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Abstract

An asymptotic reduction of the Gierer Meinhardt activator-inhibitor system in the
limit of large inhibitor diffusivity and small activator diffusivity € leads to a singularly
perturbed nonlocal reaction-diffusion equation for the activator concentration. In the
limit € — 0, this nonlocal problem for the activator concentration has localized spike-
type solutions. In this limit, we analyze the motion of a spike that is confined to
the smooth boundary of a two or three-dimensional domain. By deriving asymptotic
differential equations for the spike motion, it is shown that the spike moves towards a
local maximum of the curvature in two dimensions and a local maximum of the mean
curvature in three dimensions. The motion of a spike on a flat segment of a two-
dimensional domain is also analyzed, and this motion is found to be metastable. The
critical feature that allows for the slow boundary spike motion is the presence of the
nonlocal term in the underlying reaction-diffusion equation.

1 Introduction

There has been a lot of recent interest in analyzing localized spatially inhomogeneous steady-
state solutions and corresponding time-dependent solutions to systems of reaction-diffusion
equations (see [14] for a mathematical survey). This work initiated with Turing in 1957 [18]
who proposed that such systems could explain morphogenesis, the development of a complex
organism from a single cell. Turing conjectured, through the use of a linear analysis, that a
system of coupled nonlinear reaction-diffusion equations could, given appropriate conditions
on the nonlinear reaction terms, result in a localized increase in the concentration of one
of the substrates of the reaction. This substance, referred to as the activator, would then
be responsible for the growth of cells in localized regions, leading to the development of
heart tissue and other organs. Later, Gierer and Meinhardt [5], and, more recently [8] (see
also the references therein), have demonstrated numerically the existence of such localized

solutions in the fully nonlinear regime for the Gierer-Meinhardt model

AP
AtZEQAA—Aer, xeD, t>0, (1.1a)
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THt:mhAH—uH—{—ﬁ xeD, t>0, (1.1b)
opA=0, 0,H=0, x€0D. (1.1c)
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Here A, H, €, kp, p and 7 represent the dimensionless activator concentration, inhibitor
concentration, activator diffusivity, inhibitor diffusivity, inhibitor decay rate and reaction
time constant. Also, D is a closed bounded domain in RV and 9,A indicates the outward

normal derivative. The exponents (p, g, m, s) satisfy

p>1, qg >0, m > 0, s >0, I<——«<

(1.2)

The shadow Gierer-Meinhardt problem is obtained by letting x; — co and 7 — 0 in
(1.1b). In this limit, (1.1) reduces to (see [10])

P
atZEQAa—a—l—%, zeD, t>0, (1.3a)
h (6_N m g )m (1.3b)

= _— a X ; .
ul D] Jp
Opa =0, z€dD. (1.3c)

The equilibrium solutions of (1.3) are obtained by setting a = Rt/ Py, where u satisfies
EAu—u+uP =0, zeD; Opu =0, ze€oD. (1.4)

The problem (1.4) admits spike-type solutions where u is concentrated near some points
in D or on the boundary of D. Solutions where the spikes are located strictly inside the
domain have been constructed for ¢ — 0 in many papers, including [7], [11] and [19] (see
also the references theirin). In particular, the results of [7] and [11] have established the
equivalence between the construction of an M-peak solution for (1.4) and the geometric
problem of packing M balls of equal radii inside the domain. All of these interior peak
solutions are unstable for the parabolic problem associated with (1.4), in which a u; term is
added to the right hand side of the operator in (1.4). An overview of the behavior of spike
solutions for (1.4) and related equations is given in [14].

For the shadow problem (1.3), the dynamics of a one-spike solution, where the spike is
in the interior of the domain, has been studied using formal asymptotic methods in [10]. For
e — 0 and p < p.(N), where p.(N) is the critical Sobolev exponent for dimension N, the
analysis of [10] showed that the center x((t) of the spike satisfies the asymptotic differential
equation

Xo(t) ~ eCN/ #riNe 2 /€(1 4 # . n)# - ndS. (1.5)
oD
Here # = (x — xo)r~! and r = |x — x¢| for x € D, # is the unit outward normal to 8D,
and Cy > 0 is a constant depending only on N and p. The ODE (1.5) shows that an
interior spike will drift exponentially slowly towards the closest point on the boundary of
the domain, whenever that point is uniquely defined. The nonlocal term in (1.3), which
leads to a nonlocal eigenvalue problem for the linearization of (1.3) around a spike solution,
is essential for ensuring the existence of this metastable behavior. Some rigorous results

proving the existence of metastability for the shadow problem are given in [3] and [20].



When the spike approaches to within an O(e) distance from the boundary, the analysis
leading to (1.5) is no longer valid, and the spike presumably begins to merge with the
boundary. In Fig. 1 we show this merging process in the simpler case of one dimension
by solving (1.3) numerically with p = 2 and e = .07 using the method described in [10].
Results concerning the stability of an equilibrium boundary spike in one dimension for
(1.3) are given in [22]. The merging process of a spike with the boundary should probably
be similar in higher dimensions. For the equilibrium problem, the existence of boundary
spike solutions to the multi-dimensional problem (1.4) has been proved in [6] and [15]. In
particular, the result of [6] proved that there exists a solution to (1.4) where the spike is
centered at a local maximum of the mean curvature of the boundary of a three-dimensional
domain. For the parabolic problem associated with (1.4), these equilibrium solutions are
all unstable (see [21]).
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Figure 1: A plot of u versus z at different times showing a spike merging with the boundary
in one dimension. Times from the simulation are ¢t = 389, 1354, 1375, 1383, 1386 from right
to left.

The goal of this paper is to analyze the motion of a spike solution to the nonlocal
shadow problem (1.3), when the spike is confined to the smooth boundary of a two or three-
dimensional domain. From using a formal asymptotic analysis combined with imposing
appropriate solvability conditions on the linearized problem, we derive differential equations

characterizing the motion of a boundary spike. This motion generically occurs on a slow



time scale of order O(e3). From this differential equation for the spike motion, we show
that the spike drifts towards a local maximum of the curvature in two dimensions and a
local maximum of the mean curvature in three dimensions. The nonlocal term in (1.3) is
essential for ensuring the existence of this slow motion. The differential equations mentioned
above predict no motion when a spike is on a segment of the boundary having constant
curvature. To illustrate the spike motion in this case, we analyze the motion of a spike on
a flat boundary segment of a two-dimensional domain (see Fig. 6 below for the geometrical
configuration). For this case, we show that the motion is metastable and depends critically
on the local behavior of the boundary near the corner points at the two ends of the flat
segment.

The outline of the paper is as follows. In §2 and §3 we analyze the motion of boundary
spikes for (1.3) in two and three dimensions, respectively. In §4, we examine the stability
properties of the equilibrium boundary spike solutions found in §2 and §3 by using the
results of [20] and [21]. Finally, in §5 we analyze the metastable behavior of a boundary

spike in two dimensions that lies on a flat segment of the boundary.

2 Spike Motion on the Boundary in Two Dimensions

We now derive an asymptotic differential equation for the motion of a spike confined to
the boundary of a two-dimensional domain. The boundary of the domain is assumed to
be sufficiently smooth so that the curvature and its derivatives are continuous functions.
To derive this differential equation we first transform (1.3) to a localized boundary layer
coordinate system centered near the spike. The solution is then expanded in powers of e.
A nontrivial solvability condition for the O(e?) equation in this expansion is obtained when
we choose the time scale of the spike motion to be O(e®). The differential equation for the
motion of the spike is obtained from this solvability condition.

We now give the details of the analysis. We first introduce a boundary layer coordinate
system, where 7 > 0 denotes the distance from € D to 0D and where s is arclength along
OD. In terms of these coordinates, (1.3a) transforms to

a; = € (am, — 1 _ﬁm]a,, + 1 _1’“783 (1 —1“077%)) —a+a”/h?, (2.1a)
ap, =0, on n=0. (2.1b)

Here k = k(s) is the curvature of the boundary and h = h(t) is given in (1.3b). Next, we
introduce u(n, s,t) by

a=hu, y=gq/(p—1). (2.2)

Substituting (2.2) into (2.1) we obtain

uh K 1 1
’Yht—i-ut:eZ <“77n_ 1_m]un—|— 1_1%7]85 (1_,“7%)) —u+uP, (2.3a)

up =0, on n=0. (2.3b)




Suppose that the spike is initially located on the boundary of the domain. Then, its
subsequent location is given by s = sy(t) and n = 0, where s¢(¢) is to be determined. Since

the spike has a support of order O(e) near s¢(t), we introduce local variables v, § and 7} by

s=c1[s—s0(t)], f=¢eln, v(7, 8§) = u(en, so + €8,1) . (2.4)

Then, (2.3) transforms to

’)”Uht 1! €R 1 1
5 € S0Vs = Uiy — l—mﬁvﬁ-'_ 1_657?83 (1—€HﬁU§ —v 4P, (2.5a)
vy =0, on 7=0, (2.5b)

where s, = dso/dt and k = k(sy + €§). Since the boundary was assumed to have a well-
defined tangent plane at each point, the domain of definition for (2.5) is

Q={(n,8)] —o0 <§<o00,7>0}. (2.5¢)
From differentiating the integral in (1.3b) with respect to ¢, it follows that
ht::()(eflsg> . (2.6)

Thus, the two terms on the left hand side of (2.5a) are of the same order in e. However,
as we show below, only one of these terms will contribute a nonzero term to a solvability
condition.

The solution to (2.5a), (2.5b) is expanded as

v =1+ ev) + vy + -, (2.7)
and the curvature is expanded as
K(so + €3) = Ko + €drg + O(€2) . (2.8)

Here we have defined ko = k(s9) and Ky = & (s9). Since a nontrivial solvability condition

arises at order O(e?), we must choose a slow time scale 7 by
T=ét. (2.9)

Substituting (2.7)-(2.9) into (2.5), and collecting powers of €, we obtain the following se-
quence of problems that are to be solved on the half-plane Q:

voqn + voss + Q(vo) =0, (2.10a)

Lo1 = vigg + vizs + Q (vo)v1 = Kovos — 2K0v0ss (2.10b)
i . [ h

Lvg = vogs + v235 + Q (vo)v2 = —dovos + G’YTO + Fe + Fy. (2.10c)



Here $9 = dsg/dr. The boundary conditions for (2.10a)—(2.10c) are
Vo = V1 = vo = 0, on 7=0. (2.10d)
In (2.10) we have defined Q(vg) and its derivatives by
Quo) = —wo+vf,  Qw)=-1+pf~", Q" (vo) =plp—1)w§>. (2.11)

The terms F, and F, in (2.10c) are defined by

Fe = Kovij + NKgvoq — 20kKov155 — v} — 3K570 V055 , (2.12a)

F, = 3Kqu05 — fikgvos — 21)8KgV0s5 - (2.12b)

The leading-order problem (2.10a) has a unique positive radially symmetric solution
uc(p) that satisfies (see [7])

n ]_ !
u, + ;uc +Q(uc) =0, 0<p<oo, (2.13a)
u’c(O) =0; uc(p) ~ acp 2P, as p— oo. (2.13b)
. o — (A2 ~0\1/2
Here a, is some positive constant and p = (77 + 3 ) . Thus, we take

w0(i,8) = ue [ (7% + 8972 | (2.14)

which also satisfies the boundary condition in (2.10d). To obtain our solvability condition,
we notice that the tangential derivative vy; satisfies Lvgz; = 0 and the boundary condition
(2.10d). Hence, upon defining the inner product (f,g) = [, fgdQ, we must have that the
right hand sides of (2.10b) and (2.10c) are orthogonal to vg; with respect to this inner
product. An important observation is that vgz is an odd function of 3.

This solvability condition for (2.10b) yields,

ko (Vos, vos) — 2ko (10033, vos) = 0. (2.15)

Since vp; and vgz; are even functions of 3, the integrands associated with the inner products
in (2.15) are odd, and hence the left hand side of (2.15) vanishes identically. Then, we can
solve (2.10b) for v; and obtain that v; is even in §. Next, upon applying the solvability

condition to (2.10c), we obtain

. evh
50 (v0s,v03) = (Fo,v05) + (Fe,v0s) + % (v0,v03) - (2.16)

The significance of the decomposition in (2.10c) is that F, is even in §, whereas F, is odd
in §. Hence, the last two terms on the right hand side of (2.16) are zero. Next, substituting
(2.12b) into (2.16), we get

30 (v03,v03) = Ko (8v0s, v0s) — Ko (71003, V0s) — 260 (78033, Vos) - (2.17)



Finally, the inner products in (2.17) are evaluated exactly using polar coordinates to get

. ) 2 [ ,p., 2
(SUOﬁavos:)Z(nvog,vog)=§/0 p [UC(P)] dp, (2.18a)
™ o0 ' 2
(vog,vos)=§/ p[uc(p)] dp, (2.18b)
0
R 2 [ p 2
2 (svnss,v00) = —5 [0 [ulo)] do. (2.18¢)

Substituting (2.18) into (2.17) we obtain the following main result:
Proposition 2.1: For € — 0, the motion of a spike confined to the smooth boundary of a

two-dimensional domain is described by

a~ hu; (6_1 [(s — s0(t))? + n°] 1/2) + O(e), (2.19a)
so(t) ~ %635(80), (2.19b)

where v =q/(p — 1) and b > 0 is defined by

o P [U'c(p)] " dp
S plug(p)]> dp

Here u.(p) is the positive solution to (2.18) and k is the curvature of the boundary, with

b=

(2.19c¢)

k > 0 for a circle.

From (2.19b), we observe that the spike will travel on the boundary in the direction of
increasing curvature until a local maximum of the curvature is reached. The stable steady-
states of (2.19b) are at the local maxima of the curvature. A similar differential equation

has been derived in [1] for small bubble solutions of the constrained Allen-Cahn equation.

2.1 A Few Explicit Examples

We now illustrate (2.19b) in a convex domain. Let the origin be contained in D and let
(z1,z2) be a point on dD. Let ¢ denote the perpendicular distance from the origin to
the tangent line to 0D that passes through (z1,z2). Let 6 denote the angle between this
perpendicular line and the positive 21 axis. Then, when 6 ranges over 0 < 0 < 27, we sweep

out a closed domain D whose boundary is given parametrically by (see [9])
z1(0) = () cos(8) — ¢'() sin(9) , z2(0) = ¢(0) sin(8) + ¢'(0) cos(8) . (2.20)

Here ((0) is 27 periodic.

Next, we transform the ODE (2.19b), written in terms of arclength, to one involving 6.
Let s = f(0) be the mapping between 6 and the arclength s. Then, f () and the curvature
of the boundary x(6) are given by

FO) =co+" 0.  wO)=[cO+"0)] (2.21)
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Figure 3: For Example 1 we plot the solution 6y versus 7 to (2.22) showing the behavior
towards a local maximum of the curvature.

Hence, (2.19b) transforms to

ap [¢(00) +¢"(00)]
37 [¢(60) +¢" (80)]*

Here 6y(7) is the value of 6 at the center of the spike, and 7 = €3t is the slow time variable.

Op(7) ~ (2.22)

Using the boundary value problem solver COLSYS [2] we can solve (2.13) numerically
to determine the constant b in (2.19b). In the examples below we took p = 2. For this

value, we compute that
o0 9 , 2 o0 , 2
/0 P [uc(p)] dp = 4.23, /0 p [uc(p)] dp =2.47. (2.23)

Hence, when p = 2, we get b = 1.71. In the examples below, solutions to (2.22) were
computed using the Sandia ODE solver [17].

Example 1: Let ¢(0) = 3 + 1.2sin3(#), and take the initial condition for (2.22) as
00(0) = —1.5, for which z; = 0.339 and z2 = —1.790 at 7 = 0. The curvature has three
local maxima for this domain. In Fig. 2 we plot the domain bounded by ((f) and show
snapshots of the motion of the center of the spike (labeled by the starred points) towards
the nearby local maximum of the curvature. In Fig. 3 we plot the numerical solution to
(2.22) with 69(0) = —1.5. For this initial value and with € = 0.1, this figure shows that it
takes a time t = 7/€3 =~ 77500.0 to reach the steady-state value.

Example 2: Let ((6) = 3+ cos(56)/10, and take 6y(0) = 0.6, for which z; = 2.430 and
zo = 1.567 at 7 = 0. For this case, the ODE (2.22) becomes

p o 4b 12 sin(56))
bo = 3T ([3 - 2.4003(500)]4> . (2.24)
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Figure 2: For Example 1 we plot the motion of the center of the spike on the boundary
at different times as it tends to its steady-state limit. The initial point is labeled and
the times corresponding to the other points (in counterclockwise order) are 7 = 34.49,
T =>58.71, 7 =74.01, 7 = 76.98 and 7 = 77.50.
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Figure 4: For Example 2 we plot the motion of the center of the spike on the boundary at
different times as it tends to its steady-state limit. The initial point is labeled and the times
corresponding to the other points (in clockwise order) are 7 = 23.40, 7 = 31.41, 7 = 35.38,
and 7 = 35.5.

Hence there are five local maxima of the curvature. In Fig. 4 we plot the domain bounded
by ((6) and show snapshots of the spike motion towards the nearby local maximum of the
curvature at 6y = 0. In Fig. 5 we plot the numerical solution to (2.24) with 65(0) = 0.6.
The apparent nonsmoothness of the graph of 6y versus 7 near the equilibrium point results
from the fact that the linearization of (2.24) near 6y = 0 has the form §' ~ —c#f, where ¢ > 0

is a large constant. A similar explanation hold for the apparent nonsmoothness in Fig. 3.

3 Spike Motion on the Boundary in Three Dimensions

We now derive an asymptotic differential equation for the motion of a spike confined to the
boundary of a three-dimensional domain. The boundary of the domain is assumed to be
sufficiently smooth so that the principal curvatures and their partial derivatives are contin-
uous functions. In order to evaluate the Laplacian on the boundary we will use boundary
layer coordinates. Lines of curvature form a local orthonormal basis for a coordinate system
restricted to the boundary. We may then extend this system locally using the normal to the
boundary as our third coordinate. The formulation of the Laplacian operator using these
coordinates is not as simple as for the two-dimensional case. However, since the spike is

localized on the boundary, we do not need an exact expression for the Laplacian in terms

10
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Figure 5: For Example 2 we plot the solution 6y versus 7 to (2.24) showing the behavior
towards a local maximum of the curvature. The initial condition was 6y(0) = 0.6.

of these coordinates as only the first few terms in the local expansion will suffice for the
analysis.

We introduce a boundary layer coordinate system (s1, s2,7), where n > 0 is the distance
from & € D to 8D and where s; and so correspond to coordinates through the two principal
directions at the center of the spike. The boundary spike is assumed to be located at
s1 = &1(t) and so = &(t) with n = 0. Using Appendix A, we obtain that (1.3) transforms
to

2
2 2 K1 K2 € 1 —nKo
— _ )
W m e (1—nm+1—nn2>“"+<1—nm)<1—w) 51(1—%1““)
€2 1—1nK
0 _ P /pd 3.1

A=) — ) ”(1—%2“”) ata/he, (3.12)

ap =0, on 7n=0. (3.1b)

Here k1 = k1(s1,$2) and ka(s1,s2) are the two principal curvatures at each point on the
boundary.
Asin (2.2) we set a = hYu, where u = u(7, $1, $2,t). Then, we introduce local coordinates

v, 81, 89 and 7 by

1=¢t[s1—&(1)], So=¢1[s2—&(t)], fi=e'n,
v(7), 51, 82,t) = u(en, & + €51, &2 + €52, 1) . (3.2)

The estimate (2.6) and the time scale (2.9) still apply in the three-dimensional case. Next,

11



we expand v as in (2.7). The principal curvatures are also expanded in the Taylor series

ki(€1 + €81,& + €89) = K1 + €81k11 + €dgk10 + O(€2), (3.3a)
lig(fl + €§1, 52 + €§2) = K9 + 6§1H21 + €§21€22 + 0(62) . (33b)

Here on the right hand side of (3.3a) and (3.3b) we have defined k1 = K1(&1,&2), ke =

k2(&1,8&2), and ki = sthzi(sl,sQ) evaluated at (s1,s2) = (£1,&2)-
Substituting (2.6), (2.7), (2.9), (3.2) and (3.3) into (3.1), we obtain the following se-

quence of problems upon collecting powers of e:

Voi V03181 + V0sa, + Q(v0) =0, (3.4a)
Lv1 = vigg + V158, + Visgs, + Q (v0)v1 = (K1 + Ka2)voy — 2061v05,5, — 2MK2V0s,5,,  (3.4D)
Lvg = V2ph + V2515, 1 V23,8, T+ Q’ ('UO)'UQ = Fee + Feo + Fe - (34C)

The boundary conditions for (3.4) are
von = V1 = v25 =0, on 71=0. (3.4d)

In (2.10), Q(v) is defined in (2.11). The terms Fe, Fe, and F, in (3.4c) are defined by

Fio = =20 () + (m1 + ma)ong + (0% + g + 22

— 20)K1015,5, — 20K2V15,5, — K11 V03,3, — KT Vogys, (3.5a)
Feo = (K12 + K22) 82007 — 2MK1252V05,5, — 27K2282008,3,

— (K22 — K12)03, — €103, 4 (3.5b)
Foe = (K21 + K11)31v07 — 20K1181V05,5, — 27K2181008,3,

— (K11 — Ka21)vos, — E2v0s, - (3.5¢)

Here éj = d¢j/dr for j = 1,2. The problems in (3.4) are to be solved in the half-space Q2
defined by

Q={(7,81,82) | —00 < 8 <o0,—00< §2 <00,7>0}. (3.6)

When p is less than the critical Sobolev exponent p. = 5, there is a unique positive
radially symmetric solution u.(p) to (3.5a) that satisfies (see [7])

" 2 !
uc+;uc+Q(uc):0, 0<p<oo, (3.7a)

u.(0) =0; ue(p) ~ acp te P, as p— oo, (3.7b)

for some a, > 0 where p = (772 + 52 + §%)1/ . Therefore, our leading-order spike solution is
given by

o0, 81, 82) = ue [(7° + 82 + 83)1] . (3.8)

12



To obtain our solvability condition, we first define the inner product (f,g) by (f,g) =
Jo f9dQ where Q is the half-space defined in (3.6). Then, we note that Lvg;, = 0 and
Lvpz, = 0, where L is the operator defined in (3.4b), and that vg;, and wvg;, satisfy the
boundary condition in (3.4d). Therefore, the solvability condition is that the right hand
sides of (3.4b) and (3.4c) must be orthogonal to both vg;, and wpz, with respect to this
inner product.

In imposing the solvability condition on (3.4b), we note that the right hand side of (3.4b)
is even in both §; and 32, whereas vy;, is odd in §; and even in 39, while vg;, is even in §;
and odd in §9. Hence, the solvability condition for (3.4b) is automatically satisfied. Then,
from (3.4b) together with (3.4d) we can calculate a function v, which is even in both §;

and §o. Next, the solvability condition for (3.4c) yields the two equations

(Fee, U0§1) + (Feoa U0§1) + (Foea U0§1) = O, (Feea v0§2) + (Feoa U0§2) + (F067U0§2) =0.
(3.9)

The significance of the decomposition in (3.4c) is that F. is even in both §; and 39, Fp,
is even in §; and odd in 82, and Fj. is odd in §; and even in §9. Therefore, the inner
products involving Fi, vanish, and also (Feo,v0s5,) = (Fpe,v0s,) = 0. Using these results,
and substituting (3.5b) and (3.5¢) into (3.9) we obtain

&1 (vosy,v08,) = (K21 + K11) (81904, Vos,) — 2k11 (1810038131 V05, )
— 2K21 (1781005555, V05, ) — (K11 — K21) (05, V0s51) » (3.10a)
€2 (V05> V03,) = (K12 + K22) (82000, V0s,) — 2612 (189V051 5, V0s, )

— 2K22 (82035545 V035) — (K22 — K12) (03, V0s,) - (3.10b)

We now evaluate the inner products in (3.10). We first integrate by parts to get
2 (18v03,5;,v03;) = — (7, [vos, ) J=12. (3.11a)

Next, we use spherical coordinates to obtain

~ ™ o0 3 / 2 .

(9003, vos; ) = Z/ p [uc(p)] ap,  j=12, (3.11b)
0
2T © ! 2 i
(vos;»v0s;) = 5 | #° [uc(p)] dp,  j=1,2, (3.11c)
0

~ T o0 3 ! 2 .

(8504, v03;) = Z/o p [UC(P)] dp, J=12, (3.11d)
o n . T [ 3 [ 2
(182v05,5,5 V0s;) = (181008555, V0s,) = §/ p [uc(p)] dp. (3.11e)
0

Then, substituting (3.11) into (3.10) we obtain,

3b : 3b

= g(ﬁm + K11), & = g(@z + K12) , (3.12a)
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where b > 0 is defined by
, 2
o P [uc(p)] dp
Jo2 P fue(p)]* dp -

Finally, upon introducing the mean curvature H({1,&2) defined by H = (k1 + k2)/2, we

(3.12b)

obtain the main result.

Proposition 3.1: For € — 0, the motion of a spike confined to the smooth boundary of a

three-dimensional domain is described by

a~ Bl (€71 [(s1 = 615 + (52 — &) + 77 %) + 0(e), (3.13a)
, 3
€ (t) ~ Zbe?’VH(g). (3.13b)
Here € = (£1,€2), vy =1¢q/(p—1), b > 0 is defined in (3.12b), uc(p) is the positive solution to
(3.7), and H is the mean curvature of 0D, with H > 0 for a sphere. Notice that the stable
equilibrium points of (3.13b) are at local maxima of the mean curvature.
Using the boundary value problem solver COLSYS [2] we can solve (3.7) numerically to

determine the constant b in (3.13b). In particular, when p = 2 we compute that

/000 0 [ulc(p)]2 dp =17.36, /000 0° [ulc(p)]2 dp =10.42. (3.14)

Hence, when p = 2, we get b = 1.67.

4 Qualitative Properties of the Associated Eigenvalue Prob-
lem

In this section we qualitatively explain why the nonlocal term in (1.3) is essential for ensuring
the existence of slow boundary spike motion.

We first consider the local problem corresponding to (1.3) in which we delete (1.3b)
and fix h > 0. Let us suppose for the moment that the boundary is flat and is given by
the coordinate line zy = 0. Hence we take D = {x = (z1,... ,zn)|zn > 0}. Setting
a = h?/®=Dy, we then get

ug = €Au —u 4 uP zn > 0; Ozyu =0, on zy=0. (4.1)

Let u = u. (¢7!|x]|), where u, is the canonical spike solution defined in (2.13) and (3.7) for
N =2 and N = 3, respectively. We linearize (4.1) around u, by writing u = u. (e [x|) +
P (6_1 \x\) e, This leads to the local eigenvalue problem for 1 (y) and u on a flat boundary

Nyt (l4pd ) = b, un 20, (4.22)
Oy = 0, on yy=0. (4.2b)
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Herey = ¢ 'x, u. = u.(|y|) and A denotes the Laplacian in the y variable. The eigenvalues
pj of (4.2) satisfy

p1 >0, po=...=un =0, puny1 <0. (4.3)

The positivity of 1 was shown in [13] and [19]. The eigenfunctions 11 and ¥y are radially
symmetric (i. e. 1 = 91(|y|)). A numerical procedure to calculate p; was given in [19] and
the results are shown in Table 1. The translation eigenfunctions corresponding to the zero

eigenvalues are given by 9; = 0y,_,uc(ly|) for j =2,... ,N.

plmIN=2) | m{N=3)
2 1.65 2.36

3 5.41 15.29

41 13.23 144.18

Table 1: Numerical results for the principal eigenvalue pq of the local problem on a flat
boundary (4.2).

The local eigenvalue problem on a curved boundary has the form

A + (1 +pul )9 = p9f,  42>0, (4.4a)
ot = 0, on 7=0. (4.4b)

Here A¢ is the operator that results from converting the Laplacian into local boundary
coordinates as explained in §2 and §3. Clearly, A¢ — A ase— 0. Hence, we would expect
that the eigenvalues of (4.2) and (4.4) are close as e — 0. In fact, it was proved in [21] that,
for € < 1, the eigenvalues p§ of (4.4) satisfy

uje.:uj—ko(l), j=1... , N+1,.... (45)

Hence, ¢ > 0 for € sufficiently small. This shows that a boundary spike solution for the
local problem corresponding to (1.3) will not drift slowly along the boundary of the domain.
The eigenvalues u$, ... ,u$ corresponding to the near translation modes were calculated
for e < 1 in [21].

Next, we linearize the nonlocal problem (1.3) around a spike solution centered on a flat
boundary. In place of (4.2), we obtain the nonlocal eigenvalue problem for A and ¢ given
by

No+(-1+p ™) ¢+1(¢) = A,  yn >0, (4.62)
Oyn¢ = 0, on yy =20, (4.6Db)

where I(¢) is defined by

2mqu?

I(¢) = T OnB(s+ 1)

[urody,  p= [ o™ dp. (460
D 0
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Here D is the half-space yy > 0, {2 is the surface area of the unit N-dimensional sphere,
and u. = u(|y|).

As is similar to (4.5), the eigenvalues of the nonlocal problem defined on a curved
boundary should be asymptotically close to within o(1) terms to the eigenvalues of (4.6).
Hence, to ensure the existence of slow boundary spike motion for (1.3) we need only show
that all of the eigenvalues of (4.6) satisfy Re(A) < 0.

In [10] a homotopy method was used to compute eigenvalues of (4.6) corresponding to
radially symmetric eigenfunctions. In this procedure we replaced I(¢) in (4.6a) with 6I(¢)
where 4, satisfying 0 < § < 1, is a continuation parameter. We then calculated the branches
of eigenvalues of (4.6) as a function of § that emanate from the eigenvalues p; and py41
of the local problem when § = 0. The results of these computations for the parameter set
p=2¢g=1 m = 2and s = 0 are shown in Fig. 8, Fig. 9 and Table 2 of [10]. These
computations showed that the nonlocal term has pushed these eigenvalues into the left half-
plane when § = 1. Similar conclusions were found with other parameter sets. Hence, the
unstable eigenvalue p1 associated with the local problem (4.2) has been eliminated by the
presence of the nonlocal term I(¢). A rigorous result proving this assertion for a wide range
of parameter values p and r is given in [20].

Finally, we note that the problem (4.6) preserves the translation eigenvalues associ-
ated with the local problem (4.2), since by symmetry the nonlocal term I(¢) satisfies
I(8y;_yuc) = 0for j = 2,...,N. As is similar to (4.5), these translation eigenvalues
are perturbed by o(1) as € — 0 when the nonlocal eigenvalue problem is defined on a
curved boundary. The resulting small eigenvalues are responsible for the slow boundary

spike motion derived in §2 and §3.

5 A Spike on a Flat Boundary in Two Dimensions

In §2 we showed that the motion of a spike centered on the boundary of a two-dimensional
domain is in the direction of increasing curvature. This leads us to the problem of deter-
mining the motion of a spike when the curvature is constant. In particular, we will analyze
the motion of a spike on a flat boundary where the curvature vanishes. Our analysis be-
low shows that this motion is metastable. To obtain this result, in §5.1 we show that the
principal eigenvalue associated with the linearization of a spike solution centered on a flat
boundary is exponentially small. This establishes the metastability. Then, in §5.2 we derive
an asymptotic differential equation for the metastable spike motion on the flat boundary
by imposing a limiting solvability condition on the solution to the linearized problem. This
condition ensures that this linearized solution is orthogonal to the eigenfunction associated
with the exponentially small eigenvalue.

For the analysis we let x = (z, y) and we suppose that the spike is located on the straight-
line boundary segment joining the points (zy,0) and (zg,0) as shown in Fig. 6. The flat
portion of @D is taken to be the straight-line segment between (z,,0) and (zg,0). The spike
is centered at xg = (£,0) where 1, < £ < zg. We decompose D as 0D = dD.UJD; where
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(zr,0) (&,0) 0D; (zr,0)

Figure 6: Plot of a two-dimensional domain D with a flat boundary segment. The spike is
centered at x = £ on the flat segment. The dotted line indicates an approximate equipo-
tential for u.

0D, refers to the straight-line segment of the boundary and 9D, denotes the remaining
curved part of dD. The distance between the spike and 9D, is assumed to be a minimum
at either of the two corners (zr,,0) or (zg,0).

The local behavior of the boundary near the corner points is critical to our analysis.

Near the corner points, 0D, is assumed to have the local behavior

near (¢1,0); y=1vr(z), Yr(z) ~—Kp(z, —2)*, as ¢ — 17, (5.1a)

!

near (zg,0); y=9r(z),  Pp(z) ~ Kp(z —zgr)*®, as z— zy, (5.1b)

where a7 > 0 and ag > 0. When o = ag = 1, K1 and Kr are proportional to the
curvature of 0D, at the left and right corners, respectively.

The spike solution to (1.3) is given asymptotically by

a(x,t) ~ ae = h¥/® Dy, (e x —xo(1)]) , (5.2a)

i m ( )(p_l)
o s+1)(p—1)—gm
h ~ he = ( / U\ P pdp)

where x¢(t) = (£(t),0) is to be determined. Here u.(p) is the radially symmetric solution
defined in (2.13), and |D| denotes the area of D.
We first linearize (1.3) around a. by writing a = ae + v, where v < a.. We get that v

, (5.2b)

satisfies,

Lov=eAv+ (—1+pul o — M/ u™ v dx = vy + dsa in D (5.3a)
€ - p C 7T,8(3 + 1) D C — Ut tle » ) -
Opv = —0Opae on OD. (5.3b)

Here g is defined by

B = /0 " ()™ pdp. (5.4)
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Now we let v = e*¢ to get the eigenvalue problem,
Lep=Xp, in D; Oh$p=0 on 0OD. (5.5)

5.1 The Translation Eigenvalue

Suppose for the moment that D is the half-space y > 0 so that dD; is the entire z-axis.
Then, the function ¢ = d,u. satisfies Led = 0 and the normal derivative boundary condi-
tion 8,¢ = 0. Hence, for this case, ¢ is an eigenfunction of £ with a zero eigenvalue. This
corresponds to translation invariance in the z direction. For our geometry, ¢ is localized
near (£,0) on the flat segment 0D, and </7> decays exponentially away from this point. The
interaction of the exponentially small far-field behavior of ¢ with the corner regions, where
0D, and 0D, meet, perturbs the zero eigenvalue by exponentially small terms. This shift
in the zero eigenvalue is calculated below. The nonlocal term in the operator L¢ is asymp-
totically negligible in the calculation of this shift. However, as shown in §4, the nonlocal
term is essential for ensuring that the translation eigenvalue is the principal eigenvalue of
the linearization.

Now we calculate A; and ¢;. Since ¢ fails to satisfy the boundary condition on 8D,

the principal eigenfunction ¢; has the form

¢1 ~ C1 (Opuc + 1) - (5.6)

Here (' is a normalization constant and ¢, is a boundary layer correction term localized
near O0D.. Let 7 < 0 be the distance between £ € D and 0D and let 5 = ¢~ !n be the
localized coordinate. Then, from (5.5), we get that ¢, satisfies

(bL»frf’ — (f)L = 0, ’f] < O, (5.7a)
O0spL = —€04[0zucllp=0, on 7 =0; ¢ — 0, as 7§ — —o0. (5.7b)

The solution to (5.7) is
¢1, = —€ (05[0zucllg=0) €€ . (5.8)

Since u. is localized near © = £ € D, we can calculate ¢ and ¢, on 9D, by using the
far-field behavior of u, given in (2.13b). In this way, we get an estimate for ¢; on 0D, from
(5.6) and (5.8)

$1 ~ —Crace 2312z — e /€ (1 +#-0), on OD,. (5.9)

Here a, is defined in (2.13b), r = | —x¢|, r = (z — x¢)/r, and n is the unit outward normal
to 0D..

Applying Green’s identity to ¢1 and du., and using the facts that d,¢y =0 on 0D and
On|0zuc] = 0 on 0Dg, we obtain

A1 (Ortic, 1) = =€ $10n[0puc] dS + (L¢ [Ozuc], ¢1) - (5.10)
aD.
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Here (f,g) = [, fgdx and L is the adjoint operator defined by

-2, m—1
* o 2 o p—1, mqge “u. D
Lep=€DAp—p+ul "¢ B 1) /Ducqf)dx. (5.11)
We now estimate each term in (5.10). Using polar coordinates, we calculate
7C © / 2
(b1, 050) ~ "0 where 7534 p[u(o)] do. (5.12)
Next, we use (5.9) and the far-field form of u, in (2.13b) to get
2.2 e\ 2
$10n [Oguc] ~ —01“;6 (”” - 5) e/t . 4(1+%-8), on D,. (5.13)

Substituting (5.13) into the boundary integral in (5.10), we observe that the dominant
contribution to this integral arises from the corner regions of 0D, where r is the smallest.
Near the corner regions we use the local behavior (5.1) to calculate

Ki(zrp —z)*, as z—x]
Kgr(z —zr)*®, as z—>zf.

A

r-n~

(5.14)

Substituting (5.13) and (5.14) into the boundary integral in (5.10), and using Laplace’s
method, we get

L K _ )L
B=-¢€ $10n[0,uc] dS ~ Clag/ Ki(zp — )™ e 2E=2)/€ gy
aD, —0 §—zp,
[e’s} K _ (0573

+qﬁ/ Ke@ = 2r)™" —se-6/e gy (5.15)

TR TR — f

The integrals in (5.15) are evaluated explicitly by using
o a+1
/ 22”2/ dy = (E> MNa+1), (5.16)
0 2

where I'(z) is the Gamma function. In this way, (5.15) becomes

K €\ Qr+1
N 2 R (€ —2(zr—€)/€
B Clac{$R_§<2) F(ar+1)e
Kp (et —2(§-=zL)/€
. <2> T(lap+1)e . (5.17)

Finally, in Appendix B we give asymptotic estimates to show that (Lf [Oru.],¢1) = o(B),
as € — 0. Hence, we can neglect the last term on the right side of (5.10). Substituting
(5.12) and (5.17) into (5.10), we get the following key asymptotic formula for the principal
eigenvalue of (5.5):

Proposition 5.1 (Eigenvalue): Assume that the distance between & and 0D, is a mini-

mum at either of the two corners (zr,0) or (xg,0). Then, for e — 0, the principal eigenvalue
A1 of (5.5) has the asymptotic estimate
2
AL ~ 2a; | Kr (E)QRH T(ag + 1) e 2on-9/e
7y lzr—& \2

Ky €\ r+1 —9(e—
€ T 1 (§—=zr)/€ | 1
teoe(3) Tentne (5.18)
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Here a. is given in (2.13b), v is defined in (5.12), and K1, Kg, oy, and ag are defined in
(5.1) in terms of the local behavior of D, near the corners.

5.2 The Slow Spike Motion

We now derive a differential equation for £(¢) for the time-dependent problem. We assume
that the spike is initially on dDs. Then, since the spike motion is metastable we have
vy K Ogae in (5.3a). Multiplying (5.3a) by ¢1, and using d,¢1 = 0 on 9D, we obtain upon
integration by parts that

(Lev, dy) ~ € i 10,0 dS + (Led1,v) - (5.19)
D
From (5.3) we have Lev ~ Oae in D, and 9,v = —0jae on 0D, where d0,a, = 0 on 0D;.
Thus, (5.19) reduces to

(Ortucy d1) ~ =€ | $10pucdS +hg D (Lidy,0) - (5-20)
oD,
Similar estimates to those given in Appendix B, which we omit, shows that the last term
on the right-hand side of (5.20) is negligible as compared to the boundary integral term.
Hence,

(at'ufca ¢1) ~ _62 ¢lanuc dS, (5'21)
0D,
where uc = u. [e7!|@ — xo|] and xo(2) = (£(2),0).
The remaining part of the analysis is very similar to the derivation of the eigenvalue
estimate for A1, and hence we omit many of the details. For € < 1, we calculate using (5.6)
that

TC1 €'y

(8tuca¢1) ~ = 2 )

(5.22)

where v was defined in (5.12). Next, using the far-field behavior of u. given in (2.13b),
the estimate for ¢; on 0D, given in (5.9), and Laplace’s method, the boundary integral
in (5.21) can be evaluated asymptotically as in (5.13)—(5.17). The following main result is
obtained from this calculation:

Proposition 5.2 (Spike Motion): Assume that the distance between & and 0D, is a

minimum at either of the two corners (zr,0) or (zg,0). Then, for € — 0, the z-coordinate

of the center of the spike along the flat segment 0D, denoted by £(t), satisfies the asymptotic
differential equation,

/ 260% KR € aR+1 _2($R_§)/6

Kp  (e\@rt! ~2(¢—w1)/€
e (5) T(ar +1)e . (5.23)
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Here a. is given in (2.13b), v is defined in (5.12), and K1, Kg, oy, and ag are defined in
(5.1) in terms of the local behavior of D, near the corners.

A similar differential equation for the motion of a straight-line interface in a constant
width neck region of a dumbell-shaped domain has been derived in [12] for the Allen-
Cahn equation. Using the boundary value problem solver COLSYS [2] we can solve (2.13)
numerically to determine the constants a, and 7 in (5.18) and (5.23). In this way, when
p = 2 we compute that a, = 10.80 and v = 2.47.

The result (5.23) shows that the motion of the spike along the straight-line boundary
segment between (zr,0) and (zg,0) is determined by the shape of the boundary at (zr,,0)
and (zg,0) and by the distance between the spike and the corner regions. The spike will
move according to (5.23) until a stable steady state is reached or until the spike touches
(21,0) or (zg,0). Once the spike reaches the curved part of the boundary 0D,, it will
subsequently evolve according to (2.19b).

From (5.23), the steady-state spike-layer location & on 0D; satisfies

§e — 7L /€ _ Kil(ar +1) (f)O‘L_aR Q2@rtar)/e (5.24)
TR — &e Kgrl'(ag +1) \2

Since the left hand side of (5.24) increases from 0 to oo as &, ranges from z;, to g, a unique

steady-state solution to (5.24) exists on zj, < £ < xg whenever K; and Kp have the same

sign. This solution is stable when K < 0 and Kr < 0, and is unstable when K; > 0 and

Kpg > 0. In particular, this implies that if D is convex near (zr,0) and (zg,0), then there

is no stable equilibrium spike location on 0D;. A simple calculation using (5.24) shows that

the equilibrium spike-layer location &, when it exists, has the expansion

:cL—;—wR Z [KLT(aL—I-l) (%)aL_aR] I (5.25)

e Sy 8 BT 1)
Thus, the equilibrium location, &, is located at an O(e) distance from the midpoint of the
straight-line boundary segment.

The following dynamical behavior can be deduced from (5.23) and (5.25) when the initial
condition is £(0) = &. When K1, > 0 and Kg > 0, £(¢) will move monotonically towards zp,
if &y < &, or monotonically towards z g if &y > &, (see Fig. 7). When K, < 0 and Kp < 0,
&(t) will approach the stable steady-state at &, (see Fig. 8). If K1, < 0 and Kg > 0, then
&(t) will move towards zg (see Fig. 9). Similarly, £(¢) will move towards zy, if K7 > 0 and
Kp < 0. When the spike touches (zr,0) or (zg,0), its subsequent evolution is determined
by (2.19b).

6 Conclusion

We have given a quantitative characterization of the motion of a spike on the smooth
boundary of a domain for the shadow problem (1.3). For a generic boundary, the spike
moves towards a local maximum of the curvature in two dimensions and a local maximum

of the mean curvature in three domains. In two dimensions, we have shown explicitly that
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oD,

€e OD;

Figure 7: Plot of part of a domain boundary, 0D, upon which the center of the spike is at
an unstable steady state. Kj > 0, K > 0 for this domain.

€e 0Dy

0D,

Figure 8: Plot of part of a domain boundary, 0D, upon which the center of the spike is at
a stable steady state. Kj < 0, Kr < 0 for this domain.

\4
L
\4
L

0D,

Figure 9: Plot of part of a domain boundary, 3D, upon which the center of the spike moves
towards the right. K7 < 0 and Kg > 0 for this domain.
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the motion of a spike on a flat segment of the boundary is metastable. A similar result
should hold in three dimensions. The critical feature that allows for the slow boundary spike
motion is the presence of the nonlocal term in (1.3). This term eliminates a large unstable
eigenvalue associated the local operator in (1.3). It would be interesting to determine the
motion of a spike on the boundary for the full problem (1.1), which holds for finite inhibitor
diffusivity, and to compare the results with those obtained above for the shadow problem.
The problem of the existence of equilibrium boundary spikes for the full problem has been
studied recently in [4].
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A The Laplacian in the Boundary Layer Coordinate System

The derivation here is similar to that in [16]. We begin with a description of the
boundary. Let z = H(p1,p2) define the local height of the boundary at the point (p1,p2) on
the boundary. For convenience here we will center the coordinate system around the point
p1 = 0 and po = 0, where z = 0. In terms of these coordinates, H is given locally by

1 1
H(pi,p2) = 5”1?% + 5“«'217% + 0 (p% +p%) ; (A.1)
where k1 and k9 are the two principal curvatures at the center of the coordinate system.
Our boundary layer coordinate system is (p1,p2,n), where > 0 is the distance from ¢ € D

to dD. Therefore, we define the following change of coordinates,

x(p1,p2,1) = (p1,p2, H(s1,52)) + nn(p1,p2), (A.2)

where n(p1,p2) is the unit normal to the boundary defined by,
(_lea _Hpga 1)

Il(p1ap2) = .
WJ1+ HZ + HZ,

In order to find the Laplacian in these new coordinate, we must calculate the scale

(A.3)

factors,

| ox

ox
0 = Jop| =

e

ox

, l/n: 8_77 . (A4)

Vp,y

To evaluate these expressions, we substitute (A.1) and (A.3) into (A.2) and differentiate to
find,

vp, =1 —nr1+ O(pT +p3 +1°), (A.5a)
vp, = 1 —nr2 + O(pT +p3 +1%), (A.5b)
vp=1. (A.5¢)
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In general curvilinear coordinates, the Laplacian is given by,
npo L [0 (e 20) 0 (s 0) 0 (e 00Y]
VpiVpoVy [OP1 \ Vpy Op1) = Op2 \ vp, Op2)  On \ vy On

Thus, in these variables, the Laplacian is given to within quadratic terms by

K1 K9 1 1— Nk )
4) 4)7]” (1 — Nk1 1-— n/§2> ¢77 (1 _ 77/‘61)(1 _ 77"62) p1 1— nk1 qspl (A 7)
1 1 —nry \ ) .
(1 —nr1)(1 - 77“32)81)2 (1 — K2 ¢p2> +0(pi + p3)-

This coordinate change is then used in (1.3a) to obtain (3.1).

B An Asymptotic Estimation of an Inner Product

Now we bound the term (Lf[0uc],¢1) in (5.20), where L£¢ is defined in (5.11). Since
Opu. satisfies the local part of the operator in (5.11), we obtain

mge 2uT 1

LE[0puc) = TG D) /Dugamuc dx. (B.1)
In §5 we assumed that the distance between x = ¢ and the curved part of the boundary
0D, is minimized at one of the two corner points. Let r,, = min(zg — £, € — z1,) denote this
minimum distance. Let B, denote the semi-circle whose diameter is the interval [§ —rp,, €+
Tm) along the z-axis. Then, by our assumption, B, must be strictly contained within D.
We then decompose the integral in (B.1) as

/uﬁ@wucdx:/ u’c’ﬁwucdx—k/ uPOpuc dx . (B.2)
D - D\B;

Since the point x = £, y = 0 is the center of the semi-circle and the integrand is an odd
function about the line z = &, the first integral on the right side of (B.2) is identically zero.
Next, since u. decays exponentially away from the point z = &, y = 0, the second integral
on the right side of (B.2) is bounded by the maximum of the integrand on the boundary of
D\ B, multiplied by the area A, of D\B,. In this way, using the far-field behavior (2.13b),

we get

| o\ uP By, dx| < Cele™ (PHITm/€ (B.3)

Here g and C are constants independent of €. Hence, in D, we have the estimate
|LE[0pue]| < Cel™ 2y Le PHrm/€ (B.4)

for some new constant C. Since ¢ ~ J,u., we can then use the same reasoning as described
above to estimate (L¢[0zuc, 1), where LE[0zu.] is given in (B.4). We find

LE[Ozue], 1) | < Cele ptmtl)rm/€ B.5
€
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for some new constants ¢ and C' independent of e.

Finally, we compare (B.5) with the asymptotic order of the boundary integral in (5.20).

The boundary integral in (5.20) is clearly O (eqe_2’"m/ 6). However, since p > 1 and m > 0,

it follows that the inner product term in (B.5) is asymptotically exponentially smaller than

the boundary integral term in (5.20). Hence, we were justified in asymptotically neglecting

the inner product term in (5.20).
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