‘(x) dW{)}

- sfn i vz sie [ g S [ ).

since 3~ is independent of 8T and B;

—E {exp (——2 /B " f () de + i / i fi (@) W
yig / ) dW: — 522 a (a;)2dx> } ,

by conditioning on £ Vo (37), since [°5 f_(x) dW is measurable on
this o-field and W7 is a Brownian motion in the filtration (53\/0(/6‘));

o frraalp e &)}

since $7 is independent of B, 37;

- E{exp <—%2/f+(x)2 dz — %z/f_(x)%x)},

by conditioning on £° B, 2 As. This proves that W are independent
Brownian motions, independent of A,. B3

In view of this, then, we can re-express (2.5) as

AXo=Xn = f glo=B)L(s,) dWar k] glo-B.) a(a) da,

(2.8)
where the two split integrals are defined by
][oo gz — B/ L(s, x) dW,
= /oog(:c — B,)\/L(s,x)dW — /OO g(—x — By)\/L(s, —x) dW
: —Bs (2.9)

and

][_O;g(x — By) a(z)dx = /OSO g(z — Bs) a(x) dx — /_O; g(—x — B,) é(x (% d]:fg)
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Note that the splitting point of the split integral depends on the
value of B;. We suppress this from the notation since in most cases
the splitting point will be clear from the context.

Let f(z) = g(x — Bs)y/L(s, ) and apply Burkholder’s inequality
to each stochastic integral in (2.9) to see that the LP norm of the split
integral in (2.8) satisfies

|£r0

1/2

<6, / fly+ B.)*dy

p/2 (2.11)

3. The main estimates

We now take 0 < s < t < 1 and estimate A, X, and A, X; in
turn. We decompose A, X (using (2.8), (2.9)) as

ApX, ][ L(s, By) dW, (3.1)
+][ g(x — By) <\/L(s, x) — \/L(S, Bs)) aw.
+ ][ (z)dz + X,

E[1—|—12+13+Xh,
say. Firstly we take I5. By (2.11)

1
o8] 2
2l < Gy || | 9(y)*|L(s, Bs +y) — L(s, B)| dy

b2 (3.2)

Write the norm in terms of expectations and use Holder’s inequality
with p/2 and p/(p — 2); this is

<0, (B{ [ ottt B v) 2o, By ([ aterar) )

change order and use the fact that g is independent of L(s,-):

<o, ( [ {1t - 26.0p7) B ot ([ swrae) " )

now use (1.11) on the first expectation and the Schwartz inequality on
the second:

1/p

<G, (/Ooo(y A5 +y2si)P2E {g(y)“}% (E { </0009(93)2df)p_2}>% dy) :



10

using (1.11) on the first term. Now recall that g(y) = L(h,y) 2

VhL(1,y/vh) so that
E{g)'} = E{L(1,y/Vh)'}
<wP{H, 5 <1} E{L(1,0)},
where H, = inf{u: B, = z}

< ch*®(y/V'h)

where ® is the tail of the standard normal distribution. Moreover,

B ([ atwran)p = ([ b))
=g ([T i gra) ]

< Ch3r=2)/2

since by the results of Barlow and Yor [1], L*(1) € N, L”, where L*(s) =
sup, L(s,y). Thus

2 - 11 = 11 1/p
Il < Gt ([ vE + st VI ay)
<O (3.3)

since s is bounded.
Next we estimate I3, a more delicate task. Write it as the sum

of two integrals, [5° + f_ﬁoo = I + I;, say. By symmetry we only have
to treat the first one. By (1.5) we have

> L(s,y) + 2y~
21f = [ty B) (2 + Iz Do) ZELEH ) gy,

S — A(87 y)
The integral [g(y — Bs)Iy<oy dy is at most h, so that will cause no
trouble. What remains is the sum of two terms,

If we make the replacements B, — —Bs_u + B, in the first term and
B, — —B, in the second, we see that they are equal in distribution to

Ji = /Bo‘g(y)L(s,yVA(iyy) :
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and

2yL(s,y)
A(s,y)

respectively. Now by Jensen’s inequality for p > 1

L(s,y)*|"
A(s,y)

For y € (B,,0), L(s,y)*/A(s,y) 2 L(s — H,,0)?/A(s — H,,0), and, by
scaling, L(t,0)2/ A(t,0) £ L(1,0)2/A(1,0). Thus we have the estimate

Bs
Jy = ]{Bs>0}/0 g(y — Bs) dy

Al <= [ ot 34

E{|1P} < WE{L(1,0)%/A(1,0)"} = kP, (3.5)

say, and according to Karatzas and Shreve [3] who compute the joint
distribution of (B, L(t,0), A(t,0)),

P{L(1,0) € db, A(1,0) € ds} = ﬁ exp(—b®/2s(1—5s)) dbds,
hence
Yp :/ db/ dsb2p 0 s))3 exp(—b*/25(1 — 5))

= dv [ ds(2v(l —s o
["aw [ as2o - 5) e
:F(p+1)2p/01 ds(1—s)P/y/s(1 —s)

< Q.
To summarize, then,
[A1llp < Cph. (3.6)

The estimation of J; proceeds along similar lines: for p > 1

[ 2yL(s,y)["
P < pp-l _ . )
R < w7 [T oty = B) S yenydys ()
—y?/2(s—u) p
Als,y) \/27‘(‘ s —u)? s —u+ A(u,0)

;Bu>0} du .
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Using once again the result of Karatzas and Shreve,
L(u,0)

p
E{ s —u+ A(u,0) ;B“>0}
b

0 u 2
:/ db/ de1 exp <—b— Y )
0 0 m(v3(u —v))2 2v(u—v)) [s—u+wv

~C, / " Qo2 (g — ) P2 0E/2 (g oy )
0

P

1
—C / dt uP/24®P=D/2(1 — p\+1)/2(¢ _ +out)P
[ e = s —

Now using the fact that g(y — B,) = L(h,y — By) < L*(h) 2 VhL*(1),
we deduce that

p

1 [0 L(s,y)
Pl < p—2 p
By < e [Twe{| G0

,y<Bs} dy

2/2(s—u)

_Chpz/ ypd/ el T
1/27rs—u

/ At Bt (1 — )5 (s — u + ut) P
:Cphp_%/ du(s—u)T/ dtuEtTl(s—u+ut)_p
0 0

) 1,1
:cphp—aﬁ// dwdt (1 — w) T Wt (1 — )5 (1 — w + wt) ™"

w)wt 11 pt1
—C'hp2 //d dt | ————| (1 — 2t72(1 —t
Vi [ [l dwar | L -yt - o
:C’php‘2\/§.
Hence we have
|-T2ll, < Cph%. (3.8)

Assembling the bounds on J; and .J5, we see that for small h,
|, < Cyhs.

Finally, we estimate

R h hooo.
X:/IAAd—/L,BudBu.
n= ) sy du— | Llu Bu)
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The first term is at most h. For the second, taking p > 2 we see that

E{ ,,} < CpE{‘/OhL(u,Bu)wup/z}

h

< WIOLE { / L(u, B,) du}
0

<,

h A «
/ L(u, By) dB.
0

so that

1Xullp < Cph.

In short, then, for every p > 1
1ALX, — L|, < CohF. (3.9)

This completes the analysis of A, X,; we now analyse the joint
behavior of the two increments. Let ¢ > s and let us consider ApX;.
The arguments for the decomposition of this increment are broadly
similar to the foregoing, but with one refinement which will be needed
at a later stage; we cut (0,t] into (0,s] U (s,s + h] U (s + h,t], so
that the contribution from the last interval will be independent of the
contribution from the first. If we simply cut (0, ¢] into (0, s]U (s, ], this
will not be true.

To begin, then, from (1.3)

Biin t+h -

where X is defined exactly as X, (see (1.1)) but in terms of the Brow-
nian motion B, = By, — B;. We split the first two terms as

[/BM L(s,y) dy — /;Jrh L(s, B) dBu]

By

By

T s+ hyy) = Lissy)) dy— [ (L(s + by Ba) — L(s, B.)) dB,
J I |

Biin t+h
v l /B T L)~ s+ hy))dy - /t (L(t, By) — L(s + h, By)) dBu]

= Ko, + K540 + Ksnyg »
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say. Taking the terms one by one, the analysis of Ko, is very similar
to the analysis of A, X;. Following the steps (2.2)—(2.5) we see

t+h
Koo =lim3 [ (6% L(s, ) (B.) du

=lim3 | L(h,y — By)(¢. * L(s,-)) (y) dy

—tim [~ gly—B) ([ deolly—a)L(s.a)} dy.
where §(z) = L(h, x—B+B,) = L(t—s+h, )—L(t—s, ) is measurable
with respect to o({B, : u > 0}) and therefore is independent of {B, :

u < s}. The analysis of A, X in (2.1)—(2.5) goes through mutatis
mutandis to give the analogue of (2.5):

K(O,s] = %/_ §($ - BS)L(S,dZL') :
We apply Proposition 2.1 again to obtain the analogue of (2.8):
K(O,S] = ][ g(l’ - BS) Y L(Sa SL’) dWs + %][ Q(SL’ - Bs)agc dx

EK1+K2

(3.10)

say, where the second split integral is defined by

][wg(x—Bs)awdx:/oog(:c—Bs)ozmd:c—%/oo §(—z — By) dp dr.
s —Bs

—00

Recall that g has its support in a small neighborhood of 0, so that we
can (almost) factor out the square root from K;. In fact

Ki=\JL(s. B)§_gla— BJ)aw,
= Vi, B) = 1B - gta— By,

- 8 (VEG.2) G B) ) v,
T (3.11)

We will see that M; and M, are small. Now

F aw—B)aw,

—00

81l < ||/ZGs, B) = IG5, B

2p 2p
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and by (1.10)

\/L(Sa Bt) - \/L(Sa Bs)

1
<Ll B~ Lis B
P

= (E{|L(s, Z) = L(s,0)")""* ,
where Z ~ N(0,t — s) is independent of B; let p.(-) be the N(0,¢) density:

<G ([ree el Vs +opiyan)

using the estimate (1.11). This is

1

=G, ([ @) (lVE=sI AV + (= ) a?)t) de) ™

< Gyt —5)3
for all 0 < s <t < 1. Next we estimate

|[ate-Byaw| <c, (]

<c,

o0 3
/ Gz — By)?dx

Bs p/2

Bs
+ H/ §(z — By)*ds

1
2
p/Q)

1
Lh,y)?dy |

oo p/2
< Cyhi,
since L(t,z) = cL(t/c? z/c) by Lemma 1.4. Thus
1Myl < Cylt = s[5h% . (3.12)

The second term on the right of (3.11), M, is handled exactly
as was I : following (3.2)—(3.3) for p > 2, we get

o

H/ V2 |L(s,z) — L(s, By)| dx :

p/2

< C,A7E. (3.13)

We combine (3.12) and (3.13) into the estimate

T

=6 |t — s|hi + hF
(= )(314)
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Next we turn to K. This term is analogous to I3, and we can follow
that analysis. We break it into the sum of two similar integrals, K +
K5, and consider K, which satisfies (see (3.4))

L(s,y)(L(s,y) +2y~) J
s—[Y L(s,v)dv

As with the estimation of I3, the integral involving I(,<) is at most h,
so causes no trouble. What remains is the sum of two terms, the first
equal in distribution to

hi= [ it 5.

the second equal in distribution to

~ Bs .
Jg = [{Bs>0}/0 L(h, Bt — y)

2K2 = /B g(y — BS) lQI{y<O} + [{ySBs}

2yL(s,y)
Als,y)
We handle the estimation of J; as before, in (3.5)—(3.6): for p > 1,

dy.

. 0 L(s,y)? [’
JifP < b —y) |5
| 1| = ésg( y) A(S,y)
L0 L(s,y)* [’
Ehpl/ i(h.—y— B, + B,) |22
Qs (’ y t_l_ ) A(S7y>

from which, as before,
1]l < Cyh.
The estimation of .J, is exactly like the estimation of J; in (3.7)—(3.8),
except that L(h,y — By) is replaced by L(h, By — z). The estimation
of Jy involved the bound ﬁ(@,y — B,) < L*(h) 2 VAL*(1), and the
analogous bound is good for L(h, B; — x). We thus obtain
I ell, < Cphs
Assembling the last two equations gives
| Kall, < Cph* . (3.15)
Putting (3.10), (3.14), and (3.15) together, we get
Koo~ VLGB | gla—B)aws| <, f{je—slnt + h%; .
e p (3.16)

Next we must estimate K, s,p], an easier task. We leave the reader to
confirm that

HK(S,s+h]||p < Cph’ (3-17>
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Finally, we deal with K1 . If we define v =t —s —h, and B, =
Byisin — Bsin, we have then that

B7l1+h v+h
Kona = [ D2y de~ [7 L'(v, B.) dB,
B, v
so that the analysis of this term is ezactly the same as the analysis
of ApXs — X3! Thus, following the steps (2.1)—(2.8) we obtain the
analogue of (2.8):

Kiini z][_oo "z — B') /L' (v, 7) AW + ][ (z — B)al. dz

(3.18)

where L', o/, &, W'*, W'~ are defined in terms of B’ exactly as L,
a, &, WT, W~ were defined in terms of B, and ¢'(x) = L(h,z). The
stochastic integral splits at B), of course.

It is important to realise that everything which appears in (3.18)
is determined by B’, and so is independent of {B, : v < s + h}, and
hence of W, and W_. The point of this is that if we mimic the esti-
mation of A, X, which led to (3.9) we obtain

< Cyhs

—00

which says that K is very nearly equal to a random variable whose

law, given By, L'(v, B})) and (B, ., — B)u>0, is Gaussian, and which is

independent of {B,, : u < s+ h}, and therefore independent of Ay X.
Assembling (3.16), (3.17), and (3.19), we have that

HAhXt JI sB]l (¢ — B,)dW, — \/L'va]l (o= L) AW

Cy (It = s|h% +h7) . (3.20)

4. The L? convergence

Let us summarize the main point of the estimation so far, with a
view to clarifying the steps still to come. Our strategy is to approximate
the increments Ay, X, by stochastic integrals, and then to use the fact
that these integrals are conditionally Gaussian to bound their moments.
At this point we have developed the estimates to justify this approxi-
mation. The central results are (3.9) and (3.20). In order to unify our
notation, let us define AL, (z) = L(u+ h,x+ B,) — L(u, x + B,). Note
that, in the notation of the previous section, L(h, z) = g(x) = AL,(x),
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g(x) = AL(z+ Bs— By), and ¢'(x) = AL;(x). We proved in (3.9) that
HAhXS ~JL(s, Bs)][oo AL,(x — B
- (4.1)
and we also proved (3.20) that if 0 < s <t and v =t — s — h, that
HAhXt _JL(s, BS)]lOO ALy(x — B,) dW,
—JT'(v, BY) ]l ALy(2 + Bypn — By) dW!

7
< CY]th§ )
p

<C’ (It = s|sh¥ +n3) .

(4.2)
Now we aim to prove Theorem 1: for 0 <t < 1,if h = %
[nt]—1 12
Z|Athh|3—7/ (s, Bo)sds | 250
as n — o0o. This follows once we can prove that
[nt]—1 . ) 12
> (JAwXinl5 — YhL(kh, Bn)) == 0. (4.3)

k=0
Let us transform this slightly. Recall that v = GFE {’ffooo L(1,z)%dx
with 3 = 2§7T_%F(7/6) — BE{|By|3. Hold n fixed. The process

2
3
)

j 2 o0 2
k=0 e

is a martingale relative to the filtration (F;11)); this is because ALy (-)
is independent of Fj;, and because

o[ sruera] = o{| [ 10
:hE{’/_O:Olez ’

=vh/B (4.4)
by definition of v and 3. Moreover

B{S?) = kzi%E{L(kh’ Bkh)%} E { (7h - p }/_O:O ALkh(y)zdy’%>2}

< Cjh*

} , using Lemma 1.4
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Accordingly, F {S[zm]} < C'th. This reduces the proof of Theorem
1 to the proof that
/ ALpn(y

[nt]—1 ,
Z {|Athh|3 —ﬂL k‘h Bkh 3
/ ALkh ‘ )
[nt]—1 .
Udt)= > (|Athh|§ — akn) :

k=0
k=0

We claim that U,,(t) — 0 in L?. This will prove (4.5), and hence
the theorem. Let s < ¢, and write

nt]—1 , 2
U (t) = Un(s)]3 = E{( > (1AnXuls —ajn)) }

3} iRy
(4.5)

Let us abbreviate

Qpp = 5L ]fh Bkh 3

and define

j=[ns|

[nt]—1 9
= > B{(1An Xl - )} (4.6)
i=ns)
[nt]—2 [nt]—1

+2Z S E{(1anXnl? — o) (180 X0l — apa) b

=[ns] k=j+1

=Vi+ 1.

The steps remaining in the proof are now the following:

i) approximate the Ay X, in the diagonal terms Vi (4.6) by sto-
J
chastic integrals with respect to L, using (4.1);

(ii) approximate both A, X, and A, Xy, by stochastic integrals in
V,, using (4.2) for the latter;

(iii) show that the stochastic integrals are conditionally Gaussian,
so that we can apply Kolmogorov’s Lemma;

(iv) assemble the estimates to give (4.3).
Step (i). Let
&= AnXn,

I, = JL(jh, th)][_wALjh(:c — By,) dW,,

=1;-¢;.
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We claim that the first term on the right-hand side of (4.6) is

[nt]—1

Vi= > E{(|]j|% —ajn)2} +0 ((t—s)h

j=[ns]

[e] ko)

) (4.7)

We know from (4.1) that ||n;|, < C,h%. Exploiting the fact

(Proposition 2.1) that W is independent of both L(h,z — Bj;) and
L(jh, B;1,), we have by Burkholder’s inequality that

111, < Cy | (LGhB) [ Lib. o ds)’ (48)

p

< Cyht,

by Lemma 1.4, at least for all s < 1, which is all that concerns us here.
Hence for small h, ||&|], < C,hi. Now using the elementary bound
(1.10) and Holder’s inequality, we estimate

L =18 1, < Cy s (1617 + 15771 (4.9)
< Cyllmillaa || 117 + 1517,

where é + 5 = 1. Now take p = 4/3, the case of interest to us:

< Cph§h3(p—1)/4
= C,h# (4.10)

Consider the j* term of V; (4.6), which we write E {(|§j|§ — a)z}.
The difference between this and what we want is

G e O e I G

< H|§j|§ — |55 ) H|5j|% + 5|5 - 20‘”2
< Cyh¥

where we have used (4.8), (4.4) and (4.10) to bound the norms of the
various terms. The sum contains at most (¢ — s)/h terms, so the total

contribution is at most C,(t — s)hs.
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Step (ii). The argument is similar to that of Step (i). Let j < k and
define

Jix = JL(ih, Byn) ]l AL( — By) dW,
]k_\/L/ Dh, By jiyn ][ ALy (@ = Bojiyn) AWy 4

where B], = Byt jn+n — Bjp+n is the Brownian motion from (j+1)h on-

ward, and L' is its local time. (These definitions allow us to abbreviate

(4.1) and (4.2) to [l < Cph3, (|6 — T — Kinlly < Cpllt—s|3h% +h7]

respectively.) We have [[€]l, + | 7illy + 1€l + (| Jjx + Killp < Cphi.
We claim that the double sum in (4.6) is

[nt]—2 [nt]—

V2SS B0 ) (Ut Kl )

j=[ns] k=j+1
+O((t =) (hs +]t—s[7)). (4.11)

Indeed, let us estimate the difference between V5, and what we
would have if we replaced each {; by the stochastic integrals. Set

Y =151 —agm, V' = L] -y
= |&]F — ap, Z' = | ;i +Kjk|% — Qe -
Then the difference is
E{(YZ—Y'ZY < E{Y(Z - 2|} + E{|Z/(Y =Y")|}
<NZ=Z'|2[IYll2 + 1Y = Y|l2]1 Z]]2
< ch |65 = | Tjn + Kl

4
.|3_

since ||ajnll, < cph. Now we estimate the other terms as we did in
(4.9); we obtain

117 -
16xl5 = 1730 + K

4 9
i3l < chs
, S

3| < chi (\t - s\%h% + h%) :
2

Thus
[B{YZ —Y'Z'} < ch? (|t — s[5 +hF)

There are at most (t —s)?/h? terms in the double sum, so the error in-

troduced in (4.6) by replacing the |[AX|3 throughout by the stochastic
integrals is at worst

c[(t=s)hs + (t = s)(h5 + [t — 53)] . (4.12)
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Evidently, ||U,(t) — Un(s)|]la = 0if 0 < s <t < s+ h, so we assume
that (t —s) > h, which implies that (¢t —s)h < (t — s)? and we see that
the upper bound (4.12) translates into

ot — ) (h7 + |t — s[7) . (4.13)

Thus we have proved that

[nt]—1
nwm—mm@aEBWMﬁﬂwﬂ

-2 [nt]—1

S > UG o+ Kol )

j=[ns] k=j+1 4
+O((t = s)*(h% + [t = s[7)) .

The proof is completed by analysing the two sums on the right of this
equation, which is the work of the final step.

Step (iv). By Prop. 2.1, W is independent of A; = o{ (Bjn, L(jh, Bjn), AL (+)) },
so that if we condition on A;, the integrand in [ is effectively deter-

ministic; so is the square root multiplying the stochastic integral. The

stochastic integral of a deterministic function with respect to a Brow-

nian motion is Gaussian, so we conclude that, given 4;, the random

variable I; is conditionally Gaussian, with mean zero and variance

o2 = L(jh, Byy) /_ C: ALj(2)%de = (F ;)2 . (4.15)

Thus

E{|Ij|%

.Aj} :Oéjn
by definition of 3, and
{(|I |3 — Q) ‘A } = const (o )%,

where the constant is unimportant. We now take expectations of the
first sum on the right-hand side of (4.14) by conditioning firstly on the
A;, to obtain the upper bound

Vi<c(t—s)h™ - h? =c(t — s)h. (4.16)

The second sum is more subtle, and needs Kolmogorov’s Lemma. If
we fix j and k in (4.14) and look at the joint representation of I;, Jjy,
and K, as stochastic integrals, we see that W and W' are independent
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Brownian motions, independent of Bjy, L(jh, Bji), (Bjh+u—Bjn)o<u<h,
B!, L'(v,Bl), and (Bghtu — Brn)u>o0- Thus, if we condition by

Aji. = o({Bjk, L(jh, Bjn), (Butjn — Bjn)o<ushs Bls—j—1)n»
L'((k =3 = D)h, Bi—j—1yn)s (Butkn — Brn)uzo}) »

the integrands and the square roots in I;, Jj, and K, are effectively
deterministic; stochastic integrals of deterministic functions with re-
spect to independent Brownian motions are jointly Gaussian, so that
these random variables are (conditionally) jointly Gaussian, with mean
zero and covariance matrix

0']2- Hj 0
9]' szk 0
0 0 o2

J

where o7 is as at (4.15), and

o2, = L(jh, By,) / AL (2)2dx,

0, = L(jh, th)/ALkh(at)ALjh(x) dz,

of = (k=5 = D Buyam) [ AL yule)? da.
Using equation (1.9) from Kolmogorov’s Lemma we obtain

’E{(|I]|% - ozjn)2 (|ij + Kjk‘% - Oélm)2 ‘ Ajk}

1 1
= b {(|Ij|% - ajn)z | Aﬂf}z b {(Ujk + K5 — O"m)z | Aﬂf}2 P, Tin + Kje)®

4 2
3 2 12\ 3 2 2 2 2

Now we estimate

B0} - {zun B0t} { ([ ALu(o)A L@ @)%}(4 }

< ¢E { [ ALy (@) AL () d:):} hs
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using Jensen’s inequality. If m =k — 7 — 1, we have
/E {ALy(2)3 ALin(2)} do = /E {L(h, )3 [L((m + 1)h,2) — L(mh, )]} de,
where L and L are the local time processes of independent Brownian motions;
- /E {L(h,2)3} E{L((m + 1)h,x) — L(mh,x)} dx

Thus

[nt]—2 [nt]—

j=[ns] k=j+1
:/E{E(
4

g/de{L(h,x)ﬁ}% /OH B{L(u,2)} du

"8 [ B L o)) E{L(L2)} da

gctzs (/E{L(h )} }d:);)l

< c(t— s)h_1_12

[nt]—2

} > E{L(([nt) - j ~ 1)h,x)} da

=[ns]

wlu:-

by the scaling (Lemma 1.4) of local time. Returning to (4.17) gives

[nt]—2 [nt]—1

V2<CZ ZE{ }<c(t—s)h.

=[ns] k=j+1

Combining (4.16) and (4.18) with (4.14), we see that there exists
a constant C' such that

U (1) = Un(s)ly < C ((t = 5)(h+ R4 + (8 = 5)2hYE + (£ = 5)'7/5)

SN

(4.18)

Now h = 1/n; if we let A = t/m for some integer m, and note that
U,(0) =0, we see

1Un (¢ H2<ZHU ((k+1DA) = Un(kA) ],

<x (A/n + A/t 4 A2 B 4 A”/Bf :

so that
lim sup || U, (t)|| < cAYS .
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Since A is arbitrary, we must have lim ||U,(¢)||2 = 0. This shows that
Vij3(t) converges in L? and in probability. To see that the L? con-
vergence is uniform in ¢, just note that ¢ — V4’}3(t) is an increasing
function, and that the limit is a continuous increasing function of ¢. It
then follows immediately that the L? convergence is uniform in ¢ for ¢
in bounded intervals. This completes the proof. B3

APPENDIX A. Proof of Kolmogorov’s Lemma

Here is a proof of Lemma 1.3 in the spirit of this paper. Let
(Xt)o<t<1 and (Y;)o<i<1 be a pair of standard Brownian motions on the
same filtration, having correlation p, so that d[X,Y]; = pdt. Assume
without loss of generality that E{¢(X;)} = E{¥(Y1)} = 0, and let

pe(z,y) = (Qﬂt)_% exp((y —x)?/2t) be the Brownian transition density.
Write Pop(z) = [ pi(z,y)¢(y) dt. Consider

M, = P9(Xy), 0<t<1,

and note that My = E{¢(X;1)} = 0 and M; = ¢(X;). By Itd’s Lemma
fort <1,
0 02

)
dM, = = Pi_(X,) dX, + 3= Pi_i6(X,) dt + = Pr_,p(X,) dt
oz o ot (A1)

The last two terms cancel since p; satisfies the heat equation, so that
M is a stochastic integral-—we could also have seen this by noticing
from the Markov property that M is a martingale—hence

190
$X1) = [ - Pioid(X) dX,. (A.2)
Thus, as d[X,Y] = pdt,

)00 = 1ol [B{ [ (Prooy 0Py (v i

< ([ Porral B { [yl

— ol B{6(X1)} E{y(W1)}*,

which implies the first statement of Kolmogorov’s Lemma.
To prove the second statement, suppose F{X;¢(X;)} = 0. Using
(A.2),

0= (X)) = B{ [ (ProyCaya) . ()

1

2

)
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But the Brownian semigroup commutes with differentiation with re-
spect to x, so that E{(Pi_1¢)(X:)} = P{(Pi—¢)'} = (P.Pi_¢) =
(P1¢), independent of t. Its common value must be zero by (A.4).
Thus we can apply (A.3)—on the interval [0, ¢] rather than [0, 1]—to

(Pl—t¢>/ and (Pl_tiﬂ),l

E{(P_y6) (X)(Pr_itp)' (Y1)} < |p|E {<P1_t¢>'<Xt>2}% E{(P_) (Y:)?}

Putting this back into (A.3) gives us the factor of p? in (1.8) and
completes the proof.
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