ON NUMERICAL SOLUTIONS OF THE STOCHASTIC
WAVE EQUATION

JOHN B. WALSH

ABSTRACT. We show that there is a numerical scheme for the stochastic
wave equation which converges in LP at a rate of O(v/h), and which
converges a.s. uniformly on compact sets at a rate O(y/h|loghl¢), for
any € > 0, where h is the step size in both time and space. We show
that this is the optimal rate: there is no scheme depending on the same
increments of white noise which has a higher order of convergence.

1. INTRODUCTION

When one speaks of the numerical solution of stochastic PDEs, one usually,
but not always, means their simulation. Although the SPDE may describe
a physical system perturbed by noise, the noise itself is seldom observable,
so that one can’t use it as part of the solution. However, explicit solutions
of SPDEs are rare and detailed calculations are difficult, so simulations are
important. One can simulate the solution by generating increments of the
random driving noise and putting these into a numerical scheme. But one
must know if the simulation is good, which means at the very least finding
bounds on the error and determining the rate of convergence of the scheme.
(There is a deeper question which we shall not address in this article: to
what extent does the simulation share the interesting sample-path properties
of the true solution?) Needless to say, one does not want to generate more
increments than necessary, and the accuracy of the simulation may depend
on exactly which increments are generated. This will be an important point
when we come to the question of lower bounds on the error.

The solutions of classical PDEs are generally smooth, and there are higher-
order numerical schemes which take advantage of that smoothness to give
higher-order convergence. In contrast, the solutions of SPDEs are often
nowhere-differentiable, and there may be a limit on the rate of convergence.
This was shown by Davie and Gaines [4] in the parabolic case. Effectively,
there are no higher-order schemes, either explicit or implicit.

Most experience to date comes from parabolic equations, and it suggests
that the rate of convergence is governed by the continuity of the paths.

1991 Mathematics Subject Classification. 60H35, 60H15.
1



2 JOHN B. WALSH

The sample paths of the stochastic heat equation, for instance, are roughly
Holder(1/4), and, if k is the size of the time-step, the optimal rate of con-
vergence as k — 0 is O(k'/?) [4]. Moreover, there are many schemes which
attain this rate [5] [6].

In this article, we consider the stochastic wave equation, which is less stud-
ied. (See [8] for some references.) Its solutions are roughly Hoélder(1/2), so
that if h is the step size, we would expect the rate of convergence to be
O(h'/?). We show that, indeed, there is a scheme which attains that rate.
Moreover, there is a limit on the rate of convergence of numerical schemes,
and this rate is optimal: no scheme based on the same increments of white
noise converges at a rate faster than O(v/h).

Our scheme is an adaptation of what is called a “leapfrog” method. It a
second order method, but we believe that its order is not important, and that
many other schemes share the same rate of convergence.

Other schemes may contain surprises, however. Quer-Sardanyans and Sanz-
Sole [8] have investigated the rate of convergence of a semi-discrete scheme
(discrete in space, continuous in time, sometimes called the “method of lines”).
One might expect this to be better than a fully discrete method, for time-
continuity is tantamount to setting the time-step equal to zero. Interestingly
enough, it is not better, it is worse: they show that it converges at the unex-
pectedly slow rate of O(hl/ 3). (More exactly, they prove that it converges at
least that fast, and make a strong numerical argument that it is no faster.)
It would be interesting to know whether time-discretizations of this method
would converge faster.

Finally, let us mention the connection between numerical solutions of white-
noise-driven SPDEs and the round-off error of numerical schemes for non-
stochastic PDEs.

Each step in the numerical solution of a PDE involves a round-off error.
That error can be regarded as random—as much as the output of any random
number generator can be considered random—and by symmetry it will have
mean zero. There will be an error attached to each step, which means that
there is an error attached to each space-time cell, so that the round-off error
can be considered as a noise in space-time. It is not hard to see that, suitably
normalized, it approximates a white noise when the step size is small. Thus
one can treat the round-off error as an autonomous white noise. For instance,
if g =0, (1) is a PDE, and the numerical scheme for it can be treated as the
exact (i.e. no round-off error) scheme for the SPDE with a particular non-
zero g—the exact function depends on how f is calculated. The same remark
applies to other types of SPDEs as well, of course.
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2. THE SPDE

Consider the non-linear wave equation in one space-dimension, perturbed
by white noise. We will treat the case of an unbounded region in detail,
and just indicate how to apply our results to bounded domains in §7. Let
uo(x) and vo(z) be real-valued functions on R and let f(z,t,u) and g(x,t, u)
be real-valued functions on R x Ry x R, where Ry = [0,00). Consider the
initial-value problem:

9%u  0%u .
” w:@—i—f(:c,t,u)—i—g(x,t,u)ﬂ/, z€ER, t>0,
u(z,0) = uo(x), %(z,()) =vo(x); zeR,
where

e W is a standard white noise on R x R, i.e. it is a Gaussian measure
W on the Borel sets of R x R} which has the property that W (A) is
N(0,|A]) and if A and B are disjoint Borel sets, W(A) and W (B) are
independent and W(A) + W(B) = W(AU B).

e ug and vy are deterministic Holder-continuous functions of order at
least (1/2).

e f and g are Lipschitz continuous: for each N there is a constant Ly
such that for all z,y,2" and 3y’ € [-N,N] and all z, 2’ € R, and if

§=(r,y,2) and ¢’ = (2, ¢, 2')

IF I +19(E)] < Ly (1 +[E]);
IF(€) = f(EN] +19(€) — 9(€)] < Lnl§ = &

Let C(x,t) = {(y,s) : 0 < s <,y — x| <t— s} be the backward light
cone with apex (z,t). Then G(x,t;y,s) = (1/2)Ic (4 (y,s) is the Green’s
function for the wave equation, and (1) is shorthand for an integral equation:
u(zx,t) is a solution of (1) if and only if it satisfies the following a.s. for each
(z,t) € R x Ry:

(2)

x4+t
(3) wu(z,t) = %(uo(x —t) + uo(x + t)) + % /4 vo(y) dy
+/ G(z,t;y,s)f(y,s,u(y,s)) dyds
Rx[0,t]

+/ Gz, t;y,8)9(y, s,uly, s)) W(dyds).
Rx[0,t]
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This is called the mild form of (1). It is well-known ([3] and Exercise 3.7
of [6]) that there exists a unique Holder-continuous solution to this. We can
rewrite (3):

(4)
T+t

2u(z,t) =ug(x —t) + up(z +t) + vo(y) dy

r—t
+/ f@@m%m@@+/ oy, s, uly, 3)) W (dy ds).
C(z,t) C(z,t)

Note that u(zx, t) is entirely determined by what happens in C(x, t) . Indeed,
only the values of ug and vy inside [z —t, x +1t] and the restriction of W (dy ds)
to C(z,t) appear in (4). Thus the entire problem can be restricted to the
cone C(x,t), and we do not need global conditions on ug and v, just local
conditions.

We wish to find a numerical scheme to solve this problem. Observe that if
we rotate coordinates by 45° by letting

(5) E=(t+z)/V2, n=(-2)/V2,
then
0%u  O%u 0%u

o2 ox2 “ocon’
This change of variables preserves area, and we can write (1) in the form

9 0%u

9g

If we set 4(£,n) = u(x,t), we can approximate the mixed partial derivative
by the double difference [a(¢+k,n+k) —a(&,n+k) —a(E+k,n)+a(E, n)]/ k2.
Notice that this equals k=2 [ é?;gn d¢ dn , where the integral is over the square

(6) = f+gW.

of side k with lower-left-hand corner at (£,7). In terms of the original coor-
dinates, let (z,t) be the center of that square, and let h = k:/\/i, so that the
above double difference equals [u(x,t +h) — u(x + h,t) —u(z — h,t) + u(z,t —
h)]/2h%. Let A be the square—or perhaps we should say diamond—with cor-
ners at (x,t + h), (x + h,t), (x — h,t), and (z,t — h). Integrate both sides of
(6) over A to see that:

(7) 2[u(m,t+h)—u(:c—i—h,t)—u(m—h,t)—i—u(m,t—h)]:2/Aai;nd§dn

:/fmaw@@+/gmamwuwﬁ
A A
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In order to get a recurrence scheme, we must replace the integrals by dis-
crete approximations. Denote the area of A by |A| = 2h? and write

/ f(y,s,u)dyds ~ f(x,t, L(u(z+ h,t) +u(z — h,t))) |A;
A

/A 9(y, s,u) W(dyds) ~ g(:z:, t, 3(u(z + h,t) +u(z — h, t))) W(A).

Note that these approximations are exact if f and g are constant. Thus we
have

(8) wu(z,t+h)~ulx+h,t)+ulx—ht)—u(z,t—h)
+ %f(:z:, (e + hyt) + u(e — b ))|A]
+ 1g(:z:, t, t(u(z 4+ h,t) +u(x — h,t))) W(A),

2
with equality if f and g are constant.

3. THE DIFFERENCE SCHEME

Let h > 0, put @; = ih, t; = jh, and define subsets £}, and M, of hZ? by

Ly ={(zi,t;): i,j €Z, ijiseven} My = {(z,t;): 4,j € Z, ij is odd}

Thus, if (z;,t;) € Ly, i and j are either both even or both odd, so that the
points of £, on the z-axis are (xg,to), (T+2,%0), (+4,t0),. .., and the points
on the line t = h are (z41,t1), (43,t1)... Thus £, contains “every other
point” of the lattice hZ2, My, is the complementary lattice, and £, U M}, =
hZ?. See Figure 1.

Let u;; ~ u(x;,t;), and let A;; be the square with center (z;,t¢;) and
corners at (z;,¢;+1), (i+1,t;). Then (8) suggests:

9)

2
W1 = Uig1,j + im1,j — U1 + B2 f (@i, 3 (wipry + wio1y))

1
+ 59(%% Huivrj +uiz1,5)) W(Ay).

Notice that if (x;,t;) € My, then all the coordinates appearing in (8) are
in Ly, so that this is in fact a recurrence relation on L. If we know the values
of u; j if (1,7) € Ly, j < k, for instance, we can get the values of u; 41 for
(i,k+1) € L. Note that we need to know wu. ; for at least two values of j to
update. We are given the initial values of v and v. This gives us the values of
u;,0, but this is not enough to start the induction process: to get ;1 from (9)
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we need not only u; 0 but u; —1 as well. To construct the values for j = —1
we extend u to the lower half plane as the solution of the homogeneous wave
equation with the same initial conditions. By D’Alembert’s formula,

x4+t
(10) w(z,t) = %(uo(x —t) +uo(z+1t) + %/ vw(y)dy, t<0, zeR,

r—t

so we define

(uo(wiz1) + uo(wis1)) — % /Ii+1 vo(y) dy -

i—1

(11) s —1 = u(zg,t-1) =

N~

Strictly speaking, this is an illegal numerical method, since it contains an
integral which we might have to do numerically. But if we cannot integrate
vp in closed form, we can simply replace (10) by, say, u; -1 = 3(uo(2i—1) +
uo(xi+1)) — hvo(z;) , at the cost of a small error. (How small depends on the
smoothness of vg. If vy is C'?, this leads to an O(h3) error for u;,—1, which
gives an O(h?) error later on. If vy is only Holder(1/2), as it would be if the
initial velocity were Brownian, u; —; would be off by O(h?/?), leading to an
O(h'/?) error later on. This is the same order as rest of the error.) We will
carry out the rest of our analysis using (11). Notice that once the u; ¢ and
u;,—1 are known, the scheme determines the w; ; for all (4, j) € L, by iteration.

This gives us our numerical scheme: use the initial data and (11) to define

u; 5 for j = —1, and j = 0. Then use the iterative scheme (9) to determine it
for j =1, 2,.... One can see from Figure 1 that this does indeed determine
U OI ,Ch.

Remark 3.1. Note that the first step (j = 0) in the scheme is a special case.
Indeed, we have extended u to be a solution of the homogeneous equation in
the negative half plane, which is equivalent to assuming that both f and g
vanish there. Thus when we determine u; 1, we should replace W (A; o) by
W (A;0NR xR, ), and we should replace h? by h?/2 in the right-hand side of
(9). This will make the first step exact in the case where f and g are constant.

Just to avoid any misunderstanding, let us re-state the scheme.
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(i, tj+1)

(Xi-1, ) (Xi+1, )

(i, tj-1)

FIGURE 1. L and the Ay

(12)

|~

(uo(ziz1) +uo(zip1)) —

|~

i —1 = u(z,to1) =

Tiq1
/ voly)dy, i odd;

i—1
2
wi = uo(wi—1) + uo(Tit1) — s —1 + ?f(zz‘, 0, 3 (uo(zig1) + Uo(%fl)))

1
+ 59(%, 0, 4 (uo(wit1) +uo(xi-1))) W(Aip "R x Ry), i odd;

Uijp1 = Wity + i1y — i1 + 2 f (@i by, 3 (i1 + wis1,))

1 .
+ 59(561',153‘, (Uit 4 wio1,5)) W(Ai) . (zistjy1) € Ln, > 2.

Remark 3.2. As a scheme for the solution of PDEs—e.g. with ¢ = 0—this is a
stable second order method, though its stability is borderline by the Courant-
Friedrichs-Lewy criterion. We could evaluate the functions f and g at u; ;1
instead of at & (wit+1,; + wi—1,;). This would simplify some calculations, and
result in a scheme which converges at the same order, at least for SPDEs. The
only reason we did not use it is that it is less accurate for PDEs (it is only
first order). We apologize to the readers for any extra trouble this causes.

Proposition 3.3. If the functions f and g are constant, say f = fo and
g = go, this scheme gives the exact solution at all points of Ly, i.e. u;; =
u(xs,t;) for all (i,7) € LnN{j > 0}. In particular, the scheme is exact for
the homogeneous wave equation.

Proof. We prove this by induction. It is true for j = —1 and 7 = 0 by
construction. Suppose it is true for all (i, 7) for which j < k. Modulo some
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obvious changes, the same argument work whether k is even or odd, so suppose
for concreteness that k is even. If ¢ is odd, then wu;t+1 and w;x—1 equal
w(wit1,tr) and w(z;, ty—1) respectively. Thus we can define wu; p+1 by (9).
Compare it with w(z;, tg41):

1
Ui ft1 = Wim1 ke + Uit 1k — Uik—1 + D2 fo + 290 W(Ai) .

But f = fy and ¢ = gy are constant, so %fAikfdyds = h?fy and
%fA'k gW (dyds) = 290 W(Ai) . By the induction hypothesis, this is

1 1
=u(wi—1,tg) + w(@ip1,tre) — w(a;, th—1) + 3 / fdyds+ 3 / g W (dyds)
Ak Ajg

= w(Ti, trt1) -

by (7). Thus the result holds for every (x;,t;) € L, for which j < k+ 1, and
therefore, it holds for all Lj,. O

4. PRELIMINARIES

Consider a fixed cone C'(0, N). Let us write C;; = C(z;,¢;). The following
is known from [3] and [8].

Lemma 4.1. Let u be the solution of (3). Then for any N and p > 1 there
is a constant Ky such that:

(i) E{|u(z,y)|*} < K, for (z,y) € C(0,N) ;

(ii) E{ju(z,t) — uly, s)1*} < Knplla — yl? + [t — s17) , for (,0), (y,5) €
C(0,N).

Note that the difference scheme is exact if f and g vanish identically, which
means that

T;+t;

(uo(xi*tj)wLuo(xithj)) +%/ vo(y) dy

x;i—t;

|~

(13) f5950:>u1‘1j:

Now suppose that f and g are no longer zero. Then

Proposition 4.2. Let C‘ij =U{Amn: Apn NR xRy C Gy} For (x4,t5) €
ﬁh;
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x;+1;

(UO(-Ti —t;) 4 uo(z; + tj)) + %/ vo(y) dy

z;—1;

1
+ 5 Z |:f(1'm7tnv %(Uerl,n + umfl,n>)|Amn|

{m,n:AmnCé”}

+ g(ﬂﬁm, tna %(Um-l-l,n + um—l,n))W(Amn)}

Proof. Like Proposition 3.3 this can be proved by induction, but we can also
see it directly. Note that C‘ij is the union of C;; with those A,,o for which
Apmo NR x Ry is contained in Cj;. (These are exactly the sets that come
up in the first step of the recurrence scheme. The outlined area in Figure 1
is one of the C‘ij .) In particular, C‘ij is a union of A,,,. Define u(A,,,) =
U nt+1—Um—1,1n—Um+1,n+Um,n—1 . Now notice that if we sum u(A,,,,) over all
m,n for whichn > 0and A,,, C C'ij, that, first, the sum is equal to the sum on
the right-hand side of (14), and second, it telescopes dramatically: if we write
it out in terms of the u, ,, the terms from the common corners of any two
Ay, which share an edge cancel; this means that all the terms w,, , cancel,
except for u; ; itself and terms of the form u,, , where n = —1, (in which case
there is no other adjacent A,,, to cancel it) and where n = 0 (in which case
there is either no other adjacent A,,,, or else three A,,, meet, and only two
can cancel.) After the telescoping, we are left with u; ; — > ugo + Y we,—1,
where the sums are over k and ¢ for which the points (k,0) and (¢, —1) are in
Ly and also in C‘”

To evaluate these sums, compare this with the solution @ of the homo-
geneous wave equation with the same initial conditions. Let d,,,, be the
result of the corresponding numerical scheme. Since the scheme is exact for
the homogeneous equation, @y, , = U(Tm,tn). The values of ug o and wue_1
are calculated from the initial conditions and do not involve f and g, so
Um,n = Um,p for n =0, —1.

As above, let 4(Apn) = Gm,nt1 — Um—1,n — Um+1,n + Um,n—1 Then by (7),
W(Ampn) = 0 for all m,n. Thus 0 = 4;,; — Y ko + > Ue,—1 = W(xs, t;) —
ko + D ug,—1; consequently, - up o — > wp,—1 = Uy, 1, = 27 (u(@; — ;) +
ula; +1;)) + 271 [ vo(y) dy by (13).

Finally, as remarked above, the sum of the u(A,,,) is given by the sum on
the right-hand side of (14). This proves the proposition. O

Let us interpret this result. Suppose we have carried out the difference
scheme, so that the u;; are known. Let
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Zf T, tn, % Um+1,n T umfl,n))IAmn (:C,t) ;

Zg :Ema ny % Um+1,n + um—l,n))IAmn (:Ea t) 5

Then f(Zm,tn, (um 1o+ Umt1n)/2)|Amn| = fA s)dyds, and the

first sum on the right-hand side of (14) is just fc-v v, )dy ds. The second
ij

sum is fC §(y,s) W(dy ds). (This is an integral with respect to a martingale

measure, but because of the measurability properties of g, the integral itself
is delicate. See §5 and the proof of Lemma 5.3 for details.) Thus we have
proved

Corollary 4.3. For x;,t; € Lp,

zl—i-t]
(15) 2um- = ’LLO(ZL'Z' ) + ’LLO €Ty + t + /

+/Cijf(y,s)dyds+/c W (dy ds)

ij

In particular,

(16) s —u(winty) = 5 [ (7.5 = fws. ) dyds

+%/C (9(y,s) — gy, s,uly, s)) W(dyds).

ij
Remark 4.4. Comparing (15) and (3), we see that the Green’s function of the
discrete equation is identical to the Green’s function of the original equation.

5. RATE OF CONVERGENCE: THE UPPER BOUND

Theorem 5.1. Let u;; be the solution of the scheme (12) for h > 0. Let
e>0. Then

(1) uij converges as h — 0 in all LP to the true solution, and, for p > 1
there exists K, such that for (z;,t;) € L, NC(0,N),

(17) luij — (@i, t))]lp < Kph .
(it) For any e >0 and N > 0, as h — 0 through the sequence (27™),

i ’ivt'
(18) lim sup w} =0

20, Yaiteco,N) /bl loghl®
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Remark 5.2. We can interpolate the u;;, to, say, a piecewise-linear function
0" (x,t) which gives a continuous approximation of u(x,t). It follows from (i)
above and the fact that the paths of u(z,t) are Holder (1/2) that |a"(x,t) —
u(z,t)|/+/h|logh|¢ converges uniformly on compact sets to zero as h — 0 thru
the sequence (27™), so that there is uniform convergence on compact sets, not
just on the lattice points.

If Ais a Borel set, let F4 = o{W(B) : B C A} be the sigma field generated
by white noise on A. Let C*(x,t) = {(y,s) : s > t, |y — x| < s —t} be the
forward light cone with apex (x,t), and denote its complement by G*(x,t) =
R x Ry — C*(z,t). Define a martingale measure W% by W4 (A) = W(AN
C*(x4,tj_1)). This is a restriction of white noise, so that W’ (4) = W4 (AN
[0,t]) is a martingale measure relative to the filtration 7y = Fryo4. However,
as white noise on C*(z;,t;_1) is independent of white noise on G*(z;,t;-1),
it is also a martingale measure with respect to the enlarged filtration gf;j =
FitV Far(ast;_,)- Thus if p(x,t) is a measurable, square-integrable process

adapted to the filtration (G¥), then Sa pdW = [, pdW" is defined and
satisfies

w o[ oav 150} -

tJ

(20) E{(/A de)2|g6j}=E{/A”p2dxdt|g6j}.

ij ]
The proof of Theorem 5.1 begins with a series of lemmas.

Lemma 5.3. Let N > 0, p > 1. There exists a constant Ky, such that for
(.Tm, E LyN C )

‘/ dxdt)‘ } < Knyp /Cm E{|g(x,1)|?} da dt ;
’/c (g(z,t) — g, t,u(z,t)) W(dxdt)’2p}

gKNp/ E{|9(z,t) — g(z,t,u(z,t)[* } dzdt .

mn

Proof. Let p= ¢ in (i) and let p = § — ¢ in (i7). Let G be the z-axis and
let and G = U, ., tj)eﬁhcij' Let G; = Fg;. To shorten the notation, let
A(Gsm,n) = {i: (x;,t;) € My, Ajj C Cppt. Define
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X, d:ef/ pdW = Z/ pd W
CrnNG

b k=0 CrmnN(Gr41—Gk)

:Ji > /Aikde.

k=0 i€A(k;m,n)

In particular,

X X= 3 [ paw.
) B

i€A(F;m,n
Note: if (x;,t;) € My, that w1 ; and u;—1; are Fg«(y,,¢,_,)-measurable,
and g(z,t, u(z,t)) is Fi-measurable, so in either (i) or (47), on A;;, p is adapted
to the filtration (G¥), the integrals are defined, and we can apply (19) and
(20). Since G; C GV for all #,

E{Xjm - X; |G} = ) E{E{/A PdW|géj}|gj}:0

i€A(jim,n) i
BlGn -0 16y = > B{e{[ paw [ paw i)},
i,k€A(j;m,n) Aik Aj

If k& # j, the integral over Ay is géj -measurable and can be factored out of
the expectation, and the corresponding term vanishes by (19). That leaves
the terms for k = j, for which (20) applies:

- ¥ E{/A pdasdt|gj}E{/(G e P dudt| G}
ij j+1—%3 mn

i€A(7;m,n)

It follows that {X;, G;, 0 < j < n} is a martingale with increasing process

k—1
[X]k: E / dexdt|gj .
j:zo { (Gj41=G)NCmn }

Thus, by Burkholder’s inequality, there exists a constant K, such that

2 m’de\Z’"} < K,B{[X]2}

< KpE{ (/C p° dzdt)p}.

mn

By Holder’s inequality, this is
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SC/ E{p2p} dz dt .

mn

This proves both (i) and (7). O

Lemma 5.4. There exists a constant Ky, such that

(21) E{|tmn|} < Knp, (T, tn) € C(O,N).
Proof. Let

x+t
Ula,t) = 5unla =) +uole+0) + 5 [ wnlw)dy

be the solution of the homogeneous wave equation with the given initial con-
ditions. Let M = sup{|U(z,t)|??, (x,t) € C(0,N)}. Then
(22)
X 2p
E{[tmn|?} < 32p(M+E{‘/ F(a,t) dxdt’ }+E{
Crmn

Apply Holder’s inequality to the first integral and Lemma 5.3 to the second
to see that this is

/ Gz, t) W (de dt)‘2p}) .

Cmn

(23) < 32P(M+ |Cmn|2P*1E{/|f|2p dzdt} +E{/|g|2pdasdt}) .

For (z,t) € A;j, the Lipschitz conditions imply that

|f($a O = | f(zi, ts, (wim1j +uiv1,)/2))%F
(24) < LR+ (e + uig1)/2)%)
<KL+ ([(wie1 [ + |uig,577)/2)
For j =0,1,2,... let

Fy = sup{ E{|ui[*"} : (i,k) € L, k <j, (zs,yx) € C(0,N)}.
Then Fy = M and from (24), for j > 1,

E{/ Viks d:cdt} < K(1+4 F))|Ayl.
Agj

The same is true of g, so that from (23)

(25)  B{luma/*}<K(M4+2K Y (1+F)IA,l)
i,j:(zi,tj)ecmnﬂ./\/lh
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Now for a given j there are at most 2n values of ¢ for which (z;,t;) € Cpn
and (z;,t;) € My, while |Chpn| < N (for Cp, € C(0,N)), and |A;;| = 2k, so
for a larger value of K this is

n—1
< K(1 +nhjz::0 th) .

Now nh = t, < N so, absorbing all the constants into K, we have

n—1
E{[tmn|?P} < K(l +3 th)
)

Set F(t) = F[i] and note that since F is increasing, F(t)
h

fot F(s)ds). By Gronwall, F(t) < KeXt, Rroving the theorem.
The same reasoning can be applied to f — f and g — g. O

< K(1+

This brings us to
Lemma 5.5. Let p > 1. There exists K, > 0 such that for all (T, tn) €
C(0,N),
(26) E{|tmn — u(m, tn)|?P} < KhP.
Proof. We proceed as in Lemma 5.4.
= uenitn) = [ (F=Pvies [ (G-g)Widsd).
C’VTLTL C’VTLTL

On Aij

If = fl = [f (i, b5, (wiz1,j + wig1,5)/2) — [, t,u(x,t))]
1
S Ly (o — x|+ [t; —t] + |§(uz‘717j + uit1,) — u(w,t)]) .

Now the last absolute value is

<

N |

(Juimry — w(ioa, t5)] + wiv1,; — w(@ig, ty)|
+ u(wioy, ty) — w(e, £)] + [u(zir, ty) — u(z, t)))
Thus by Holder, we have that on A;j,

B{|f - [} < K(h* + E{|ui—1,; — w(zi-1,t;)[*} + B{Juis1,; — u(zir1, )P}
+ E{|u(zio1,t;) — u(z, t)[**} + E{ju(zipa, t;) — u(z, t)[*}) .



ON NUMERICAL SOLUTIONS OF THE STOCHASTIC WAVE EQUATION 15

Since |x; — x| + |t; — t| < 4h on A;;, Lemma 4.1 implies that the last two
expectations are O(h?), while the first two are each bounded by

F; S sup{ B {jus — u(ws, 1)} < k < j, (22, t) € C(0,N)} .

Thus

)

E{/ If - f|2pdxdt} < K% + hP + F;)| Ay .
A

The same is true for |§ — g|. Thus, as h? < h for h < 1, it follows as in (25)
that

Bt — (e, 1)) < K (7 + 3 Fi[Ag])
i,§:(i,t)ECmnn M,

which leads to the conclusion that Fy = Kh? and F,, < K(h? + Z?:_ol Fjh),
n > 1. As before, if F(t) = Fie/nys

F(t) < K(hp + /t F(s) ds)
0

so that F(t) < KhPeX* which proves the lemma. O

Lemma 5.6. There exists K, > 0 such that
p
E{ sup / (gfg)dW’ }nghp.
C-;j

(Zi,tj)EC(O,N)
Proof. This is a direct consequence of Cairoli’s maximal inequality for two-
parameter martingales. To see where the two-parameter martingale enters,
define

Xij :/A (9 —g)dW

ij

and note that if C;; C Cpq, then

(27) E{qu | fcij} = X,

Indeed, Cpq — Cy; is a union of Ay, and if Ay, is disjoint from Cjyj, then
Cij C G*(xg,te—1), hence F¢,, C g’gl, and therefore by (19)

E{/A (ﬁ—g)dW|fcij}:E{E{/A (g_g)dW|glod} |~7:CM}=0.

ke
To put this in the usual two-parameter setting, let m = j+iand n = j—1,
(soj = (m+n)/2and i = (m—n)/2) and define T ., = Fe,;; and My, = Xij.
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Note that m < m’ and n < n’ < C;; C Cyj, so that (27) states that if
m <m' and n < n’ that

Thus {Xn, Tmn, —N < m,n < N} is a martingale—we extend it to
negative values of m by setting X, = 0 and 7 ., = {Q, 0} if m < 0—and it
is easily checked that the hypotheses (F'1)—(F4) of [2] hold, so that Cairoli’s
maximal inequality implies that

E{max|X,..|*"} < KE{|Xyn|?}.

Lemma 5.6 now follows from Lemma 5.5 and the Lipschitz condition on g.
a

Proof. (of Theorem 5.1.) Part (i) has been proved in Lemma 5.5. We must
prove a.s. uniform convergence. Consider

(28)

1 A 2pY 35
Bl s uy ety < B s | [ 1f - fasal”)
(zi,t;)€C(0,N) (zi,t;)€C(0,N)'JCij

. 2Py 35
sup / (g—g)dW‘ }
Cij

+ E{
(mi,tj)EC(O,N)

The first integrand is positive, so by Hélder,

. 2 . 9 A
sup( |f*f|d$dt)p§( |fff|dzdt)p§K \f— 2P du dt
Cis C(0,N) C(0,N)

which is bounded in expectation by KhP. But the second term on the right-
hand side of (28) is also bounded by Kh?P by Lemma 5.6, so

E {SUP |uij — “(-Tiatj)|2p} < KhP.

Now let h = 27", Then for e >0, >0

E{sup |uij — u(zi, t;)|*"}

sup |ug; — u(wi, t5)|
P { /o—npe >00 = §2p 2—pn ppe
K
= 62 pre

Choose p large enough that pe > 1. This is then summable, and the a.s. con-
vergence follows from the Borel-Cantelli Lemma. O
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6. RATE OF CONVERGENCE: THE LOWER BOUND

The rate of convergence of the numerical scheme (9) is on the order of the
square root of the step size. We will prove in this section that no scheme
converges at a faster rate than root h for all choices of f and g.

It is important to emphasize that we are talking of schemes which only use
certain increments of the driving white noise. It is possible to do better if we
can use more information about the white noise, as pointed out in Kloeden
and Platen [7]. However, we often use these equations to simulate the solution,
in which case we only want to simulate the increments we actually need, and
we do not have access to more information about the white noise.

Let us speak heuristically for a moment. There are three sources of error
which concern us here.

(1) Think of a PDE as an infinite system of ODEs. A numerical scheme
approximates it by a finite system. In our analysis, this shows up in the
Green’s functions. The numerical scheme has a Green’s function which may
only approximate the true Green’s function of the PDE.

This is already a principal concern in the non-stochastic case, but there
are two further sources of errors in stochastic equations. These tend to be
dominant in this type of SPDE.

(2) To solve the SPDE one must approximate terms like [ G(z,t) W (dx dt)
by sums of white noise increments.

(3) Multiple stochastic integrals such as [ W (dx ds) W(dy dt) may enter
the picture, and, for reasons associated with the Lévy area, these are ill-
approximated by products of white noise increments.

As it turns out, neither (1) nor (2) happens for the leapfrog lattice £ of
Section 1, at least at the lattice points—they do in between—but, as in Davie
and Gaines [4], (2) does happen for the the more usual rectangular lattice.
We will treat both cases. They require quite different proofs.

We use an idea of Davie and Gaines [4]: any numerical approximation
constructed from a certain set of white-noise increments is measurable with
respect to the sigma field Fa that they generate. Among all Fa-measurable
random-variables, the best L? approximation to the true solution is its con-
ditional expectation given Fa. No numerical scheme can do better, so the
conditional expectation gives a lower bound for the L? error. Thus to prove
that v/h is the best possible rate, we need only exhibit an equation for which
the conditional expectation of the solution converges no faster than O(v/h) .

This difference between the two schemes comes from the geometry of the
lattices. In the rectangular lattice, the solution is based on white noise in-
crements over rectangles with sides parallel to the axes. (This includes the
semi-discretization of [8] as a limiting case.) As with [4], these increments do
not approximate the Green’s function well, and we can get the lower bound
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by considering an equation with constant coefficients. In this case the solution
is Gaussian and the conditional expectation is readily calculated.

With the leapfrog lattice, the solution is based on the increments W(A;;),
which do approximate the integral of the Green’s function accurately, and the
solution is exact for equations of constant coefficients, Thus we must consider
an equation with non-constant coeflicients. Its solution is non-Gaussian, and
the the proof hinges on properties of the Lévy area.

There is one more remark to make before we begin: we showed that there
was uniform convergence of order (almost) root h. It is easy to show that
no method can do better than this uniformly in (x,t). Indeed, the process
varies by that much between lattice points, so the error halfway between
lattice points will be O(\/ﬁ) The convergence at lattice points is much more
delicate.

Theorem 6.1. The rate of O(\/ﬁ) is best possible on the lattice Ly, in the
following sense. There are Lipschitz functions f and g in (1) such that any
numerical scheme which uses only the increments W(A;;) for a step-size h
cannot converge in L? at a faster rate than O(\/E), even at the lattice points.

Theorem 6.2. The rate of O(\/ﬁ) 1s best possible on a uniform rectangular
lattice in the following sense. Let h and k be strictly positive, and let U;; =
(ih, (i + 1)h] x (jk,(j + 1)k]. Then there are Lipschitz functions f and g
such that any numerical scheme for (1) which depends only on the increments
W (Oi;) cannot converge in L*at a rate faster than O(max(\/ﬁ, \/E)), even at
the lattice points.

6.1. Proof of Theorem 6.1. If we rotate coordinates by 45°, the stochastic
wave equation falls into the purview of the two-parameter stochastic calculus
as given in, for instance, [2]. We will use this fact heavily, and it will be cleaner
if we make this change of variables at the outset. Therefore, let & = (z+t)/v/2
and n = (z —t)/V/t as in (5).

The original problem is posed on the upper half plane in zt space; this be-
comes the half-plane $ def {(&n) : £€+n > 0}. The cone C(z,t) transforms

into Rey, dlef 4+ N (—00,&] x (—o0,n]. Let Feyy = o{W(Ruw) 1 u < &, v < n}.
Then Fy¢,, is the sigma field generated by white noise on Re,.

The following lemma will be used repeatedly, usually without mention. It
can be found in a more general form in [2].

Lemma 6.3. If v; = p;(§,n,w), i = 1,2 are measurable in all variables,
adapted to Fey, and square integrable with respect to d§ dndP, then the sto-
chastic integrals f p; dW exist, have mean zero, and satisfy E{f w1 dW f V2 dW} =

fE{801<P2} dg dn .

Proof. (of Theorem 6.1) Consider the problem in the zt-coordinates:
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Ut = Ugy + 2uW
(29) u(z,0) =1
ut(x,0) =0.

whose mild form is u(x,t) = 1—|—fc(m N u(y, ) W(dy ds). In the {n-coordinates,
it becomes

(30) u(émn) =1 +/ u(z, y) W(dx dy) .
Rey

This has a unique continuous solution w(&,n) which is locally bounded in
L2. For the purposes of this proof, we can restrict ourselves to a bounded
domain, which we will take to be R1; without loss of generality.

We will use the ¢n-coordinates for the remainder of this proof, and we will
re-cycle the letters x, y, s, and t for dummy variables without reference to the
previous coordinate system. In order to simplify the notation, we will omit
dummy variables when there is no danger of confusion. The letters C' and
K below will denote strictly positive constants whose value may change from
line to line.

From Lemma 4.1:

(31) sup E{u(z,y)’} < C

(32)  E{(u(z1,51) — u(@2,92))} < OV (w1 — 22)2 + (y2 — 92)?.
Fix h > 0 and let z; = ih, y; = jh, i,j = 0,£1,£2,.... Call the (z;,y;)

lattice points. Define rectangles A;; dlef (@i, xig1] X (Yj,yj41]. Let Fa =
a{W(A;j), i,j =0,%£1,%2,...}, and set

w(z,y) = E{u(z,y) | Fa}.
By our remarks above, the theorem will be proved if we can show that there
is C' > 0 such that E{(u(x,y)—a(x,y))%} > Ch for lattice points (z,y) € Ri1.
Let us assume the conclusion is false and derive a contradiction. That is,
assume that there exists a function p(h) such that p(h)/h — 0 as h — 0 and

(33) E{(u(z,y;) — @(xi,y;))*} < p(h), (i,y;) € Rax .

We know that at least one scheme produces a v/ error, which implies that
for some K >0,

(34) E{(u(z,y) — a(x,y))*} < Ch, for all (z,y) € Ry .
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For a lattice point (zp,y,) we have

(35) Wiy, yq) = 1+ /R u(€,m) W (de diy).

TpYq

The plan of the proof is to decompose this integral and identify the im-
portant terms. As it happens, there are many terms and most of the proof is
spent dealing with the small ones. The important terms, as we will see below,
are 131 and 132 .

Let Il = {(m,n) :m+n>0,m<p, n<q}and I =T}, ={(m,n):
m+n > 0}. Then (m,n) € Il <= (Zm,yn) € Ra,y,, and (m,n) € I'" <=
(Tm,sYn) € D4

For m +n > 0, Ay C Ry,y, iff (m,n) € Tp_, . However, if m +n =
—1 and —¢ < m < g, Ay, intersects both R, ,, and its complement, and
Apn N Rep y, = A N H 4. Thus (35) is

p—1
-1+ > / wdW+ Y / wdW
An R

(mn)ert_, -, m=—q 7 Bt NAm,—m 1

d:ef1+51+52.

Note that S; is a sum of O(1/h?) orthogonal terms, while Sy is a sum of
O(1/h) terms of the same kind, so S3 is negligible compared to S;. Define
the double difference operator [;; by

Uiju = U(-Ti-i-layj-i-l) - U(iﬁi, yj+1) - U(:L'H-layj) + U(-Tia yj)-

and note that by (30),

(36) Omnu = / udW .
A

mn

Thus from (35)

(37) w(Tp,yq) =1+ Z Omnt + Sa.
(m,n)er?

p—lg—1

Our aim is to find O,pu — E{0pmnu | Fat = Omnu — Opnt. Use (30)
again on the integrand in (36) see that
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7 A A A A7 7 A7 277 AN

x A

FIGURE 2. R,, 4. and the strips Ry, — Ry, 4, and Ry, oy — Re, oy,

/Amn 1+ /R W (d¢ dn)) W (dz dy)

/ 1+/ udW W (dz dy) / / udW) W (dz dy)
A RyyNAmn

mn :r:m Yn

o,
Amn Ra

def

udW W (dz dy) / / udW) W (dz dy)

mYn Imy'n.

Ii(m, )—|—Ig(m,n)+13(m,n)—|—l4(m,n).

See Figure 2 for a picture of the areas of integration. Note that for each
k the sets {Ix(m,n), m,n =0,+1,4+2...} are families of stochastic integrals
over the disjoint sets A,,,, and are therefore orthogonal and have mean zero.

Now It = w(Zm, Yn) W(Amn), so let us write Iy = I11+112, where I11(m,n) =
Wz, m, yn) W(Amn) and Iia(m,n) = (w(@m, Yn) — @ Tm, Yn))W (Amn) . Then
I1 is Fa-measurable. Both w(Zm,, yn) and @(2m,,yn) are Fy,,,, -measurable,
SO

(38) E{Lia(m,n)*} = E{E{I{, | Fu,y.}}
= E{(u(mm, Yn) — d(mm, yn))QE{W(Amn)2 | fﬂcmyn}}
< p(h)|Apn |

by hypothesis. Next,
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supy= [ (B n?)dcn) dedy.

Since E{u(&,n)?} < C we see that

(39) E{I(m,n)?} < C%|Amn| .

This brings us to I3 and I;. By symmetry, it suffices to consider I5.

R.y, — Ra,.y,. is a vertical strip. (See Figure 2.) Write it in terms of its
intersections with the A, which lie below A,,,, and note that if & < n, that
(Ray, — Rapyn) N Ak = Ry oy, N Ay . Thus

Bmmy = 32 [ (e Wiaedy) Widrdy)

k<n

- Z /A W(zm, Y)W (Apr N Ray,, ) W (dz dy)

- Lo e = i) Widean) Widsdy

k<n Rayy,

def 131 (m TL) + 132(777, TL)

Now both {I3;(m,n), (m,n) € T"} and {I32(m,n), (m,n) € "} are
orthogonal families, and, moreover

Bitaena® = [ B{( X[ wen e v Wdedn) vy,

k<n
(m,k)ert

If (&,m) € Ak, it is within a distance h of (Zm,yx), so by (32) and (33)

(€ n) = @(@m, yi)ll2 < (€ n) — wl@m, ye)ll2 + l[w(@m, yr) — @(@m, yr)ll2
< CVh+/p(h) < KVh

for some constant K. Thus E{(u(¢,1) — @(zm, yn))?} < K2h and

(40)  E{I32(m,n)*} < h? Z K2h|Amn| < (Jm] + |n)) K2R3 A -

k<n
(m,k)erh
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This brings us to the key term, I31. Let X;;(¢t) = W((@s, 2+t % (Y5, Yj+1]),
0 <t <h,and X;;(t) = W((xi,xit1] X (yj,y; +1]), 0 <t <h. Note that the
(Xi;) are independent Brownian motions with d(X,;); = hdt, and

ﬂ(zm, yk)W(Amj N Rz,yn) = ’&(:Cm, yk)ka(SC - l'm>~

Thus we can let t = z — x,,, and identify the white noise integral above with
a Brownian stochastic integral:

h
k<n 0
(m,k<)€Fh

This is the key observation. Doing the same for I, we see that Iy = I41+ 142
where

A~ h < il
(42) utmn) = 3 i /O Kin(t) (1)
(i,m)er”
(43) E{Li(m,n)*} < (m +n)K2h3| A .

To summarize, we have shown that

Ormntt = @@, Y)W (Amn) + > @(@m, k) | Xk (£) dX (1)
k<n
(m,k)erh
+ Z U(xl,yn)/ Xin(t) dXpn(t) +e(m,n),
<m 0
(i,m)th

where e(m,n) = I1a(m,n) + Ia(m,n) + Isa(m,n) + Iia(m,n).

Let us consider the conditional expectation of [,,,u given Fa . The first
term on the right-hand side of (44) is F a-measurable. To handle the stochas-

tic integrals, note that for each i, j, k, and ¢, X;;(h)Xpe(h) = foh Xij dXpe +
foh XpedX;;. It follows by symmetry and the Markov property that

E{/Oh X dXke | fA} = E{/Oh Xij dXwe | Xij(h), ng(h)} = %Xij(h)Xké(h)-

Moreover,
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h 1 1 /" 1 [
/ Xij dXM—QXij(h)XM(h) = 5/ Xij dXM—§/ Xpe dXij .
0 0 0

The right-hand side is just half the Lévy area of X;; and Xj¢, where the
Lévy area A;(X,Y) of two semi-martingales (X;) and (Y3) is

def [* t
A X, V) E [ xXdy - | YdX.
0 0

In terms of the Lévy area, we have

k<n
(m,k)el"h

<m
(i,m)el"h

+e(m,n) — E{e(m,n) | Fa}.
The following lemma will help with the Lévy areas.

Lemma 6.4. (i) E{An(X;j, Xmn)} = 0;

(“) Zf (Za]) 7£ (man)7 E{Ah(Xiijmn)Q} =ht 5

(151) Unless either (i,5) = (m,n) and (k,£) = (p,q) or (i,j) = (p,q) and
(k,€) = (m,n),

E{An(Xij, Xt) An(Ximn, Xpq)} = E{A(Xiz, Xie) An (Ximn, Xpg) }
= E{Ah(Xija Xk@)Ah(Xmmqu)} =0.
Proof. The Lévy area is a stochastic integral, so (i) is immediate and (i)
follows from the independence of the different Brownian motions. To see (ii7),
write the Lévy area as a limit of Riemann sums: Ay, (Xi;, Xie) An(Xmn, Xpq)
is a limit of sums of the form W (A;)W (A2)W (A3)W (A4), where A1 C Ay,
Az C Ape, A3 C Apy, and Ay C Apg. Under the hypotheses, one of the A’s,

say Aj, is distinct from the other three, hence W (A1) is independent of the
others and

4 4
E{H W(Ai)} = E{W(Al)}E{H W(Ai)} =0.
i=1 i=2
Thus the Riemann sums have mean zero, and (i) follows in the limit. O

From (37) and (45)
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U(zpqu) - ﬁ(zpqu) = Z (Dmnu - Dmn’&) + Sy — E{SQ | ~7:A}
(777u,'r1)€I"1;“71(171
= Z ( Z ﬁ(l‘m, yk)Ah(kavan)
(m,n)eF;;fl a1 k<n
’ (m,k)el"h
<m
(i,m)el"h
+ > (elmn) - B{e(m.n) | Fa})
(m,n)el"”fil’qil

+ Sy — E{Ss | Fa}

By Lemma 6.4 the Lévy areas are orthogonal mean zero random variables,
their variances add, and the expected square of the sums inside parentheses
is

> [ X Blalww)?ht Y Blalwsya)?]p
(mn)ert | | k<n i<m
P70 (muk)erh (4,m)er”

The bracketed terms are Riemann sums for integrals, so this is

~n Y [/_tmE{a(:cm,y)Q}der sz{ﬁ(m,yn)Q}dx}hQ,

(m,n)6F371q71 “Yn

which is itself a Riemann sum:

Nh/R { t E{a(t,y)*} dy + t E{&(m,s)Q}dm} dsdt.

TpYq -

One can see from (30) that (u) is a martingale, so (u?) is a sub-martingale,
and E{(u — @)%} < ch, hence for small h, ||i(z,y)|l2 > ||u(z,y)|l2 — Vch >
[|(0,0)||]2 = Veh =1 —+/ch > 1/2. Thus the above is

h
Zh/ (t—i—s)dsdtZ—(:z:p—i—yq)s,
Rmpyq 6
and of course, x, + 1y, > 0in H.
This gives us a lower bound on the main terms. It remains to check that
the remaining terms are all small. Write
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Ze(m,n) = leg(m,n) + Zlg(m,n) + Zlgg(m,n) + Zl4g(m,n).

m,n

The summands in each of the last four sums are orthogonal, mean-zero
random variables, and therefore their variances add. By (38) and (33)

B{(Stumm) } = 3 B{atmn’)
< p(h) Z |Amn| = p(h)|Ra,y,|

< sp(h),

this last because (xp,y,) € Ri1 by hypothesis, so R; 4, C Ri1, which has
area 1/2.

By (39), the variance of I;(m,n) is bounded by Ch?|A,,,|/4 so the same
calculation tells us that

E{ (Z In(m, n))2} < Ch?/s.

Now |m| and |n| are bounded by 1/h since R,,, C Rii, so by (40) the
I32(m,n) have variances bounded by (m + n)K2h3|Apn| < 2K2h2?| A -
Therefore

|~

E{ (Z Isa(m, n))Q} < Kh?/2.

The same is true of the Iy2(m,n). Thus we conclude that there is a constant
K > 0 such that for all points (xp,y,) € Ri1,

(et~ (S etm 23))'} < (et

< K(p(h) + h?).

(]

Thus for any lattice point (zp,y,) in Ri1

[u(@p, yq) = W(xp, yg)ll = \/ (2p +yg)h/6 = /K (p(h) + h2).
But p(h) = o(h) so for small h the first square root is bounded below by,

say, v/(xp + yq)h/3. But this is strictly greater than p(h) for small h. This
contradicts the assumption (33) that E{(u(zp,y,) — @(zp, yq))?*} < p(h) for
small h. This proves Theorem 6.1. g
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6.2. Proof of Theorem 6.2. Consider the linear problem

Ut = Ugg + 2W
(46) u(z,0) =0
ug(z,0) =0.

The solution is

u(z,t) = W(C(x,t)),
which is essentially a Brownian sheet.

Fix strictly positive h and k and let D;; = (ih, (i + 1)h] x (jk, (§ + 1)E].
Let Fa = o{W(D;;) :i=0,%£1, £2,..., 7=0,1, 2,...}. Fix z and ¢t and
let D = C(x,t). Tt is straightforward to calculate E{W (D) | Fa} since the
variables are jointly Gaussian. If |A| denotes the area of a set A,

|D N D;; |
E{W |~7A} Z |D |] D’Lj);
ij

and the squared L? error is given by

def

e(w,t:h k) C B{(W(D) ~ E{W (D) | F4})°}

|D0DU|
= |DmDZ|( )
Z ! | Dij

The only non-zero contributions to the sum in (47) come from those D;;
which intersect both D and its complement, and which consequently intersect
one or both of the two slanted segments of the boundary of D.

Let us remark that if we halve k, we increase the sigma field Fa, and
therefore decrease e(x,t; h, k). Thus, e(x,t; h, k) > liminfx_g e(z,¢; h, k). In
fact the limit exists. Let us calculate it.

Fix (zo, to) and consider the left-hand half of the boundary of D = C(xq, to)—
the right-hand half is similar—which has the equation ©z = zg — ty + ¢t.
Let [z] denote the greatest integer not exceeding z. If t = (j + 1)k, then

(z(t),t) € D;j, where i = [¥]. Let {(x) def x — [£] h be the distance from

to th. Then |D;;| = hk and |D N D;;| = (h — €(z))k. Then the part of the
sum (47) coming from the left-hand boundary is

(47)

1
Zﬁ k) [h = L(z(( + k)5 -

This is a Riemann sum. As k — 0, it tends to the integral
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to dt 1 [
@) [ o)) G =g [ - i) da.
0 h h Io—to
If (p—1)h < z9p—tg < phand gh < xg < (g+1)h, we can write the integral
as [P+ Z‘JZ;; f,(}zﬂ)h + f;; and note that

zo—to J

1 G+DHR 1 rh 2
E/jh E(z)(hg(z))dzﬁ/o z(hfx)dxzf,

The first and last integrals are no larger than this, and ¢ — p < to/h <

q—p+2, so that (48) is no smaller than toh/6 — h?/3. Taking the other half
of the boundary into account, we see that for any (z,t),

th  2h?
B{(u(z,t) —a(z,1))*} > 3" 3
We can now interchange the roles of h and k, by fixing k£ and letting h tend
to zero. By symmetry, we get the lower bound tk/3 — 2k?/3, which proves

the theorem. O

Remark 6.5. The Courant-Friedrichs-Lewy condition for the numerical stabil-
ity of this method is that k < h. This assures that the domain of dependence
of the numerical solution is contained in the physical domain of dependence,
i.e. the numerical approximation at (z;,%;) depends on the values inside Cj;.
Thus one would normally choose k < h above; however the case where k > h
is included in the theorem for symmetry.

7. BOUNDED REGIONS: THE VIBRATING STRING

So far we have only treated unbounded domains. However, it is possible
to treat several boundary value problems by the same method. We will just
consider one here, namely the wave equation on D = [0, 1] x Ry with Dirichlet
boundary conditions:

Pu  0%u .
w = @Jrf(z,t,u)Jrg(x,t,u)W, OSSCS 17 t>07
u(z,0) = up(x), %(z,()) =vo(x); 0<zx<1,

uw(0,t) =u(l,t) =0, ¢ >0.

E. Cabana [1] introduced this to model a vibrating string perturbed by
space-time white noise. It can be handled numerically by a minor modification
of the scheme of Section 3, and it has the same rate of convergence. We will
just outline this here.

Fix n, choose h = 1/2n, put z; = ih, t; = jh and let u;; be the discrete
approximation of u(z;,t;) as before. We observe that we need only determine
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u;j for (x;,t;) in the interior of D, since the boundary conditions determine
it on the boundary. Thus:

e Extend the initial values uy and vy to functions @y and vy on R which
are odd functions of period two which equal ug and vy respectively on
[0,1].

e Calculate the u; _1 and determine w;; for those (z;,t;) € £, which are
in the interior of D by the scheme (9) with the following modifications:

ug and vg are replaced by ug and v respectively;
u;; = 0if (x;,t;) € Ly, and x; equals zero or one.
The main observation is that (7) holds for A = A;; if (x;,t;) € My, and

A C D . In particular it holds if ;_; = 0 or ;11 = 1, in which case Uj—1,5

or

u;+1,; vanishes. In particular, (8) is exact if f and g are constant.
One can deduce from this that the scheme is exact if f and g are constant.

This implies as before that the Green’s function for the discrete scheme is
the same as the Green’s function for the PDE. (It is a difference of indicator
functions of rectangles and triangles [1], and is bounded on compact sets.)
This allows one to write the SPDE in its mild form and check that Lemma
4.1 holds for the solution of the SPDE. The analysis of the unbounded case
then adapts straightforwardly to show that the scheme converges at the same
rate, O(V/h), as the unbounded case, and that that rate is the best possible.

REFERENCES

Cabaiia, E.: On barrier problems for the vibrating string, Z. Warsch. 22 (1972) 13-24.
Cairoli, R. and Walsh, J. B.: Stochastic integrals in the plane, Acta Math. 134 (1975),
111-183.

[3] Carmona, R, and Nualart, D.: Random nonlinear wave equations: Smoothness of the

solutions, Prob. and Rel. Fields 79 (1988) 469-508.

| Davie, A.M. and Gaines, J. G.: Convergence of numerical schemes for the solution of

parabolic partial differential equations. Math. Comp. 70, (2000) 121-134.

| Gyongy, I.: Lattice approximations for stochastic quasi-linear parabolic partial differ-

ential equations driven by space-time white noise I, Potential Anal. 9, (1998) 1-25.

| Walsh, J.B.: Introduction to stochastic PDE, Ecole d’Ete de Probabilité de St. Flour

XIV, LNM 1180, (1984) 265-439

] Kloeden, P. E. and Platen E.: The Numerical Solution of Stochastic Differential Equa-

tions, Springer-Verlag, 1992.

| Quer-Sardanyons, L. and Sanz-Solé, M.: Space semi-discretisations for a stochastic

wave equation, to appear, Potential Analysis.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF BRITISH COLUMBIA
E-mail address: walsh@math.ubc.ca



