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1 Introduction

This paper was motivated by questions regarding changes of variables in stochastic partial
differential equations (s.p.d.e.’s). To illustrate the issues, consider first the analogous
question for a stochastic differential equation of the form

(1) dXt = b(t, Xt) dt + O'(t, Xt) th, X() = Xo-

Given a smooth increasing function ¢ : R, — R, with ¢(0) = 0 and ¢'(u) > 0, for all
u >0, set Y, = X,,). Then (Y,) is a (weak) solution of the following equation:

dY, = bl (u), Y.)¢' (w) du + o (o~ (), Ya) /¢ (u) dB(u),

for some Brownian motion B. That is, the change of variables ¢ = p(u) affects equation
(1) much as though it were an ordinary differential equation.

On the other hand, consider the change of variables ¢ = 1 —wu, namely, time-reversal. It
is well known [7] that the process (X, = X;_,, 0 < u < 1) is a solution of the stochastic
differential equation

dX, = B(u, Xu)du + o (u, Xu)dBu, X, = X,

where B is a Brownian motion independent of X, and b and & are given by the formulas

. . Z(p1—u(z)o(1 — u,x))
olu,z) =0(l —u,x U, T) = — —u,x O
@) o) =o(l—wm),  bna) = b1 ) T

Y

where p;(+) is the density function of X;. In the simplest case in which b =0, o =1 X
is a standard Brownian motion and these formulas give the following equation for X:

~

X

—Uu

du + dB,,.

dX, = -
1

As expected, the reversal of Brownian motion is a Brownian bridge.

These considerations have been considerably extended [5, 10], to include infinite sys-
tems of stochastic differential equations. Of course, the presence of the density of X;_, and
the derivative in x makes the extensions highly non-trivial, but under certains conditions,
the formulas above (suitably reinterpreted) give an equation for the reversed process.

With s.p.d.e.’s, there is a much wider choice of changes of variables than with s.d.e.’s.
However, the fundamental issue is similar to that of s.d.e.’s: if the change of variables
respects the filtration, then the s.p.d.e. in the new variables is easily obtained from the
s.p.d.e. in the old variables, almost as for deterministic p.d.e.’s (see Section 3). However,
if the change of variables implies a change of filtration, then the situation is much more
delicate. The aim of this paper is to examine this issue in the context of hyperbolic
s.p.d.e.’s in two variables, driven by two-parameter white noise.
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If one considers a change of variables such as time reversal in an s.p.d.e., one might
be tempted to make use of the results of [5, 10]. Indeed, in an abstract sense, an s.p.d.e.
can be interpreted as an infinite system of s.d.e’s. However, the class of s.p.d.e.’s is only
a small subset of the class of infinite systems of s.d.e.’s, and there is no reason to expect,
given an infinite system of s.d.e.’s for the reversed process, that it will correspond to an
s.p.d.e.

The outline of this paper is as follows. ...

2 Existence Theory for Hyperbolic SPDE’s in the
plane

Consider the (reduced) hyperbolic SPDE

0?X 0X 0X :
(3) m—|—CL1<8,T,)§+a2(8,t)ﬁ+a3(57t,X> —a4(37t>W7

with initial data
X(5,0)=Xo+ M,  X(0,t) =X, + M.

Here, W is a space-time white noise. The coefficients a1, . . . , a4 are deterministic functions:
ay ag and ag are continuously differentiable and have bounded first partials, a4 is bounded
and continuous, and as(s,t, X) = as(s,t, X (s,t)). The boundary conditions X,, M*
and M? are (possibly) random, independent of the white noise W, and M*' and M? are
continuous processes, with My = Mg = 0.

Equation (3) was studied in [4] using the theory of two-parameter processes. It was
also studied in [11, 12], where it was formulated in mild form, using the Green’s function,
and it was shown that the two-parameter form, the mild form, and the weak form (see
below) are equivalent, and have a unique solution.

To get the weak form of (3), multiply both sides by a test function ¢ € C® (IR?), and

integrate over the rectangle Ry < [0, s] x [0,1] to get

X 0X ax
@ /Rst Plu,v) <8u8v * al(u,v)% + a’2(uvv)%> du dv

= / N ¢(u,v) [as(u, v) W(dudv) — as(u, v, X) dudv].



We use the integration by parts formula
b d 82
o [ [ avrengs
= .f(b> d)g(bv d) - f(a’ d)g(a'> d) - .f(b> C)g(b> C) + .f(a'> C)g(a'> C)
‘/b O (o, dyg(w,d) - L@, g, 0)| da
o |0z I g - I

_ /cd [g_i@,y)g(b,y)— %(a,y)g(a,y)] dy

b d a2f
+/a dx/c dyawyg(fv,y),

with f = ¢, g = X, to get all the derivatives onto ¢:

(6) X(s,t)o(s,t) — X(s,0)¢(s,0) — X(0,t)¢(0,t) + X (0,0)9(0,0)

_ /0 ) (X(u, ) [%(u, £) — as(u, )o(u, t)} ~ X(u,0) [%(u, 0) — as(u, 0)o(u, O)D du

_ /Ot ( X(s,0) {g—f(s, v) — ay (s, v) (s, v)} — X(0,v) [%(0, v) — a1(0, v) (0, U)]) dv
+ //Rst X (u,v) [;:gv (u,v) — %(CLl(U,U>¢(U,U)) — %(ag(u,v)qb(u,v))] du dv

= /R ¢(u,v) [as(u, v) W(dudv) — az(u, v, X) du dv].

We say that a jointly measurable and locally integrable process (X (s,t), (s,t) € R2)
is a solution of (3) if (6) holds a.s. for each (s,t) € IR2 and each function ¢ € C?([R2).
A slight extension of [12, Theorem 1] (which only considers more restrictive initial condi-
tions) shows that if F(X3) < oo, E(sup,«s(M})?) < oo and E(sup,«,(M?2)?) < oo, then
there exists a unique solution of (3) which has continuous sample paths, and which has
the property that sup(, ,)er,, E(X(u,v)?) < co.

The solution of (3) has an integral representation using the Green’s function for the
problem. The Green’s function and its properties are studied in [12] (Propositions 10
and 11): it is a function (s, ¢; u,v) defined for (s,t) € R2, (u,v) € Ry, which has the
following properties.

(a) For fixed (S,T), for all s < S and t < T, (s, t;-,-) has continuous and uniformly
bounded first derivatives and a continuous and uniformly bounded second order mixed
derivative in Ry. For u < S and v < T, ¥(-,+; u,v) has uniformly bounded first deriva-
tives and a uniformly bounded second order mixed derivative in Rgy \ Ry,. (Note. The
continuity statements are not made in [11, 12] because in those papers, a; and ay are not
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assumed to be C'. However, under this assumption, they follow easily from the proof in
[11, Proposition 3.2].

(b) For (u,v) € Ry,

t s
7(S>t;uvv) = 1_/ al(uvw)f}/(&t;uvw) dw—/ &Q(T’,U)’}/(S,t;’l",'ll) d’l",

(c) For (u,v) € Ry,

0%y

——(s,t;u,v) — 3(al(u,v)v(s, t; u,v)) — %(ag(u, v)v(s, t;u, v)) =0,;

ou
vy
(d) a—(s,t;u,t) — ag(u, t)y(s, t;u,t) =0, u<s;
w

(e) gi(s,t; s,0) —ai(s,0)y(s, ;5,0) =0, v <t
(%

() 15 t;5,8) = 1.
Moreover, there exists a universal constant C' > 0 such that

(g) sup sup |y(s,t;u,v)| < C;
(s,t)GRz+ (u,v)ERst

(h) sup [y(s,t;u,v) = A(s, tir,w)| < Clu— 1] + v — w])
sz
() sup (s, b, 0) — 9(r,wiw,0)] < Clls — 1] + |t — wl).

SATr>u,
tAw>v

If we replace ¢(u,v) by v(s,t;u,v) in (6) and use (c), (d) and (e), we get
(7) X(s,t) =(s,t;5,0)X(s O)+7(s t;0,t)X(0,t) — v(s,t,0,0)X(0,0)
/XuO (s,t;u,0) — as(u,0)y (s,t;u,O)}du
/ X(0,v)|=(s,t;0,v) — (O,U)fy(s,t;O,v)] dv
+ //R v(s, t;u,v) [as(u, v) W(du dv) — as(u, v, X) dudv] .
Definition 2.1 If A =]a,b]x ]c,d] C IR? is a rectangle, the planar increment of X over

A s
X(A) Y X(b,d) — X(a,d) — X (b,c) + X (b,d).



It is shown in [12] (Propositions 2.1 and 2.2) that the solution of (6) also satisfies (7).
One can extend (6) to certain non-smooth ¢, and in particular to indicator functions, as
follows.

Lemma 2.1 Let 0 < u; < wv;, i = 1,2, and set A =|uy, v1|X Jug, ve]. Then

_//Ax(u’v){%(u,uwr%(u,v) du dv

+ /vl [X(u,vz)az(%vz) — X (u, ug)as(u, “2)} du

+ /”2 [X (01, 0)ar (01, 0) = X (ur, v)ar (u, v)] do

u2

_ / /A (a1, )W (du dv) — as(u, v, X) dudv]

PROOF. Fix s > vy, t > ve. Let ¢(z) be a non-negative smooth function with compact
support, such that ¢(0) > 0 and [+ (x) dx = 1. Define

et =2 [ (o(") o (U)o

and let ¢.(u,v) = ¢1.(u)pae(v). If we put ¢, into (6), the first three lines vanish if ¢ is
small, and we get

O[] X0 [u)65(0) = 0108 (0)02:(0) = v} ()0

— O1(u) o (v )(8;1 (u,v) + 88 2( ))} du dv

//Rst D1 () Poe (v [04( v) W(dudv) — az(u,v, X) dudv

Notice that as e | 0, ¢;. converges boundedly and pointwise to I, ,,] while ¢}, converges
weakly to d,, — d,,. Since X, the a;, and their first partials are continuous, the left-hand
side of (9) converges to the left-hand side of (8). At the same time, the a; are bounded and
¢. converges pointwise and boundedly to the indicator function of A, so the right-hand
side of (9) converges in L? to the right-hand side of (8), proving the lemma. &

2.1 Semimartingale Initial Data

We want to consider solutions with fairly regular initial values. In this context, “initial
values” refers to the values of X on the boundary of R?%, and “fairly regular” means that
the boundary values should be well-behaved semimartingales.
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Let Y = (Y;, t > 0) be a semimartingale with the decomposition Y; = M; + V;, where
M, is a martingale (in some given filtration), and V; is a process of locally finite variation.
Let (Y); = (M), be the predictable increasing process associated to Y.

Definition 2.2 We say that a semimartingale Y is smooth if
(i) M and V' are continuous;
(ii) t — (Y), and t — V; are continuously differentiable;

(iii) B0 s L -bounded in compact t-sets, and 2~

7 o 18 L?-bounded in compact t-sets.

Notice that a smooth semimartingale need not have smooth sample paths (quite the
opposite, it will only have smooth sample paths if its martingale part is constant). It
is the characteristics of the semimartingales, not the semimartingales themselves, which
are smooth. One can think of a smooth semimartingale as the solution of a stochastic
differential equation dY = o dW;+ p dt, where o(x,t) and u(x,t) are Lipschitz continuous.

Remark 2.2 [t is straightforward to show that if f is a bounded, continuous, adapted

process and Y is a smooth semimartingale, then Z, fg f(s)dYs is also a smooth semi-
martingale.

Assumption A Let V! = X(u,0) and Y2 = X(0,v). (Y}, w>0) and (Y2, v > 0) are
smooth semimartingales (in their respective natural filtrations) which are independent of
W, with semimartingale decomposition Y = M! + V¥ i=1,2.

Under this assumption, denote

o d(Y"),
oy Moy
u
det AV
/’Ll(u> = d'u, ) 1= 17 27

and for (s,t) € R?%, set
For=0Y} Y2 Wy, u<s, v<t).

Lemma 2.3 Under Assumption A, for any (s,t) € R2 the processes (X (u,t), 0 < u <
s) and (X (s,v), 0 < v < t) are smooth semimartingales (in the respective filtrations
(Fut, 0 <u<s)and (Fsp, 0 <v <t)). Then the LP-bounds on their characteristics
are uniform for (s,t) in compact sets.

Moreover, if A = (uy,v1] X (ug,va], (8) can be written

(10) X(A)Jr/: dv/: al(u,v)X(du,v)—i—/ujl du/: a1, 0) X (u, dv)
://A[a4(u,v)W(dudv)—ag(u,v,X) dudv].



PROOF. Since X (u,0) =Y,! and X (0,v) = Y,? are semimartingales, we can integrate by
parts in the first two integrals on the left-hand side of (7) to get

s t
(11) X(s,t) = 7(3,t;0,0)X(O,0)+/ v(s,t;u,O)dY;+/ v(s,t;0,v) dY;?
0 0

s t
—i—/ Yas(u,0)y(s,t;u,0) du+/ Y2a;(0,v)y(s,t;0,v) dv
0 0

—I—// (s, t;u,v) [a4(u,v)W(du dv) — az(u, v, X) du dv
Rst
C L(s,t) 44 Lo(s,1) .

The integrals with respect to dY,! and dY;? are stochastic integrals relative to semi-
martingales. One can show that each of them has a version which is continuous in (s, ),
and we will always take that version.

We will show that if we fix sort, Iy, ..., I are smooth semimartingales in the remaining
variable. By symmetry, it is enough to fix ¢. Let us decompose Ii,..., I into their
martingale and bounded variation parts in s.

Note that I, I3, Is, and I; are each CY) and have no martingale part, so (I;) =
(I3) = (I4) = (I5) = 0. Indeed, this is clear for I; and I5 thanks to the differentiability of
s +— (s, t;u,v) (property (a) above). In I3, one can differentiate (with care!) inside the
stochastic integral to see that

(12) 2I (s t)—/tﬁ (s5,t;0,v)dY;?
8837_08877771] v

which is continuous in s by (a). For I, write

* 0
o tw0) =2 twe) + [ Salrti ) dr
w Oor
and use Fubini’s theorem:
S S s a
I4(s,t):/ Ylas(u, 0)y(u,t;u,0) du+/ dr/ Yjag(u,O)a—v(r,t;u,O) du,
0 0 0 r

which is clearly differentiable in s. The same idea can be used in I, and Ig, although one
has to use Fubini’s Theorem for mixed stochastic/Riemann integrals [13]:

Ly(s, t) = /Ov(u,t;u,O)dYul%—/odr/O %v(r,t;u,O)dYul
= [wsuoanis [0 des [ar [ a0 d
0 0 0 o Or
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and
Ig(s,t) = // v(u, t; u, v)ay(u, v) W(du dv)
Rst
—I—/ dr/ ﬁv(r,t;u,v)a;;(u,v) W (du dv) .
0 Ryt or

This gives us the semimartingale decomposition of I, and ls—so that we have the
decomposition of all the /;—and we see that

<]2>8t = 72(8716; 370)0%(8)7
t

(Ig)st = /vz(s,t;s,v)ai(s,v)dv.
0

Now, a4 is bounded by hypothesis and v is bounded by property (g), and both are
continuous and deterministic. Further, 0?(s) is continuous and locally L!-bounded by the
smoothness of Y. So we conclude that the derivatives of the (I;) are all continuous and
Li-bounded, and the bound is uniform for (s,t) in bounded sets.

We must also check that the %(Vsj ) are continuous and L2-bounded, and that the
bound is uniform for (s, ¢) in bounded sets. Since we have explicit formulas for V1, ... V6
this is straightforward. We will just check I3, which contains a stochastic integral, and
leave the rest to the reader. Fix R, .

Since I3 is CM, V3 = I3 and from (12) we must bound

t 2
—Sv(s,t; 0,v) dez) } , (8,t) € Ryt -

ool ())#{([ 3

Now dY;2 = dM? + ps(v) dv so

A(s,t) < QE{ (/Ot %v(s,t; 0,v) de2>2} + QE{ (/Ot %v(s,t; 0,v)uz(v) dv>2}.

The first expectation equals QE{f(f(%v(s,t;O,v))%%(v) dv}. If (u,v) < (s,t) € Ry,
there is a constant K = K, such that [27(s,t;0,v)] < K by (a). The second ex-

pectation is bounded by 2K%FE/{ (f(fo o (v)] dv)2}. Thus by the Schwartz inequality, if
(S,t) € R50t07

As.1) < 2Kt (sup E{o3()} + sup E{u%(v)}) |

v<to v<tg

Now Y is a smooth semimartingale, so this is bounded independently of (s,t), hence
A(s, t) is uniformly bounded for (s,t) € Ry, as claimed.
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To get (10), integrate by parts in the first double integral on the left-hand side of (8).
&

The following is a direct consequence of Lemma 2.3.

Corollary 2.4 Let A = (s—h, s] x (t—k,t]. Under Assumption A, for any (so,to) € IR>
there exists a constant C' = Cyyy, such that if (s,t) € Ry,

(13) E{X(A))2} < Chk,
(14) E{(X(s,t)—X(s—h,t—k))2} <C(h+Fk).

2.2 Planar Quadratic Variation

We recall some basic notions. Let A;; = (’;1, 2%] X (”2;”1, %] Define the planar quadratic
variation @ of X by
Qu(s,t) = > |IX(AyP
i<[2ns], j<[2nt]

and
Q(s,t) = limsup Q,(s,t) .

n—oo

At the same time, we can define the linear quadratic variation in one variable s or t:
set

Qn(st) = > (X(;;n,t)—X(i;Ll,t))Q,

i<[2ns)
Qs = Y (62 -x6550)
J<[2"1] 2 2

and let
Q'(s,t) = limsup QL(s,),  Q(s,t) = limsup Qu(s, 1)

n—oo n—oo

be the quadratic 1-variation and the quadratic 2-variation respectively. Imkeller [8] has
shown CHECK that

Lemma 2.5 (i) If the quadratic variations of X satisfy Q'(s,t) < oo, i = 1,2, for all
(s,1), and if Q'(s,t) =0 for all (s,t) for either i =1 or i = 2, then the planar quadratic
variation Q(s,t) vanishes identically. NOT QUITE PROVED in [8].

(i) If X has finite planar quadratic variation and if Y has zero planar quadratic vari-

ation, then the planar quadratic variation of X +Y equals the planar quadratic variation
of X.
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Proposition 2.6 Under Assumption A, the planar quadratic variation of the solution X

of (6) is

(15) (X)y = //R a2(u, v) dudv.

ProOF. From Lemma 2.3,

(16) Ayj) // aq(u,v) W(dudv) — // as(u,v, X) du dv
_/zndv/w 1(u,v) X (du,v) — / du/ as(u,v) X (u, dv) .

Let us define Zl = ffR as(u,v) W(dudv), Zg(s t = ffR as(u, v, X) dudv,
Z3(s,t) = [[p, ar(u,v) (du v)dv and Zy(s,t) = [ as(u,v duX(u dv). Then (16)
is equivalent to

X(Aij) = Z1(Aig) — Za(Aij) — Z3(Aiy) — Za(Ayy) -

Notice that Z, is a differentiable function of both s and ¢, so it has finite variation
in s and also in ¢, hence it has zero planar quadratic variation by Lemma 2.5 (i). Next,
t > Zs(s,t) is CM), so Zs has finite 1-variation, and hence zero quadratic 1-variation. At
the same time, s — Z3(s,t) is a semimartingale, as one can see by reversing the order of
integration, and thus has finite quadratic 2-variation. Thus Z3 has zero planar quadratic
variation, again by Lemma 2.5 (i). The same is true for Z;. Thus, the quadratic variation
of X is equal to the quadratic variation of Z; by Lemma 2.5 (ii). But Z; is a stochastic
integral with respect to white noise, and (15) follows from [?]. [

Remark 2.7 Proposition 2.6 implies that |as(s,t)| can be determined from the sample
paths of (X(s,t)). In fact, as long as a4 is never zero, one can determine the sign of ay
as well, since W is then X -measurable and (X, W)g = ffR as(u,v) dudv.

3 Naive Changes of Variables

Ito integrals depend in a fundamental way on the underlying filtration. In a one parameter
setting the filtration is usually obvious, and can be fixed once and for all. However, there
may be many reasonable filtrations related to a given s.p.d.e., and the one chosen may
depend on the particular coordinate system. A change of variables can involve an implicit
change of filtration. For instance, the usual filtration for the Brownian sheet is a two-
parameter filtration which depends strongly on the coordinates: the “past” at point (s, t)
is generally taken to be Py, = R, and one sets Fg; = U{Wu’v, (u,v) € Ps+}. However,
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a rotation by 45° changes the Brownian sheet into a solution of the stochastic wave
equation [13], and the most natural filtration for such an evolution equation may be a
one-parameter filtration (j—"t) ordered by time: the “past” at time ¢ and position x is
P ={(s,y) : s <t, y € R}, and the sigma-field F, is generated by the white noise in
P:»- So a change of variables which includes a change of filtration may involve a delicate
transformation of stochastic integrals. However, if the integrand of a stochastic integral
is deterministic, it is adapted to any filtration, and its stochastic integral is independent
of the filtration, so to a certain extent at least, one may ignore the question of filtrations.

When we speak of a naive change of variables in an SPDE’s, we mean that the
new filtration is the image of the old one: if F, = U(WM, (u,v) € Py), then F, =

0 (Waw, (u,v) € (71(Py)). We will see that naive changes of variables of SPDE’s work as
expected. It is only when the filtrations change that we find new phenomena.

3.1 Changing variables in stochastic integrals

Let O be an open set and let ¢ be a one-to-one C*) map of O onto an open set D C IR?.
Suppose the Jacobian J of { never vanishes. Then for a Borel subset A C D and an
integrable f on A,

(1) [ r@a= [ pcenea
A ¢TH(4)
If W is a white noise on D, define a set function W on O by

. 1
(18) W(B) = /C(B) e @)

Lemma 3.1 W(B) is a standard white noise on O, and if A is a Borel subset of D and
if fis a deterministic square-integrable function on A,

(19) / F(2)W(dz) = / F(C(E) VI W(de)
A ¢~1(A)

PROOF. W(B) is clearly a mean zero Gaussian random variable (if finite) and from (18)
and (17)

E{W(B)} = /< IR

- /B J(6)1I(6) de
~ 1B
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which shows that W is defined and has the correct variance on sets of finite Lebesgue
measure. Moreover, if A and B are disjoint subsets of O, ((A) and ((B) are disjoint in D,
so W(A) and W(B) are independent, being stochastic integrals of W over disjoint sets.
Equation (19) holds by (18) if f is of the form f(z) = 15(2), hence it holds for simple
f by linearity, and for square-integrable f by the usual functional completion argument.

[ )

3.2 Changing variables in SPDE’s

Let X be a solution of (3). Let Dy = 0/0s, Dy = 0/0t, and set
L= DD+ a1Dy + asDs,

so that the formal adjoint of L is

L*¢ = D1D>¢ — Di(a19) — Da(az9) .
Then for ¢ € C®(R%), X will satisfy (6), which we write in the form:

(20) (X@)(Ru)+ ¢ X(2)[Vo(2) — ¢(2)(as(2)i — ar(2)])] - T ds

aRst
[ (XL + sz X002 de = [ dan() W),
Rst Rst
where T is the unit tangent vector, i = (1,0), j= (0,1), ds is the element of arc length,

and X = X, on the boundary of R%, where Xy(s,0) © X, + ML Xo(0,t) = Xo + MZ,

as in (3).
Let ¢ be a C®) homeomorphism of an open set O onto an open set D O R?. We
suppose that D D R%, and let D = ¢~!(IR2). Let W be the white noise on O which is

related to W by (18). If (ﬁ(ﬁ) =4 #(¢(£)), then a straightforward calculation gives us a

differential operator L* on D for which

(L*8)(¢(€)) = L*o(8) -
We let L be the formal adjoint of L*, define

A dif

X(&) = X(C(€)),
and for i = 3,4, we set a;(&, x) = a;(¢(£), x).
Theorem 3.2 The process X is a solution of the stochastic partial differential equation
(21) LX) +asd = an/T W,
with boundary values X (€) = Xo(¢(€)) on ("Y(OR2). (Note. Formally, equation (21) is
interpreted as equation (23).)
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2

Proor. The map ¢ is a smooth homeomorphism on a neighborhood of IR%, so its
restriction is a smooth homeomorphism of D onto the closed set ZR?H which takes the

boundary of IR2 onto a (possibly proper) subset of the boundary of D. Clearly X has the
correct boundary values, so we need only check that the (21) holds in the interior. For
this, we check the weak form of the equation for ¢ € C}?O)(Ri) whose support is in the
interior of R%. If we choose (s,t) large enough so that the support of ¢ is in the interior
of Ry, the boundary terms of (20) drop out and we are left with

(22) /R (X (2)L*¢(2) + az(z, X)¢(z)) dz = / . o(2)as(z) W(dz) .

The left-hand side is a Riemann integral and transforms under the mapping ¢ in the
usual way, while the right-hand side is a stochastic integral which transforms according
to Lemma 11. Since the homeomorphism induces a one-to-one map of X to X , there
is a function as such thatAdg(g,)A() = a3(¢(€),X). So, setting & = (7!(z), we have
X(2) = X(€), L*¢(2) = L*¢(€), and (22) becomes:

~

@) [ (ROLHE + aalé 05 I(€) d = [ 6006 VTE  (dg)

which is the weak form of (21). &

Example 3.1 Assume that a; = a;(s,t), i =1,...,4, and O = D = R%. Let ((z,y) =
(s(z),t(y)), where

e2e _ e2a(1—x)

sla) = g Hly) =

26 o2b(1-y)

2b

e

Suppose that X (s,t) satisfies

9?X 0X 0X -

psot " s Ty Tt =l

with initial conditions X (s,0) = X(0,t) = 0. Set a;(z,y) = a;(s(x),t(y)). With the
notations above, J(x,y) = s'(z)t'(y),

(24)

(L) (s(), 1) = -2 (s(a), 1) ~ 29D s 1) — 22D s, 1)
and
. 1 P9 1L O(@9) 1 0(as0)

L*¢($,y) = S’(x)t’(y) 8x8y<x’y) - 8/(1’) or (LL’,y) - t’(y) 8y (S(Z,y)




Therefore,
A n 0? 1 - e 1 - e 1 -
= gty (smer®) + 3 (710°) 223y (707?)
Let X(xz,y) = X (s(z,y),t(z,y)). Then X satisfies

2 v % % .
X | ap e ox | age?e =) ox | G X 2a1—)+2(1=y) _ 5 ca(l=a)+b(1-y)
0xdy 0

Y

with, initial conditions X (s,0) = X(0,t) = 0.
Example 3.2 Assume a; and as are constants, az = as(s,t,x) and ay = ay(s,t, ).

Suppose O = (—o0, 1)* and ((u,v) = (1 —u,1 —v). Suppose that X (s,t) satisfies

X 0X 0X .
- - X =
8381& + aq as + a9 8t + as CL4W,

with initial conditions X (s,0) = X(0,t) = 0. With the notations above, J(u,v) =1, and

_ 0%
08Ot

(l—u,l—v)—al%(l—u,l—v)—ag@(l—u,l—v),

L*¢(1—u,1—v) 5 5

S0 . . R
i 0% 9¢ _ 9¢
Oudv “ ou @ ov’

Therefore, X(u, v) = X(1 —u,1 —v) satisfies

LX (u,v) 4 as(u, v, X) = aq(u, v, X)W,
with boundary conditions X (u,1) = X (1,v) = 0. This statement should be compared with

the very different conclusion of Theorem 6.3, in which the change of variables is the same
but the underlying filtration is different.

4 SPDEs as Distributional PDE’s

Let us specialize to the linear case, where as(s,t, X) = ag(s,t)X(s,t). There is a meta-
theorem which states that linear SPDE’s are simply random PDE’s with distribution
values. We will illustrate this.

Let L = Z” a;D;D; + > .b;D; + ¢ be a partial differential operator on a domain
D C %, whose coefficients a;;, b;, and ¢ are deterministic Lipschitz functions, with
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ai; € CA(D), b; € CY(D) and ¢ € C(D). Let F € L}(D), G € L*(D) be deterministic
functions, and consider the SPDE in D

(25) LX =F+GW.

We say that X is a weak solution of (25) in D if for each ¢ € C(OO (D)

(26) /D X(2)(L*6)(x) dz = / b W(dz) + F(x) dz]
with probability one.

Proposition 4.1 If X = {X(2), z € D} is a weak solution of (26) with continuous
sample paths, and if D is an open, relatively compact subdomain of D, then X defines a

random distribution on D. With probability one it is a distributional solution of (25) on
D.

PrRoor. To say X is a distribution is to say it is a continuous linear functional on a
nuclear space. Let us choose the nuclear space to be the completion of C’}?O)(D) in the
vector space topology generated by the seminorms

=llol3+>_ > 1D Disl;,
i=1 =1
where ||¢|| is the norm of ¢ in L2(D).

Let L*¢ = >, DiDj(aij¢) — >_; Di(bid) + c¢ be the formal adjoint of L. If w is such
that z — X (z,w) is continuous on D, X (-,w) defines a distribution on D by

X () = /¢

and LX is also a distribution: LX(¢) = X(L*¢). ‘
On the rlght hand side of (26), F + GW also defines a distribution: (F + GW)(¢) =

I o x)dz + G(z) W(dz)] a.s. for each ¢ (see [13], chapter 4). Then (26) says that
for a ﬁxed gb € C'}(OO ,
(27) (LX)(9,w) = (F + GW)(¢,w)

for a.e. w. This is true simultaneously for a countable dense set of ¢, hence for all ¢ by
continuity, since both sides are distributions. &

We chose a particularly simple space of distributions to avoid having to discuss the
boundary behavior of X. It should be clear that one can extend this to include boundaries.
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In other words, equation (26), and even equation (3), is an equation in distribution
space which holds for a.e. w. Consequently, all operations which are legal on such equa-
tions are legal on this one—as long as they do not change the definition of the stochastic
integral in (6). 1t is interesting to consider the previous section from this point of view.
In particular, if we multiply X by a deterministic C'*) function, we can just use the usual
calculus to see what SPDE it satisfies.

Corollary 4.2 Suppose that A = (a;;) and f € CP(D), f > 0. Let Ly = L—c. If X
satisfies (25) and if fX = X, then X satisfies

(28) L X + %Vf (A4 ATYVTX + LTfX = %(F + fIGW).

Example 4.1 Suppose X satisfies (24). LetY (s,t) = e* T X (s,t). ThenY (s,t) satisfies

: F — + il :
g ;/t (a1 = b) s (a2 —a) o + (az — ab — aya — azb)Y = e“*la, W .
S

(29) O0s ot

5 Changing filtrations: final values as initial condi-
tions

We now want to consider some changes of variables which involve changes of filtration,
namely time-reversal.
Consider the linear form of (3):

PX 0X 0X -
Een + al(s,t)a + as(s, t)g + az(s,t) X (s,t) = aq(s,t)W

(30)
where the initial values X (s,0) and X (0,t) are given, and satisfy Assumption A.

Remark 5.1 We’ll want some kind of discussion of the relation of time-reversal and
filtrations, either here or in the intro.

Thus, let X be a solution of (30). We will consider two fundamental types of time
reversal.

e Reversal in one coordinate: (s,t) — (1 —s,t).
~ Let X(s,t) = X(1 —s,t), 0 < s <1, and let F, be the one-parameter filtration
Fs=0{X(u,v) u<s}=0c{X(u,v) u>1-s}.

By symmetry, results for this will translate directly to the reversal (s,t) — (s,1 —t).

e Reversal in two coordinates: (s,t) — (1 —s,1—1t).

17



Let X(§,t) = X(1-5,1-1%),0<s<1,0<t<1, and give this the one-parameter
filtration Fy = o{X(u,v) 1 u+v < svV2} = o{X(u,v):u>1—s0>1—t}
Let us suppose that Y = X is the solution of an SPDE of the form

0*Y )% )% 5
9501 +ay(s,t)—=— 4 aa(s, t)— + as(s, )Y = ay(s, )W, s>0,t>0.

(31) 0s ot

where the initial values for Y are specified on the axes of IR%: in the case of one param-
eter reversal, Y (0,t) = X(1,t), Y(s,0) = X(1 — 5,0), and in the case of two-parameter
reversal, Y (0,t) = X (1,1 —1t), Y(s,0) = X(1 — s,1); and aq, ..., a4 satisfy the smooth-
ness conditions of Section 2 and W is a white noise relative to the new filtration (F})
(IMPLICITELY, independent of the boundary values of Y).

The first question we shall ask is this: “If the reversed process actually is the solution
of (31), what can we say about the coefficients a, ..., a,?”

Let us first establish a property of the original solution, which clarifies the independence
of the solution and the white noise. Let

Gy = ofX(u,v):u<s or v<t};
Hs = o{W(A):Borel AC (s,00) X (t,00)}.

Note that Hg represents information in the strict future of (s,t¢), while G represents
information in the wide-sense past, which is roughly everything not in the strict future.

Proposition 5.2 Let X be a solution of (30). Then for each s > 0,t >0, Gy and Hg
are independent.

PROOF. From (7), X (s, t) is measurable with respect to 72, & o{¥!, u < s}veo{V2, v <
ty v o{W([0,u] x [0,v]), u<sv <t}

If A C (s,00) X (t,00), and either u < s or v < t, then W(A) is independent of
W ([0, u] x [0,v]). White noise is a Gaussian process, so it follows that Hy; is independent
of a{W ([0, u] x [0,v]), u < s v <t} Since the Y are independent of the white noise, it
follows that H,; is independent of Vi<, et Fop D G- &

Set A =[s—h,s|x[t—h,t]and A =[l—s,1—s+h]x [l —t,1—t+h], and consider
a two-parameter reversal. If X is a solution of (31), Proposition 5.2 implies that W A 1s
independent of

def

(32)  Gisii=o{Y(u,v), u<l—sorv<1—t}=c{X(u,v), u>sorv>t}.

Proposition 5.3 Consider reversal in two coordinates, and set § =1 — s, t=1-—t.
Suppose that the reversed process Y = X is a solution of (31) in the above sense. Then

18



the a; and a; are related as follows:

(33) as(5,1) = ay(s, t);

= (a1(s,t) + a1 (8,1)) (X(s,t) = X(s — h,1))h
+ (as(s,t) +a2(5,1)) (X(s,t) — X(s,t — h))h
+ (as(s,t) — as(8,1)) X(s,t)R*
+ E(s,t;h),
where
(35) B{E(s,t:h)?} < Ch*.

Remark 5.4 If we consider reversal in one coordinate , then we would set Y (s,t) =
X(s,t)=X(1—s,t),5=1—5,t=t, and

def

Grot = o{Y(u,v), u<1l—sorv<t}=c{X(u,v), u>sorv<t}.

Then A =[1 —s,1 — s+ h] x [t — h,t] and Prop 5.2 implies that W|A is independent of
G.;. So with these definitions, formula (34) remains valid.

PrOOF. Equality (33) follows from Proposition 2.6. ;From (10),
(36) X(A)—i—// a1 (u,v) X (du, v) dv+// iy (u, v) du X (u, dv)
A A

—I—// as(u, v) X (u,v) dudv = // aa(u, v) W(dudv).
A A
On the other hand,

(37) X(A)+ / /A an (. v) X (du, v) do + / /A 0o (1, v) du X (1, )

+ / /A as(u, ) X (u, v) du dv — / /A as(u, ) W (du dv)

By definition, X (A) = X(A), and X (8,1) = X(s,t). Subtract these equations to see
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that:

(38) / /A 041, 0) W (du dv) — / / a1, 0) W (du dv)
//aluv duvdv—//aluv (du,v) dv
+ / /A as(u, v) du X (u, dv) — / /A o (u, v) du X (u, dv)
+ / /A as(u, v) X (u, v) du dv — / /A as(u, v) X (u,v) dudv.

Approximate a;(u,v) and X (u,v) by a;(s,t) and X (s,t) to see that:

(39) / /A aq(u, v) W(dudv) — / / da(u, v) W(du dv)

= ai(s,t)(X(s,t) — X (s — h,t))h — a1(5, )
+ as(s, 1) (X (s,t) — X(s,t — h))h — as(3,

where the &; and &; are the errors in the respective approximations. Now condition on
G- Note that W is a white noise with respect to the reversed filtration and that ¥ = X
is a solution of (31), so Proposition 5.2 implies that the white noise on A is independent

of G s> and therefore
E{// a(u, v) W(du dv) | gt} ~0.
A

On the other hand, all the terms on the right-hand side except the errors are G, ;-
measurable, so that we get (34) with (s, t;h) = 320 E{&; — & | Gst}

In order to finish the proof of the proposition, we need only show that there exists
C > 0 such that B{€2} < Ch* and E{E.} < Ch* fori=1,...,3. Consider

A

(40) &1 = // (a1(u,v) — ai(s, ) X (du,v) dv
—l—al(s,t)/t_h(X(s,v) X(s—h,v)— (X(s,t) — X(s — h,t))) dv

.

Let X (du,v) = dM" 4 dV;! be the semimartingale decomposition of X (-,v) and write
t s
I = / / (a1(u,v) — ai(s, 1)) (M + V) dv
t—h Js—h
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and use the Schwartz inequality:

(41) E{I}} < 2hE{/tjh /:h(al(u,v) —al(s,t))2(d<Mv>de}

+ QhE{/;h </Sih(a1(u,v) — (s, 1)) dv;)2 dv} .

By Lemma 2.3, d(M"),, = 0*(u,v)du and dV}' = p(u,v)du. Moreover, a; has uni-
formly bounded derivatives, so |a1(u,v) —a;(s,t)] < C(|s —u|+ [t —v|) < 2Ch. Thus this
is

(42) < 8Ch? /tjh /;hE{a2(u,v)}dudv

+ 8Ch? /:hE { </_h |, v)| du>2} dv .

By Proposition 2.3, E{u?(u,v)} and E{c*(u,v)} are bounded for (u,v) in compact
sets, so there is a constant C’ for which E{I?} is bounded by C'h°.

Let Z(v) = X ((s — h, s] x (v,]) and note that

t
12 = CLl(S,t)/ Z(’U) dU,
t—h

so that
BE{I}} = a%(s,t)/t_h/t_hE{Z(u)Z(v)}dudv
< a¥(s,t) /t_h/t_hE{Zz(u)}l/zE{Z2(v)}l/2dudv.

From Corollary 2.4, E{Z*(u)} < Ch(t —v) < Ch? so this is bounded by, say,
C"a?(s,t)h*. Thus, for small h,
B{&3} <2B{I}} + 2E{I5} < C'R° + C"h* < OR*

for a suitable constant C' which depends only on s+-¢, the coefficients a;, and the smooth-
ness of the initial semimartingales Y?. The errors £ 1, €9, and 82 are similar.
Moving to €3, we have

/ / (as(, 0)X (1, 0) — as(s, )X (s, 1)) dudo

// az(u,v) — as(s, 1)) X (v, v)dudv+agst// (u,v) s,t)) dudv

L A
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Using the same reasoning as above, we see that

E{Jﬂqgza{(/?QCWXXUJodudv)Z}::cﬂh2/iwkE{X(UJoxxuwo}dudvm/dy.

But E{X (u,v)X (u'v')} < sup, ea E{X*(u,v)} < ', s0 E{J7} < Ch°.

E{J;} = ag(&t)/A AE{(X(u,v) — X(s,t)) (X(u',v') — X(s,t))} du dv du’ dv',

while sup, ,yea E{ (X (u,v) — X(s,t))z} < 2Ch by Corollary 2.4. Thus this is bounded
by 2Ca2 (s, t)h5. The same bound holds for £5 by symmetry.
Adding the errors together, we see E{E%(s,t;h)} < Ch* for small h. &

Remark 5.5 The only error term above which has order as large as O(h*) is Iy. The
others are all O(h®) or smaller.

6 Reversals of the Brownian sheet

6.1 Reversal in one coordinate

Theorem 6.1 Let (W (s,t)) be a standard Brownian sheet. Set Y (s,t) = W (1 — s,t).
Then there is a standard Brownian sheet (B(s,t)) independent of (W (1,t), t > 0) such
that (Y (s,t)) is the solution on [0,1[ xRy of

0*Y N 1 oY O°B

dsot ~ 1—s 0t Osot’

with initial conditions Y (0,t) = W(1,t), Y(s,0) = 0.

(43)

Remark 6.2 One easily checks (with Qst as in Remark 5.4), that

- h
EW(A)[Gsz) = - (X(s,1) = X(s,t = 1)),
so from (84), we guess that a,(8,t) = 1/s, i.e. ay(s,t) = 1/(1 —s), and G = a3 = 0.
Therefore, that (43) should hold is suggested by Proposition 5.3.

PROOF OF THEOREM 6.1. According to Lemma 2.1, with (8) written as in (10) (would
NEED (8) implies (6)), it suffices to show that the integral of the left-hand side of (43)
over [0,s]| x [0,t] is a Brownian sheet. The integral equals

Y(s,t) — Y(s,0) — Y(0,t) + Y(0,0) + / 1d“ (Y (u,t) — Y(u, 0)).

—Uu
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Replace Y (s,t) by W (1 — s,t) and do the change of variables u — 1 — u to see that this
expression equals

U du
W(l—s,t)—W(l,t)+/ ;W(u t).
1-s
Do the change of variables x = 1/u to get
= dz
(44) W(l—s,t)—W(l,t)—l—/ —W(l/x t).
1

Let &(s,t) = sW(1/s,t). Then (£(s,t)) is a standard Brownian sheet [13] and the expres-
sion above can be written

(= o9¢ (1250) — [T e

Integrate by parts to see that this expression is equal to

/11 (da,t) ~ //gdxd B(s,1).

It is not difficult to check that (B(s,t)) is a Brownian sheet. For instance, if s < s’ and
t <t then

E(B — ¢ =
(B(s,t)B / d:)s/dy$2 tx

while if s < s’ and ¢’ < ¢, this covariance is st’.

We now check that (B(s,t)) is independent of (W (1,¢), ¢ > 0). Fix a > 1 and b > 0.
If 0 <s<1andt<b, then we use the fact that B(s,t) is equal to the expression in (44)
to write

=t(1—(1—3s)) = st,

1

E(B(s,)W(a,b)) — E([Wu—s,t)—W<1,t>+/115d—“W(u t)] W (a, b))

U
U du

= —st+ — ut
1-s U

= —st+ st
= 0.
If t > b, then
U du
E(B(s,t)W(a,b)) = —Sb+/ — ub = —sb+ sb=0.
1-s U
This proves the desired independence and completes the proof. )
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6.2 Reversal in two coordinates
Theorem 6.3 Let (W(s,t)) be a standard Brownian sheet. Set
Y(s,t) =W(1—s,1-1).

Then there is a standard Brownian sheet (B(s,t)) independent of (W (z,1), W(1,z), 0 <
x < 1) such that (Y (s,t)) is a solution on [0,1[* of

Y, 19y 1oy 1 v - OB
950t ' 1—-tds  1-sot  (1-s(1-1 Y7 dsar’

(45)

with initial conditions Y (0,2) = W(1,1 —z), Y(2,0) = W1 —2,1), 0 <z < 1.

Remark 6.4 With A and Gst defined as in (32), it is not difficult to check that

2

EW(A) | Qst) = %(X(s,t) — X(s—h,t)) + %(X(s,t) — X(s,t—h))+ %X(s,t)

(this formula also can be obtained from [3, Theorem 4.2]). From (34), we guess that

o A n 1 T 1 . 1
al(svt) - ?a a2(37t) = ;’ ( t) St

Proposition 5.3 suggests, therefore, that equation (45) should hold.

PROOF OF THEOREM 6.3. Again according to Lemma 2.1, with (8) written as in (10)
(would NEED (8) implies (6)), it suffices to show that the integral of the left-hand side
of (45) over [0, s] x [0,¢] is a Brownian sheet, with the desired independence properties.
The integral is equal to

dv

Y(s,) — Y(s,0) — me+ymm+/t

+/osld—uu(y( ¥ (u,0) /l—u/l—v

Replace Y(s,t) by W(1 —s,1 —t) and do the change of variables (u,v) — (1 —u,1 —v)
to get

(Y(s v) =Y (0,v))

(46)  W(l—s1—t)—W(1—s1)—W(1,1—t+W(L1)
[ s =W+ [ S0 - W)

u
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Now do the change of variables x = 1/u, y = 1/v, to see that this equals

™ dy

W(]l—s,l]x]l—t,l])+/ (W1 —=s,1/y)—W(1,1/y))

_—
1 1 1
s d 1 -t (
+/1 W1z —t) - W(1 /2, 1)) +/1 —I/I Y (1/2,1/y).
1 z 1 T J1 Y
Let &(s,t) = stW(1/s,1/t). Then (£(s,t)) is a standard Brownian sheet, and the expres-
sion above can be written

=06 (1) - -9 (7101) - a-0e (1 ) +e

-1 1 -1

1_S,y)—F (Ly)} dy

Using the formula for integration by parts (5), with f(x,y) = {(z,y) and g(z,y) = 1/(zy),
we see that this equals

1 1
= = 1
/1 dx/ dy — &(dx, dy) % B(s, 1).
1 1 ry

It is now straightforward to check that (B(s,t)) so defined is a standard Brownian sheet.
For instance, if s < s’ and ¢’ < ¢, then

1
s - 1 -1
[ a2
1 =y T

1 _1
1—s -1

1
E(B(s,t)B(s', ') = / 1 :
1 1 Yy

This proves that (45) holds.

It remains to prove that (B(s,t)) is independent of (W(a,1), W(l,a), 0 < a < 1).
For this, it suffices to compute the covariance between the expression in (46) and W(a, 1),
then W(1,a). We omit the second computation and do the first.

From the covariance of the Brownian sheet and elementary geometric considerations,
using the fact that B(s,t) is equal to the expression in (46), we see that for a <1 — s,

E(B(s,t)W(a,l)):/l d—“(—at)+/1;d§/;%(av):o,

1-s U
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and for 1 —s <a <1,

E(B(s,t)W(a,1)) = (a—1+s)t+ / dv (—v(a—1+s))

1-¢t U

¢ d Yd
+/ —u(—ut)+/ X (—at)
1-s U a U
“du ['d Ydu ' d
+/ _u/ —U(uv)—i—/ _u/ —U(av)
1—s U J1—¢ V a W 14 U

This completes the proof. )

=0

Remark 6.5 Fquation (45) is reminiscent of the equation for a Brownian bridge (X5, 0 <
s <1):
dX, + Xs _ dB;,
1—s
where (Bys) is a standard Brownian motion. The law of the reversed process (B(1—s), 0 <
s < 1), is the same as the law of (Yy;), where

and Z is a standard Normal random variable independent of the Brownian bridge (X;). A
similar identity in law occurs for the Brownian sheet, as is shown in the following theorem.
MENTION articles [1, 9].

Theorem 6.6 Let (W (s,t)) and (X (s,t)) be standard Brownian sheets. Set
(47) U(s,t) = X(s,t)—sX(1,t) —tX(s,1)+ stX(1,1),
(48) Z(s,t) = 1—s)W(L,1—-t)+(1—-t)W({1—s,1)— (1 —s)(1 =)W (1,1).

Then U and Z are independent, and Y = U + Z has the same law as (W(1 — s,1 —
t), (s,t) € [0,1]?). In particular, Y is a (weak) solution of (45) with initial conditions
Y(0,2) =W(1,1—2), Y(z,00=W({1 —2,1),0<x < 1.

The proof of this theorem relies on two lemmas.

Lemma 6.7 Z is a solution of the equation

A U — T
Jsot  1—tods 1—sot (1—s)(1—1) U =5

(49)
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PROOF. Again according to Lemma 2.1, with (8) written as in (10) (would NEED
(8) implies (6)), it suffices to show that the integral of the left-hand side of (49) over
A =0, s] x [0,t] vanishes. This integral is

2(A) + /0 W Z(s,0) - Z(0,0))

1—wv
5 du
Z(u
+/0 1—u<< Z(u,0) /1—u/1—v

Using formula (48), this equals

(1—$)X(1,1—t)+(1-HX(1—s1)—(1—s)(1—X(1,1)
SX(L,1—t) - X(1—s,1)+ X(1,1)

+/Ot1d_v((1—S)X(1,1—v)+(1—v)X(1—8,1>
s_<1—s><1—v>X<1,1)—X(1,1—v>>

+/ 1d“ (1= X (1—u,1) + (1 — W)X (1,1 1)
1—w)(1—8)X(1,1) — X(1 —u,1))

—(
/1—u/1—v (1-—uw)X(1,1—-v)+ (1 —-v)X(1 —u,l)
—(1—wu)(1—v)X(1,1)).

This expression is easily seen to simplify to 0. &

Lemma 6.8

(50) E(Z(s,)Z(s 1) =1 = (sAs)tAt)1—-sVs)(1—-tVH),
and
(51) EU(s, U 1) =(sAsEA) 1 —sVvs)1—tVE).
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PRrROOF. Using elementary algebra, one checks that

Z(s,t) = (1—s+1—t—(1—s)(1—t)X(1—s1—1)
t1-s—(1—s)(1-t))(XL1—1) - X(1—s1-1)
F1—t-(1-s)(1-))(X1-s1) - X(1—s1—1)
(1= 81— H)X([1—s1] x [1 -t 1))

= (1-st)X(1—s,1—1)
(1 — ) (X (1,1 —8) — X(1—s,1—1))
ds(1—t)(X(1—s1)— X(1—s1—1)
(1= s)(1—)X([1—s,1] x [1 1))

The four terms in the last expression are independent. It is now a tedious but elementary
calculation, using the covariance of the Brownian sheet, to check that E(Z(s,t)Z(s,t))
is given by formula (50). These calculations are left to the reader. Similarly, the tedious
but elementary calculations that establish formula (51) are left to the reader. &

PrROOF OF THEOREM 6.6. From Lemma 6.8, we see that Y = U + Z has the same
covariance, hence the same law, as (W (1 —s,1—t)). This of course implies that there is a
white noise B such that Y is the solution of equation (45), but we prefer to give a direct
derivation. By Lemma 6.7, it suffices to check that there is a Brownian sheet (£(s,t))
such that (U(s,t)) is the solution of

02U 1 oU 1 oU 1 0%¢
(52) 950l TT=10s T1-sat T a=sa=n """ g
Set
W(Svt) = X([l -5 1] X [1 —t, 1])7
so that
(53) X(s,t) =W([1—s,1] x [1 —1¢,1]).

Because U vanishes on the axes, the double integral of the left-hand side of (52) over

A =0, s] x [0,] is equal to
t)
01 Ule, /1—u/1—v

t
d
U(s,t)—l—/ ! U(s,v) +
o 1—wv
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Replace U(-,-) by its expression in terms of X given in (47) to get

X(s,t) — sX(1,t) — tX(s,1) + stX(1,1)

+/0 1d—,UU (X(S7U) - SX(lv U) - UX(‘S’ 1> + SUX(l’ 1))

. /0 1622 (X (u,t) — uX(L,t) — £X (u, 1) + utX(1,1))

+/OS 1d_uu/0 10&, (X (u,0) =uX(1,0) = vX(u, 1) +uvX(1,1)).

Rearrange the terms and simplify to get

(54) X(s,t)+/0 1%}@

+/Os WX (u,t) - X(1,1))

1—u
SICE T TR e
X (u,v) —uX(1,0) — vX(u,1) + uwwX(L,1)
: 0-wi-v )

(X(s,0) = X(s,1))

The integrand in the double integral simplifies to

X(u,v) — X(1,v) — X(u, 1) + X(1,1)
(1 —u)(1—v)

Now replace X (-,-) by its expression in terms of W given in (53) and do the changes of
variables u +— 1 — u, v — 1 — v, to see that (54) is equal to

W(l—s1—1)—W(l—s1)—W(l,1—t)+W(,1)
—I—/_ @(W(l—s,v)—W(l,v))ﬂL/ du

1-s U

(W(u,1 —1t) —W(u,1))

This is exactly the expression in (46), and we have shown in the lines that follow (46) that
this expression is a standard Brownian sheet, that is independent of (W (1—=z,1), W(1,1—
x), 0<z<1). &
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7 Reversal in hyperbolic s.p.d.e.’s

We shall consider the reversal in two coordinates of the the solution of the hyperbolic
equation with constant coeficients

2
% + alaa—f + agaa—)t( + agX(S,t) = W,

with vanishing initial conditions X (s,0) = 0, X(0,¢) = 0. The reversal in one coordinate
could be done similarly, and in fact, more simply. In this equation, the case a3 # ajas
corresponds to the telegraph equation [6, Chap.IV, §43], whereas in the special case
where a3 = ajas, equation (55) can be transformed into the wave equation by a change
of variables and parameters. We shall restrict to this special case.

(55)

Theorem 7.1 Firai,as, a3 € R and suppose az = ayaz # 0. Let (X (s,t)) be the solution
of (55) with vanishing initial conditions, and set X (s,t) = X(1—s,1—t). Then there is a

Brownian sheet (B(s,t)) independent of (X (u,1), X(1,u), 0 <u < 1) such that (X (s,t))
is the solution on [0,1[* of

PX X oX 5 *B
m + CLl(S,t)E + ag(S,t)W + ag(S,t)X(S,t) = m,

with initial conditions X (s,0) = X (1 —s,1), X(0,t) = X(1,1 —t), where

(56)

2a1(1—s) 2a2(1—s)

2a1€e 2a9€e

(57) ai(s,t) = g Y az(s,t) = P —

— Qg,
and az(s,t) = ai(s,t)as(s,t).

Remark 7.2 The case a; = as = 0 has been discussed in Theorem 6.3. In order to
recover this case from the theorem above, it is not possible to set a; = 0 in (57), but there
is no problem in taking the limit as a; — 0. Doing this for i = 1,2 leads to equation (45).

PROOF OF THEOREM 7.1. Define X(s,t) = e®t91! X (s, t). From Example 4.1, we see
that X satisfies the equation
) s
0°X — 6a28+a1tW.
0sot

Therefore, there is a Brownian sheet W such that

B _ 2a2s __ 1 2a1t __ 1
X@@:W(e ‘ ),

Y

2@2 2&1

and therefore,

N 2a2s __ 1 2a1s __ 1
X(s,t) =e W (e < )
1

2&2 ’ 2a
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and

R 5 2az(1—s) __ 1 e2a1(1—t) -1
X ’ 1) = —az2(l—s)—a1(1—t) %74 € : .
(S ) ‘ 2&2 2@1

Set

N 2a2_1 2a1_1
Z(s,t)zW(e — 5, —t).

2@2
Then

Y

2a 2a2(1—s 2a 2a1(1—
X(s t):e—az(l—S)—m(l—t)Z (6 2 _ p2a2(l=s) o2a1 _ o2ai( t))

2&2 2@1

By Theorem 6.3, (Z(s,t)) is a solution of the equation

0*Z 07 07z

5Ot + f(alat)a + f(az, S)E + f(al, s)f(ag,t)Z = B,

where B is a Brownian sheet independent of

2a2_1 2a1_1
A EANA A L 0<z<1),
2&2 2(1,1

e —1 !
f(a,x)z( 5 —x) :

e2a2 - €2a2(1—s) €2a1 . €2a1(1—t))

and

Let

Y

Y(s,t) zz(

. From Example 3.1, we conclude that (Y (s, %)) is a solution of the equation

2@2 2&1

0*Y Y )%

5ot T 9l s + 9laz T G+ glar, )glan Y = emIimO

)white noise,

where
2ae2a(1—w)

g(a,x) = m'

Again by Example 4.1, we conclude that (X (s,t)) solves equation (56). This proves the
theorem. &

8 Reversal with initial conditions
Theorem 8.1 Let Xy be a N(0,0?) random variable, (M}) and (M?) be Gaussian mar-

tingales such that M} = M = 0 and E((M:)?) = fi(u), i = 1,2. We assume that X,,
(M) and (M?) are independent.
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Let X be the solution of the s.p.d.e.
X
=W
Jsot ’
with the initial conditions X (s,0) = Xo + M} and X(0,t) = Xy + M?, s,t > 0. Then

there exists a Brownian sheet (B(s,t)) such that X(s,t) = X(1 —s,1 —t) satisfies an
s.p.d.e. of the form

(58)

i AL S L
dsot N\ g T AN UGy

if and only if ay = 1 and there are real numbers Ty > 0 and Ty > 0 such that fi(u) = T5_; u
and T'T, = 0. In other words, X can be embedded into a Brownian sheet W as follows:

(59) + as(s,t)X = ay(s,t)B

(60) X(s,t) = W(Ty +5,Ty +1), (s,t) € R

PrROOF. We know from Theorem 6.3 that the reversal of W in both coordinates does
satisfy an s.p.d.e. of the form (59). So we assume that X satisfies such an s.p.d.e. and
show that X can be embedded into a Brownian sheet (the fact that a4 must be identically
1 follows immediately from Proposition 2.6).

Fix s,t such that s +¢t =2 —r, and let A = [s — h, s] X [t — h, t]. According to (34),

EW(A) | F(r)) = ai(s,t)h(X(s,) = X(s = h.t))
+ay(s, t)h(X (s,t) — X(s,t — h)) + as(s,t)h*X (s, 1)
+e(s,t; h),

or, equivalently, for u +v > s+ t,

(61) E(W(A) —arh(X (s, t) — X(s — h, 1))
—ash(X (s,t) — X(s,t — h)) — ash*X(s,t) — €] X (u,v)) = 0.

Because X solves (58), Lemma 2.3 implies that
X(s,t) = Xo+ My + M} + W (s, 1),
and therefore,

X(s,t) = X(s = h,t) = M;—M_,+W(s,t) = W(s—ht),
X(s,t) — X(s,t—h) = MZ— M7, +W(s,t)—W(s,t—h).
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Write (61) for u < s — h to get

(62)  —agh(hfy(t) + o(h) + uh) — ash®*(c* + fi(uw) + fo(t) +ut) — B(eX (u,v)) =

for u > s and v >t to get

(63) h* — arh(hfi(s) + o(h) + ht) — ash(hf4y(t) + o(h) + hs)

0,

—azh*(0® + f1(s) + folt) + st) — E(eX (u,v)) = 0,

and for v <t — h to get

(64)  —aih(hfi(s) + o(h) + hv) — ash*(0” + fi(s) + fa(v) + sv) + E(eX (u,v)) =

0.

Divide the three equations by h2, let h | 0 and use the fact that Var (s, t; h) = o(h?) to

get the three equations

(65) —as(f5(t) +u) — az(o? + fi(u) + fo(t) + ut) = 0,
(66) 1—ai(fy(s) + 1) = as(f3(t) + 5) — as(0® + fi(s) + fo(t) +st) = 0,
(67) —a1(f](s) +v) —as(c® + fi(s) + fo(v) +s0) = 0

(the first equation is valid for u < s, the third for v <t). ;From (65), we get

(69 Al = =) = 2500 = —u (142,
and from (67), we get
(69 R0 = =) - L) = - (54 2).

Therefore, f; and f, are affine functions of u and v, respectively. Because f;(0) =

0, there are numbers 77 > 0 and 75 > 0 such that

(70) fi(u) = Tou, fa(v) = Tho.

Identifying coefficients in (68) and (69) with those in (70), we see that
T, = —s—ai/as, Ty = —t — ay/as,

and these expressions cannot depend on s and/or t. In addition,

—folt) — j—§f5<t> — 0 =0,
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and from (70), the left-hand side is equal to

a
~Tyt — =T, — 0 = 0.
as

Because —t — ay/az = T», we conclude that

T, = o’
This completes the proof. )
Remark 8.2 Non-locality of the reversal of the wave equation.

Remark 8.3 Requesting that the reversal X of the solution to (58) satisfy a linear equa-
tion is natural, since X is Gaussian. On the other hand, it is the fact that the terms in
(59) are local (i.e. only depend on X (s,t) and its derivatives at (s,t)) that prevents X
from satisfying such an equation unless X is a Brownian sheet. It is interesting to point
out that even in the setting of d-dimensional diffusions, with d decoupled equations, most
kinds of initial conditions will lead to coupled equations for the reversed process. The
simplest exampe, suggested to the first author by E. Mayer-Wolf and O. Zeitouni, is the
following. Let (B*,..., B) be a d-dimensional Brownian motion,

dX} = dB;, X, =Y i=1,...,d,

where (Y, ..., Y?) is an R*-valued and centered Gaussian random variable with covari-
ance matriz =. Then the law of X; is N(0,= 4 ul), where I is the d x d identity ma-
triz. According to the d-dimensional version of (2), the system of diffusion equations for

Xo=(X{_,. ..., X% )is

1—us -
A A d A
(71) dX, =dB, - a;;(u)X] du,
j=1

where (a; j(u)) = (24 (1 —u)I)~t. Unless = is diagonal (that is, Y',..., Y are indepen-
dent), the drift in (71) is “non-local,” in that it depends on all components of X{L

This example and Theorem 8.1 suggest that the only type of equation that the reversal
of (58) may satisfy is an equation with non-local coefficients. This should motivate the
development of an existence theory for such equations.

References

[1] Brockhaus, O. Sufficient statistics for the Brownian sheet. In: Sém. de Probab.
XXVII, Lect. N. in Math. 1557, Springer Verlag, Berlin (1993), pp.44-52.

34



Cairoli, R. & Walsh, J.B. Stochastic integrals in the plane. Acta Math. 134 (1975),
111-183.

Dalang, R.C. & Russo, F. A prediction problem for the Brownian sheet. J. Multi-
variate Analysis 26 (1988), 16-47.

Farré, M. & Nualart, D. Nonlinear stochastic integral equations in the plane. Stoch.
Proc. Appl. 46 (1993), 219-239.

Follmer, H. & Wakolbinger, A. Time reversal of infinite-dimensional diffusions. Stoch.
Proc. Appl. 22 (1986), 59-77.

Goursat, E. A course in mathematical analysis Vol.II1. Dover Publ., Inc., New York,
1964.

Haussman, U.G. & Pardoux, E. Time reversal of diffusions. Ann. Probab. 14 (1986),
1188-1205.

Imkeller, P. Two-parameter martingales and their quadratic variation. Lect. N. in
Math., 1308. Springer-Verlag, Berlin-New York, 1988.

Jeulen, Th. & Yor, M. Une décomposition non-canonique du drap brownien. In: Sém.
de Probab. XXVI, Lect. N. in Math. 1526 (1992), Springer Verlag, Berlin, pp.322-347.

Millet, A., Nualart, D. & Sanz, M. Time reversal for infinite-dimensional diffusions.
Probab. Theory Related Fields 82 (1989), 315-347.

Rovira, C. & Sanz-Sol, M. A nonlinear hyperbolic SPDE: approximations and sup-
port. In: Stochastic partial differential equations (Edinburgh, 1994), pp.241-261. Lon-
don Math. Soc. Lecture Note Ser. 216. Cambridge Univ. Press, Cambridge, 1995.

Rovira, C. & Sanz-Sol, M. The law of the solution to a nonlinear hyperbolic SPDE.
J. Theoret. Probab. 9 (1996), 863-901.

Walsh,J.B. An introduction to stochastic partial differential equations. Ecole d’été
de probabilit’es de Saint-Flour, XIV—1984, Lecture Notes in Math. 1180, Springer,
Berlin-New York, 1986, pp.265—439.

35



