
Under consideration for SIADS 1

The Stability of Localized Spot Patterns for the Brusselator

on the Sphere

I. ROZADA, S. RUUTH, M. J. WARD

Steven Ruuth, Dept. of Mathematical Sciences, Simon Fraser University, Burnaby, British Columbia, V5A 1S6, Canada,

Ignacio Rozada and Michael Ward (corresponding author); Dept. of Mathematics, University of British Columbia, Vancouver, British
Columbia, V6T 1Z2, Canada.

(Received 27 August 2013)

In the singularly perturbed limit of an asymptotically small diffusivity ratio ε2, the existence and stability of localized

quasi-equilibrium multi-spot patterns is analyzed for the Brusselator reaction-diffusion model on the unit sphere. Formal

asymptotic methods are used to derive a nonlinear algebraic system that characterizes quasi-equilibrium spot patterns,

and to formulate eigenvalue problems governing the stability of spot patterns to three types of “fast” O(1) time-scale in-

stabilities; self-replication, competition, or oscillatory instabilities of the spot amplitudes. The nonlinear algebraic system

and the spectral problems are then studied using simple numerical methods, with emphasis on the special case where the

spots have a common amplitude. Overall, the theoretical framework provides a hybrid asymptotic-numerical character-

ization of the existence and stability of spot patterns that is asymptotically correct to within all logarithmic correction

terms in powers of ν = −1/ log ε. From a leading-order-in-ν analysis, and with an asymptotically large inhibitor diffusivity,

some rigorous results for competition and oscillatory instabilities are obtained from an analysis of a new class of nonlo-

cal eigenvalue problem (NLEP). Theoretical results for the stability of spot patterns are confirmed with full numerical

computations of the Brusselator PDE system on the sphere using the Closest Point Method.

Key words: Brusselator, matched asymptotics, quasi-equilibria, nonlocal eigenvalue problem, Hopf bifurcation, sphere,
localized spots, Closest-Point Method.

1 Introduction

Turing in [38] proposed that localized peaks in the concentration of a chemical substance, known as a morphogen,

could be responsible for the process of morphogenesis, which describes the development of a complex organism from a

single cell. By means of a linearized analysis, he showed how stable spatially inhomogeneous patterns can develop from

small perturbations of spatially homogeneous initial data for a coupled system of reaction-diffusion (RD) equations.

Motivated by this initial work, a systematic and rigorous approach has been developed over the last few decades for

the analysis of small amplitude patterns in RD systems. After linearizing the RD system around a spatially uniform

state to identify bifurcation points for the emergence of spatially non-uniform patterns, a weakly nonlinear analysis

based on a center manifold reduction leads to normal form ODE’s characterizing the evolution of small amplitude

patterns. The coefficients in these normal form ODE’s are calculated in terms of the specific RD system, and the

nature of the bifurcation (sub-critical or super-critical) established. However, when applied to the analysis of RD

patterns on a sphere of increasingly large radius, or equivalently for an RD system in the singularly perturbed limit on

the unit sphere, the pattern selection problem becomes increasingly intricate owing to the fact that there can be many

eigenfunctions with the same growth rate. This degeneracy in the eigenspace associated with spherical harmonics

leads to a coupled system of ODE’s for the normal form amplitude equations. These normal form ODE’s have an

intricate bifurcation structure, and so the pattern that emerges from an interaction of these modes is difficult to
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predict theoretically (see [7], [9], [22], [23], [29], and [41]). It is the goal of this paper to develop and then implement

an alternative theoretical framework for analyzing RD patterns on the sphere.

There have been many numerical studies of RD patterns on the sphere and other compact manifolds (cf. [8], [17],

[3], [24]) motivated by specific scientific applications, including those in [28], [15], and [30]. However, to date there

has only been limited analytical work for analyzing RD patterns on surfaces. In contrast to a weakly nonlinear theory

framework, our theoretical analysis is based not on the asymptotic closeness of parameters to a Turing bifurcation point,

but instead it relies on an assumed large diffusivity ratio between the two species in the RD system. In this singularly

perturbed limit, many RD systems allow for the existence of localized quasi-equilibrium solutions characterized by the

concentration of one of the solution components at certain points in the domain. A survey of “far-from-equilibrium”

pattern formation is given in [27]. Although our framework can be applied to a class of RD systems, for concreteness

we will study the existence and stability of such localized spot patterns for a singularly perturbed Brusselator RD

model (cf. [31]) on the surface of the unit sphere. Our choice for analyzing the Brusselator model is motivated by the

fact that there have been no prior analytical studies of localized spot patterns for this model in 2-D, and that the

analysis of the 1-D problem with spike solutions has only been performed recently (cf. [39], [40]). In addition, in the

weakly nonlinear regime explicit normal form ODE’s for the Brusselator on the sphere have been derived (cf. [7]).

Finally, the Brusselator model has been proposed to model growing plant tips on a hemisphere (cf. [24]).

In the singularly perturbed limit of a large diffusivity ratio, the method of matched asymptotic expansions will

be used to construct localized spot-type patterns for the Brusselator. A precise asymptotic characterization of these

patterns and the parameter ranges where they occur will be found, and the stability of these patterns analyzed.

Three types of fast O(1) time-scale instabilities of these patterns will be discovered and analyzed. These instabilities

are a spot self-replication instability arising when a spot is sufficiently isolated, a competition instability leading to

spot annihilation that occurs when spots are too-closely spaced, and an oscillatory instability of the spot amplitude.

Parameter ranges where these three instabilities occur will be delineated. Our theoretical appproach is related to that

done for the Gray-Scott model [10] and for the Schnakenburg model [14] in a planar domain.

In terms of a non-dimensional space variable, the standard form of the Brusselator [31] RD model is

UT = ε20∆U + E − (B + 1)U + U2V , VT = D∆V +BU − U2V . (1.1)

Here we have defined ε20 = Du/L
2, D = Dv/L

2, where L is a characteristic length-scale, and Du, Dv are the diffusivities

of U and V . We will consider the singularly perturbed limit ε0 → 0 while maintaining an asymptotically large diffusivity

ratio Dv/Du = O(ε−2
0 ) so that D = Dv/L

2 = O(1) as ε0 → 0.

In the parameter regime where E = O(ε0), (1.1) for ε0 → 0 has localized spot solutions that are characterized by the

concentration of U at discrete points in the domain. It is convenient to choose a scaling of (1.1) for which these spots

have an O(1) amplitude as ε0 → 0. Upon writing E = ε0E0 with E0 = O(1), the appropriate re-scaling T = t/(B + 1),

U = Bu/ε0, and V = ε0v, of (1.1), as outlined in Appendix A, leads to the singularly perturbed RD system

ut = ε2∆u+ ε2E− u+ fu2v , τvt = D∆v +
1

ε2
(u− u2v) . (1.2 a)

Here we have defined f , τ , E, D, and ε, by

f ≡ B

B + 1
, τ ≡ 1

f2
, E ≡ E0

B
, D ≡ D(B + 1)

B2
, ε ≡ ε0√

B + 1
. (1.2 b)

This system has three independent bifurcation parameter E, D, and f , depending on D, B, and E0, with f defined

in the narrow interval 0 < f < 1. In our non-dimensionalization we chose not to scale v by an O(1) constant, as this
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Figure 1. The growth rate Re(λ) versus k for the linearization of (1.2) around the spatially homogeneous equilibrium ue =
ε2E/(1− f) and ve = (1− f)/(Eε2) for f = 0.8, ε = 0.075, D = 0.2, τ = 1.5625, and E = 4, on the unit sphere. For ε ≪ 1,
the upper edge of the instability band is kup ∼

√
2f − 1/ε ≈ 10.32, which agrees well with the numerical result of kup ≈ 9.57.

The lower edge of the instability band is klow ≈ 2.11. Any spherical harmonic Y m
l (θ, φ) with integers l and m satisfying

k2
low < l(l + 1) < k2

up and |m| < l are linearly unstable. There are many unstable spherical harmonics with roughly comparable
growth rates.

allows us to better isolate bifurcations due to changes in the feed-rate parameter E. We will consider (1.2) on the

surface of the unit sphere for which ∆ ≡ ∆s, where ∆s is the Laplace-Beltrami operator

∆su ≡ 1

sin2 θ
uφφ +

1

sin θ
(sin θ uθ)θ , 0 < θ < π , 0 < φ < 2π .

With the asymptotically large diffusivity ratio in (1.2), localized large amplitude patterns are readily observed in

full numerical simulations of (1.2) with initial conditions close to the spatially uniform state ue = ε2E/(1− f) and

ve = (1− f)/(ε2E). Introducing the perturbation (u, v) = (ue, ve) + eλtY m
l (θ, φ), we readily derive that the growth

rate λ satisfies τλ2 − Tkλ+ dk = 0, where

Tk ≡ (2f − 1)τ − τε2k2 −Dk2 − ε2E2

(1− f)2
, dk ≡ ε2E2

(1− f)
− (2f − 1)Dk2 +Dε2k4 + ε4E2k2

(1− f)2
,

with k2 ≡ l(l + 1) and |m| ≤ l.

For 0 < f < 1/2, we have Tk < 0 and dk > 0 for all k, and there is no instability of the spatially uniform state.

However, for 1/2 < f < 1, the k = 0 mode is unstable as ε → 0 but it may be stable at finite ε. Therefore, there

exists a lower edge klow ≥ 0 of the instability band for which Re(λ) > 0 when klow < k < kup. A simple calculation

shows that the upper edge kup of the instability band satisfies kup ∼
√
2f − 1/ε when ε ≪ 1. Since all the spherical

harmonics Y m
l (θ, φ) with integers l ≥ 0 and m satisfying k2low ≤ l(l + 1) < k2up and |m| < l are linearly unstable when

1/2 < f < 1, the linear stability problem of the spatially uniform state is highly degenerate when ε≪ 1. To illustrate

this, in Fig. 1 we plot the growth rate Re(λ) versus k for f = 0.8, ε = 0.075, D = 0.2, τ = 1.5625, and E = 4. We

obtain that the unstable modes of the spherical harmonics Y m
l (θ, φ) satisfy 4.45 ≤ l(l + 1) ≤ 91.6 and |m| ≤ l, which

yields l = 2, . . . , 9. Moreover, the results in this figure show that the growth rate is rather flat near the most unstable

mode, which suggests that the transient development of small amplitude patterns is a consequence of the interaction

of many unstable modes with comparable growth rates.

For the parameter values of Fig. 1, in Fig. 2 we show results from a full numerical simulation of (1.2) using the

numerical method of §6.1. The initial condition was a 2% random perturbation of the spatially uniform state ue =

ε2E/(1− f) and ve = (1− f)/(Eε2) as given below in (6.1). Due to the weakly nonlinear interaction of many unstable

spherical harmonics, the transient dynamics at short times as seen in Fig. 2 is very intricate. However, as time
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increases the pattern becomes localized with eight observable spots at t = 75. The goal of this paper is to characterize

the existence and stability properties of these localized spot patterns.

Figure 2. Full numerical computations for (1.2) on the unit sphere for f = 0.8, ε = 0.075, D = 0.2, τ = 1/f2, and E = 4. The
initial data (6.1) represents a 2% random perturbation from the spatially uniform state. There is a very complicated transient
dynamics due to the weakly nonlinear interaction of many unstable spherical harmonics. A distinct localized pattern with 8
localized spots has emerged by the last frame at t ≈ 70.3. The amplitudes of the spots as compared to their background state
is ≈ 0.407 = O(1). Here m(U) and M(u) denote the minimum and maximum of u on the sphere. This is Experiment 1 of §6.

In §2 we use formal asymptotic methods to construct quasi-equilibrium spot patterns. In the outer region, away

from the spots centered at {x1, . . . , xN}, we show that the inhibitor concentration field v in (1.2) can be represented

asymptotically as a sum of Green’s functions, where each spot corresponds to a Coulomb singularity of the form

v ∼ D−1/2Sj log |x−xj | as x→ xj for j = 1, . . . , N . We show that the construction of a quasi-equilibrium spot pattern

can be reduced to the problem of determining the “source strengths” S1, . . . , SN from a nonlinear algebraic system.

In §3 we formulate eigenvalue problems governing the linear stability of spot patterns to the three types of “fast”

O(1) time-scale instabilities discuussed above. In §3.1 we analyze spot self-replication instabilities resulting from

non-radially symmetric perturbations near an individual spot. These instabilities are local in the sense that a peanut-

splitting instability occurs if an individual source strength Sj exceeds some threshold value Σ2(f). Numerical evidence

shows that this instability for Sj > Σ2(f) leads to spot self-replication. In contrast, in the class of radially symmetric

perturbations near each spot, in §3.2 we formulate a globally coupled eigenvalue problem that governs competition

and oscillatory instabilities of the spot amplitudes. We then investigate the thresholds for these instabilities for spot

patterns that have a common source strength Sc ≡ Sj for j = 1, . . . , N . In §3.3 it is shown that competition instabilities,
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which result from zero eigenvalue crossings, occur for multi-spot patterns whenever D exceeds a threshold. This linear

instability mechanism, which preserves the sum of the amplitude perturbations of the spots, is found numerically to

lead to spot annihilation. In §3.4 we calculate thresholds for oscillatory instabilities of the spot amplitudes formulated in

terms of the roots of transcendental equations involving certain Legendre functions. We emphasize that the existence

and stability theory of §2 and §3 is asymptotically correct to within all logarithmic correction terms in powers of

ν = −1/ log ε.

In §4 we formulate a leading-order-in-ν existence and stability theory of multi-spot patterns for the case of large

diffusivity where D = O(ν−1). In this regime, for which Sj ≪ 1, there are no spot self-replication instabilities, as these

occur only when Sj > Σ2(f) = O(1). This leading-order-in-ν theory leads to a new class of nonlocal eigenvalue problem

(NLEP) whose spectrum governs, to leading order, any competition and oscillatory instabilities of the spot amplitudes.

A similar leading-order-in-ν theory, leading to NLEP’s of a related but simpler form, have been derived and analyzed

for classifying the stability of multi-spot patterns for other RD systems such as the Gray-Scott, Schnakenburg, and

Gierer-Meinhardt models (cf. [44], [45], [46], [47], and [48]). In §4.4 we analyze the spectrum of our more complicated

NLEP for the Brusselator by extending some of these prior rigorous results.

In §5 we give some results that determine where spots are to be located on the sphere to ensure that the quasi-

equilibrium pattern has spots of a common source strength.

As a partial confirmation of our stability theory, numerical experiments are undertaken in §6 for the full Brusselator

model (1.2) to investigate spot self-replication, competition, and oscillatory instabilities for moderate values of ε. The

comparisons between results from our stability theory and full numerics are done for various scenarios including, spot

patterns on a slowly growing sphere, or spot patterns resulting from an increase or decrease in the “fuel” supply E.

To solve the Brusselator model for moderate values of ε on a sphere, or other smooth manifold, we use the explicit

Closest Point Method [34]. The Closest Point Method [34, 19] is a general numerical method that approximates PDEs

on smooth surfaces in 3-D by alternating between an interpolation step and a 3-D PDE evolution step. Because the

method is composed of standard algorithmic components, it is particularly straightforward to implement and has the

additional advantage of having an automatic extension to arbitrary smooth surfaces. In §6 this extension is illustrated

for a specific non-spherical surface. Further details on the Closest Point Method and our discretizations are provided

in Section 6.1. These comparisons between full numerics and the asymptotic theory at moderate ε show that the

asymptotic theory is still quantitatively reliable when ε = 0.075 and D = 0.2, which gives a diffusivity ratio of only 36.

Finally, in the concluding section §7 a few open problems are discussed.

2 The Core Problem and the Construction of a Quasi-Equilibrium Solution

In this section we construct a quasi-steady, or quasi-equilibrium, multi-spot pattern for (1.2) in the limit ε → 0. We

first formulate the local (or inner) problem that determines the profile of an isolated spot. We center a spot at the

angular coordinates φ = φj and θ = θj , and we define

y1 = φ̂ sin θj , y2 = θ̂ , where φ̂ = ε−1(φ− φj) , θ̂ = ε−1(θ − θj) .

Then, in the inner region near this spot we obtain, up to an O(ε) error, that ∆su = ∆yu ≡ uy1y1
+uy2y2

+O(ε). With

this local tangent-plane approximation to the sphere, we now construct a quasi-equilibrium multi-spot pattern with

spots centered at (φj , θj) for j = 1, . . . , N.
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In the inner region near the j-th spot, we obtain to leading-order in ε that (1.2) reduces to

∆yUj − Uj + fU2
j Vj = 0 , D∆yVj + Uj − U2

j Vj = 0 , (2.1)

on −∞ < y1, y2 <∞. We seek a radially symmetric solution to this problem after first rescaling Uj and Vj as

Uj =
√
Duj , Vj = vj/

√
D , (2.2)

to eliminate D. In this way, we obtain that uj(ρ) and vj(ρ) satisfy the radially symmetric problem

∆ρuj − uj + fu2jvj = 0 , ∆ρvj + uj − u2jvj = 0 , 0 < ρ <∞ ,

u′j(0) = v′j(0) = 0 ; uj → 0 and vj ∼ Sj log ρ+ χ(Sj ; f) + o(1) as ρ→ ∞ ,
(2.3)

where f is a bifurcation parameter. This problem is called the core problem. Here we have defined ρ ≡
√

y21 + y22 and

∆ρ ≡ ∂ρρ +
1
ρ∂ρ. Upon integrating the two boundary value problems in (2.3) over 0 < ρ <∞, we readily derive that

Sj =

∫ ∞

0

(u2jvj − uj)ρ dρ = (1− f)

∫ ∞

0

u2jvjρ dρ . (2.4)

The key feature in (2.3) is that we must impose that vj ∼ Sj log ρ as ρ → ∞, which is appropriate for ∆ρvj =

(u2jvj − uj) given that uj → 0 at infinity. The constant Sj is a parameter at this stage, but it will eventually be

determined after the asymptotic matching of the inner and outer solutions for v. In terms of Sj and the bifurcation

parameter f , the function χ(Sj ; f) is computed numerically from the limiting process limρ→∞ (vj − Sj log ρ) = χ(Sj ; f).

We remark that, in contrast to the parameter-free related core problem identified for the Gray-Scott model in [10],

the core problem (2.3) for the Brusselator involves a bifurcation parameter f .

The core problem (2.3) is solved numerically for various f and Sj by approximating the infinite domain by the finite

domain 0 ≤ ρ ≤ R, where R≫ 1. In this way, χ(Sj ; f) is determined by computing vj at ρ = R. The results shown in

Fig. 3 are for R = 15. Increasing R did not change these results to a few significant digits. The spot profile uj(ρ) is

seen to develop a volcano shape as Sj increases.
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Figure 3. Left panel: the spot solution uj(ρ) computed numerically from (2.3) when Sj = 8 for f = 0.3 (heavy solid curve),
f = 0.4 (solid curve), f = 0.5 (dotted curve), f = 0.6 (widely spaced dots). As f increases, uj develops a volcano shape. Right
panel: the function χ(Sj ; f) defined in the asymptotic boundary condition in (2.3) for f = 0.3, f = 0.4, f = 0.5, and f = 0.6,
with the same labelling as in the left panel.

Next, we asymptotically match the far-field behaviours of the inner solutions near each spot to a certain global

solution for v, which we will construct. In doing so, we will derive a nonlinear algebraic system of equations for the

unknowns Sj , referred to as the “source strengths”. Our asymptotic analysis has the important feature that it retains
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all of the logarithmic terms in ν ≡ −1/ log ε as ε → 0, and so our asymptotic approximation for the solution and for

the source strengths has an error that is algebraic, rather than logarithmic, in ε.

To determine the far-field behaviour of each inner solution we recall from (2.2) that u = D1/2uj and v = D−1/2vj ,

with vj ∼ Sj log |y|+ χ(Sj ; f) + o(1) as |y| → ∞. We let xj = (cosφj sin θj , sinφj sin θj , cos θj) be a point on the unit

sphere. Then, by Lemma B.1 of Appendix B, we have that

|x− xj | = ε|y|(1 + o(1)) as x→ xj , with y = (y1 , y2)
T ≡ (φ̂ sin θj , θ̂)

T ,

where φ̂ = ε−1(φ− φj) and θ̂ = ε−1(θ − θj). Thus, we obtain the following far-field behaviour of the inner solution

v ∼ D−1/2

[

Sj log |x− xj |+
Sj

ν
+ χ(Sj ; f)

]

as x→ xj , j = 1, . . . , N ; ν ≡ − 1

log ε
, (2.5)

which provides the singularity behaviour of the outer solution for v at each xj .

Next, we study the outer solution for (1.2). In the outer region away from O(ε) neighborhoods of the spot loca-

tions {x1, . . . , xN} we have that ε2E − u + fu2v = 0, so that u ∼ ε2E + O(ε2). By combining the inner and outer

approximations for u, we get the leading-order uniformly valid approximation for u given by

u ∼ ε2E +D1/2
N
∑

j=1

uj
(

ε−1|x− xj |
)

. (2.6)

We then must estimate the term ε−2(u−u2v) in the v-equation of (1.2) in the sense of distributions. The evaluation

of this term requires care in order to retain both the local contribution near each spot and the global contribution

arising from the non-vanishing outer solution for u. In the sense of distributions, we obtain upon using (2.4) that

1

ε2
(u− u2v) ∼ E + 2πD1/2

N
∑

j=1

(∫ ∞

0

(uj − u2jvj) ρ dρ

)

δ(x− xj) = E− 2πD1/2
N
∑

j=1

Sj δ(x− xj) .

By using this result together with the matching condition (2.5) for v, the outer problem for v is

∆sv+
E

D =
2π√
D

N
∑

j=1

Sjδ(x− xj) , x ∈ Ω ; v ∼ 1√
D

[

Sj log |x− xj |+
Sj

ν
+ χ(Sj ; f)

]

+ o(1) as x→ xj , (2.7)

for j = 1 . . . , N , where Ω is the surface of the unit sphere. By pre-specifying the form of the non-singular O(1) term in

each singularity condition as x→ xj , we will obtain a nonlinear algebraic system for the source strengths S1, . . . , SN .

To solve (2.7) we introduce the source-neutral Green’s function G(x;x0) defined as the unique solution to

∆sG =
1

4π
− δ(x− x0) ,

∫

Ω

Gdx =

∫ 2π

0

∫ π

0

G sin θ dθdφ = 0 . (2.8)

Here G is 2π periodic in φ, is smooth at the poles θ = 0, π, and the integral condition eliminates an otherwise arbitrary

constant in G, and thus specifies it uniquely. It is well known (cf. [26] and the references therein) that

G(x;x0) = − 1

2π
log |x− x0|+R, R ≡ 1

4π
(log 4− 1) . (2.9)

The solution to (2.7) is readily obtained in terms of G as

v = − 2π√
D

N
∑

j=1

SjG(x;xj) +
v̄√
D
, where

N
∑

j=1

Sj =
2E√
D
. (2.10)

Here v̄ is an arbitrary constant that must be determined as part of the analysis.
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As x→ xi, the matching condition in (2.7), together with the explicit solution for v in (2.10), yields that

− 2π√
D

[

− Si

2π
log |x− xi|+ SiR

]

− 2π√
D

N
∑

j=1
j 6=i

SjGij +
v̄√
D

∼ D−1/2

[

Si log |x− xi|+
Si

ν
+ χ(Si; f)

]

,

for i = 1, . . . , N . With Gij ≡ G(xi;xj), we obtain the N + 1 nonlinear algebraic equations for Si and v̄ given by

Si

ν
+ 2π



SiR+

N
∑

j 6=i

SjGij



+ χ(Si; f) = v̄ , i = 1, . . . , N ;

N
∑

i=1

Si =
2E√
D
. (2.11)

Next, we write (2.11) in a more convenient form by using (2.9) to decompose Gij as Gij = − 1
2πLij + R, where

R = 1
4π (log 4− 1) and Lij ≡ log |xi − xj |. In this way, (2.11) becomes

Si − ν
N
∑

j 6=i

SjLij +
νR0E√

D
+ νχ(Si; f) = νv̄ , i = 1, . . . , N ;

N
∑

j=1

Sj =
2E√
D
, R0 ≡ log 4− 1 . (2.12)

Before re-casting (2.12) in matrix form, we make a few remarks. Firstly, the nonlinearity in (2.12) arises from the

χ(Si; f) term, which is determined from the nonlinear core problem (2.3). For each Sj > 0 and f in 0 < f < 1

our numerical results indicate that there is a unique solution to (2.3). For a given set of spot locations {x1, . . . , xN},
any solution S1, . . . , SN and v̄ to (2.12) determines a quasi-equilibrium pattern. However, due to the intractability of

solving (2.12) analytically, the solvability of this system must typically be explored numerically.

To re-write (2.12) in matrix form, we introduce

S ≡







S1

...

SN






, e ≡







1
...

1






, χ ≡







χ(S1; f)
...

χ(SN ; f)






, G ≡













0 L12 · · · L1N

L21
. . .

...
...

LN1 · · · 0













, Lij ≡ log |xi − xj | , (2.13)

so that (2.12) becomes

(I − νG)S+ νχ = ν

(

v̄ − R0E√
D

)

e , eTS =
2E√
D
.

Upon pre-multiplying this equation by eT we can readily decouple the nonlinear algebraic system for S and v̄. After

a short calculation we obtain that S satisfies

S− ν(I − E0)GS+ ν(I − E0)χ =
2E√
DN

e , where E0 ≡ 1

N
eeT =

1

N







1 · · · 1
...

...

1 · · · 1






, (2.14 a)

while v̄ is given by

v̄ =
2E√
DNν

+
R0E√
D

+
1

N
(eTχ− eTGS) . (2.14 b)

We summarize our result as follows:

Principal Result 2.1 Let ε→ 0 and define ν = −1/ log ε≪ 1. Suppose that the nonlinear algebraic system (2.14 a)

for the source strengths Sj, for j = 1, . . . , N , has a solution. Then, there is a quasi-equilibrium solution uqe and vqe

for the Brusselator model (1.2) with leading-order uniformly valid asymptotics given by

uqe ∼ ε2E +D1/2
N
∑

j=1

uj
(

ε−1|x− xj |
)

, vqe ∼
{

1√
Dvj

(

ε−1|x− xj |
)

for |x− xj | = O(ε)

− 2π√
D
∑N

i=1 SiG(x;xi) +
v̄√
D for |x− xj | ≫ O(ε)

, (2.15)
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where v̄ is given in (2.14 b). In (2.15) each spot profile vj(ρ) and uj(ρ) for j = 1, . . . , N satisfies the core problem (2.3)

defined in terms of f and the local source strength Sj, as determined from the coupled system (2.14 a).

3 Stability Analysis of the Quasi-Equilibrium Pattern

In this section we study the linear stability of theN -spot quasi-equilibrium solution of §2 toO(1) time-scale instabilities.

The O(1) time-scale of such instabilities is fast in comparison with the expected slow dynamics of the spots with speed

O(ε2). Therefore, in the stability analysis we “freeze” the locations of the spots and analyze whether the resulting

quasi-equilibrium pattern is linearly stable to fast O(1) time-scale instabilities. If the quasi-equilibrium pattern is stable

to these fast instabilities, the pattern will be quasi-steady and evolve slowly on an asymptotically long time-scale as

ε→ 0 . Our analysis shows that there are are three distinct types of instabilities that can occur in different parameter

regimes. Criteria for the onset of these instabilities will be derived. We remark that our stability analysis is accurate

to all powers of the logarithmic gauge ν = −1/ log ε.

We first linearize around the quasi-equilibrium solution of Principal Result 2.1 by writing

u = uqe + eλtψ , v = vqe + eλtη .

Upon substituting this into (1.2) and linearizing, we obtain the eigenvalue problem

ε2∆sψ − ψ + 2fuqevqeψ + fu2qeη = λψ , D∆sη +
1

ε2
(ψ − 2uqevqeψ − u2qeη) = τλη . (3.1)

In the inner region near the j-th spot, we introduce the local coordinates

φ̂ = ε−1 (φ− φj) , θ̂ = ε−1 (θ − θj) , y1 = φ̂ sin θj , y2 = θ̂ .

Since ∆sψ = ψy1y1
+ ψy2y2

+O(ε) and uqevqe ≃ ujvj , as obtained from (2.15), (3.1) on y ∈ R
2 becomes

ψjy1y1
+ ψjy2y2

− ψj + 2fujvjψj + fDu2jηj +O(ε) = λψj ,

D(ηjy1y1
+ ηjy2y2

) + ψj − 2ujvjψj −Du2jη +O(ε) = τληjε
2 .

(3.2)

We neglect the O(ε) term, define Nj ≡ Dηj , and assume that τλ ≪ O(ε−2). Then, from (3.2) we obtain the limiting

problem

ψjy1y1
+ ψjy2y2

− ψj + 2fujvjψj + fu2jNj = λψj , Njy1y1
+Njy2y2

+ ψj − 2ujvjψj − u2jNj = 0 , (3.3)

on −∞ < y1, y2 < ∞. In (3.3), uj and vj are the radially symmetric solutions to the core problem (2.3), and they

depend on Sj and f . Finally, we note that due to the −ψj term in the ψj equation of (3.2), it is consistent to impose

that ψj → 0 as y21 + y22 → ∞, provided that Reλ > −1.

We seek a separation of variable solution of (3.3) of the form

ψj = ψ̂j(ρ)e
iωm, Nj = N̂j(ρ)e

iwm,

where (y1, y2) = ρ(cosω, sinω), and m = 0, 1, 2, . . .. From (3.3), we obtain on 0 < ρ <∞ that

∆ρψ̂j −
m2

ρ2
ψ̂j − (1 + λ)ψ̂j + 2fujvjψ̂j + fu2jN̂j = 0 , ∆ρN̂j −

m2

ρ2
N̂j + ψ̂j − 2ujvjψ̂j − u2jN̂j = 0 , (3.4)

with ψ̂′
j(0) = N̂ ′

j(0) = 0 and ψ̂j → 0 as ρ → ∞. The appropriate asymptotic boundary condition for N̂j will depend

on the range of m, and is discussed below. Finally, we need only consider the modes m = 0, 2, 3, 4, . . ., since m = 1

corresponds to the translation mode associated with the neutral eigenvalue λ = 0.
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3.1 Case I: Non-Radially Symmetric Local Perturbations (m = 2, 3, . . .)

We now look for solutions to (3.4) with m = 2, 3, . . . corresponding to non-radially symmetric perturbations near the

j-th spot. Due to the non-vanishing −m2N̂j/ρ
2 term in the N̂j equation of (3.4), we can impose an algebraic decay as

N̂j → ∞ as ρ→ ∞ for (3.4). This implies that the non-radially symmetric eigenfunctions are largely local instabilities,

and the coupling arises only through the nonlinear algebraic system (2.14 a) for S1, . . . , SN .

The numerical method to solve (3.4) when m ≥ 2 is as follows. For a specific value of f , we compute uj and vj

from the core problem (2.3), and discretize (3.4) with 400 meshpoints using centered differences on 0 < ρ < 15. The

eigenvalue λ of (3.4) with the largest real part is computed from the resulting generalized matrix eigenvalue problem.

Our numerical results show that this principal eigenvalue is real.

In the left panel of Fig. 4 we plot the principal eigenvalue as a function of Sj for modes m = 2, 3, 4 for the specific

choice f = 0.7. Qualitatively similar results are obtained for different values of f . In the right panel of Fig. 4 we plot

two curves Σm(f) versus f corresponding to the critical values of Sj where λ = 0 for the m = 2 mode and the m = 3

mode. Our numerical results show that, for each f , the m = 2 mode is the first mode to go unstable as Sj is increased.

Therefore, if Sj > Σ2(f), the spot will be unstable to a mode m = 2 linear instability. This linear instability is of

peanut-splitting type and is found in full numerical computations to initiate a nonlinear spot self-replication event.

−1.4

−1.2

−1.0

−0.8

−0.6

−0.4

−0.2

0.0

0.2

0.4

0.6

0 1 2 3 4 5 6

λmax

Sj

0

2

5

8

10

12

15

18

20

0.3 0.4 0.5 0.6 0.7 0.8 0.9

Σm

f

Figure 4. Left panel: plot of the principal eigenvalue λmax of (3.4) as a function of Sj when f = 0.7 for m = 2 (heavy solid
curve), m = 3 (solid curve), and m = 4 (dotted curve). Right panel: plot of the threshold Sj ≡ Σm versus f corresponding
to the threshold condition λ = 0 for m = 2 (heavy solid curve) and m = 3 (dotted curve). For f = 0.7, the peanut-splitting
(m = 2) threshold occurs first as Sj is increased. Qualitatively similar results are obtained for other values of f .

To illustrate this phenomena, in Fig. 5 we show a spot self-replication event as computed from the full PDE system

(1.2) for a one-spot initial condition for the parameter values f = 0.7, D = 0.75, τ = 1/(0.7)2, and ε = 0.1. The initial

condition was taken to have the form in (2.15) of Principal Result 2.1. This experiment suggests that the peanut-

splitting instability is subcritical and leads to a nonlinear spot self-replication event. In our computations, we took

E = 1.3 for 0 ≤ t ≤ 5. At t = 5, when the initial transient has died out, a 2% random perturbation was given to the

numerical solution and E was then allowed to increase slowly as E = min(1.3 + 0.01(t− 5), 1.6) for t ≥ 5. For f = 0.7,

we have Σ2 ≈ 3.23 from the right panel of Fig. 4. At t = 0, where E = 1.3, we have S = 2(1.3)/
√
0.75 ≈ 3.0 < Σ2, and

S ≈ 3.7 > Σ2 when E = 1.6. When E = 1.6, we obtain from the data used to generate the left panel of Fig. 4 that the

growth rate for the peanut-splitting mode is λ ≈ 0.055. This small growth rate for the unstable peanut-splitting mode

at E = 1.6 is likely the the principal reason why the spot in Fig. 5 takes a rather long time to split.
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Figure 5. Full numerical simulation of (1.2) on the unit sphere illustrating a spot self-replication instability for a one-spot
pattern. The parameter values are f = 0.7, D = 0.75, τ = 1/(0.7)2, and ε = 0.1. We take E = 1.3 for t ≤ 5. At t = 5 a 2%
random perturbation is given to the solution and E is increased slowly in time as E = min(1.3 + 0.01(t− 5), 1.6) for t ≥ 5. Here
m(u) and M(u) are the min and max of u on the sphere.

3.2 Case II: Radially Symmetric Local Perturbations (m = 0)

The case m = 0 corresponds to a locally radially symmetric perturbation near the j-th spot. The key difference, as

compared with the m ≥ 2 case, is that without the −m2Nj/ρ
2 term in (3.4), we cannot impose that Nj → 0 as

ρ → ∞. Instead, we must allow for logarithmic growth in the far-field for Nj . Therefore, for (3.4), we impose the

far-field behaviour Nj ∼ cj log ρ as ρ → ∞. The constants cj for j = 1, . . . , N will be determined later from a global

matrix problem that effectively couples all of the local problems near the spots.

Since (3.3) is linear and homogeneous, we can write

ψ = cjψ̃j(ρ), N = cjÑj(ρ),

so that, on 0 < ρ <∞, (3.4) becomes

∆ρψ̃j − (1 + λ)ψ̃j + 2fujvjψ̃j + fu2jÑj = 0 , ∆ρÑj + ψ̃j − 2ujvjψ̃j − u2jÑj = 0 ,

ψ̃′
j(0) = Ñ ′

j(0) = 0 ; ψ̃j → 0 and Ñj → log ρ+ B̃j + o(1) as ρ→ ∞ ,
(3.5)

where the term B̃j = B̃j(λ;Sj , f) must be computed numerically. Upon integrating the Ñj equation in (3.5) over

0 < ρ <∞, and using ψ̃j = ψj/cj and Ñj = Nj/cj , we obtain an identity for cj ,

cj = −
∫ ∞

0

(

ψj(1− 2ujvj)− u2jNj

)

ρ dρ . (3.6)

We remark that since Ñj does not tend to zero at infinity, the local problems near each spot are all coupled together

through some outer problem for η that has singularities at x = xj for j = 1, . . . , N . This is in contrast to the m ≥ 2

case for non-radially symmetric perturbations studied earlier, which are (largely) local instabilities. To obtain the

matching condition for this outer problem for η, we need the far-field behavior of the inner solution near the j-th spot.

Since ηj = Nj/D = cjÑj/D and Ñj ∼ log ρ + B̃j + o(1) as ρ → ∞ from (3.5), the asymptotic matching condition,
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written in terms of the outer x variable, is that the outer solution for η must satisfy

ηj ∼
cj
D

[

log |x− xj |+
1

ν
+ B̃j

]

as x→ xj , j = 1, . . . , N ; where ν ≡ −1/ log ε . (3.7)

In the outer region, we obtain from the ψ equation in (3.1) that the outer solution for ψ satisfies ψout(−1 +

2fueve) + fu2eηout = λoutψout. Since ue = O(ε2), ve = O(1) and ηout = O(1) in the outer region, we obtain that

ψout = O(ε4) ≪ 1. Similarly, from the η equation in (3.1), the outer approximation for η satisfies

D∆sη +
1

ε2
(

ψ + 2ueveψ − u2eη
)

= τλη . (3.8)

To estimate the coefficient of ε−2 in (3.8) in the outer region we use ue = O(ε2), ve = O(1), ηout = O(1), and ψout =

O(ε4) ≪ 1, to estimate ε−2(−u2eηout) = O(ε2η) and ε−2 (ψ + 2ueveψ) = ε−2
(

O(ε4)−O(ε2veψout)
)

= O(ε2) +O(ε4).

Therefore, both of these terms are negligible in the outer region.

This estimate shows that the global contribution from the non-trivial background state of ue is negligible with

regards to its effect on the outer solution for η. As such, we need only consider the local contributions near each spot.

In the sense of distributions, we use (3.6) to calculate this local contribution near the j-th spot as

1

ε2
(

ψ + 2ueveψ − u2eη
)

→ 2π

N
∑

j=1

(∫ ∞

0

(

ψj(1− 2ujvj)− u2jηj
)

ρ dρ

)

δ(x− xj) = −2π

N
∑

j=1

cjδ(x− xj) .

In this way, we obtain from (3.7) and (3.8) that the outer solution for η satisfies

∆sη −
τλ

D η =
2π

D

N
∑

j=1

cjδ(x− xj) , x ∈ Ω ; η ∼ cj
D

(

log |x− xj |+
1

ν
+ B̃j

)

as x→ xj , j = 1, . . . , N . (3.9)

In the next two subsections we consider two separate cases for (3.9). For τ > 0 and λ 6= 0, the solution to (3.9)

involves the reduced-wave Green’s function, which is given explicitly in terms of Legendre functions. However, for the

case τ = 0, or for the problem of calculating stability thresholds resulting from eigenvalues entering Re(λ) > 0 through

the origin λ = 0, the source-neutral Green’s function is used to solve (3.9). Either case leads to a linear algebraic

system of the form

Mc = 0, where M = M(S1, . . . , SN , λ, f,D) .

The condition for the existence of a non-trivial solution for c = (c1, . . . , cN )T is that

detM = 0 .

This condition effectively leads to a transcendental equation for any discrete eigenvalues λ of the linearized problem

that correspond to locally radially symmetric perturbations near each spot.

Before calculating M, we derive a key identity needed in §3.3 for obtaining stability thresholds that result from

eigenvalues crossing through the origin λ = 0. If we differentiate the core problem (2.3) with respect to Sj , and compare

the resulting problem with (3.5), we conclude at λ = 0 that

B̃j(λ = 0;Sj , f) = ∂sjχ(Sj ; f) ≡ χ′(Sj ; f) . (3.10)

3.3 Case A: Locally Radially Symmetric Perturbations: Zero Eigenvalue Crossings

In this subsection we consider the case where τλ/D = 0 in (3.9). For τ > 0, this occurs when we look for stability

thresholds corresponding to zero eigenvalue crossings. It also occurs for the case where τ = 0 for all λ. Although this
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latter case is not directly relevant to the Brusselator model where τ = 1/f2, we will still consider the possibility of

this distinguished limit below.

When τλ/D = 0 in (3.9), the solution is given in terms of the source-neutral Green’s function of (2.8) and (2.9) as

η = −2π

D

N
∑

j=1

cjG(x;xj) +
η̄

D , (3.11)

where η̄ is a constant to be found. From the divergence theorem we get
∑N

j=1 cj = 0. We then let x→ xi in (3.11) and

compare the resulting expression with the required matching condition (3.7). This yields a linear system of the form

−2πν



ciR+
N
∑

j 6=i

cjGij



+ νη̄ = ci

(

1 + νB̃i

)

, i = 1, . . . , N .

We then set Gij = −Lij/(2π)+R, where Lij ≡ log |xi−xj | and R ≡ (log 4− 1)/(4π), and use the condition
∑N

j=1 cj = 0

to write this linear system in matrix form as

νGc+ νη̄e = c+ νBc , eT c = 0 , (3.12)

for the N + 1 unknowns η̄ and cj for j = 1, . . . , N . Here we have defined B, e, c, and G, as

B ≡







B̃1 0
. . .

0 B̃N






, e ≡







1
...

1






, c ≡







c1
...

cN






, G ≡













0 L12 · · · L1N

L21
. . .

...
...

LN1 · · · 0













. (3.13)

Upon pre-multiplying (3.12) by eT , we obtain η̄ =
(

eTBc− eTGc
)

/N . Upon re-substituting η̄ into (3.12) we get

νGc+ νE0 (B − G) c = c+ νBc , where E0 ≡ 1

N
eeT =

1

N







1 · · · 1
...

...

1 · · · 1






.

From a simple re-arrangement of this system, we obtain the following result:

Principal Result 3.1 Let ε→ 0 and τ = 0. Then, with respect to locally radially symmetric perturbations near each

spot, the stability of the quasi-equilibrium solution of Principal Result 2.1 is determined by the roots λ of

detM = 0 , where M ≡
(

1

ν
I + (I − E0)(B − G)

)

. (3.14)

The solution of detM = 0, which yields the discrete eigenvalues λ of the linearization for the case τ = 0, requires

the determination of B̃j = B̃j(λ;Sj , f) as defined in (3.5). Moreover, for τ ≥ 0, the zero eigenvalue crossings occur

at parameter values for which detM = 0, where B = diag(χ′(Sj ; f)). In (3.14), the source strengths S1, . . . , SN must

be determined from the nonlinear algebraic system (2.14 a). When detM = 0 the spatial mode for the onset of the

instability of the spot amplitudes is determined by the eigenvector c of Mc = 0. We refer to (3.14) as the globally

coupled eigenvalue problem (GCEP) for τ = 0.

The identity (3.10) is critical for easily calculating the stability threshold for any eigenvalue entering Re(λ) > 0

through the origin λ = 0. More specifically, since B = diag(χ′(Sj ; f)) at λ = 0, we need only provide a numerical

estimation of χ′(Sj ; f) to determine B. The stability threshold in terms of parameters in the Brusselator model for

zero eigenvalue crossings is then obtained by simply solving detM = 0 together with (2.14 a) for the source strengths.
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For the special case where the spots have a common source strength, i.e., Sc ≡ S1 = . . . = SN , we now show that

the stability threshold is determined in terms of the roots of N − 1 scalar nonlinear algebraic equations. A quasi-

equilibrium pattern having a common source strength will occur whenever the matrix G has a constant row sum, so

that e = (1, . . . , 1)T is an eigenvector of G, i.e. Ge = κ1e. In particular, such a constant row sum matrix structure will

always occur for a two-spot pattern with arbitrarily located spots, since G is a symmetric matrix with zero diagonal

entries. It also occurs for other symmetric arrangements of spots, such as when spots are located at the vertices of any

of the 5 platonic solids, or when N equally-spaced spots lie on a ring of constant latitude on the sphere. For this latter

arrangement, the matrix G is circulant. The constant row sum property of G also holds in an approximate sense when

the spot locations are at the elliptic Fekete points, i.e. at the spot configuration that minimizes the interaction energy

−∑N
i=1

∑N
j=1
j 6=i

log |xi − xj |. Such “symmetric” spot arrangements are discussed in detail in §5.

Assuming that G has a constant row sum, there is a solution to (2.14 a) of the form S = Sce. For this solution, we

get from (2.14 a) that Sc = 2E/
√
DN . The corresponding matrix M is simply

M =
1

ν
I + χ′(Sc; f)(I − E0)− (I − E0)G .

Since G has a constant row sum and is symmetric, the matrix eigenvalue problem Gb = kb has eigenpairs

Ge = k1e ; Gbj = kjbj , with bj
Te = 0 , for j = 2, . . . , N , bj

Tbk = 0 , j 6= k . (3.15)

Our main result for the stability threshold corresponding to zero eigenvalue crossings is as follows:

Principal Result 3.2 Suppose that Sc ≡ S1 = . . . = SN . Then, for radially symmetric perturbations near each spot,

the stability threshold λ = 0 occurs when

1

ν
+ χ′(Sc; f)− kj = 0 , j = 2, . . . , N ; Sc =

2E√
DN

, (3.16)

where kj for j = 2, . . . , N are any of the eigenvalues of G corresponding to the N−1 dimensional subspace perpendicular

to e, i.e. Gbj = kjbj with bj
Te = 0 for j = 2 , . . . , N . These zero eigenvalue crossings occur at the bifurcation points

where the Jacobian of the nonlinear algebraic system (2.14 a) for the source strengths is non-invertible.

Proof Suppose that S = Sce and that λ = 0. Then, we show that the eigenvectors e and bj, for j = 2, . . . , N , of G
are also eigenvectors of M. Since E0bj = 0 and Gbj = kjbj for j = 2, . . . , N , we calculate that

Mbj =
1

ν
bj + χ′(Sc; f)(I − E0)bj − (I − E0)Gbj =

(

1

ν
+ χ′(Sc; f)− kj

)

bj .

In addition, since (I − E0)e = 0, and Ge = k1e, the other eigenvector of M is

Me =
1

ν
e+ χ′(Sc; f)(I − E0)e− (I − E0)Ge =

1

ν
e .

Thus, the eigenvalues µj of M are µ1 = 1/ν and µj =
(

1
ν + χ′(Sc; f)− kj

)

for j = 2, . . . , N . The first eigenvalue µ1 is

non-vanishing, implying that there are no zero eigenvalue crossings for the synchronous instability mode. In contrast,

setting µj = 0 for j = 2, . . . , N yields (3.16) for the competition modes. Finally, the Jacobian J of the nonlinear

algebraic system in (2.14 a) associated with the linearization around the common source strength solution Sc ≡ S1 =

. . . SN is J ≡ I−ν (I − E0)G+νχ′(Sc; f)(I−E0). The eigenpairs of J are J e = e and Jbj = (1−νkj +νχ′(Sc; f))bj

where bj
T e = 0 for j = 2, . . . , N . Therefore, J is not invertible at the roots of (3.16).
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These roots of (3.16) correspond to values of D where asymmetric quasi-equilibrium patterns, characterized by spots

with different source strengths, bifurcate from the common source strength solution branch. For such asymmetric spot

patterns the spot amplitudes are different for each spot. A leading-order theory to construct these asymmetric branches

for the regime D = O(ν−1) is discussed at the end of §4.1.
For the competition instability modes, the perturbation ψ of the quasi-equilibrium solution for u near the j-th spot

has the form ψ = cjψ̃j(ρ), where c = (c1, . . . , cN )T satisfies cT e = 0. In this sense, a competition instability mode

represents a sign-fluctuating perturbation of the spot amplitudes.

Next, we show that (3.16) must have a solution for any ε ≪ 1 fixed as D is increased. Our numerical results in

the right panel of Fig. 3 indicate that χ′(Sc; f) < 0 with χ′(Sc; f) → −∞ as Sc → 0+ and χ′′(Sc; f) > 0 when Sc

is sufficiently small. Explicit asymptotic results for χ(Sc; f) are given below in (4.20) of §4.1 to analytically confirm

these numerical results. We then define σj ≡ 1
ν + χ′(Sc; f)− kj , with ν = −1/ log ε. For D = O(1), and for any ν ≪ 1

fixed, we have σj > 0 for all j = 2, . . . , N . However, as D → ∞, Sc = 2E/
√
DN → 0+, and thus χ′(Sc; f) → −∞.

Therefore, for D large enough with ν small and fixed, the first crossing of σj = 0 in the set j = {2, . . . , N} will occur

for the maximum eigenvalue kj⋆ ≡ max2≤j≤N{kj}. The uniqueness of this root for Sc ≪ 1 follows from χ′′(Sc; f) > 0.

Corollary 3.1 Under the conditions of Principal Result 3.2, as D is increased the smallest value of D for which λ = 0

is given by the root of the transcendental equation

1

ν
− kj⋆ = −χ′(Sc; f) , where Sc =

2E√
DN

. (3.17)

Here kj⋆ ≡ max2≤j≤N kj with Gbj = kjbj, with bj
Te = 0. This criterion defines a competition instability threshold

S⋆
c ≡ S⋆

c (f,N), or equivalently a threshold D⋆
c ≡ D⋆

c (f,N) of the diffusivity D.

The competition instability threshold can be written in terms of the ratio D/E2. Since Sc decreases as the number of

spots N increases, this instability will also occur when there are too many spots. Therefore, the competition instability

can be interpreted as an over-crowding instability.

Remark 3.1 The result (3.17) determines the smallest value D⋆
c of D for which λ = 0 is an eigenvalue when τ ≥ 0

corresponding to locally radially symmetric perturbations near each spot. Since multi-spot patterns are well-known to

be unstable in the near shadow limit when D ≫ 1 (see [48]), we conjecture that a multi-spot pattern is stable to a

competition instability when D < D⋆
c and is unstable when D > D⋆

c .

The key quantity determining the competition instability threshold for the equal source strength case is the largest

eigenvalue of G in the subspace perpendicular to e. For two spots, the two eigenvalues of G can be calculated analytically.

In Fig. 6 we plot the numerically computed competition instability threshold D/E2 for two spots with a common spot-

strength Sc. In the left panel, where the two spots are at antipodal points on the sphere, we plot the threshold versus

f for three values of ε. In the right panel, we plot the threshold for two spots at varying distances from each other, for

fixed values of f and for ε = 0.025. These results show that the competition instability threshold for D/E2 decreases as

the distance between the spots decreases, confirming the over-crowding nature of the instability. For parameter values

above any of the curves in these figures, we predict that a competition instability will occur.

We summarize our stability results so far as follows: Suppose that the spot locations are such that Ge = k1e, so
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Figure 6. Left panel: the competition stability threshold D/E2 versus f for two spots located at antipodal points on the sphere
for ε = 0.01 (heavy solid curve), ε = 0.025 (solid curve) and ε = 0.05 (dotted curve). Right panel: the competition stability
threshold as a function of the distance between two spots when ε = 0.025 for f = 0.8 (heavy solid curve), f = 0.7 (solid curve),
f = 0.6 (dotted curve), and f = 0.5 (widely spaced dots).

that the nonlinear algebraic system (2.14 a) admits a solution with a common source strength Sc ≡ S1 = . . . = SN .

Then, if Sc > Σ2(f), which corresponds to D/E2 below a threshold, the quasi-equilibrium solution is unstable to a

local mode peanut-splitting instability near each spot. Here Σ2 is the critical value of Sc where λ = 0 for the locally

non-radially symmetric m = 2 mode (see the right panel of Fig. 4). Numerical evidence suggests that this instability is

subcritical and leads to a spot self-replication event. Alternatively, if Sc < S⋆
c (f ;N) and N ≥ 2, which corresponds to

D/E2 above a threshold, we predict that the quasi-equilibrium solution is linearly unstable as a result of an unstable

eigenvalue associated with locally radially symmetric perturbations near each spot. The global eigenfunction is of sign-

fluctuating type in that the sum of the perturbations of the spot amplitudes vanishes. Numerical evidence suggests

that a competition instability is the trigger of a spot annihilation event.

Figure 7. Full numerical simulation of (1.2) on the unit sphere for f = 0.5, E = 3, τ = 1/(0.5)2, and ε = 0.1, showing a
competition instability for a two-spot pattern with initial spots at (1, 0, 0 and (0, 1, 0). We take D = 1.6 for t ≤ 5. At t = 5 a
2% random perturbation is given to the solution and D is increased slowly in time as D = min(1.6 + 0.01(t − 5), 3) for t ≥ 5.
The competition instability threshold from (3.17) is D⋆

c ≈ 1.8. Here m(u) and M(u) are the min and max of u on the sphere.
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In the full numerical computations of the Brusselator (1.2) shown in Fig. 7 we exhibit a competition instability that

occurs for a two-spot pattern when D is large enough. The details of the experiment, and the parameter values used,

are given in the caption of this figure. The competition instability threshold, as computed from (3.17), is D⋆
c ≈ 1.8.

3.4 Case B: Locally Radially Symmetric Perturbations For τ > 0

For τλ 6= 0, the solution to (3.9) is

η = −2π

D

N
∑

j=1

cjGλ(x;xj) , (3.18)

where Gλ(x;x0) is the reduced-wave Green’s function on the unit sphere, satisfying

∆sGλ − τλ

D Gλ = −δ(x− x0) , x ∈ Ω ; Gλ(x;x0) ∼ − 1

2π
log |x− x0|+Rλ + o(1) as x→ x0 . (3.19)

Here Gλ is 2π periodic in φ and smooth at θ = 0, π, and the regular part Rλ of the Gλ is independent of x0.

The explicit solution to (3.19) can be obtained in terms of the well-known Green’s function Gh(x;x0) to

∆sGh + σ(σ + 1)Gh = −δ(x− x0) . (3.20)

When σ is not a non-negative integer, the explicit solution to (3.20) is (cf. [36],[37],[11])

Gh(x;x0) = − 1

4 sin(πσ)
Pσ(−x · x0) , (3.21)

where Pσ(z) is the Legendre function of the first kind of complex order σ. The limiting behavior as z → −1, corre-

sponding to x→ x0, is (cf. [11])

Pσ(z) ∼
sin(πσ)

π

[

log

(

1 + z

2

)

+ 2γ + 2Φ(σ + 1) + π cot(πσ)

]

as z → −1 ,

where γ is Euler’s constant and Φ(z) = Γ′(z)/Γ(z) is the Psi or digamma function and Γ(z) is the gamma function.

Therefore, as x→ x0, we have

Gh(x;x0) ∼ − 1

2π
log |x− x0|+Rh , Rh = Rh(σ) ≡

1

4π
[log 4− 2γ − 2Φ(σ + 1)− π cot(πσ)] . (3.22)

Upon comparing (3.20) with (3.19), we identify σ(σ + 1) = −τλ/D, so that

σ = σ(λ) ≡ −1

2
+
i

2

√

4λτ

D − 1 . (3.23)

Here we have chosen the branch of the square root for which
√
z − 1 = |z−1|1/2eiarg(z−1)/2 with −π/2 < arg(z−1) <

3π/2. In this way, Re(σ) < 0 and Im(σ) > 0 when λ = |λ|eiω with 0 ≤ ω < π. Moreover, σ(λ) is analytic in Im(λ) > 0,

and satisfies λ→ 0 then σ → −1. By comparing (3.21) and (3.22) with (3.19), we conclude that

Gλ(x;x0) = − 1

4 sin [πσ(λ)]
Pσ(λ)(−x · x0) , Rλ = Rh [σ(λ)] , (3.24)

where Rh(σ) is defined in (3.22).

The limiting asymptotics of Rλ for τ |λ|/D ≫ 1 and for τ |λ|/D ≪ 1 is characterized as follows:

Lemma 3.1 For τ |λ|/D ≫ 1 and with λ = |λ|eiω for 0 ≤ ω < π, the asymptotics of Rλ, as defined by (3.22), (3.23),

and (3.24), is

Rλ ∼ 1

2π

[

−γ + log 2− 1

2
log

(

τ |λ|
D

)

− i

2
Argλ

]

+ o(1) . (3.25)
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Alternatively, for τ |λ|/D ≪ 1, we have

Rλ ∼ D
4πτλ

+
1

4π
(log 4− 1) + o(1) . (3.26)

Proof The result (3.26) follows readily from either expanding (3.22) for σ → −1, or by seeking an expansion of the

solution to (3.19) in the form Gλ = AD/(τλ) +G+ o(1), for some constant A. We readily obtain A = 1/|Ω| = (4π)−1

and that G is the source-neutral Green’s function of (2.8) and (2.9). This establishes (3.26).

Next we derive (3.25). For τ |λ|/D ≫ 1 with λ = |λ|eiω for 0 ≤ ω < π, we have |σ| → ∞ with Im(σ) > 0. In this

limit, cot(πσ) → −i. In addition, for |σ| → ∞, we have Φ(σ + 1) ∼ log σ + 1/2σ, where log σ is the principal branch

of the logarithm (cf. [1]). Moreover, from (3.23), we obtain σ ∼
[

τ |λ|D−1
]1/2

ei(π+Arg(λ))/2. Thus, from (3.22) we get

Rλ ∼ 1

4π
[2 log 2− 2 log σ + iπ − 2γ] ∼ 1

2π

[

log 2− γ − 1

2
log

(

τ |λ|
D

)

− i

2
Argλ

]

,

which agrees with (3.25). As an alternate, but formal, derivation of (3.25), a simple boundary layer analysis for

τ |λ|/D ≫ 1 shows that the solution to (3.19) can be approximated by the free-space Green’s function solution

Gf = (2π)−1K0(β|x− x0|), where β ≡
√

τλ/D, which satisfies ∆Gf − τλGf/D = −δ(x− x0) on the infinite tangent-

plane to the sphere centered at x0. The regular part of this modified Bessel function solution yields (3.25).

Next, we expand η in (3.18) as x→ xi and impose the matching condition that the resulting limiting behavior must

agree with that in (3.9). In this way, we obtain that

ci + 2πν



ciRλ +

N
∑

j 6=i

cjGλij



+ νB̃ici = 0 , for i = 1, . . . , N . (3.27)

Upon writing (3.27) in matrix form, we conclude that any discrete eigenvalues of the GCEP for τ > 0 must be such

that the matrix problem

Mc = 0 , where M ≡ I + 2πνGλ + νB̃ , (3.28)

has a non-trivial solution, i.e., that detM = 0. Here we have defined c, Gλ, and Bλ by

c ≡







c1
...

cN






, Gλ ≡







Rλ Gλij

. . .

Gλij Rλ






, B ≡







B̃1 0
. . .

0 B̃N






, (3.29)

where Gλij ≡ Gλ(xi;xj), and B̃i ≡ B̃i(λ;Si, f) is to be calculated from (3.5). We remark that the Green’s matrix Gλ

has common entries along its diagonal that are independent of the spot locations. However, in contrast to the case

where τ = 0, the difference Gλ(xi;xj) +
1
2π log |xi − xj | now depends on the distance |xi − xj |.

Now suppose that G, and consequently Gλ, has a constant row sum. Then, the nonlinear algebraic system (2.14 a)

admits a solution for which the spots have a common source strength Sc ≡ S1 = . . . = SN so that B̃c(λ;Sc, f) =

B̃j(λ;Sj , f) for j = 1, . . . , N . Since B = B̃c(λ;Sc, f)I, the matrix M in (3.28) reduces to

M = I + 2πνGλ + νB̃cI .

In terms of the matrix spectrum of Gλ given by Gλbj = kjλbj for j = 1, . . . , N , it follows that

Mbj =
(

1 + 2πνkjλ + νB̃c

)

bj .
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We conclude that detM = 0 when

1 + 2πνkjλ + νB̃c = 0 , j = 1, . . . , N . (3.30)

We summarize this result as follows:

Principal Result 3.3 Let τ > 0 and suppose that Sc ≡ S1 = . . . = SN . Corresponding to radially symmetric

perturbations near each spot, there is a complex conjugate pair of pure imaginary eigenvalues at any critical pair

(τ, λ) = (τH , iλIH), with λIH > 0, that is a root of the coupled system

ν−1 + 2πRe[kjλ] + Re[B̃c(iλI ;Sc, f)] = 0 , 2πIm[kjλ] + Im[B̃c(iλI ;Sc, f)] = 0 , j = 1, . . . , N . (3.31)

Here kjλ for j = 1, . . . , N are the eigenvalues of Gλ. Since Gλ is symmetric with a constant row sum, its matrix

spectrum is

Gλe = k1λe ; Gλbj = kjλbj , with bj
Te = 0 for j = 2, . . . , N . (3.32)

In (3.31), we recall that B̃c(iλI ;Sc, f) is to be calculated from

∆ρψ̃ − ψ̃ + 2fucvcψ̃ + fu2cÑ = iλI ψ̃ ; ψ̃′(0) = 0 ; ψ̃ → 0 as ρ→ ∞ ,

∆ρÑ + ψ̃(1− 2ucvc) = u2cÑ ; Ñ ′(0) = 0 ; Ñ ∼ log ρ+ B̃c(iλI ;Sc, f) + o(1) as ρ→ ∞ .
(3.33)

We remark that as τ/D increases it is impossible for eigenvalues to enter Re(λ) > 0 along the real axis by crossing

through λ = 0. This follows since Gλ depends only on the product τλ/D, which vanishes when λ = 0. We further

remark that Gλ is symmetric, but not Hermitian when λ = iλI , since Gλij 6= Gλji. Thus, the eigenvalues kλj of Gλ are

in general complex-valued. In the special case where the spot locations {x1, . . . , xN} are such that Gλ is both circulant

and symmetric, its eigenvalues and real eigenvectors can be found explicitly (see Appendix D).

For a fixed f and a given ε with ε ≪ 1, the formulation of Principal Result 3.3 is used to compute the curve E

versus D at which a Hopf bifurcation occurs. To do so, it is convenient to introduce new variables τ̃ and D̃ defined by

τ̃ ≡ τ

D
=

1

f2E2D̃
, D̃ ≡ D

E2
. (3.34)

Then, for a pattern with a common source strength we have Sc = 2/(N
√

D̃), and in the computation of both the

Green’s function in (3.24) and the eigenvalues of the Green’s matrix in (3.30) we simply replace τ/D by τ̃ . A Hopf

bifurcation curve τ̃ versus D̃ is computed from a 2× 2 matrix Newton solve on the nonlinear system (3.31) for τ̃ and

λI . In this procedure, the real and imaginary parts of B̃c(iλI ;Sc, f) are calculated from the linear complex-valued

BVP (3.33) with Sc = 2/(N
√

D̃) by first separating the solution to (3.33) into real and imaginary parts. Finally, the

Hopf bifurcation curve E versus D is given parametrically in terms of τ̃ and D̃ by

E =
1

f

(

τ̃D̃
)−1/2

, D =
1

τ̃ f2
. (3.35)

To implement this numerical procedure, it is essential to obtain a good initial guess for the Newton solve. For the

synchronous mode, such an initial guess is available in the near-shadow limit D̃ ≫ 1. For τ̃ ≪ 1, we readily obtain

from (3.26) that the Green’s matrix can be approximated by (see (4.40) below)

Gλ ∼ −
(

iN

4πτ̃λI

)

E0 +
N

4π
(log 4− 1) E0 −

1

2π
G + · · · . (3.36)

Here E0 ≡ eeT /N is given in (2.14 a), and G is the matrix of logarithmic interactions as defined in (2.13). Therefore,
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for the eigenvalue k1λ corresponding to the synchronous mode we have

Re(k1λ) =
N

4π
(log 4− 1)− κ0

2π
, Im(k1λ) = − N

4πτ̃λI
, (3.37)

where Ge = κ0e. Since Re(k1λ) is independent of τ̃ when D̃ ≫ 1, the first equation of (3.31) is asymptotically

independent of τ̃ and can be solved numerically for λI . With λI known, the second equation in (3.31) determines

τ̃ . This procedure provides a good initial guess for the synchronous mode when D̃ is large. Upon convergence of the

Newton iterates at the initial value of D̃, an Euler continuation strategy is used to compute the Hopf curve as D̃ is

decreased.
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Figure 8. The Hopf bifurcation threshold E versus D when ε = 0.06 for f = 0.4 (heavy solid curve), f = 0.5 (solid curve),
f = 0.6 (dotted curve), and f = 0.7 (widely spaced dots). Left panel: a one-spot solution. Right panel: a two-spot solution with
spots at antipodal points on the sphere. The threshold in the right panel corresponds to the synchronous mode.

In the left panel of Fig. 8 we plot the numerically computed Hopf bifurcation threshold E versus D for a one-spot

solution when ε = 0.06 at four different values of f . We predict that an oscillatory instability of a one-spot pattern

occurs when E is below any of the curves in the left panel of Fig. 8. Similarly, for ε = 0.06 and the same four values of

f , in the right panel of Fig. 8 we plot the numerically computed Hopf bifurcation threshold for the synchronous mode

for a two-spot pattern with spots at anti-podal points on the sphere. In §4.3 and 4.4 below, we will show for D ≫ 1

that, to leading order in ν = −1/ log ε, an approximate Hopf bifurcation threshold for the synchronous mode can be

determined from a class of nonlocal eigenvalue problem (NLEP).

For the two-spot pattern, with spots at anti-podal points on the sphere, there is also a Hopf bifurcation threshold

associated with the competition instability mode provided that D is below a threshold. To numerically compute this

threshold, the initial condition for the Newton iteration on (3.31) is taken to correspond to the large τ̃ approximation,

for which the Green’s matrix reduces to Gλ ∼ RλI, where I is the identity and Rλ is approximated as in (3.25). In

the left panel of Fig. 9 the solid curves are the numerically computed Hopf bifurcation thresholds for the competition

mode for the same four values of f as in the right panel of Fig. 8. The Hopf bifurcation threshold for the synchronous

mode is superimposed in this figure. Since the Hopf bifurcation curves for the competition mode lie below those for

the synchronous mode, it follows that a synchronous oscillatory instability is triggered first as E decreases below a

threshold. As seen in the right panel of Fig. 9, the Hopf bifurcation curve for the competition mode terminates at

the value of D for which the corresponding Hopf bifurcation frequency λI approaches zero. This termination of the

Hopf bifurcation for the competition mode at finite D is further examined in §4.3 and §4.4, where we derive and then

analyze an NLEP, which is valid to leading order in ν when D ≫ 1, that determines any Hopf bifurcations for the
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Figure 9. Left panel: the competition (solid curves) and synchronous (dashed curves) Hopf instability thresholds E versus D
when ε = 0.06. The pair of curves from top to bottom are for f = 0.4, f = 0.5, f = 0.6, and f = 0.7. The synchronous mode is
seen to set the instability threshold. Right panel: the modulus λI of the complex eigenvalue for the competition Hopf instability
threshold for f = 0.4 (heavy solid), f = 0.5 (solid), f = 0.6 (dotted curve), and f = 0.7 (widely spaced dots). For each f ,
λI → 0+ at some critical value of D.

competition mode in this limit. In Principal Result 4.6 we will prove that there are no Hopf bifurcations associated

with this NLEP. We remark that the competition and synchronouus Hopf bifurcation curves shown in the left panel

of Fig. 9 are qualitatively similar to those that occur for spike patterns in the 1-D Gierer-Meinhardt RD system (see

Fig. 18 of [43]).

4 The Limit of Small Source Strength: Two-Term Asymptotics

In this section we obtain explicit analytical results for an N -spot quasi-equilibrium solution in the small source-

strength limit Sj → 0. In §4.2 we derive asymptotic results for the competition instability thresholds in this limit.

One distinguished limit for the small Sj asymptotics corresponds to the parameter range D = O(ν−1) with E = O(1),

and so we write D = D0/ν ≫ 1 with D0 = O(1). For the case τ > 0, D = O(ν−1), and E = O(1), in §4.3 we derive

a nonlocal eigenvalue problem (NLEP) governing the stability of an N -spot quasi-equilibrium pattern. This NLEP is

analyzed rigorously in §4.4. In addition, in §4.5 we consider the limit D ≪ 1 but with E sufficiently small so that the

source-strength is still asymptotically small, i.e. Sc = 2E/(
√
DN) ≪ 1. For the stability analysis this parameter range

leads to a new type of NLEP that has a Hopf bifurcation with an anomalous scaling in ε.

We first must calculate an asymptotic solution to the core problem (2.3), which is valid for Sj → 0. This analysis

yields a two-term asymptotic result for χ(Sj ; f) when Sj ≪ 1, which is needed to determine the stability thresholds.

4.1 Core problem: Small S-Asymptotics

In the limit S → 0, we now derive a two-term approximation to the radially symmetric solution on 0 < ρ <∞ to

∆ρu− u+ fu2v = 0 , u→ 0 as ρ→ ∞ ; ∆ρv + u− u2v = 0 , v ∼ S log ρ+ χ as ρ→ ∞ , (4.1)

with u′(0) = v′(0) = 0 and ∆ρ ≡ ∂ρρ +
1
ρ∂ρ. We write u = Sũ, v = ṽ/S, and χ = χ̃/S to obtain

∆ρũ− ũ+ fũ2ṽ = 0 , ũ→ 0 as ρ→ ∞ ; ∆ρṽ + S2(ũ− ũ2ṽ) = 0 , ṽ ∼ S2 log ρ+ χ̃ as ρ→ ∞ . (4.2)

The form of (4.2) suggests that we should seek an asymptotic solution for S ≪ 1 as

ũ = ũ0 + S2ũ1 + S4ũ2 + · · · , ṽ = ṽ0 + S2ṽ1 + S4ṽ2 + · · · , χ̃ = χ̃0 + S2χ̃1 + S4χ̃2 + . . . .
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Upon substituting this expansion into (4.2), and collecting powers of S2, we obtain that

∆ρũ0 − ũ0 + fũ20ṽ0 = 0 , ũ0 → 0 as ρ→ ∞ ; ∆ρṽ0 = 0 , ṽ0 → χ̃0 as ρ→ ∞ . (4.3)

At order O(S2), we get

∆ρũ1 − ũ1 + 2fũ0ṽ0ũ1 = −fũ20ṽ1, ṽ1 → 0 as ρ→ ∞,

∆ρṽ1 = −ũ0 + ũ20ṽ0, ṽ1 → log ρ+ χ̃1 as ρ→ ∞ ,
(4.4)

while at order O(S4) we obtain that ṽ2 is bounded as ρ→ ∞ and satisfies

∆ρṽ2 = −ũ1 + 2ũ0ṽ0ũ1 + ũ20ṽ1 . (4.5)

The solution to (4.3) is

ũ0 =
1

fṽ0
w , ṽ0 = χ̃0 , (4.6)

where w(ρ) is the unique ground-state solution satisfying

∆ρw − w + w2 = 0 , 0 < ρ <∞ ; w(0) > 0 , w′(0) = 0 ; w → 0 as ρ→ ∞ . (4.7)

Upon integrating this ground-state problem we obtain the identity
∫∞
0
wρdρ =

∫∞
0
w2ρdρ.

Since ṽ1ρ ∼ 1/ρ as ρ→ ∞, we obtain upon integrating the ṽ1 equation in (4.4), and then using (4.6), that

lim
ρ→∞

ρṽ1ρ = 1 =

∫ ∞

0

(

ũ20ṽ0 − ũ0
)

ρ dρ =
(1− f)

f2ṽ0

∫ ∞

0

w2ρ dρ ,

which determines ṽ0. From a numerical quadrature, ṽ0 and χ̃0 are calculated as

ṽ0 = χ̃0 =
b(1− f)

f2
, where b ≡

∫ ∞

0

w2ρ dρ ≈ 4.9343 . (4.8)

With the leading-order terms determined, the problem (4.4) for ũ1 and ṽ1 becomes

∆ρũ1 − ũ1 + 2wũ1 = − 1

fṽ20
w2ṽ1 , ũ1 → 0 as ρ→ ∞ ,

∆ρṽ1 =
1

ṽ0

(

w2

f2
− w

f

)

, ṽ1 ∼ log ρ+ χ̃1 as ρ→ ∞ .

(4.9)

Moreover, the boundedness condition for the solution to the ṽ2 equation (4.5) yields, upon using (4.6), that
∫ ∞

0

ũ1ρ dρ =

∫ ∞

0

2ũ0ṽ0ũ1ρ dρ+

∫ ∞

0

ũ20ṽ1ρ dρ =
2

f

∫ ∞

0

wũ1ρ dρ+
1

f2ṽ20

∫ ∞

0

w2ṽ1ρ dρ . (4.10)

Upon integrating the ũ1 equation in (4.9) we obtain that
∫∞
0
ũ1ρ dρ = 2

∫∞
0
wũ1ρ dρ +

[

fṽ20
]−1 ∫∞

0
w2ṽ1ρ dρ . By

comparing this expression with (4.10), we conclude that
∫ ∞

0

ũ1ρ dρ = 0 . (4.11)

We now show how (4.11) determines χ̃1. We return to (4.9). The solution for ṽ1 is decomposed as

ṽ1 = χ̃1 +
1

ṽ0f2
ṽ1p , (4.12)

where ṽ1p is the unique solution on 0 < ρ <∞ to

∆ρṽ1p = w2 − fw , 0 < ρ <∞ ; ṽ′1p(0) = 0 ; ṽ1p ∼ ṽ0f
2 log ρ+ o(1) as ρ→ ∞ . (4.13)

The condition that ṽ1p − ṽ0f
2 log ρ→ 0 as ρ→ ∞ ensures that ṽ1p is unique. In terms of ṽ1p, ũ1 from (4.9) satisfies

L0ũ1 ≡ ∆ρũ1 − ũ1 + 2wũ1 = − χ̃1

fṽ20
w2 − w2

ṽ30f
3
ṽ1p .
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Now, since L0w = w2, as seen from L0w = ∆ρw − w + 2w2 = −w2 + 2w2 = w2, we can decompose ũ1 as

ũ1 = − χ̃1

fṽ20
w − 1

ṽ30f
3
ũ1p , where L0ũ1p = w2ṽ1p . (4.14)

Next, we determine χ̃1. We substitute ũ1 from (4.14) into the solvability condition (4.11) to obtain

χ̃1

∫ ∞

0

wρdρ = − 1

ṽ0f2

∫ ∞

0

ũ1p ρ dρ .

Upon using
∫∞
0
wρdρ =

∫∞
0
w2ρ dρ ≡ b, and (4.8) for ṽ0, we determine χ̃1 in terms of ũ1p as

χ̃1 = − 1

b2(1− f)

∫ ∞

0

ũ1p ρ dρ . (4.15)

We can simplify (4.15) to obtain a formula for χ̃1 where the dependence on f appears explicitly rather than implicitly

through ũ1p. To obtain such a result, we use w2 = w −∆ρw to write the problem (4.13) for ṽ1p as

∆ρ(ṽ1p + w) = (1− f)w , 0 < ρ <∞ ; ṽ′1p(0) = 0 ; ṽ1p ∼ (1− f)b log ρ+ o(1) as ρ→ ∞ ,

which motivates introducing ṽ1Q as ṽ1p+w = (1−f)ṽ1Q. Here ṽ1Q is the unique solution of the parameter-free problem

∆ρṽ1Q = w , 0 < ρ <∞ ; ṽ′1Q(0) = 0 ; ṽ1Q → b log ρ+ o(1) as ρ→ ∞ . (4.16)

Now, with ṽ1p = −w + (1 − f)ṽ1Q, the problem (4.14) for ũ1p becomes L0ũ1p = −w3 + (1 − f)w2ṽ1Q. Therefore, we

decompose ũ1p as ũ1p = −ũ1pI + (1− f)ũ1pII , where ũ1pI and ũ1pII are the unique solutions of

L0ũ1pI = w3 and L0ũ1pII = w2ṽ1Q , (4.17)

with ũ1pI → 0 and ũ1pII → 0 as ρ → ∞. Then, an expression for χ̃1, in which the dependence on f is explicit, is

obtained by substituting this decomposition for ũ1p into (4.15). We summarize our results as follows:

Principal Result 4.1 In the limit S → 0, a two-term expansion for the solution to the core problem (4.1) is

u ∼ S
[

ũ0 + S2ũ1 + · · ·
]

, v ∼ 1

S

[

ṽ0 + S2ṽ1 + · · ·
]

, χ ∼ χ̃0

S
+ Sχ̃1 + · · · , (4.18)

where

ũ0 =
1

fṽ0
w , ũ1 = − χ̃1

fṽ20
w − 1

ṽ30f
3
[−ũ1pI + (1− f)ũ1pII ] ,

ṽ0 =
b(1− f)

f2
, ṽ1 = χ̃1 +

1

ṽ0f2
[−w + (1− f)ṽ1Q] ,

χ̃0 =
b(1− f)

f2
, χ̃1 =

1

b2(1− f)

∫ ∞

0

ũ1pI ρ dρ−
1

b2

∫ ∞

0

ũ1pIIρ dρ .

(4.19)

Here b =
∫∞
0
w2ρ dρ, and w(ρ) is the solution of (4.7). Moreover, ṽ1Q is the unique radially symmetric solution to

(4.16), while ũ1pI and ũ1pII are the unique radially symmetric solutions to (4.17).

Since ṽ1Q, ũ1pI , and ũ1pII do not depend on the parameter f , we only need to compute the two integrals in the

expression (4.19) for χ̃1 once. By evaluating them numerically, we obtain an explicit two-term result for χ of the form

χ ∼ d0
S

+ d1S +O(S3) , as S → 0 ; where d0 ≡ b(1− f)

f2
, b ≈ 4.9343 , d1 ≈ 0.4893

(1− f)
− 0.4698 . (4.20)

For a few values of f , in Fig. 10 we show a favorable comparison between the two-term asymptotic result (4.20) and

the full numerical result for χ(S; f), as computed from (4.1), up to S = 1. These results show that the range of S

where (4.20) accurately determines χ(S; f) decreases as f increases.
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Figure 10. The percentage error between the numerical result for χ(S; f), as computed from the core problem (4.1), and the
asymptotic result (4.20) is plotted versus S for f = 0.4 (heavy solid curves), f = 0.5 (dotted curves) and f = 0.6 (solid curves).
The left and right panels are the one-term and two-term asymptotic results, respectively. The two-term asymptotic result from
(4.20), derived in the limit S → 0, is seen to agree rather favorably with full numerics even up to S = 1.

Next, we use the leading-order asymptotic result for χ(Si; f) to simplify the nonlinear algebraic system (2.12) in the

limit D = O(ν−1) for which Si ≪ 1. Upon substituting χ(Si; f) ∼ b(1− f)/(f2Si) and D = D0/ν into (2.12), where

D0 = O(1), we obtain that

Si −O(ν) +
νb(1− f)

f2Si
∼ νv̄ , for i = 1, . . . , N ;

N
∑

j=1

Sj =
2E ν1/2√

D0

.

We then put Si = ν1/2S̃i and v̄ = ν−1/2v̄0 to obtain the reduced problem

H(S̃i) ≡ S̃i +
γ

S̃i

= v̄0 , for i = 1, . . . , N ;

N
∑

j=1

S̃j =
2E√
D0

; γ ≡ b(1− f)

f2
. (4.21)

On ξ > 0, the function H(ξ) in (4.21) is convex and satisfies H(ξ) → +∞ as ξ → 0 and as ξ → ∞. It has a global

minimum at ξ =
√
γ with minimum value H(

√
γ) = 2

√
γ.

With these properties of H(ξ), the limiting system (4.21) can be used to construct asymmetric quasi-equilibrium spot

patterns where each spot can have one of two possible source strengths S̃− and S̃+ on the interval 0 < S̃− ≤ √
γ ≤ S̃+.

Suppose that there are M spots with source strength S̃− and (N −M) spots of source strength S̃+. Then, from (4.21),

S̃± satisfy the nonlinear scalar nonlinear algebraic problem

H(S̃−) = H(S̃+) , MS̃− + (N −M)S̃+ =
2E√
D0

. (4.22)

The bifurcation point where asymmetric quasi-equilibria emerge from the common source strength solution branch

is obtained by setting M = 0 and S̃− = S̃+ =
√
γ. This yields N

√
γ = 2E/

√
D0. Upon using (4.21) for γ, we get

D0 = 4f2E2/
[

N2b(1− f)
]

and D = D0/ν. This critical value of D is shown below in (4.25) to coincide with the

leading-order-in-ν competition instability threshold of D.

To leading order in ν, similar asymmetric quasi-equilibrium spot patterns in the limit D = O(ν−1) have been

constructed for related RD models in [45] and [47] and their stability properties determined through the analysis of

certain NLEPs. However, in our stability analysis, we will only focus on quasi-equilibrium patterns with a common

source strength.

In the next two sub-sections we simplify our stability theory of § 3 in the small common source strength limit,

corresponding to D = O(1/ν) and E = O(1), for two specific cases. In §4.2 we will derive an explicit two-term
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asymptotic result in powers of ν for the competition instability threshold. For τ > 0, in §4.3 we will derive an NLEP

that characterizes, to leading order in ν, both competition and oscillatory instabilities. In comparison to the NLEP’s

derived for other RD models (see [44], [46], and [48]) the multiplier of the nonlocal term in the NLEP for the

Brusselator is a bi-quadratic, rather than bi-linear, function of the eigenvalue parameter.

4.2 Small Source Strength Asymptotics: Competition Instabilities

For the case of equal source strengths Sc ≡ S1 = . . . = SN , the competition instability threshold corresponding to a

zero eigenvalue crossing is the root of (3.17) of Corollary 3.1. Using the small S asymptotics of χ(S; f), as given in

(4.20), we now calculate a two-term asymptotic result in powers of ν for the critical value of D at which (3.17) has a

root when D = D0/ν ≫ 1 and E = O(1).

When D = D0/ν, we get Sc = 2Eν1/2/
√
D0N ≪ 1 and χ′(Sc; f) ∼ −d0/S2

c + d1 + O(S2
c ) for Sc ≪ 1, where

d0 and d1 are given in (4.20). Therefore, (3.17) becomes ν−1 − kj⋆ = −d1 + d0/S
2
c + · · · , which determines Sc

as S2
c = νd0/ [1 + ν (d1 − kj⋆)]. The competition instability threshold in terms of D0 is obtained by substituting

S2
c = 4νE2/(D0N

2) into this expression and solving for D0. We summarize our result as follows:

Principal Result 4.2 Suppose that Sc ≡ S1 = . . . = SN . Then, for radially symmetric perturbations near each spot,

the smallest value of D for which the linearization has a zero eigenvalue is given for ε→ 0 by

D⋆
c =

D⋆
0

ν
where D⋆

0 ∼ 4E2

N2d0

[

1 + ν (d1 − kj⋆) +O(ν2)
]

. (4.23)

Here kj⋆ ≡ max2≤j≤N kj, where Gbj = kjbj with bj
Te = 0 for j = 2, . . . , N . In (4.23), d0 and d1 are given in (4.20)

(see also (4.19) for χ̃(S; f)). There are also zero eigenvalue crossings at the other larger critical values of D given by

Dj =
D0j

ν
where D0j ∼

4E2

N2d0

[

1 + ν(d1 − kj) +O(ν2)
]

, j = 2, . . . , N , with j 6= j⋆ . (4.24)

The leading-order result from (4.23) is

D⋆
c ∼ 4f2E2

N2b(1− f)ν
, b =

∫ ∞

0

w2ρ dρ . (4.25)

We observe that D⋆
c decreases as the number N of spots increases. Therefore, as N increases, there is a larger range

of D where the pattern is unstable to a competition instability.

The novelty of (4.23) is that it is an explicit two-term asymptotic result for the competition instability threshold in

terms of both the spot locations, the parameter f , and certain correction terms to the solution to the core problem

inherited from the term d1. These correction terms are at one higher order beyond the leading-order ground-state

solution w, which plays a central role in the NLEP theory of [44], [46], and [48] for related RD systems. In §4.3 below

we will derive the leading-order NLEP for the Brusselator model indirectly from the small source strength limit.

For a four-spot pattern with spots located at the vertices of a tetrahedron, in Fig. 11 we compare the full numerical

result for the competition instability threshold of D/E2 versus ν when f = 0.3, as computed from (3.17) of Corollary

3.1, with both the two-term and the one-term asymptotic results (4.23) and (4.25), respectively, which are valid for

ν ≪ 1. On the left end of this figure, where ν is small, the two-term asymptotic result agrees very closely with full

numerical results. Even at the right end of this figure, where ν ≈ 0.33 (ε = 0.05), both asymptotic approximations are

still reasonably close to the full numerical result.
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Figure 11. The competition instability threshold D/E2 versus ν = −1/ log ε on 0.0001 < ε < 0.05 with f = 0.3 for a four-
spot pattern with spots located at the vertices of a tetrahedron. The heavy solid curve is the full numerical result computed
from (3.17) of Corollary 3.1, the dotted curve is the two-term asymptotic result from (4.23), and the widely spaced dots is the
leading-order result (4.25).

4.3 Small Source Strength Asymptotics: Derivation of an NLEP

Next, we assume that τ > 0 and we derive an NLEP that characterizes competition and oscillatory instabilities to

leading order in ν when D = O(ν−1) ≫ 1 and E = O(1). We again consider the constant row sum case where Ge = k1e

for which there is a quasi-equilibrium spot pattern with a common source strength Sc ≡ S1 = . . . SN = 2E/
√
DN ≪ 1.

From (3.30), the discrete eigenvalues of the GCEP are the roots of

ν−1 + 2πkjλ + B̃c = 0 , for j = 1, . . . , N ; ν ≡ −1/ log ε . (4.26)

Here Gλe = k1λe and Gλbj = kjλbj, where bj
Te = 0 for j = 2, . . . , N . The matrix entries of Gλ are obtained from the

solution to (3.24). In (4.26), B̃c = B̃c(λ;Sc, f) is obtained from the complex-valued radially symmetric solution to

∆ρψ̃ − ψ̃ + 2fuvψ̃ + fu2Ñ = λψ̃ ; ψ̃′(0) = 0 ; ψ̃ → 0 as ρ→ ∞ ,

∆ρÑ − u2Ñ = −ψ̃ (1− 2uv) ; Ñ ′(0) = 0 ; Ñ ∼ log ρ+ B̃c + o(1) as ρ→ ∞ ,
(4.27)

on 0 < ρ <∞, where u, v are solutions to the core problem defined by setting S = Sc in (4.1).

Since D = O(− log ε), we have Sc ≪ 1. In the limit Sc → 0, we will first determine an NLEP in terms of B̃c, as

defined from (4.27). For Sc → 0, we recall from (4.18) and (4.19) that

uc ∼
Sc

fṽ0
w , vc ∼

ṽ0
Sc

, where ṽ0 ≡ b(1− f)

f2
, (4.28)

where w(ρ) satisfies (4.7). Upon substituting (4.28) into (4.27), we obtain that

∆ρψ̃ − ψ̃ + 2wψ̃ − λψ̃ = − S2
c

fṽ20
w2Ñ ; ψ̃′(0) = 0 ; ψ̃ → 0 as ρ→ ∞ ,

∆ρÑ − S2
c

f2ṽ20
w2Ñ = −ψ̃

(

1− 2w

f

)

; Ñ ′(0) = 0 ; Ñ ∼ log ρ+ B̃c , as ρ→ ∞ .

(4.29)

Next, for Sc ≪ 1, we re-scale B̂c and N̂ , and expand N̂ as

B̃c = B̂c/S
2
c , Ñ = N̂/S2

c , N̂ = B̂c + S2
c N̂1 +O(S4

c ) . (4.30)
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Upon substituting (4.30) into (4.29), we obtain

∆ρψ̃ − ψ̃ + 2wψ̃ − λψ̃ = − w2

fṽ20
B̂c ; ψ̃′(0) = 0 ; ψ̃ → 0 as ρ→ ∞ ,

∆ρÑ1 = ψ̃

(

2w

f
− 1

)

+
w2

f2ṽ20
B̂c ; Ñ ′

1(0) = 0 ; Ñ1 ∼ log ρ+O(1) as ρ→ ∞ .

(4.31)

By integrating the equation for N̂1 over 0 < ρ <∞, we obtain that

2

f

∫ ∞

0

ψ̃wρ dρ−
∫ ∞

0

ψ̃ρ dρ+
B̂cb

f2ṽ20
= 1 , where b ≡

∫ ∞

0

w2ρ dρ . (4.32)

Next, upon integrating the equation for ψ̃ in (4.31) over 0 < ρ <∞, we get

−
∫ ∞

0

ψ̃ρ dρ+ 2

∫ ∞

0

wψ̃ρ dρ− λ

∫ ∞

0

ψ̃ρ dρ = − B̂cb

f ṽ20
,

which determines
∫∞
0
ψ̃ρ dρ as

∫ ∞

0

ψ̃ρ dρ =
2

λ+ 1

∫ ∞

0

wψ̃ρ dρ+
B̂cb

f ṽ20(λ+ 1)
. (4.33)

Then, by combining (4.32) and (4.33), we can eliminate
∫∞
0
ψ̃ρ dρ to obtain

1

f

∫ ∞

0

wψ̃ρ dρ+
B̂cb

2f2ṽ20
=

λ+ 1

2(λ+ 1− f)
. (4.34)

In the class of radially symmetric solutions, we can write the solution ψ̃ to (4.31) in terms of the inverse of a local

operator L0 as

ψ̃ = − B̂cf

bα
(L0 − λ)

−1
w2 , where L0ψ̃ ≡ ∆ρψ̃ − ψ̃ + 2wψ̃ , α ≡ f2ṽ20

b
=
b(1− f)2

f2
. (4.35)

Upon substituting (4.35) into (4.34), we obtain after a short calculation that the discrete eigenvalues λ are the roots

of a function g(λ) = 0, where g(λ) is defined by

g(λ) =
(λ+ 1)

(

1− α/B̂c

)

− f

2(λ+ 1− f)
−F(λ) , F(λ) ≡

∫∞
0
w
[

(L0 − λ)
−1
w2
]

ρ dρ
∫∞
0
w2ρ dρ

. (4.36)

It is easy to show that the roots of (4.36) are the discrete eigenvalues of an NLEP for Φ(ρ) on 0 < ρ <∞ given by

L0Φ− β(λ)w2

∫∞
0
wΦρ dρ

∫∞
0
w2ρ dρ

= λΦ , Φ → 0 as ρ→ ∞ ; β(λ) ≡ 2(λ+ 1− f)

(λ+ 1)
(

1− α/B̂c

)

− f
. (4.37)

The final step in the derivation of the NLEP is to calculate the term B̂c in the multiplier β(λ) of (4.37). To do so,

we consider (4.26) for D = D0/ν with D0 = O(1) for which Sc ≪ 1. For Sc ≪ 1, we have from (4.30) that B̃c = B̂c/S
2
c

where Sc = 2Eν1/2/
√
D0N ≪ 1. In this limit, (4.26) reduces asymptotically to

1

ν
+ 2πkjλ ∼ −D0N

2

4νE2
B̂c . (4.38)

From (4.37), we then obtain that the multiplier β(λ) of the NLEP is given in terms of the eigenvalues kjλ of Gλ as

β(λ) ≡ 2(λ+ 1− f)

(λ+ 1) (1 +D0ϕ/(1 + 2πνkjλ))− f
; ϕ ≡ N2α

4E2
=
N2b(1− f)2

4f2E2
. (4.39)

To analyze (4.37) with (4.39), we must calculate the eigenvalues kjλ of the Green’s matrix Gλ when D ≫ 1. This is

done by first determining an approximation to the Green’s function Gλ(x;x0) and its regular part Rλ satisfying (3.19)
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when D ≫ 1. For D = D0/ν ≫ 1, τ = O(1), and λ 6= 0, we readily obtain that

Gλ(x;x0) ∼
D0

4πτλν
+G(x;x0) +O(ν) , Rλ ∼ D0

4πτλν
+R+O(ν) , R ≡ 1

4π
(log 4− 1) ,

where G is the source-neutral Green’s function of (2.8)-(2.9) with regular part R. Therefore, for D = D0/ν ≫ 1,

τ = O(1), and λ 6= 0, a two-term approximation for the Green’s matrix Gλ is

Gλ =
1

ν

(D0N

4πτλ

)

E0 +
N

4π
(log 4− 1) E0 −

1

2π
G +O(ν) . (4.40)

Here E0 ≡ eeT /N is given in (2.14 a), and G is the matrix of logarithmic interactions as defined in (2.13).

With this approximation for Gλ, the eigenpairs of Gλ for ν ≪ 1 are

Gλe = k1λe , k1λ ∼ D0N

4πτλν
+O(1) , (4.41 a)

Gλbj = kjλbj , kjλ ∼ − 1

2π
kj +O(ν) , bj

Te = 0 , j = 2, . . . , N . (4.41 b)

Here kj for j = 2, . . . , N are the eigenvalues of G corresponding to the N − 1 dimensional subspace perpendicular to e.

A key observation is that k1λ = O(ν−1) whereas kjλ = O(1) as ν → 0 for j = 2, . . . , N .

For the synchronous mode of instability, we simply substitute k1λ from (4.41 a) into (4.39). Alternatively, for the

competition modes for which kjλ = O(1) for j = 2, . . . , N when D = O(ν−1) and 0 < τ |λ| = O(1), to leading-order we

simply neglect the kjλ term in (4.39). In this way, we obtain two different NLEP’s corresponding to either synchronous

or competition instabilities. We summarize our result as follows:

Principal Result 4.3 For ε → 0, suppose that the spot locations are such that the Green’s matrix G of (3.13) has

a constant row sum. Then, there is an N -spot quasi-equilibrium solution with spots of a common source strength

Sc = 2E/
√
DN . For D = D0/ν ≫ 1 and τ = O(1) then, to leading-order in ν = −1/ log ε, the linear stability of this

quasi-equilibrium solution to O(1) time-scale instabilities is determined by the spectrum of the NLEP (4.37), where

β(λ) in (4.37) has either of the two possible forms

β(λ) = βs(λ) ≡
2(λ+ 1− f)

(λ+ 1)µ(τλ)− f
, or β(λ) = βc(λ) ≡

2(λ+ 1− f)

(λ+ 1) (1 +D0ϕ)− f
, (4.42)

corresponding to either the synchronous or competition modes of instability. Here µ(τλ) and ϕ are defined by

µ(ξ) ≡ ND0 + 2ξ (D0ϕ+ 1)

ND0 + 2ξ
and ϕ ≡ N2α

4E2
=
N2b(1− f)2

4f2E2
. (4.43)

The discrete eigenvalues of these two NLEP’s are the roots of g(λ) = 0 where

g(λ) = C(λ)−F(λ) , F(λ) ≡
∫∞
0
w
[

(L0 − λ)
−1
w2
]

ρ dρ
∫∞
0
w2ρ dρ

, (4.44)

where C(λ) ≡ 1/βs(λ) for the synchronous mode and C(λ) ≡ 1/βc(λ) for the competition modes.

Remark 4.1 The key assumption for the validity of (4.40) is that 0 < τ |λ|ν/D0 ≪ 1. In §4.5 we derive a new NLEP

corresponding to the limit τ |λ|/D ≫ 1.

4.4 Analysis of an NLEP

In this sub-section, we give results for the discrete spectrum of the NLEP in (4.37). A primary basic result, proved in

Theorem 1.4 in [44], is that if β > 0 is a constant, independent of λ, then Re(λ) > 0 if and only if β < 1. Therefore,



The Stability of Localized Spot Patterns for the Brusselator on the Sphere 29

when β is a constant, the stability threshold is precisely β = 1. However, in our case, β = β(λ) and so determining

necessary and sufficient conditions for stability is more challenging.

In Lemma C.1 of Appendix C we prove that if 0 < β(0) < 1 and 1/β(λ) is analytic in Re(λ) ≥ 0, then the NLEP

(4.37) must have a real positive eigenvalue, which establishes instability. Since βs(0) = 2 > 1, the instability criterion

of Lemma C.1 does not apply to the synchronous mode. However, since βc(0) < 1 when D0 is large enough, we can

obtain the following sufficient condition for the instability of the competition modes.

Principal Result 4.4 For N > 1, and under the conditions of Principal Result 4.3, then to leading-order in ν the

N − 1 competition modes are all unstable when

D >
D0c

ν
, D0c ≡

4f2E2

N2b(1− f)
, b ≡

∫ ∞

0

w2ρ dρ . (4.45)

Proof To obtain (4.45), we set βc(0) < 1 where βc is defined in (4.42). This yields ϕD0 > 1 − f . Upon using (4.43)

for ϕ, we readily obtain (4.45). We remark that since 0 < f < 1, then 1/βc(λ) in (4.42) is analytic in Re(λ) ≥ 0.

The threshold in (4.45) agrees with the leading-order term in (4.23) as written in (4.25). To leading order in ν, there

is a common stability threshold in terms of D0 for each of the N − 1 competition modes. As was shown in the explicit

two-term result (4.23) and (4.24) of Principal Result 4.2, this degeneracy in the competition instability threshold is, at

least partially, broken by the second order term in the expansion. For the case where the Green’s matrix has a constant

row sum, the second order term in the expansion, which involves the eigenvalues kj of G in the subspace orthogonal to

e, depends on the locations of the spots. However, for many symmetric quasi-equilibrium patterns such as when spots

are centered at the vertices of platonic solids, these eigenvalues typically are also degenerate (see the last column in

Table 1 of §5 below).

The NLEP of (4.37), where β has either of the two forms in (4.42), has a bi-quadratic dependence on λ instead of

the bi-linear dependence as derived in the pioneering NLEP analyses of [44], [46], and [48], for the Gierer-Meinhardt,

Gray-Scott, and Schnakenburg RD systems in two space dimensions. As such, we need to extend this previous NLEP

stability theory. The following new result is central to the analysis of (4.37).

Principal Result 4.5 Consider the discrete eigenvalues λ of the NLEP (4.37), where the multiplier β(λ) of the

nonlocal term is a rational function in λ of at most degree 2 given by

β(λ) =
a1 + b1λ+ c1λ

2

a2 + b2λ+ c2λ2
, (4.46)

where a1, a2, b1, and b2, are positive constants and c1 ≥ 0 and c2 ≥ 0. Then,

• (I) if c1 = c2 = 0 and 1 < a1/a2 < b1/b2, we have Re(λ) < 0;

• (II) if c1 = c2 = 0, a1/a2 < b1/b2, but a1/a2 < 1, there is exactly one eigenvalue in Re(λ) > 0, and it is real;

• (III) if c1 > 0, c2 > 0, a1/a2 > 1, and a1/a2 > c1/c2, together with T1 ≥ 0 and T2 ≥ 0, where

T1 ≡ c1b1 (c2b1 − c1b2) + c21 (c1a2 − a1c2) , T2 ≡ a1b1 (a1b2 − a2b1) + a21 (c1a2 − a1c2) , (4.47)

the number M of eigenvalues in Re(λ) > 0 for the NLEP (4.37) with (4.46) is either M = 0 or M = 2.

• (IV) if c1 > 0, c2 > 0, and a1/a2 > 1 > c1/c2, with T2 ≥ 0 and T1 < 0, then the number M of eigenvalues in

Re(λ) > 0 for the NLEP (4.37) with (4.46) is either M = 0 or M = 2.
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Proof The eigenvalues of the NLEP are the roots of g(λ) = 0, where g(λ) is defined in (4.44). We determine the number

M of zeroes of g(λ) in Re(λ) > 0 by calculating the winding number of g over the counterclockwise contour composed

of the imaginary axis −iRc ≤ Imλ ≤ iRc and the semi-circle ΓRc
, given by |λ| = Rc > 0, for −π/2 ≤ argλ ≤ π/2.

Assuming that there are no zeroes of g(λ) on the imaginary axis, we let Rc → ∞ and use the argument principle to

determine the number of zeroes of g(λ) in the right half-plane. In (4.44), the function F(λ) is analytic in Re(λ) > 0,

except at the simple pole λ = σ0 > 0, where σ0 is the unique positive eigenvalue of the local operator L0 (see Theorem

2.12 of [18]). On the semi-circle ΓRc
, we have |F(λ)| = O (1/|λ|). Moreover, |C(λ)| ≡ |1/β(λ)| is bounded on ΓRc

as

Rc → ∞ and is analytic in Re(λ) > 0. Therefore, there is no change in the argument of g over ΓRc
as Rc → ∞. Then,

using g(λ) = g(λ), and assuming that there are no zeros of g(λ) on the imaginary axis, we obtain that the number M

of zeroes of g(λ) = 0 in Re(λ) > 0 is

M = 1 +
1

π
[arg g]ΓI

, (4.48)

where [arg g]ΓI
denotes the change in the argument of g along the semi-infinite imaginary axis ΓI = iλI with 0 ≤ λI <

∞, traversed in the downwards direction.

To calculate [arg g]ΓI
we let λ = iλI in (4.44) and decompose g(iλI) = gR(λI) + igI(λI) and F(iλI) = FR(λI) +

iFI(λI) to obtain

gR(λI) = CR(λI)−FR(λI) , FR(λI) ≡
∫∞
0
ρwL0

[

L2
0 + λ2I

]−1
w2 dρ

∫∞
0
ρw2 dρ

,

gI(λ) = CI(λI)−FI(λI) , FI(λI) ≡ λI

∫∞
0
ρw
[

L2
0 + λ2I

]−1
w2 dρ

∫∞
0
ρw2 dρ

.

(4.49)

Since C(λ) = 1/β(λ), where β(λ) is given in (4.46), we calculate that

CR(λI) ≡
a1a2 + λ2I (b1b2 − c1a2 − c2a1) + c1c2λ

4
I

(a1 − c1λ2I)
2
+ λ2Ib

2
1

, CI(λI) ≡
λI
[

(b2a1 − b1a2) + λ2I (c2b1 − c1b2)
]

(a1 − c1λ2I)
2
+ λ2Ib

2
1

. (4.50)

In §2 of [42] it was proved that FR(λI) and FI(λI) have the following local behavior as λI → 0:

FR(λI) ∼ 1− κcλ
2
I + · · · , κc ≡

∫∞
0
ρ
[

L−1
0 w

]2
dρ

∫∞
0
ρw2 dρ

; FI(λI) ∼ λI/2 +O(λ3I) . (4.51 a)

Moreover, from §2 of [42] the following global behavior of FR(λI) and F(λI) was established:

F ′
R(λI) < 0 , FI(λI) > 0 , for λI > 0 , (4.51 b)

with FR → 0 and FI → 0 as λI → +∞.

We now prove the first statement (I). We calculate gR(0) = a2/a1 − 1 < 0, gI(0) = 0 with gR > 0 and gI → 0 as

λI → +∞. Then, since c1 = c2 = 0 and 1 < a1/a2 < b1/b2, we conclude from (4.50) that CI(λI) < 0 for λI > 0. Since

FI(λI) > 0 for λI > 0, we obtain that gI < 0 for all λI > 0. It follows that [arg g]ΓI
= −π and so M = 0 from (4.48).

The proof of the second statement (II) is identical, except that gR(0) = a2/a1 − 1 > 0 and gI(0) = 0. Therefore,

[arg g]ΓI
= 0 and so M = 1 from (4.48). Lemma C.1 of Appendix C proves that this unique unstable eigenvalue is real.

To prove the third statement (III), we first note that g(0) = a2/a1−1 < 0 with gR > 0 and gI → 0 as λI → +∞. We

then derive a condition to ensure that CR(λI) is monotone increasing for λI > 0. Under such a condition, then since

FR(λI) is monotone decreasing for λI > 0, it follows that there is a unique root λ⋆I to gR(λI) = 0. If gI (λ
⋆
I) < 0, then

[arg g]ΓI
= −π, and so M = 0 from (4.48). Alternatively, if gI (λ

⋆
I) > 0, then [arg g]ΓI

= π and M = 2 from (4.48).

From (4.50) a necessary condition for the monotonicity of CR(λI) is that a2/a1 < c2/c1. To derive a sufficient
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condition, we let λI =
√
ξ and define T (ξ) ≡ CR(

√
ξ). We differentiate (4.50) to obtain that C′

R(
√
ξ) = 2

√
ξT ′(ξ),

where T ′(ξ) is given by

T ′(ξ) =
P(ξ)

[(a1 − c1ξ)2 + ξb21]
2 , P(ξ) ≡ T1ξ

2 + 2c1a1 (c2a1 − c1a2) ξ + T2 . (4.52)

Here T1 and T2 are defined in (4.47). Since the coefficient of ξ in P(ξ) is necessarily positive, it follows that C′
R(λI) > 0

on λI > 0 if and only if T1 ≥ 0 and T2 ≥ 0. To establish the necessity of this inequalities, we note that if T2 < 0 then

C′
R(0) < 0, which implies that C′

R(λI) is locally decreasing on the range 0 < λI ≪ 1. Moreover, if T1 < 0, then CR(λI)
approaches its limiting value c2/c1 from above as λI → ∞, so that CR(λI) is not monotone increasing for all λI > 0.

The proof of the fourth statement (IV) is similar. We have CR(0) = a2/a1 < 1 and CR(∞) = c2/c1 > 1. Since

T2 ≥ 0 and T1 < 0, it follows from (4.52) that P(0) > 0, P ′(0) > 0 with P(ξ) → −∞ as ξ → +∞. Thus, there is a

unique point λ⋆I > 0 with C′
R(λ

⋆
I) = 0 for which CR(λ⋆I) > CR(∞) = c2/c1 > 1, with the property that C′

R(λI) < 0 for

λI > λ⋆I and C′
R(λI) > 0 for 0 < λI < λ⋆I . Therefore, on the range of λI for which 0 < CR < 1, it follows that CR(λI)

is monotone increasing in λI . Since CR(0) < FR(0) = 1 and F ′
R(λI) < 0 for λI > 0, it is only on the range where

0 < CR < 1 that gR(λI) = 0 can have a root. Define λ−I by CR(λ−I ) = 1. Then, since gR(0) < 0, gR(λ
−
I ) > 0, and

g′R(λI) > 0 on 0 < λI < λ−I , it follows that there is a unique root to gR(λI) = 0 on 0 < λI < λ−I . Hence, from (4.48).

we conclude that either M = 0 or M = 2.

Upon applying Principal Result 4.5 to the competition instability modes, we obtain the following result:

Principal Result 4.6 Consider the discrete eigenvalues λ of the NLEP (4.37) for the competition instability modes

where β(λ) = βc(λ) is given in (4.42). Then, if 0 < D0ϕ < 1 − f where ϕ is defined in (4.43), we conclude that

Re(λ) < 0. Moreover, on the range D0ϕ > 1− f , there is exactly one eigenvalue in Re(λ) > 0 and it is real.

Proof For the competition multiplier βc(λ), we identify in (4.46) that a1 = 2(1 − f), a2 = 1 − f + D0ϕ, b1 = 2,

b2 = 1 +D0ϕ, and c1 = c2 = 0. We then calculate that

a1
a2

=
2(1− f)

(1− f) +D0ϕ
,

a1
a2

− b1
b2

=
−2fD0ϕ

(1 +D0ϕ) (1− f +D0ϕ)
< 0 ,

so that a1/a2 < b1/b2. On the range 0 < D0ϕ < 1 − f , we have a1/a2 > 1, so that (I) of Principal Result 4.5 yields

that Re(λ) < 0. On the complementary range where D0ϕ > 1 − f , we have a1/a2 < 1 so that from (II) of Principal

Result 4.5 there is one unstable eigenvalue and it is real.

Therefore, the critical value D0ϕ = (1− f) provides a distinct threshold between the stability and instability of the

competition modes. There can be no Hopf bifurcations associated with these modes on the range D = O(ν−1). Next,

we analyze the discrete eigenvalues of the NLEP for the synchronous mode. We obtain the following result:

Principal Result 4.7 Consider the discrete eigenvalues λ of the NLEP (4.37) for the synchronous instability mode

where β(λ) = βs(λ) is given in (4.42). If ND0 > τf
[

1 +
√

−3 + 4/f
]

, then the number M of unstable eigenvalues is

either M = 0 or M = 2. Moreover, if ND0 < τf
[

1 +
√

−3 + 4/f
]

and D0ϕ > 1, then M = 0 or M = 2. Finally,

λ = 0 is never an eigenvalue, and so any instability generated by an eigenvalue crossing into Re(λ) > 0 must be a

result of a Hopf bifurcation.
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Proof The fact that λ = 0 is never an eigenvalue is immediate since βc(0) = 2 > 1 for all parameter values. To prove

the threshold condition on ND0, we simply determine the range of parameters for which (III) of Principal Result 4.5

holds. Upon comparing βc(λ), as given in (4.42) with the general form (4.46), we identify

a1 = 2(1− f)ND0 , b1 = 2ζ , c1 = 4τ , a2 = ND0(1− f) , b2 = ζ + 2τD0ϕ , c2 = 2τ(D0ϕ+ 1) ,

where we have defined ζ ≡ ND0+2τ(1−f). We calculate that a1/a2 = 2 > 1 and c1/c2−a1/a2 = −2D0ϕ/(D0ϕ+ 1) <

0, so that c1/c2 < a1/a2. To establish the sign of T2 in (4.47) we calculate

b1b2
a1c2

(

a1
a2

− b1
b2

)

+

(

c1
c2

− a1
a2

)

=
2D0ϕ

D0ϕ+ 1

(

ζ

(1− f)ND0
− 1

)

=
2D0ϕ

D0ϕ+ 1

[

f

1− f
+

2τ

ND0

]

> 0 .

This shows that that T2 > 0 unconditionally, and so C′
R(0) > 0. From similar simple algebraic manipulations, we

conclude that T1 > 0 if and only if S(ξ) > 0 where

S(ξ) ≡ ξ2 − 2τfξ + 4τ2(−f + f2) , ξ ≡ ND0 . (4.53)

We obtain S ′(0) < 0, S → +∞ as ξ → ∞, and S(0) < 0 since 0 < f < 1. Therefore, S(ξ) > 0 if ξ is larger than its

unique positive root in ξ > 0. In this way, S(ξ) > 0 if ND0 > τf
(

1 +
√

−3 + 4/f
)

. For ND0 above this threshold,

(III) of Principal Result 4.5 holds and we obtain either M = 0 or M = 2. To prove that M = 0 or M = 2 when

ND0 < τf
(

1 +
√

−3 + 4/f
)

but D0ϕ > 1 we appeal to (IV) of Principal Result 4.5. Since T2 > 0 and T1 < 0 and

CR(∞) = c2/c1 = (D0ϕ+ 1)/2 > 1 when D0ϕ > 1, we obtain from (IV) that M = 0 or M = 2.

Next, we determine numerically any Hopf bifurcations associated with the synchronous instability mode as we sweep

over the parameters 0 < f < 1, E > 0, and D0 > 0 for a fixed integer N ≥ 1, where τ = 1/f2. First we compute the

functions FR(λI) and FI(λI) numerically as in [42]. Then, for the range of D0 for which Principal Result 4.7 applies,

we need only evaluate the sign of gI(λI) at the unique root of gR(λI) = 0 in order to determine whether M = 0 or

M = 2. On the complementary range of D0 for which C ′
R(0) < 0 and CR(λI) → c2/c1 from below as λI → ∞, we

need only numerically ascertain whether gR = 0 has multiple roots and then calculate the sign of gI at these roots in

order to determine the winding number. In this way, the use of the winding number reduces the stability problem to

a rather simple numerical problem involving root finding.
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Figure 12. Plot of the numerically computed Hopf bifurcation threshold of E versus D0 for the synchronous instability mode,
corresponding to the NLEP (4.37) with β(λ) = βs(λ) as given in (4.42), on the range D0ϕ > 1− f . The values of f are f = 0.4
(heavy solid curves), f = 0.5 (solid curves), f = 0.6 (dotted curves), and f = 0.7 (widely spaced dots). The left and right panels
are for N = 1 and N = 2 spots, respectively.
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Our numerical results from the NLEP show that the synchronous mode does not undergo any Hopf bifurcations

on the range D0ϕ < 1 − f where the competition modes for N ≥ 2 are stable. However, on the range D0ϕ > 1 − f ,

there is a Hopf bifurcation for the synchronous mode as E is decreased below a critical threshold. Since there are no

competition instabilities for a single spot, this critical threshold sets the instability threshold for a one spot solution

on the range D = O(ν−1). In Fig. 12 we plot the numerically computed Hopf bifurcation threshold of E versus D0 at

four different values of f for both N = 1 (left panel) and N = 2 (right panel) spots. If we are below any one of the

curves in Fig. 12, then the NLEP (4.37) for the synchronous mode has two unstable eigenvalues. The left end of these

curves is for a value of D0 slightly above the critical threshold D0ϕ > 1 − f . Alternatively, the far right end of these

curves approximates the stability threshold for the shadow limit D → +∞ of (1.2). A Hopf bifurcation analysis for

the shadow limit of the Gierer-Meinhardt RD model in multi-space dimensions was done previously in [42].
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Figure 13. Left panel: The Hopf bifurcation threshold E versus D0 = Dν (dashed curves) for the synchronous mode, as
computed from the NLEP, is compared with corresponding full results computed from (3.31) of Principal Result 3.3 (heavy solid
curves) for ε = 0.06. The pair of curves from top to bottom are for f = 0.4, f = 0.5, f = 0.6, and f = 0.7. The results from the
NLEP agree very favorably for f = 0.5, f = 0.6, and f = 0.7, except when D0 is small, with a less favorable agreement when
f = 0.4. Right panel: for ε = 0.06 and f = 0.5, the NLEP Hopf bifurcation frequency λI versus D0 (solid curve), on the zoomed
range D0 < 2, is compared with the corresponding Hopf frequency as computed from (3.31) of Principal Result 3.3 (heavy solid
curve). The two curves agree rather well except when D0 is small. The dashed curve is λIντ/D0 as computed from (3.31). Recall
that the NLEP is formally valid only when λIντ/D0 is asymptotically small.

For ε = 0.06 and for the four values of f as in the right panel of Fig. 12, in the left panel of Fig. 13 we compare the

2-spot NLEP Hopf bifurcation threshold with corresponding results for the synchronous Hopf threshold, as computed

from (3.31) of Principal Result 3.3 (heavy solid curves), which is accurate to all orders in ν. Although the NLEP theory

is based on a leading order in ν analysis under the assumption that τλIν/D0 ≪ 1, the left panel of Fig. 13 shows

that the NLEP Hopf bifurcation threshold at ε = 0.06 still agrees rather well with results computed from (3.31) up to

D0 = 0.5. For ε = 0.06 and f = 0.5, in the right panel of Fig. 13 we compare the NLEP Hopf bifurcation frequency

λI versus D0 with corresponding results computed from (3.31) (heavy solid curve). The two curves agree rather well

except when D0 is small. The discrepancy between results from the NLEP theory and from (3.31) as D0 decreases is

a result of the fact that τλIν/D0 is no longer small, which invalidates the NLEP analysis.

4.5 A New NLEP and an Anomalous Scaling Law for a Hopf Bifurcation

The derivation of the leading-order-in-ν NLEP of Principal Result 4.3 is valid in the small source-strength limit

Sc = 2E/(
√
DN) ≪ 1 only when τ |λ|/D ≪ 1. For D = D0/ν and E = O(1), where these two conditions are
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satisfied, the numerical computations in §4.4 of the spectrum of this leading-order NLEP showed that there are no

Hopf bifurcations on the parameter range 0 < D0θ < 1− f .

In this subsection, we derive a new NLEP that is still valid in the small source strength limit Sc = 2E/(
√
DN) ≪ 1,

but which applies to the regime τ |λ|/D ≫ 1. This limit will correspond to D = D0/ν ≪ 1 where D0 = O(E2) ≪ 1 as

E → 0. To analyze this parameter regime it is convenient to introduce the new variables D̂0 and τ̂ by

D̂0 ≡ D0/E
2 = O(1) , τ̂ ≡ ντ/E2 = ν/(f2E2) ≫ 1 . (4.54)

Since τ |λ|/D = τ̂ |λ|/D̂0 ≫ 1, the interaction between spots is negligible and the Green’s matrix Gλ reduces asymptot-

ically to a multiple of the identity matrix, i.e. Gλ ∼ RλI. Therefore, kjλ ∼ Rλ for j = 1, . . . , N , and (4.39) becomes

β(λ) ≡ 2(λ+ 1− f)

(λ+ 1)
(

1 + D̂0ϕ0/(1 + 2πνRλ)
)

− f
; ϕ0 ≡ N2b(1− f)2

4f2
. (4.55 a)

Upon setting τ |λ|/D = τ̂ |λ|/D̂0 ≫ 1 in (3.25) of Lemma 3.1, and labeling γ as Euler’s constant, we get

2πRλ ∼ −1

2
log (λτ̂) + α̂ , α̂ ≡ log

(

2

√

D̂0

)

− γ . (4.55 b)

Next, we choose a scaling for τ̂ , and hence E, in terms of ε so that 2πνRλ is O(1) as ε → 0. It is on such a scaling

regime that a Hopf bifurcation is obtained. As such, we consider the anomalous scaling law

τ̂ = ε−τc , (4.56)

for some τc = O(1) to be determined. This implies that E = O(ν1/2ετc/2) and D = D̂0/ν = O(ετc). Since we require

that O(ε2) ≪ D ≪ O(1), we must restrict τc to the interval 0 < τc < 2. Then, from (4.37), (4.55), and (4.56), we

obtain a new type of NLEP, which we formulate as follows:

Principal Result 4.8 Let ε → 0, ν = −1/ log ε and suppose that the spots have a common source strength Sc =

2E/(
√
DN) ≪ 1. Let D and E approach zero as ε→ 0 with the scaling behavior

D =
ετc

f2
D̂0 , E =

√
ν

f
ετc/2 , (4.57)

in terms of a anomalous scaling parameter τc in the interval 0 < τc < 2. Then, any discrete eigenvalue λ, with

|λ| ≫ O(ετc), of the NLEP (4.37) with multiplier (4.55) is a root of g(λ) = 0, where

g(λ) = C0(λ)−F(λ) , F(λ) ≡
∫∞
0
w
[

(L0 − λ)
−1
w2
]

ρ dρ
∫∞
0
w2ρ dρ

, (4.58 a)

and

C0(λ) ≡ [β(λ)]
−1 ≡ 1

2
+

(λ+ 1)

2(λ+ 1− f)

[

D̂0ϕ0

1− τc/2 + νK0

]

, K0 ≡ −1

2
log λ+ α̂ . (4.58 b)

Here α̂ and ϕ0 are defined in (4.55).

On the positive real λ axis, we recall from (C.1) of Appendix C that F(0) = 1, F(λ) is monotone increasing on

0 < λ < σ0 and F(λ) → +∞ as λ→ σ−
0 , where σ0 is the unique positive eigenvalue of L0. Therefore, since C0(λ) > 1

for O(ετc) ≪ λ ≪ 1 when τc > 2
(

1− D̂0ϕ0/(1− f)
)

, it follows that the NLEP of (4.58) must have a positive real

eigenvalue in λ > O(ετc) on this range of τc. This observation suggests that the NLEP (4.58) should have a low
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frequency Hopf bifurcation with λ = iλI and 0 < λI ≪ 1 when τc ≈ 2
(

1− D̂0ϕ0/(1− f)
)

. This Hopf bifurcation is

characterized asymptotically as follows:

Principal Result 4.9 Under the conditions of Principal Result 4.8, and for the parameter regime 0 < D0ϕ < 1− f ,

the NLEP (4.58) has a low frequency Hopf bifurcation at the critical values τc and λ given in terms of ν = −1/ log ε

by

τc ∼ τc0 − ν log ν + ν (2α̂− log λI0) +O(ν2) ; λ ∼ iνλI0 +O(ν3) , (4.59 a)

where τc0 and λI0 are given explicitly by

τc0 ≡ 2

(

1− D̂0ϕ0

1− f

)

, λI0 ≡ π

4D̂0ϕ0

(1− f)2 , ϕ0 ≡ N2b(1− f)2

4f2
. (4.59 b)

Here α̂ ≡ log
(

2
√

D̂0

)

− γ and γ is Euler’s constant.

Proof We need only find a critical value of τc for which there is a purely imaginary root to g(λ) = 0 of the form

λ = iνλI with λI = O(1) as ν → 0. From the local behavior of F(λI), as given in (4.51 a), we obtain that F(iνλI) ∼
1 + iνλI/2 +O(ν2). Upon using this limiting behavior in (4.58), we obtain that g(λ) = 0 when λI and τc satisfy the

complex-valued equation

iλIν
[

D̂0ϕ0 +
(τc
2

− 1
)

− νK0

]

+ D̂0ϕ0 +
(τc
2

− 1
)

(1− f)− (1− f)νK0 =

2 (iλIν + 1− f)
(

1− τc
2

+ νK0

)

(

iλIν

2
+O(ν2)

)

, (4.60 a)

where

K0 = − iπ
4

− 1

2
log ν − 1

2
log λI + α̂ . (4.60 b)

By taking the real and imaginary parts of (4.60 a) we obtain to leading order in ν that τc ∼ τc0+o(1) and λI ∼ λI0+o(1),

where

(τc0
2

− 1
)

(1− f) + D̂0θ0 = 0 , λI0

[(τc0
2

− 1
)

(2− f) + D̂0θ0

]

= −π
4
(1− f) .

The solution to this limiting system yields τc0 and λI0 as given in (4.59 b). The calculation of the higher order terms

in ν for a root to (4.60) is straightforward but tedious. We expand τc and λI as

τc = τc0 − ν log ν + ντc2 +O(ν2) , λI = λI0 + νλI1 +O(ν2) ,

and substitute the expansion into (4.60). By solving the real and imaginary parts of the resulting expressions for ν ≪ 1

we obtain after some lengthy algebra that λI1 = 0 and τc2 = 2α̂− log λI0. This yields (4.59 b).

From (4.59 b), we observe that τc0 < 2 and that τc0 > 0 when D̂0ϕ0 = D0ϕ < 1 − f . In this regime, (4.57) and

(4.59) provide a parametric description of a curve emanating from the origin in the D, E parameter plane for which

the linearization of a common source-strength quasi-equilibrium solution has a complex conjugate pair of eigenvalues.



36 I. Rozada, S. Ruuth, M. J. Ward

platonic solid number of vertices k1 kj⋆ M

tetrahedron 4 1.4712 -0.49041 1
octahedron 6 2.0794 0.0 2

cube/hexahedron 8 2.5959 0.34657 3
icosahedron 12 3.6010 0.38288 3
dodecahedron 20 5.3617 0.76575 5

Table 1. Numerical results for the spectrum of the Green’s matrix G corresponding to a quasi-equilibrium pattern

where the spots are located at the vertices of each of the five platonic solids. The eigenvalue k1 of G corresponds to

the eigenvector e, and kj⋆ is the largest eigenvalue of G in the eigenspace orthogonal to e. This latter eigenvalue sets

the competition instability threshold from Corollary 3.1. The last column gives the number M of distinct eigenvalues

of G in the subspace orthogonal to e.

5 The Constant Row Sum Structure of G and Stability Diagrams for Platonic Solids

Given a collection of N spots centered at {x1, . . . , xN}, we must determine the source strengths S1, . . . , SN that satisfy

S− ν(I − E0)GS+ ν(I − E0)χ =
2E√
DN

e , where E0 ≡ 1

N
eeT =

1

N







1 · · · 1
...

...

1 · · · 1






, (5.1)

where χ ≡ (χ(S1), . . . , χ(SN ))t and the Green’s matrix G has entries Gii = 0 and Gij = log |xi − xj | for i 6= j. Since G
is real symmetric, all of its eigenvalues are real.

We would like to classify spot configurations {x1, . . . , xN} for which G has a constant row sum. For such patterns,

(5.1) admits a solution for which the spots have a common source strength Sc = S1 = . . . = SN = 2E/(
√
DN). The

matrix G has a constant row sum if and only if the product
∑N

j 6=i |xi − xj | is independent of each i in i = 1, . . . , N .

When this occurs, the eigenvalue k1 of G corresponding to the eigenvector e is

k1 = log (P) , where P ≡
N
∏

j=1
j 6=i

|xi − xj | . (5.2)

When G has a constant row sum, Corollary 3.1 shows that the competition instability threshold is set by the largest

eigenvalue kj⋆ ≡ max2≤j≤N kj in the eigenspace of G orthogonal to e, i.e. Gbj = kjbj, with bj
Te = 0 for j = 2, . . . , N .

The condition that e is an eigenvector of G provides a geometrical restriction on the locations of the spots. The

matrix G has e as an eigenvector for two-spot patterns with arbitrary spot locations, and for equally-spaced spots along

a latitudinal ring. Moreover, for the case of equally-spaced spots along a latitudinal ring the matrix G is circulant-

symmetric, and its spectrum can be obtained analytically as in Appendix D.

Next, consider the five platonic solids whose vertices lie on the unit sphere. It is readily shown that G has a constant

row sum when the spots are located at the vertices of each of these regular polyhedra. In Table 1 we give numerical

results for the eigenvalues k1 and kj⋆ of G corresponding to each of the five platonic solids. Other configurations leading

to a constant row sum structure for G include a rotated cube, where the upper plane is rotated 45◦ with respect to the

bottom plane. For this configuration, we calculate numerically that k1 ≈ 2.606 and kj⋆ = 0.2027. However, it appears

to be a rather challenging geometric problem to classify all spot configurations for which e is an eigenvector of G.
In general, for points that are equi-distributed on the surface of the sphere with respect to some cost function, e

will cease to be an eigenvector of G. One classical way of equi-distributing points on the surface of the sphere is to

determine locations xj for j = 1, . . . , N , with |xj | = 1, that minimize the discrete Coulomb energy V (x1, . . . , xN ) ≡
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Number of points N ||ξ − e||2

8 6.0301e− 16
10 0.0216
20 0.0050
50 0.0029
100 0.0029
120 0.0015
130 0.0027

Table 2. The distance || . . . ||2 between the principal eigenvector ξ of G and e, both normalized, for different elliptic

Fekete point configurations. For N = 8, for which the elliptic Fekete point set is a rotated cube, the first row in this

table shows that, up to machine precision, e is an eigenvector of G (as was to be expected). For comparison, a random

distribution of 100 points on the sphere has a norm difference of 0.2512.

−∑N
i=1

∑

N

j=1

j 6=i
log |xi − xj |. Such points are known as elliptic Fekete points, with the main interest being to determine

precise limiting asymptotics of the minimal energy as N → ∞ (see [6], [32], [35], and the references therein). For small

values of N , the locations of elliptic Fekete points points can be found by the detailed geometrical constructions of

[12] for N = 4 and N = 5, [16] for N = 6, and [2] for N = 12. However, for larger values of N , numerical optimization

strategies are required to determine the global minimum. This is a challenging computational problem since V has

many local minima with nearly the same energy as at the global minimum point (cf. [32], [35]).

We remark that the the discrete energy V (x1, . . . , xN ) corresponds to the sum of all the entries of the matrix −G. In
general, the point set {x1, . . . , xN} that globally minimizes V , does not necessarily lead to a Green’s matrix G having

a constant row sum. An example of this is for N = 5, where the elliptic Fekete point set consists of points at the two

poles of the sphere and three equally spaced points on the equator (cf. [12]). For this configuration, G does not have

a constant row sum. Conversely, spot configurations for which G has a constant row sum are clearly not necessarily

elliptic Fekete points. In particular, N equally-spaced points on an equator of the sphere are not Fekete points, but

they do correspond to critical points of V . Within the class of platonic solids the vertices of the tetrahedron with

N = 4 (see Corollary 3 of [12]), the octahedron with N = 6 (see [16]), and the icosahedron with N = 12 (see [2]),

are all both elliptic Fekete point sets and point configurations for which G has a constant row sum. We remark that

the elliptic Fekete points with N = 8 do not form a cube structure. In fact, a rotated cube where the upper plane is

rotated 45◦ with respect to the bottom plane gives a smaller value of V .

However, what we have observed is that for an elliptic Fekete point set there is an eigenvector of G that is in some

sense rather close to e. For various elliptic Fekete point set configurations, in Table 2 we give numerical results for

the norm of the difference between the eigenvector ξ corresponding to the largest eigenvalue of G and e. A theoretical

explanation for this is, however, lacking.

Next, we compute phase diagrams in parameter space for the stability of quasi-equilibrium patterns when the spots

are at the vertices of platonic solids. In the left panel of Fig. 14 we plot competition instability thresholds of D/E2

versus f for ε = 0.05 when the spots are located at the vertices of the first four platonic solids of Table 1. The

competition instability threshold was computed numerically by determining the root of (3.17) of Corollary 3.1, where

kj⋆ in (3.17) is given in the fourth column of Table 1. In the right panel of Fig. 14 we plot the corresponding spot

self-replication threshold of D/E2 versus f for each of these four solids.
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Figure 14. Left panel: Competition instability thresholds of D/E2 versus f when ε = 0.05 for four spots (heavy solid curves),
six spots (solid curves), eight spots (dotted curves), and twelve spots (widely spaced dots), located at the vertices of the
corresponding platonic solids. For parameter values above these curves we predict a competition instability. Right panel: Spot
self-replication thresholds of D/E2 for the platonic solids described in the left panel. For parameter values below these curves
we predict a simultaneous spot-splitting event.

6 Comparison of Asymptotic and Numerical Results

In this section we validate our stability results by comparing our theoretical predictions against full numerical results

computed from (1.2). The numerical method used to compute RD patterns on surfaces is described in §6.1.

Figure 15. Experiment 1 (Localized Spot Patterns): Full numerical computations for (1.2) on the unit sphere for f = 0.8,
ε = 0.075, D = 0.2, τ = 1/f2, with initial data (6.1). For t ≤ 70 we take E = 4 and obtain the transient dynamics shown
in Fig. 2. For t ≥ 70, we increase E slowly as E = min(4 + 0.05(t − 70), 6) and plot the solution at t = 200, 300, 400. Spot
self-replication events occur over a rather long time-scale. Here m(u) and M(u) are the min and max of u on the sphere.

Experiment 1 (Localized Spot Patterns): We choose f = 0.8, ε = 0.075, D = 0.2, τ = 1/(0.8)2, and E = 4.0. We

take the initial data

u(x, 0) =
ε2E

(1− f)
(1 + 0.02× rand) , v(x, 0) =

(1− f)

(ε2E)
(1 + 0.02× rand) , (6.1)

representing a 2% random perturbation of the spatially homogeneous state, Here rand is uniformly distributed in [0, 1].

The numerical results in Fig. 2 show the formation of an eight-spot localized pattern from initial data. Since

the spots at t = 70.3 in Fig. 2 are (roughly) equidistributed, their approximate common source strength is Sc =

2E/(
√
DN) = 2.23. The spot self-replication threshold from the right panel of Fig. 4 is Σ2(0.8) = 2.28 > Sc, so

that the eight-spot pattern is initially stable to spot self-replication. Now for t ≥ 70, we increase E slowly in time as
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E = min(4 + 0.05(t − 70), 6), which yields Sc = 3.35 > Σ2(0.8) when E = 6. When t = 110, corresponding to E = 6

and S = 3.35 > Σ2, we compute from the numerical method described in §3.1 that the peanut splitting mode has a

rather small growth rate of λ ≈ 0.144. The theoretical results are consistent with the full numerical results displayed

in Fig. 15 showing that spot self-replication occurs, but over a rather long time-scale.

Figure 16. Experiment 2 (A Slowly Growing Sphere): Full numerical computations for (1.2) on the unit sphere for
f = 0.8, ε = 0.12, D = 1.0, τ = 1/f2, and E = 4, with initial data (6.1). The transient dynamics (not shown) leads to a pattern
of four equally-spaced spots at t = 75. For t ≥ 75 we effectively increase the radius of the sphere by decreasing ε and D as
ε = 0.12/L and D = 1/L2, where we take L = min(1.0 + 0.02(t − 75), 2.0) for t ≥ 75. We observe that the four spots undergo
(roughly) simultaneous spot self-replication events.

Experiment 2 (A Slowly Growing Sphere): We choose f = 0.8, ε = 0.12, D = 1.0, τ = 1/(0.8)2, and E = 4.0,

and take the initial data (6.1). The full numerical results displayed in Fig. 16 show that the transient dynamics leads

to a pattern of four equally-spaced spots at t = 75. For t ≥ 75 we then slowly decrease ε and D as

ε = 0.12/L , D = 1/L2 ; L = min(1.0 + 0.02(t− 75), 2.0) for t ≥ 75 .

This is adiabatically equivalent to fixing ε = 0.12 and D = 1.0 and slowly doubling the radius L(t) of the sphere from

L = 1 at t = 75 to L = 2 at t = 125.

For these parameter values, and when L = 1, we calculate S = 2 for four equally-spaced spots. Since the spot

self-replication threshold is Σ2(0.8) = 2.28 > S when f = 0.8 (see Fig. 4), the four-spot pattern is initially stable

to self-replication. For N = 4, the competition instability threshold from (3.17) of Corollary 3.1 is calculated as

D⋆
c ≈ 5.5 > D. As the effective sphere radius L grows, S increases at a rate proportional to L, while D decreases at a

rate proportional to L2. Therefore, we predict that self-replication events will occur, but that competition instabilities

are absent. When t = 100, corresponding to L = 1.5 and S = 3 > Σ2, we compute from the numerical method

described in §3.1 that the growth rate for the peanut-splitting mode is λ ≈ 0.10. In the numerical results shown

in Fig. 16, we observe that (roughly) simultaneous spot self-replication events are initiated at t = 112, which is



40 I. Rozada, S. Ruuth, M. J. Ward

consistent with the theoretical prediction. For N = 8 equally spaced spots on the sphere, and with L = 2, we calculate

S = 2E/(8
√
D) = 2 < Σ2 and so no further spot-splitting events are predicted. This is consistent with the stabilization

of the pattern at large times shown in Fig. 16.

Figure 17. Experiment 3 (Increasing the Fuel E): Full numerical computations for (1.2) on the unit sphere for f = 0.7,
ε = 0.06, D = 0.7, τ = 1/f2, and E = 2.5, with initial data (6.1). At the end of the transient dynamics when t ≈ 50, we
observe a four-spot pattern. For t ≥ 50, we then slowly increase E as E = 2.5 + σ(t − 50) with σ = 0.05 for t ≥ 50. A roughly
simultaneous spot self-replication event is initiated when t ≈ 140, and we obtain a distinct eight-spot pattern at t ≈ 200. Here
m(u) and M(u) are the min and max of u on the sphere.

Experiment 3 (Increasing the Fuel E): We choose f = 0.7, E = 2.5, τ = 1/(0.7)2, ε = 0.06, and D = 0.7, and with

initial data (6.1). We choose E = 2.5 for 0 ≤ t ≤ 50, and thereafter increase the fuel E slowly as E = 2.5 + σ(t − 50)

with σ = 0.05 for t ≥ 50.

Our numerical results displayed in Fig. 17 at different times show that a four-spot pattern is formed after the initial

transient, with spots aligned (roughly) along an equator. A slightly elongated spot is seen at t = 140, with a distinct

simultaneous spot self-replication event clearly in progress at t = 160. The pattern at t = 200 has eight spots.

Assuming that the spots are indeed equally-spaced on an equator, the competition instability threshold for this

pattern is calculated from the root of (3.17) of Corollary 3.1. We obtain kj⋆ = 0 from the circulant Green’s matrix

G, and from the root of (3.17) with E = 2.5 and N = 4, we predict that there is a competition instability when

D > D⋆
c ≈ 1.45. Our value of D = 0.7 is well-below this threshold.

Again assuming that the spots are equally-spaced on an equator, the common source strength Sc for this pattern

when E = 2.5 and D = 0.7 is Sc = 2E/
√
DN ≈ 1.494. The self-replication threshold from the left panel of Fig. 4 is
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Σ2(0.7) = 3.235. As E increases slowly for t ≥ 50, eventually the common source strength exceeds Σ2. For t ≈ 108,

where E ≈ 5.4, we have Sc ≈ 3.235, which is the (static) self-replication threshold of four spots on an equator. For

t = 140, where E = 7, we get Sc ≈ 4.18. From the left panel of Fig. 4 this corresponds to a relatively slow growth rate

of λ ≈ 0.13 for a peanut-splitting instability. This suggests that, even in the absence of delayed bifurcation effects due

to the slowly varying control parameter E, there is a relatively slow initiation of a spot self-replication event. This is

consistent with what is observed in Fig. 17. From Fig. 17, the spots are beginning to split at t = 140, and a distinct 8

spot pattern has emerged by t = 200.

Figure 18. Experiment 4 (Decreasing the Fuel E): Full numerical computations for (1.2) on the unit sphere for f = 0.7,
ε = 0.06, D = 0.7, τ = 1/f2, and E = 2.5, with initial data (6.1). We take E = 2.5 for 0 ≤ t ≤ 50, and then slowly decrease E as
E = 2.5−σ(t− 50) with σ = 0.02 for t ≥ 50. The four-spot pattern that exists at the end of the transient dynamics undergoes a
competition instability in the interval 90 < t < 100 in which two spots are annihilated. An additional spot is annihilated when
t ≈ 140, leaving one remaining (weak) spot. Here m(u) and M(u) are the min and max of u on the sphere.

Experiment 4 (Decreasing the Fuel E): In Experiment 4 we keep the same parameter values as in Experiment 3,

but instead we decrease the fuel E slowly in time with E = 2.5 − σ(t − 50) for t ≥ 50 with σ = 0.02. The numerical

results displayed in Fig. 18 show that a competition instability occurs in the interval 90 < t < 100 leading to a two-spot

pattern with spots at the two poles of the sphere. As E is decreased further, a second annihilation event is triggered

around t ≈ 140, leaving only one remaining (weak) spot.

As E decreases, we are increasingly below the self-replication threshold as t increases. From a numerical computation

of the root of (3.17) of Corollary 3.1, the competition instability thresholds D⋆
c for a four-spot pattern at different

values of E are as follows: D⋆
c ≈ 0.919 at E = 2.0 when t = 75, D⋆

c ≈ 0.704 at E = 1.75 when t = 87.5, and D⋆
c ≈ 0.517

at E = 1.5 when t = 100. Since D = 0.7, we predict (assuming negligible delayed bifurcation effects), that a competition

instability for the four-spot pattern will occur in the interval 87.5 < t < 100. In addition, since the most unstable
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eigenvector of the Green’s matrix corresponding to kj⋆ = 0 is the sign fluctuating perturbation (−1, 1,−1, 1) of the

spot amplitudes, we predict that the competition instability will lead to the annihilation of two of the spots. This is

precisely what is observed in Fig. 18.

Then, for a two-spot equally spaced pattern, we calculate from (3.17) of Corollary 3.1, competition instability

thresholds of D⋆
c ≈ 1.886 at E = 1.25 when t = 117.5, D⋆

c ≈ 1.207 at E = 1.0 when t = 125, D⋆
c ≈ 0.6789 at E = 0.75

when t = 137.5, and D⋆
c ≈ 0.4665 at E = 0.62 when t = 144. Since D = 0.7, we predict that a further competition

instability leading to the destruction of one of the two remaining spots will be triggered for t slightly below t = 140.

This is precisely what is observed in Fig. 18.
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Figure 19. Experiment 5 (The NLEP Regime: Two Spots): Plot of the two numerically computed spot amplitudes M(u)
versus t for a two-spot pattern on the unit sphere with spots at (1, 0, 0) and (0, 1, 0) for the parameter values f = 0.5, ε = 0.06,
D = 28.1, and τ = 1/f2, when E = 7.0 (top left), E = 5.5 (top right), E = 4.0 (bottom left), and E = 3.0 (bottom right).
The prepared initial condition for (1.2) is given in (6.2). For the three larger values of E, where the initial spot amplitudes
are perturbed by ±1%, a competition instability leads to the annihilation of one of the spots. For E = 3, where no initial
perturbation of the spot amplitudes is imposed, a synchronous instability is seen to lead to simultaneous spot annihilation.

Experiment 5 (The NLEP Regime: Two Spots): For a two-spot pattern with spots at x1 = (1, 0, 0) and

x2 = (0, 1, 0), we compare our NLEP stability results of §4.4 with full numerical results computed from (1.2) for

the parameter values f = 0.5, ε = 0.06, D = 28.1, and τ = 1/f2, and with four different choices of E. The prepared

initial condition for the numerical solution of (1.2), given for N = 2 by

u(x, 0) = ε2E+um
√
D

N
∑

j=1

δjsech
2

( |x− xj |
2ε

)

, v(x, 0) =

{

1√
Dvm for |x− xj | ≤ 2ε

− 2πS√
D
∑N

i=1G(x;xi) +
v̄√
D for |x− xj | ≫ 2ε

, (6.2)

has a form very similar to that of the quasi-equilibrium solution in (2.15) of Principal Result 2.1. In (6.2), S = 2E/
√
DN

with N = 2, while um and vm denote the solution to the core problem (2.3) at ρ = 0.

For each of E = 7.0, E = 5.5, and E = 4.0, we let δ1 = 1.01 and δ2 = 0.99 in (6.2), which corresponds to a ±1%

initial perturbation of the spot amplitudes. For E = 3.0 we take δj = 1 for j = 1, 2, so that no initial spot amplitude
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perturbation is imposed. A plot of the two numerically computed maximum spot amplitudes M(u) versus time for

each of the four choices of E is shown in Fig. 19.

For each of these four values of E, our choice D = 28.1 exceeds the competition instability threshold D∗
c of (4.25).

Thus, the competition instability mode is always unstable. To determine the Hopf bifurcation threshold we first

calculate that D0 = Dν ≈ 10.07 when ν = −1/ log ε ≈ 0.3554. Then, from the right panel of Fig. 12 we conclude that

there is a synchronous Hopf bifurcation when E = 4.85, with the synchronous mode being unstable when E < 4.85

and stable when E > 4.85. For the two larger values of E, where E > 4.85, Fig. 19 shows a competition instability.

For E = 5.5, which is only marginally above the Hopf bifurcation threshold, in Fig. 19 we observe a damped temporal

oscillation of one of the spot amplitudes. For E = 4.0, which is below the Hopf threshold, both the synchronous and

competition instability modes are present. With the perturbed initial data, which biases the competition mode, we

observe a rather large overshoot in one of the spot amplitudes before only one of the two spots is annihilated. Finally,

if we take E = 3.0 and impose no perturbation of the spot amplitudes, we observe a synchronous annihilation of the

two spot amplitudes. For this value of E, the NLEP of Principal Result 4.3 for the synchronous mode has a complex

conjugate pair of eigenvalues that is close to the positive real axis in the λ-plane.
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Figure 20. Experiment 6 (The NLEP Regime: One Spot): Plot of the numerically computed spot amplitude M(u)
versus t for a one-spot pattern on the unit sphere when f = 0.5, ε = 0.06, D = 6.25, and τ = 1/f2. The Hopf bifurcation
threshold from the left panel of Fig. 12 is E ≈ 1.97 with corresponding eigenvalue λ ≈ ±0.57 i. Left panel: We take E = 2.5 for
0 ≤ t ≤ 5 and E = 2.5 − 0.02(t − 5) for t ≥ 5. The spot is annihilated quickly in time when E dips below the threshold. Right
panel: E = 1.8 for t ≥ 0. There is an overshoot of the spot amplitude before an oscillatory collapse.

Experiment 6 (The NLEP Regime: One Spot): For a one-spot pattern, we compare our NLEP stability results

of §4.4 with full numerical results computed from (1.2) when f = 0.5, ε = 0.06, D = 6.25, and τ = 1/f2. We take

E = 2.5 for 0 ≤ t ≤ 5 and then slowly decrease E as E = 2.5− 0.02(t− 5) for t ≥ 5. The one-spot initial condition for

(1.2) was taken to be (6.2) with N = 1.

From the NLEP stability results of §4.4 shown in the left panel of Fig. 12, we predict a Hopf bifurcation when

E ≈ 1.97, with the spot being unstable if E < 1.97. The NLEP computations also yields the corresponding imaginary

eigenvalues λ ≈ ±0.57i when E ≈ 1.97. Our full numerical computations of (1.2) show the sudden annihilation of the

spot once E is near E ≈ 1.6, which is somewhat below the predicted threshold. The slight discrepancy is probably

attributable to a delayed bifurcation effect. To support this claim, in the right panel of Fig. 20 we show full numerical

results for the spot amplitude for the same parameter set but with E fixed at E = 1.8, which is only slightly below the

Hopf threshold of E ≈ 1.97. The spot amplitude is found to oscillate, and then collapse.

Experiment 7 (Spots on a Manifold): For our final example, we compute Brusselator spot patterns on the manifold
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obtained by revolving the curve y = b+ 2(1− x2) with b = 0.635 about the x-axis on |x| ≤ 1. This gives the surface

Ω = {(x, y, z) | y2 + z2 =
[

b+ 2(1− x2)2
]2
, |x| ≤ 1} , (6.3)

which has a surface area |Ω| = 2π
∫ 1

−1

(

b+ 2(1− x2)
)√

1 + 16x2 dx ≈ 16π, that is four times larger than that of the unit

sphere. In the full numerical computations of (1.2) on Ω we imposed Neumann boundary conditions on the rim of the

two sides at x = ±1. The parameter values are f = 0.8, E = 1.75, τ = 1/(0.8)2, ε = 0.18, and D = 2.5, and we take the

initial data (6.1). We choose E = 1.75 for 0 ≤ t ≤ 50, and thereafter increase E slowly as E = min(1.75+0.05(t−50), 4)

for t ≥ 50, so that the ramp in E is turned off for t ≥ 95.

Figure 21. Experiment 7 (Spots on a Manifold: Transient Phase): Full numerical computations on 0 < t < 50 for (1.2)
on the surface (6.3) with b = 0.635 for f = 0.8, ε = 0.18, D = 2.5, τ = 1/f2, and E = 1.75. The initial data is (6.1). There are
six localized spots at the end of the transient dynamics. Here m(u) and M(u) are the min and max of u on the surface.

To extend our theoretical stability analysis for spot patterns on a sphere to patterns on this smooth manifold, we

would need to determine the source-neutral and reduced-wave Green’s function for the manifold, which is not feasible

analytically. However, for an N -spot pattern for which the Green’s matrix has a constant row sum, we can still predict

that a spot self-replication event occurs when the common source-strength Sc satisfies

Sc ≡
|Ω|E

2π
√
DN

≈ 8E√
DN

> Σ2(0.8) ≈ 2.28 . (6.4)

This result for Sc is readily obtained by integrating (2.7) over Ω and then using |Ω| ≈ 16π.

In the full numerical results shown in Fig. 21 we observe that the transient dynamics has lead to a pattern of N = 6

(roughly) equally-spaced spots at t = 50. If we use our common S criterion of (6.4) as a guide to predicting spot

self-replication, we obtain from (6.4) that Sc ≈ 1.48 < Σ2(0.8) ≈ 2.28 when E = 1.75, D = 2.5, and N = 6. As E



The Stability of Localized Spot Patterns for the Brusselator on the Sphere 45

Figure 22. Experiment 7 (Spots on a Manifold: Final Phase): Full numerical computations on 50 < t < 595 for
(1.2) on the surface (6.3) with b = 0.635 for f = 0.8, ε = 0.18, D = 2.5, and τ = 1/f2. For t ≥ 50, E is slowly increased as
E = min(1.75+0.05(t−50), 4). Four of the six spots at the end of the transient dynamics at t = 50 have undergone self-replication
by t = 595, leading to a pattern of ten spots. Here m(u) and M(u) are the min and max of u on the surface.

slowly increases, eventually Sc > Σ2(0.8), and so we predict that spot self-replication should occur. In particular, upon

setting E = 4, which holds for t ≥ 95, we get Sc ≈ 3.37 > Σ2(0.8) for N = 6 spots. When Sc = 3.37, the numerical

method used in §3.1 predicts a rather slow growth rate of λ ≈ 0.147 for a peanut-splitting instability. The full numerical

results in Fig. 22 for t ≥ 50 showing (roughly) simultaneous spot-splitting is consistent with the theoretical prediction

of self-replication. In the last frame in Fig. 22 when t = 595, there are 10 spots. Assuming an identical source strength

for this pattern, we get Sc = 8(4)/
[

10
√
2.5
]

≈ 2.02, which is now below the spot-splitting threshold.

Although it is unclear whether the pattern at t = 50 is such that the source strengths are identical, the simple

criterion (6.4), which does not require any knowledge of the Green’s functions for the manifold, is still rather effective

as a guide to predicting spot self-replication behavior.

6.1 Numerical Method for RD Patterns on the Sphere

Previous numerical work for RD systems on surfaces include [41], [8], [17], [13], and [3]. For the sphere, in [41] a

discretization of the Laplacian in spherical coordinates (θ, φ) was used together with an explicit Euler integration in

time. A related approach, but with an implicit-explicit method, was used in [13] for computing RD patterns on a

growing sphere. The disadvantage of such methods is that the finite difference method subdivides the (θ, φ) domain

into equal subsections, and on the full sphere this leads to the majority of the grid points being close to the poles.

Since the maximum time step in two dimensions for an explicit time integration scales as (∆x)2, with ∆x being the
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smallest distance between points, the integration time will reflect the scale at the poles, making it very numerically

intensive to resolve events that occur elsewhere, such as in the vicinity of localized spots. The work of [8] involved

simulating a general RD system modelling tumour growth. A method of lines approach with spherical harmonics

was used together with fast Fourier transform techniques to calculate the nonlinear reaction kinetics. Although this

method has a high degree of accuracy and very fast convergence rates, it requires a large number of modes to resolve

any localized structures, and the method is not readily extended to computing RD patterns on arbitrary smooth

manifolds. More robust numerical approaches based on finite element methodolgies for calculating RD patterns on

evolving surfaces are described recently in [17] and [3].

For the problem of simulating spot dynamics for the Brusselator on the surface of the sphere, we need to perform

very long-time integrations since the time-scale for the motion of the spots is O(ε−2). Compounding this issue, we also

need a fine spatial gridding to resolve the O(ε) wide transition layers that define the spatial extent of a localized spot.

A von Neumann analysis applied to (1.2) leads to the well-known stability time stepping restriction of ∆t = O(∆x2)

due to the stiff diffusion terms. To relax this restriction, especially for large D-values, implicit-explicit schemes may be

considered [33]. While the use of implicit-explicit schemes often enables the use of larger stable step-sizes, they still

lead to a restriction of the same asymptotic form due to the O(ε−2) reaction term for v. Surprisingly little benefit is

obtained from a fully implicit treatment of the RD system for pattern formation. In particular, in [33] it is shown that

qualitatively incorrect results are obtained when time steps larger than those for implicit-explicit methods are taken.

In view of these trade-offs, we considered ε in the range of 0.06 to 0.15 and performed our time-stepping with explicit

time-stepping schemes. As a consequence of our choice of ε, we were not able to validate any results for the dynamics

of spots that occur on an O(ε−2) time-scale.

Closest Point Method. The approach that we chose to implement is the recently-developed Closest Point Method

[34]. The method alternates two steps. In the first step of this method, the solution on the surface is extended into the

surrounding 3-D space in the normal direction. The second step evolves the system by advancing the corresponding

3-D PDE for one time step. When applied to an RD system, the justification for the method is particularly intuitive:

The 3-D Laplacian normal to the surface is zero when applied to the extended function. Thus, the only contribution

arising from evaluating the 3-D Laplacian is the Laplacian intrinsic to the surface. For our problem of reaction-diffusion

intrinsic to a smooth surface, this is all that is needed to guarantee that the desired surface flow is obtained for any

given step. Notice that this approach has the advantage that the problem is solved on the grid using the standard

7-point Laplacian operator in 3-D, and the geometry of the system is introduced using the closest point extension step

(a step which is carried out using interpolation). Thus, the approach is implemented via a closest point representation

of the surface, entirely standard explicit or implicit 3-D solvers, and an interpolation algorithm in 3-D. See [20] for a

simple MATLAB implementation of the method for RD systems.

We now give further details related to the algorithms used in this paper. First, observe that our principal shape,

the unit sphere, has a particularly simple closest point representation when centered at the origin: cp(x) = x/||x||.
An algorithm for determining the closest point function for general triangulated shapes is described in [21]. Second,

computations were localized by solving the 3-D PDE in a narrow band around the embedded surface. The band must

be chosen to be wide enough to accommodate the differencing and interpolation stencils; see [34] for details. Finally we

note that explicit Euler time-stepping was used under the usual stability time-stepping restriction of ∆t ≤ 1
8τD∆x2.

This choice is simple and adequate for our purposes, although faster results may be possible using implicit-explicit

time-stepping and the implicit Closest Point Method described in [19].
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The discretization step-size ∆x was taken to be 1/50 for our NLEP calculations, 1/20 for the solid of revolution

(experiment 7) and 1/40 for all other computations. To carry out the closest point extension step, tri-cubic interpolation

was implemented via barycentric Lagrange interpolation. In our NLEP simulations the ratio of the diffusion coefficients

was particularly large. To account for the widely varying scales and give improved efficiency, several (typically 10)

time steps of the v-equation were taken for each of the u-equation. Because each extension step of the Closest Point

Method introduces an interpolation error, balancing the computational effort in this way gave the additional benefit

of improving the accuracy and stability of our NLEP simulations.

We remark that the Closest Point Method may be applied to rather general PDEs, including those with gradient,

divergence and biharmonic operators. See [34, 19] for further details.

7 Discussion

In this concluding section we outline a few directions that warrant further investigation.

One key open problem is to study the dynamics of localized spot patterns for the Brusselator on the sphere. As for

the GS model in a planar domain (cf. [10]), it should be possible to derive an ODE-DAE system for the slow evolution

of the spot locations and their associated source strengths on an anticipated time-scale of t = O(ε−2). This system

characterizes the slow motion of spots on the sphere in the absence of any O(1) time-scale instabilities. However,

depending on the parameter values, such instabilities can be triggered due to dynamic bifurcation events that occur

when instability thresholds are exceeded. In particular, our theory would predict that spot self-replication should occur

whenever an individual spot source exceeds the peanut-splitting threshold Σ2(f). It is an open problem to provide a

quantitative description of the slow spot dynamics punctuated by either spot-annihilation (due to oscillatory collapse

or competition) or spot self-replication.

In another direction, the ODE-DAE system for slow spot evolution is likely to share some similarities with the ODE

system governing the motion of Eulerian point vortices on the surface of the sphere (cf. [26] and the references therein).

More recently, [25] studied the relationship between circle packing and equilibrium configurations of point vortices

on the sphere. In this broader context, it would be interesting to study the existence and stability of fixed points of

the ODE-DAE system for spot evolution for the Brusselator. Such fixed points correspond to true equilibrium spot

configurations on the sphere. By studying the matrix spectrum resulting from a linearization around the fixed points

of the ODE-DAE system, it should be possible to characterize any weak translation instabilities of multi-spot patterns.

In particular, for the Brusselator we expect that there should be a result similar to that for Eulerian point vortices

(cf. [4], [5]) characterizing the maximum number of “stable” spots that can be placed on a ring of constant latitude

on the sphere. In fact, for the case of a planar unit disk containing a ring of concentric equally-spaced spots, it was

observed numerically for the related Schnakenburg RD system in [14] that a small eigenvalue instability is triggered

when too many spots are located on a ring.

Another open problem, but with a numerical focus, is to quantify the bifurcation structure that links the weakly

nonlinear regime associated with perturbations of the spatially uniform equilibrium state (as studied in [7], [9], [22],

[29], [41] and the references therein) to the regime, studied in this paper, of localized spot patterns. In particular, do

localized spot patterns arise from subcritical bifurcations of the weakly nonlinear amplitude equations?

Finally, we remark that our theoretical framework is readily extended to the study of the existence and stability

of quasi-equilibrium spot patterns on arbitrary compact 2-D smooth surfaces, provided that one can determine the

source-neutral and reduced-wave Green’s functions, and their associated regular parts, on the given surface. This
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remark follows from the observation that, since the spots are localized, the core problem for a localized spot together

with the linearized eigenvalue problem for self-replication instabilities are defined on the tangent-plane to the surface

at the spot location. The competition and oscillatory instability threshold are determined from a globally coupled

eigenvalue problem defined in terms of the reduced-wave Green’s function. In order to implement the theory for spot

patterns on arbitrary surfaces, efficient numerical methods to compute the required Green’s functions are needed.
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Appendix A Scaling of the Brusselator

We first give a formal scaling argument to determine the range of parameters in (1.1) with respect to ε0 for which

localized spot patterns exist. We begin by letting V = O(Vg) globally. For U we have different scalings near and away

from spots; U = O(Uinn) near a spot, and U = O(Uout) away from the spots.

In the inner region near a spot at x0, where y = ε−1
0 (x− x0), we need O(U2V ) = O(U) in order to construct a spot

profile. Hence UinnVg = O(1), so that Uinn = O (1/Vg) in the inner region.

In the outer region, from the V equation in (1.1) we need that the nonlinear term, which is localized near the spots,

be approximated by a Delta function with the correct strength, which then balances the diffusion term D∆V . As such,

we have
∫

Ω
U2V dx = O(ε20VgU

2
inn) = O(DVg). This yields, Uinn = O(ε−1

0 ) and consequently Vg = O(ε0). Next, from

the balance in the outer region that D∆V = O(BU), we get that Vg = O(Uout), which yields Uout = O(ε0). Finally, in

the outer region we obtain from the U equation in (1.1) that E must balance (B+1)U , so that E = O(Uout) = O(ε0).

This very rough scaling analysis suggests that Uinn = O(ε−1
0 ), Uout = O(ε0), Vg = O(ε0), when E = O(ε0). Next, we

use a non-dimensionalization based on these scalings in order to reduce the number of parameters in (1.1) and isolate

our key bifurcation parameters. This motivates the introduction of the new variables u, v, and σ, defined by

T = σt , U =
µ

ε0
u , V = ε0v , E = ε0E0 .

With this scaling, the amplitude of a spot in the u-variable is O(1) as ε0 → 0 rather than the O(ε−1
0 ) scaling in the

U -variable. In terms of these new variables, (1.1) becomes

1

σ(B + 1)
ut =

ε20
B + 1

∆u+
ε20

B + 1

E0

µ
−u+ µ

B + 1
u2v ,

(B + 1)

µ2σ
vt =

D(B + 1)

µ2
∆v+

(B + 1)

ε20

(

B

µ
u− u2v

)

. (A.1)

Next, we define ε, T , and µ by ε ≡ ε0/
√
B + 1, σ ≡ 1/(B + 1), and µ ≡ B, so that (A.1) transforms to

ut = ε2∆u+
E0ε

2

B
− u+

B

B + 1
u2v ,

(B + 1)2

B2
vt =

D(B + 1)

B2
∆v +

1

ε2
(

u− u2v
)

. (A.2)

This is equivalent to (1.2) of §1.

Appendix B A Spherical Coordinate Transformation

Lemma B.1 In terms of spherical coordinates, consider a point on the unit sphere given by

xj = (cosφj sin θj , sinφj sin θj , cos θj)
T ,

with 0 < φj < 2π, 0 < θj < π. Then, as x→ xj, we have |x− xj | = |y|(1 + o(1)) where y = (y1, y2)
T = (φ̂ sin θj , φ̂)

T .

Here φ̂ = φ− φj, and θ̂ = θ − θj, with φ̂≪ 1 and θ̂ ≪ 1.
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Proof We let x = (cosφ sin θ, sinφ sin θ, cos θ)
T
. Upon linearizing with φ = φj + φ̂ and θ = θj + θ̂, where φ̂ ≪ 1 and

θ̂ ≪ 1, we obtain in terms of a 3× 2 matrix M0 that

x = xj +M0y +O(|y|2) , where M0 ≡





− sinφj cosφj cos θj
cosφj sinφj cos θj

0 − sin θj



 , and y ≡
(

φ̂ sin θj
θ̂

)

,

where O(|y|2) indicates quadratic terms in y1 and y2. We calculate |x−xj |2 ∼ (M0y
T )(M0y) = yTMT

0 M0y, and readily

verify that MT
0 M0 = I. Therefore, |x− xj | = |y|(1 + o(1)) as x→ xj .

Appendix C An Instability Criterion for an NLEP

The following result gives a sufficient condition for the NLEP of (4.37) to admit an (unstable) positive real eigenvalue.

Lemma C.1 The NLEP (4.37) has a a positive real eigenvalue whenever both 0 < β(0) < 1 and C(λ) ≡ 1/β(λ) is

analytic in Re(λ) ≥ 0.

Proof The eigenvalues of (4.37) are the roots of g(λ) ≡ C(λ)−F(λ) = 0, where C(λ) ≡ 1/β(λ) and F(λ) is defined in

(4.44) in terms of the local operator L0Ψ ≡ ∆ρΨ−Ψ+2wΨ and the ground-state solution w of (4.7). It is well-known

that the local problem L0Ψ = σΨ has a unique positive eigenvalue σ0 > 0 (cf. [44]). We will establish that

F(0) = 1 ; F(λ) → +∞ as λ→ σ−
0 ; F ′(λ) > 0 for 0 < λ < σ0 . (C.1)

We first use the identity L0w = w2 to derive F(0) =
∫∞
0
wL−1

0 w2ρ dρ/
∫∞
0
w2ρ dρ = 1. Then, since L0 − λ is not

invertible at λ = σ0 it follows that (L0 − λ)−1 is unbounded as λ→ σ−
0 and so F(λ) → +∞ as λ→ σ−

0 . To prove the

monotonicity of F(λ), we use L0w = w2 to re-write F(λ) as

F(λ) =

∫∞
0
ρw(L0 − λ)−1L0w dρ

∫∞
0
ρw2 ρ

=

∫∞
0
ρw(L0 − λ)−1 [(L0 − λ)w + λw] dρ

∫∞
0
ρw2dρ

= 1 + λ

(

∫∞
0
ρw(L0 − λ)−1w dρ
∫∞
0
ρw2dρ

)

.

Upon differentiating this last expression, and then integrating the resulting expression by parts, we calculate that

F ′(λ) =
h(λ)

∫∞
0
ρw2dρ

+ λ

∫∞
0
ρw(L0 − λ)−2w dρ
∫∞
0
ρw2 dρ

=
h(λ)

∫∞
0
ρw2dρ

+ λ

∫∞
0

[

(L0 − λ)−1w
]2
ρ dρ

∫∞
0
ρw2dρ

, (C.2)

where h(λ) is defined by h(λ) ≡
∫∞
0
ρw(L0 − λ)−1w dρ. The second term in the last equality in (C.2) is positive for

0 < λ < σ. Therefore, to prove that F ′(λ) > 0 on 0 < λ < σ0 it suffices to prove that h(λ) > 0 on 0 < λ < σ0.

To establish the positivity of h(λ) on 0 < λ < σ0 we will prove that h(0) > 0 and h′(λ) > 0 on 0 < λ < σ0. By using

the readily-verified identity L−1
0 w = w + 1

2ρw
′, we calculate h(0) as

h(0) =

∫ ∞

0

ρw

(

w +
1

2
ρw′
)

dρ =

∫ ∞

0

ρw2dρ+
1

4

∫ ∞

0

ρ2
(

w2
)′
dρ .

Upon integrating by parts, we get h(0) = 1
2

∫∞
0
ρw2dρ > 0. We then calculate h′(λ) =

∫∞
0
ρw(L0 − λ)−2w dρ =

∫∞
0
ρ
[

(L0 − λ)−1w
]2
dρ > 0, so that h(λ) > 0 on 0 < λ < σ0. Thus, from (C.2), we get F ′(λ) > 0 on 0 < λ < σ0,

which proves the last result in (C.1).

With properties (C.1) for F(λ), it follows that if C(0) > 1 and C(λ) is analytic in Re(λ) ≥ 0, then C(λ) and F(λ)

must cross at some real λ⋆ in 0 < λ⋆ < σ0. Thus, λ
⋆ is an unstable discrete eigenvalue of the NLEP (4.37).
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Appendix D Spectrum of a Circulant-Symmetric Matrix

When G or Gλ is an N×N circulant-symmetric matrix with complex-valued entries, its eigenvectors bj and eigenvalues

kj can be determined analytically. Let a = (a1, . . . , aN ) denote the first row of this matrix, with the remaining rows

obtained by cycling the components of the vector a. In addition, since the matrix is also symmetric it follows that

aj = aN+2−j for j = 2, . . . , ⌈N/2⌉, where the ceiling function ⌈x⌉ is the smallest integer not less than x. The well-known

spectrum of a circulant matrix is

kj =
N−1
∑

m=0

am+1e
2π(j−1)m/N , bj = (1, e2π(j−1)/N , . . . , e2π(j−1)(N−1)/N )T , j = 1, . . . , N . (D.1)

The symmetry of the matrix implies that aj = aN+2−j and bj = bN+2−j, so that bjm = bj(N+2−m) for m =

2, . . . , ⌈N/2⌉ and j = 2, . . . , ⌈N/2⌉. Here bjm is the m-th component of bj. Since the eigenvalue is kj = bj · a, we
have kj = kN+2−j . This generates ⌈N/2⌉ − 1 eigenvalues with multiplicity two, whose eigenvectors can be obtained

by taking any linear combination of two complex conjugate eigenvectors. For instance, for the j-th eigenvalue kj

the corresponding two eigenvectors can be taken as the real and imaginary parts of bj, respectively. This yields the

following result for the spectrum of the N ×N circulant-symmetric matrix whose first row vector is a = (a1, . . . , aN ):


























k1 =
∑N

m=1 am , b1
T = (1, . . . , 1) ,

kj =
∑N−1

m=0 cos
(

2π(j−1)m
N

)

am+1 , eigenvalues with multiplicity 2 ,

bj
T =

(

1, cos
(

2π(j−1)
N

)

, . . . , cos
(

2π(j−1)(N−1)
N

))

,

bT
N+2−j =

(

0, sin
(

2π(j−1)
N

)

, . . . , sin
(

2π(j−1)(N−1)
N

))

, j = 2, . . . , ⌈N/2⌉+ 1 .

(D.2)

Note that if N is even, then k(⌈N/2⌉+1) =
∑N

m=1(−1)m−1am is a simple eigenvalue with eigenvector (1,−1, . . . , 1,−1)T .

For illustration, let N = 3. Then, the eigenvalues are k1 = a1+a2+a3 and k2 = k3 = a1−a2, while the corresponding
eigenvectors are b1 = (1, 1, 1)T , b2 = (1,−0.5,−0.5)T and b3 = (0,

√
3/2,−

√
3/2)T .
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