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Abstract

The motion of interfaces for a mass-conserving Allen-Cahn equation that are at-
tached to the boundary of a two-dimensional domain is studied. In the limit of thin
interfaces, the interface motion for this problem is known to be governed by an area-
preserving mean curvature flow. A numerical front-tracking method, that allows for
a numerical solution of this type of curvature flow, is used to compute the motion of
interfaces that are attached orthogonally to the boundary. Results obtained from these
computations are favorably compared with a previously derived asymptotic result for
the motion of attached interfaces that enclose a small area. The area-preserving mean
curvature flow predicts that a semi-circular interface is stationary when it is attached
to a flat segment of the boundary. For this case, the interface motion is shown to be
metastable and an explicit characterization of the metastability is given.

1 Introduction

A simple model for the phase separation of a binary mixture is the Allen-Cahn equation

with a mass constraint as introduced in [15],

ug = €Au+ Q(u) — o, x€ D CR?, (1.1a)
Opu =0, x € oD, (1.1b)

/ u(x,t)dx =m. (1.1¢c)
D

Here u = u(x,t) is the concentration of one of the two species, x = (z,y), e € 1, D is a
bounded two-dimensional domain, and the mass m is constant. We assume that Q(u) =
—V'(u), where V(u) is a double-well potential with minima at u = s; where V(sy) = 0.
The function Q(u) satisfies

u
Qs) <0, QO >0, V() =0, Vw=-[ Qudy. (2

S—
Prototypical is Q(u) = u — u®. The Lagrange multiplier parameter o = o(t) allows the
mass constraint (1.1c) to be satisfied. A generic feature of the nonlocal problem (1.1) in the
singularly perturbed limit € — 0 is the occurrence of interfaces of width O(e) that separate

the two phases sy and s_.

' All three authors supported by Canadian NSERC research grants



In the limit € — 0, our goal is to study the motion of interfaces for (1.1) that are attached
to the boundary of D. Before describing the specific contents of this paper, we outline the
different stages of the dynamics for (1.1) that have been studied in detail in [1], [2], [3], [4],
[15] and [16]. The various stages of the dynamics of a single closed interface for (1.1) are
shown qualitatively in Fig. 1.

The first stage is a transient phase. Starting from arbitrary initial data, the solution
to (1.1) develops interfaces of width O(e) separating s; and s_ in an O(1) time interval.
Then, as derived in [15] in the limit € — 0, the outward normal velocity v of a single closed

interface I" satisfies the area-preserving mean curvature flow

1
v~ € (H—— nds) . 1.3
T Jr (13)

Here & is the curvature of I, with k < 0 if [" is a circle, and |T'| is the perimeter of I'. This
expression holds for interfaces in the interior of D and for interfaces that are connected to
0D orthogonally. As shown in [9], a single closed convex interface evolving according to
(1.3) will tend to a circle that encloses the same area.

The law of motion (1.3) gives no indication of the nature of the motion of a single circular
interface contained in D. Such an interface, referred to as a bubble, was shown in [3], [4],
and [16] to drift exponentially slowly, without change of shape, towards the closest point
on 0D. The key features that lead to this metastable behavior are the conservation of mass
condition combined with the exponentially weak interaction between the far-field behavior
of the bubble solution and the boundary 0D. It was derived in [16] that the distance r,(t)
between the center of the bubble and the closest point on the boundary of D, satisfies the

asymptotic differential equation
e3/2 gr;,l/ 2
(1= Kyrm)'7?

Here K, is the curvature of 9D at the point on 0D closest to the bubble center, with

Km > 0 when D is convex at the closest point. In addition, ry is the bubble radius, and v

e e (rmre) (1.4)

T () ~ —

and ¢ are certain O(1) positive constants. This result, which is asymptotically valid only
when 7,,(t) > rp, shows that the bubble will collapse against D on an exponentially long
time scale.

Once the bubble hits 0D, it presumably becomes quickly attached to 3D orthogonally
and its boundary becomes the arc of a circle in order to minimize its perimeter. Its sub-
sequent evolution is then given by (1.3). However, if the length scale of the interface is
sufficiently small compared to the radius of curvature of 0D, the interface will become ap-
proximately semi-circular in shape. The motion of such a semi-circular drop of radius 9,
with § < 1, has been studied in [2]. It was shown in [2] that the center of a such a small
drop of radius d, with § < 1 but 0 < € < 63, satisfies the asymptotic ODE

4.62(5 !

&) ~ 5K (@) (1.5)



S

Figure 1: Evolution of a small convex interface inside a domain D. (a) The convex interface
evolves by (1.3) into a circle. (b) The bubble drifts, satisfying (1.4), towards the closest
point on dD. (c) The interface attaches to 9D, intersecting orthogonally. (d) The interface
moves along 0D satisfying (1.3), or (1.5) when the interface encloses a small area. (e) If
the interface encounters a flat portion of dD, it moves along this flat portion exponentially
slowly according to (3.28a). (f) When a curved part of D is reached, the interface again
evolves by (1.3) until a steady state is attained, which is centered near a local maximum of
the curvature of 9D.



Here ¢ is arclength along 0D, § is the radius of the drop, and K is the curvature of 9D
(positive for a convex domain D). The drop will reach a stable equilibrium, where the
interface can have minimum perimeter, at a local maximum of K. For interfaces enclosing a
finite area, for which (1.3) applies, it was proved in [7] that there will be a local maximum
of K between the two points on 0D where the equilibrium interface is attached.

One goal of this paper is to determine the range of validity of the small drop result
(1.5) by comparing the motion under (1.5) with the corresponding motion under the area-
preserving mean curvature flow (1.3). To study the motion of attached interfaces under (1.3)
we use the front-tracking method developed in [6], combining the algorithms developed there
for nonlocal curvature motion and orthogonal boundary attachment and extending the code
to handle more general boundary geometries. By comparing results obtained from this nu-
merical method with those obtained from (1.5), we conclude that the asymptotic differential
equation (1.5) provides rather accurate results even for drops of only a moderately small
radius.

The second purpose of this paper is to study the motion of a semi-circular interface that
is attached orthogonally to a flat portion of the boundary. In this case, both (1.3) and the
small drop result (1.5) predict that such a semi-circular interface is stationary on the time
interval ¢t = O(e~2). We show that the motion of a semi-circular interface on a flat portion
of the boundary is metastable and depends critically on the local behavior of the boundary
at the ends of the flat segment. An asymptotic differential equation for the motion of the
center of the semi-circular interface on the flat boundary segment is derived.

The outline of the paper is as follows. In §2 we present a numerical front-tracking al-
gorithm to study (1.3) when the interface is attached orthogonally to the boundary of the
domain. The numerical results for the interface motion are compared with the asymptotic
result (1.5) for drops of a small radius. In §3 we analyze the metastable behavior associ-
ated with the motion of a semi-circular interface on a flat portion of the boundary. Some

conclusions are given in §4.

2 Numerical Motion by Curvature and Small Drop Motion

In §2.1 we outline the numerical front-tracking method of [6] to compute the motion of a
collection of interfaces I';, for ¢ = 1,... , M, that satisfy an area-preserving mean curvature

flow. The outward normal velocity v; of the i*! interface, I';, is determined from

M
1
v ~ € ni—mZ/ kjds | . (2.1)
j=17Ti

Here k; is the curvature of I';, with x; < 0 when I'; is convex, and |I'| is the total length
of all the interfaces. This system was derived in [15] from an asymptotic analysis of (1.1)
in the limit ¢ — 0. In §2.1 we describe the method of [6] used to compute the motion of

interfaces moving with nonlocal curvature motion that are attached orthogonally to dD.



Some numerical results are presented in §2.2, where we compare the motion of small drops
satisfying the asymptotic result (1.5) with the numerically computed area-preserving mean

curvature flow (2.1).

2.1 The Numerical Method for Area-Preserving Mean Curvature

To eliminate the dependence on €, we set 7 = €2t. We assume that the interfaces, I'; for
i =1,...,M, are given parametrically by x'(c,7) = (2°(c,7),%*(0, 7)) where o € [0,1] (in
the examples below we always consider a single curve M = 1 but the more general case is
just as easy to compute). A partial differential equation that describes the motion under
(2.1) is

o
L

2 |F| Z/P UU -njds | 0. (2.2)

|x

Here 1i; is a unit normal to I';. It is easily seen that the projection of (2.2) in the normal
direction of a given interface agrees with (2.1). Note that (2.1) is arbitrary with respect to
any velocity in the tangential direction. However, as shown in [6] the diffusion introduced
in the tangential direction by (2.2) is helpful to smooth out derivative discontinuities in
curves and to maintain a relatively uniform distribution of grid points.

Interfaces intersect the boundary at right angles. Thus, if the boundary 0D is param-
eterized by z(¢), where £ is an arclength parameter, then this boundary condition can be

written as

xo(0,7) - 2'((r) =0,  xg(1,7)-2'(&(7)) = 0. (2.3a)

Here

x'(0,7) =2(&(r),  x'(1,7) ==(&(7)), (2.3b)

for some &}(7) and & (7).

The discretization procedure described here is as in [6]. We apply the method of lines,
discretizing in space. A staggered grid in o and second order centered approximations are
used. We let X;(T) approximate x*((j —1/2)h, 1) for 7 =0,1,... , N, N + 1, where h is the
grid spacing and N = 1/h is the number of interior grid points. Then to second order we

have
x'(jh) ~ (X%, + X5) /2. (2.4)

The explicit dependence on time will be suppressed for the moment. Denoting the second

order centered approximation of the k*" derivative by D}, we have

(X

x! ~ D1}(Z = J+1 X;’*I) . ] ] (XZ
o j =

T~ i — 7+1
2h ) XO_N_DQX]_

— 2X¢ +X] 1)

5 (2.5)



We estimate the normal vector, 1;, to an interface, I';, by
iyl
(Dlxj) _
i
(DX

n;, <

(2.6)

The integral in the second term on the right-hand side of (2.2) is approximated using these
discretizations and the trapezoid rule:

M .
— i x'cha [AE

i=1 j=1 ‘DlXZ

The length of the interfaces is also approximated using a trapezoid scheme:

IT| ~ ZhZ\D1X| (2.8)
=1 j=1

We use the approximations (2.5), (2.6), (2.7), and (2.8), to discretize (2.2) as
' i\ L
d DX; _(DiX))
dr D1X§-

i _

J 12
‘Dlx;

(2.9)

Here k, is given in (2.7). For interfaces that intersect the boundary, we apply second order

forward differencing and averaging to (2.3) to obtain the following conditions:

(X} —=(&) - 2'(&) =0, (2.10a)
6 = 2a(5) — X1, (2.10b)
and
(Xiy —z(&)) - 2'(&}) =0, (2.11a)
Xy = 22(£]) — Xy (2.11b)

Here z(£}) and z(£%) are unknown points on the boundary curve. These equations can be
interpreted geometrically. From (2.10a) and (2.11a) we see that z(£}) and z(£!) must be
the points on the boundary that are closest to X and Xév respectively. The points Xé and
va 1 are then reflections of X% and Xé\, through the closest point on the boundary.

For an interface that intersects the boundary, we first use equations (2.10) and (2.11) to
find X} and X4 41 to ensure that the interface intersects the boundary curve orthogonally.
To calculate these values for general boundaries parameterized by z (), we first solve (2.10a)
and (2.11a) numerically using the bisection method and Newton’s method to determine &}
and ¢!. Then, (2.10b) and (2.11b) are used to determine X§ and X’ ;. This is done at
each stage of a fourth-order Runge Kutta method and (2.9) is applied for j = 1,2,... , N to
advance one time step. We repeat this procedure for subsequent time steps. For stability,

the time steps, k, are chosen to satisfy

h2 . il12
k< —m1n|D1X-| . (2.12)
4 iy I

This time step restriction is half that needed for the stability of the frozen coefficient diffusive
component of (2.9).



Figure 2: Evolution of a closed interface by area-preserving mean curvature.

2.2 Some Numerical Results

We now examine the evolution of interfaces in several situations using the method described
in §2.1. For interfaces that enclose a small area, we compare the motion with that of (1.5).
Example 1 (Closed Interface): We now illustrate numerically the qualitative behavior
seen in Fig. la. If the interface is initially closed and convex, then it will tend to a circle
as t increases (see [9]). However, as seen in the numerical results shown in Fig. 2, certain
non-convex initial interfaces can also evolve into a circle as ¢ increases. For other initial
conditions, the interface may self-intersect during its evolution and a change in the topology
is needed to split the interface into more than one curve. Other situations, including the
coarsening process associated with the evolution of several disjoint closed interfaces are
discussed in [6].

Example 2 (Interface Attached to a Circle): In Fig. 3 we show the evolution of an
interface that is attached to the unit circle. This can be viewed as a caricature of the
attachment process of Fig. 1c, although the singularity structure of the initial attachment
is not resolved. In this case the interface quickly evolves to an arc of a circle, and the
interface does not move along the boundary. This is as expected since the evolution under
(1.3) wants to minimize the length of I', while enclosing a specified area (see [9]).

A numerical convergence study for this example shows that the method converges point-
wise with second order accuracy in the spatial discretization (errors are O(h?)). In the closed
curve case studied in [6], the discrete area is preserved exactly by the spatial discretization.
In the current case of nonlocal curvature motion of curves attached to the boundary, this
is no longer true. The discrete area, is preserved up to second order accuracy, however, and

in all the examples presented in this paper, area change was less than 0.1%.
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Figure 3: Evolution of an interface intersecting the unit circle.
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Figure 4: Evolution of an interface intersecting an ellipse. The drop shown here has radius
0 = 0.1976.

Example 3 (Interface Attached to an Ellipse): In Fig. 4 we show the evolution of
an interface intersecting the boundary of an ellipse with semi-major axis 2 and semi-minor

axis 1. In this case, D can be parameterized by
z(0) = (2cos @,sinf), 0<0<2r. (2.13)

We observe that the interface moves along the boundary in the direction of increasing
boundary curvature and it reaches a steady-state where the attachment points surround a
local maximum of the boundary curvature as predicted in the steady-state analysis of [7].

Next, for the same boundary, we compared the numerical trajectories of the center of
attached interfaces enclosing a small area evolving under (1.3) with the asymptotic small
drop result (1.5). To do this comparison, in the numerical method of §2.1 we took the
location of the center of the drop along the boundary to be the closest point on the boundary
curve to the point midway between the two attachment points of the interface with the
boundary. In comparing with (1.5) we need to determine the radius § of the drop. To
do so, we first calculated the area enclosed by the attached interface and the boundary
using the trapezoid rule. Then, the radius § of the drop, needed in (1.5), was estimated by
assuming that the interface was semi-circular. We then track the trajectory of 6(7) in time
as the interface evolves under the numerical method of §2.1. The results are then compared
with the numerical solution of the asymptotic differential equation (1.5).

For the elliptical boundary curve defined in (2.13), the curvature of the boundary is



K = K(6) = 2(sin? # + 4 cos® 6) 3/2. Thus, the asymptotic result (1.5) becomes

246 sin @ cos 0
24 =" . 2.14
(™) 7 (4sin’ @ + cos? 9)7/2 (2.14)

We start with the initial data of a small semi-circle centered around the point on 9D
where #(0) = 1. We observed that these drops move along the boundary in the direction
of increasing boundary curvature and a steady state was reached at the local maximum
of boundary curvature at § = 0. The trajectories of #(7) obtained from the numerical
method and the asymptotic differential equation (2.14) are compared for several different
drop radii in Figure 5. As expected, we notice that the numerical trajectory gets closer to
the asymptotic trajectory as J is decreased. For very small radii, both trajectories are very
similar.

Example 4 (Interface Attached to a Triangular-Shaped Domain): To generate
more complicated boundary shapes, we considered boundary curves of the following form
(see [11]):

z(0) = (p() cos§ — p'(0) sin @, p(0) sin@ + p' () cosh), 0<0 < 2r. (2.15)

Given any p(@) such that p(0) = p(6 + 27), p() > 0, and p(@) +p"(0) > 0, (2.15) generates
a strictly convex domain. The curvature of such a domain is given by

-1

K(6) = [p(6) +p"(0)] (2.16)
For this class of boundary curves, (1.5) transforms to
4 / mn
0/(r) = — 2 O +p"(0) (2.17)

37 (p(0) +1"(6))

We examined the numerical evolution of interfaces enclosing a small area for the trian-
gular shaped domain generated by

p(0) =3+ 1.2sin® 6. (2.18)

This domain is plotted in Fig. 6 along with the motion of a drop along the boundary. We
started with the initial data of a small semi-circle centered around the point on 9D for which
0(0) = 0.2. The location of the center of the drop, needed for the numerical prediction,
and the radius of the drop, needed for (1.5), are determined as for the elliptical boundary
in Example 3. Trajectories of #(7) comparing the result from the numerical motion by
area-preserving mean curvature with the asymptotic small drop result (2.17), are shown in
Fig. 7. We observe that the motion by numerical area preserving mean curvature is very
similar to the asymptotic result for small drop motion even for ¢ only moderately small.
Thus, the numerical results in this section show that (1.5) has a rather wide range of validity

and can rather accurately predict the motion of moderately small drops.

10



5=0.1976 4 =0.0991
1.4 T T 14 T T T
12F , 12p
1 B 1
[« [«
c c
Sost B Sost
= =
@ @
o o
o o
oo06f g oo06f
= =
© =]
04l , 04l
02f B 02f
o . . . ) o . . . . . . . h .
) 5 0 15 20 25 ) 5 10 15 0 2 30 35 0 45
time 1 time 1
0 =0.0496 6=0.0248
14 T T T 14 T T T
12t g 12t

o
®
o
®

=
@

drop position 6

drop position 6

o
IS
I
o
IS

0.2

0 L L L L

. . . h
0 10 20 30 40 50 60 70 80 90 100 0 20 40 60 80 100 120 140 160 180
time 1 time 1

Figure 5: Plots of € versus time for different §. The boundary curve is the ellipse defined
in (2.13). The solid lines are the asymptotic result given by (2.14) and the dashed lines are
the numerical results from area-preserving mean curvature motion (1.3).
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Figure 6: The domain with boundary given by p(f) = 3 + 1.2sin®#. The drop here has
radius § = 0.1981.

3 The Semi-Circular Interface Motion on a Flat Boundary

We now analyze the motion of a semi-circular interface that is attached to a flat boundary.
In this case, the curvature x of the interface is constant and hence (1.3) predicts that the
interface is stationary on an O(e~2) time scale. Our analysis below shows that the interface
is not stationary but, instead, moves on an exponentially long, or metastable, time scale. In
§3.1 we derive an asymptotic formula for the exponentially small eigenvalue associated with
the metastability. In §3.2 an asymptotic differential equation for the motion of the center
zo(t) of the semi-circular interface is derived by enforcing the solvability condition that
the solution to the linearized problem is orthogonal to the eigenfunction associated with
the exponentially small eigenvalue. In §3.3 we discuss some properties of this differential
equation and we give an explicit example.

For the analysis, we assume that the smooth boundary 0D of D can be decomposed
into a straight segment 9D;, occupying the region y = 0 with z;, < £ < zg, and a curved
portion dD,. We assume that the solution to (1.1) has developed a single semi-circular
interface ' of radius » = r, that intersects 9D, orthogonally. The center g = (z(t),0)
of the semi-circle is assumed to satisfy zr + 7, < 9 < £r — rp. The regions near (zy,0)
and (zg,0), where 0D, and 0D; meet, are called the corners of 3D;. The distance between
I' and the boundary 0D is assumed to be a minimum at these corner points, with the

minimum distance being O(1) as ¢ — 0. A plot of the geometry is shown in Fig. 8.
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Figure 8: Plot of a two-dimensional domain D with a flat boundary segment and a semi-
circular interface of radius r = 7, centered at (zg,0).

Near (z,0) and (zg,0), we assume that 0D, can be written as y = 9,(z) and y =
¥r(x), and that the boundary has the local behavior

(z) ~ —cp(zp — ), as T — z]; Po(z) ~ cr(z — zR)*R, as = —zh.
L L R R

(3.1)

Here ¢, # 0, cg # 0 and af, > 0, ar > 0 are constants. When oy, = ag = 1, ¢, and cg are
proportional to the curvature of 0D, at the left and right corner points. respectively.

We first must construct an equilibrium solution v = Uy, 0 = o} to (1.1) corresponding to
a semi-circular interface I" of radius 7, centered at &y = (x,0) € dD,. This solution is such
that u ~ s_ inside I' and w ~ s outside I'. This solution was constructed asymptotically
in [16] using the method of matched asymptotic expansions, and the derivation is outlined
in Appendix A. It was obtained that,

S1(€) = ar(ry/r) 2740 sy
u=Up(r;e) ~ ¢ up(p) + O(e), 1 p=€etr—mry)=0(), (3.2
S_(€) 4+ a_(ry/r)2e7v= ) oy
and
__ B 2
op(€) = G —sn + O(€7) . (3.3)

Here ug(p) satisfies (A.4). The constants Si(e) and S are given in (A.9) and a4, v§ are
defined in (A.5) and (A.11). In (3.2), » = |x — xg| = 7 and xy = (20,0). The mass in

(1.1c), which determines 74, is assumed to be consistent with this solution.
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3.1 Spectral Estimates for the Linearized Problem

The eigenvalue problem associated with linearizing (1.1) around Uy is

Lp = EAp+ QUy(r;€)]p=Ap, x€D, (3.4a)
On¢ =0, z€dD, (34b)

= 2de . 3.4

)= [ #do (3.4¢)

Here (u,v) = [, uvde. The eigenvalues and eigenfunction of (3.4) are labeled by \; and
¢j, respectively for j = 0,1,..., with A\; = —oco0 as 7 — oo.

The principal eigenfunction and eigenvalue for (3.4) are calculated asymptotically in
[16] and an outline of the analysis is given in Appendix B. The principal eigenvalue is given
asymptotically by

2

M@:%+mﬂ, (3.5)

and the corresponding eigenfunction has the estimate

R0a+yi(rb/r)l/2e—uf'_e*1(r—rb) ’ >y,
do ~ < Rolug(p) + O(e)] 1 p=¢t(r—mr)=0(1), (3.6)
Roa,ui(rb/r)lﬁe_”e—e_ (ro—r) r <71,

The normalization constant, Ry, satisfies
Ro ~ (ermyB) 112, (3.7)

where £ is defined in (A.9Db).

In the asymptotic evaluation of the integrals below in §3.2 we need an estimate for ¢g
near the corner points of dD,. Near these points, it suffices to use the expression for ¢q in
(3.6) that is valid for r > 7y,

go ~ Roay v (ry/r)!/2e 4 0], (3.8)

To see this, we note that (3.6) satisfies exactly the no-flux boundary condition (3.4b) on
the straight segment 0D;. To satisfy the no-flux boundary condition on dD,., a boundary
layer correction term localized near D, should be added to the expression in (3.6) that is
valid for » > r,. However, since the boundary layer is initiated near the corner regions of
0Dy, the boundary layer correction term is asymptotically algebraically smaller for € < 1
than (3.8) in these regions, and hence can be neglected.

Next, we calculate the eigenpair associated with the nearly translation invariant degen-
eracy in the z-direction. This eigenfunction can be approximated by ¢ ~ R10,Up(r;e€)
where R; is a normalization constant. The corresponding eigenvalue is exponentially small.
The function 9,Uy(r;€) exactly satisfies (3.4a) with A = 0 and it satisfies (3.4b) on 0D;.
A boundary layer profile, localized near dD,., should be added to this function to allow

15



it to satisfy the non-flux boundary condition on 0D.. However, as remarked above, the
boundary layer profile has an asymptotically negligible effect on the eigenfunction near the
corner regions where the boundary layer is initiated. Hence, we can use (3.2) for U, to get

the following estimate for ¢y ~ R10;Up near the corner regions:
1 ~ Rya v (ny/r)!/*r " (z — m)e 4 ). (3.9)

Applying Green’s identity to ¢1 and 0,Up, and using the facts that d,¢1 = 0 on 0D and
On [0:Up] = 0 on 8D, we obtain

>\1 (8zUb, ¢1) = _62 oD ¢lan [8mUb] ds. (310)

Using (3.2), we calculate on 0D, that
On[0,Up) ~ —ay (yj_)Qe_Q(rb/r)l/Qr_l(x — xo)e_”if_l(’"_rb)f' ‘1. (3.11)

Here i1 is the outward unit normal vector to 0D, r = | — x|, and ¥ = (z — zo,y)/r is a
unit vector pointing from (zg,0) to (z,y). The dominant contribution to the inner product
on the left-hand side of (3.10) arises from the region near r = r,. Using Laplace’s method,
we get for € < 1 that

SRy

(0T, 1) ~ B (312)

Since ¢1 ~ R10,Up, the normalization constant R; satisfies

Ry ~ [2¢/(nryB)]"? . (3.13)

The dominant contribution as € — 0 to the boundary integral on the right-hand side of
(3.10) arises from the regions where r is the smallest. These regions are near the corner
points. Substituting (3.9) and (3.11)—(3.13) into (3.10), we obtain an asymptotic estimate
for )\1

2 (,,€\3 2

A~ 204 / L (L - “) e~ g s (3.14)
w3 oD,

To evaluate the integral in (3.14) asymptotically we use Laplace’s method. The dom-

inant contribution to this integral arises from O(e) regions near the corner points (zr,,0)

and (zg,0). Near these points, we calculate that

r-n CL(;EL—z)aL7 as ZE—)-'I»'Z,
r-n { CR(-'E - :L‘R)OzR , as T — :L.E’ (3.15&)
(xo—xL) — (x—2x1), as z—af,
" { (zr — zo) + (z —zR), as x—”%_ (3.15b)
Substituting (3.15) into (3.14), and applying Laplace’s method, we get
Al ~ 20/3—(’/—6#)3 CLIL e—2uf|_e—1(zo—:pL—rb) + ﬂe_QVif_l(zR—zo—rb) (316a)
b o TR — o ’
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where I, and Ir are defined by

Tr o0
I; = / (g — x)o‘Le_Q”iE_l(”*w) dz , Ip = / (x — xR)o‘Re*Q”ie_l(””*wR) dz .
—00 TR
(3.16Db)
The integrals in (3.16b) are evaluated explicitly by using
[e.e] +1
/ 22" dy = (E)a Ma+1), (3.17)
0 2

where I'(z) is the Gamma function. In this way, we obtain the following main estimate for
the exponentially small eigenvalue A;:

Proposition 3.1 (Eigenvalue): Assume that the distance between g and 0D, is a mini-

mum at either of the two corners (x,0) or (xg,0). Then, for e — 0, the second eigenvalue
A1 of (3.4) has the asymptotic estimate

2 3 +1
Al o~ 203 (v4) L wie woarn) (_© " [(ag +1)
ﬂ'ﬂ o — IJ, 21/_6}_

CR 1( ) € artl
—21/_6,’_6_ TR—T0—Tp - r 1 . 1
e (5)  rer+np. G
Here ay, VS and (8 are defined in (A.5), (A.11), and (A.9b), respectively. The constants
cL, Cr, ar, and ar are defined in (3.1) in terms of the local behavior of D, near the corner

points.

3.2 The Slow Interface Motion

We now determine the motion of the semi-circular interface along 0D;. The center &y =
(zo(t),0) of the semi-circle slowly slides along 0D; until either a steady-state solution is
attained or the edge of the semi-circle first hits 0D.. The trajectory zo = zo(t), with
70(0) = zJ, of the center of the circle is to be determined. It is assumed that the initial
data is a canonical bubble solution u(x, 0) = Uy[|x —xJ|; €] with o = o3(e€), and x3 = (29, 0).
We set u(x,t) = Up[|x — x¢l; €] + w(x,t) and o(t) = op + p(t). Linearizing (1.1) around Uy,

and assuming that w < Uy and p < op uniformly in time, we get

Lew = e2Aw + Q' (Uy)w = ,Uy + 1, xeD, (3.19a)
Opw = —0,Up, x € 0D, (3.19Db)
/ wdx =0. (3.19¢)

D

Next, we expand w = Z‘;’;O cj$j/Aj, where ¢;, A; are the eigenpairs of (3.4). The coefficients
c;j for j > 0, obtained by integration by parts, are given by

¢j = (67, 005) + p (¢5,1) + € /{)D $j0nUs ds . (3.20)

17



In order to satisfy (3.19¢), we require

Z /C\—J ($,,1) =0. (3.21)

Jj=0

<

Since ¢ has one sign and \g = O(e?), (3.21) yields ¢y = 0 when ¢ < 1. Next, since X\
is exponentially small we require that the limiting solvability condition ¢; = 0 be satisfied.

Setting ¢y = ¢; = 0, we obtain two coupled equations for y and zy,

(QSQ, 8tUb) + H(d)o, 1) + 62 ) ¢08nUb ds =0, (3.22&)
D,

(b1, 0,Up) + (1, 1) + €2 $10,Upds = 0. (3.22b)
9D,

These two equations can be decoupled as follows. First, from (3.7)—(3.9) and (3.13), it
can be seen that the two boundary integral terms in (3.22) have the same asymptotic order
as € = 0. Next, since ¢q is even while ¢ is odd in z — xy, it follows from the exponential
decay of both eigenfunctions for r > r; that (¢, 1) is exponentially larger than (¢1,1).
Similarly, (g, 0:Up) is exponentially smaller than (¢1,0,Up). Therefore, we can neglect
(¢0,0:Up) in (3.22a) and p(¢p1,1) in (3.22b). This yields the uncoupled equations,

1o, 1) ~ —62/ $00nUs ds , (¢1,00Up) ~ —€ $10,Up ds . (3.23)
8D, 9D,

Next, we evaluate the terms in (3.23). Since ¢y, given in (3.6), is localized near r =}

we calculate that
(¢o,1) ~ emRorp(s4 — s_). (3.24)

The dominant contribution to the inner product (¢1, 9;Up) also arises from the region near

r =1p. Using ¢1 ~ R10,Up, we calculate

n2 [T — 20 2 poaBary [T, 2 2
o (220 e =0 [7 [ o ot 0dpao.
—00

6 (3.25a)

(61, 0,U3) ~ —zy(t) R, /

D

Thus,

(3.25b)

(61, 0T) ~ —ah(2) (R”””ﬂ ) ,

2e

where (3 is defined in (A.9b). The dominant contribution to the boundary integral terms in
(3.23) arises from the corner regions where r is minimized. Using (3.8) for ¢y, (3.9) for ¢4,
and (3.2) to calculate 9,Us, (3.23) becomes

a?}-(y-e}-)Q —1_—205e Y r—mp) a . &
p(t) ~ (s —s-) Jop roe Tt r-nds, (3.26a)
2 €2 _
zp(t) ~ %/ P! (@) e~ rT) § LA ds (3.26Db)
0D,
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Evaluating the integrals by Laplace’s method, and using the local behavior (3.15) near the
corners, we get

2 2
,U(t ~ a+(yf|_) { crly e—ZVie*I(wo—zL—'rb)_'_ crlr e—ZUiel(mR—wo—rb)}’

7T(5+—S_) rog — T TR — X0
(3.27a)
2 2
.’Ef)(t) ~ 2eal (Vj-) { crlr e—QUiefl(zR—zo—rb) _ el e—QViel(mo—mL—rb)} . (3.27b)
w0 TR — Xo o —TL

where I;, and Ip are defined in (3.16b). Finally, (3.17) is used in (3.27) to obtain the
following slow motion result:

Proposition 3.2 (Metastability): Assume that the distance between xy and 0D, is a
minimum at either of the two corners (zr,0) or (zg,0). Then, for e — 0, the location

of the center of the semi-circular interface along 0D, satisfies the asymptotic differential
equation

2ea? (v)* CR < 1 e\
e N T\ —2vie  (zr—To—Tp) [ _° T 1
z)(t) g pr— xoe 25 (ar+1)

+1
_ b e tmommi—m) [ _E " Dlar+1) p . (3.28a)
o — T, 2V_€|_

The Lagrange multiplier parameter is o = oy + u, where oy is given in (3.8), and where p
satisfies

2 €\2 ar+l
a (1/ ) Cr € e~ Ypog—xzr— €
a o~ +\Vy v (mo—zL—1p) [ = Map +1

( ) 7‘(8+ - s—) {mO _mLe 208 ( v )

ar+1
4+ 07R6—2Vj_e—1(z3—mo—n,) (%) Iag + 1)} . (3.28b)
TR — To 2v5

Referring to (3.28a), we see that the motion of the center of the semi-circular interface
along 0D; is determined by the local boundary behavior (3.1) near the corner points and
by the distance from the interface to these points. The interface will move according to
(3.28a), without change of shape, until a stable steady-state is reached or until the interface
first touches (zr,0) or (zg,0). Once the interface has reached 9D., it will subsequently
evolve according to (1.3). Differential equations similar to (3.28a) have been derived in [5],
[14] and [17] for the motion of straight-line interfaces for the Allen-Cahn equation that are
trapped in a constant cross-sectional neck region of a dumbell-shaped domain.

3.3 Steady States and Explicit Dynamics

When ¢z, and cp have the same signs, (3.28a) has an equilibrium solution z§ that satisfies

(mg — $€3> vy oy _ cr.l(ar +1) ( € )OlL—OtR e antar) (3.29)
TR — T crl'(ar +1) \ 2v5
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oD,

5

Figure 9: Plot of part of a domain boundary, 0D, upon which the center of the semi-circular
interface is at an unstable steady state. Note that cr, cg > 0 for this domain.

Since the left side of (3.29) increases monotonically from 0 to oo as z§ ranges from zp, to
TR, a unique steady-state solution exists on the interval [z, zr] whenever ¢;, and cgr have

the same sign. In this case, the solution to (3.29) is given asymptotically for e < 1 by

e TL+ZR € chI‘(aL—i-l) ( € )aL_O‘R
~ 0

70 7 s % | cpT(ar + 1) \ 205

oo (3.30)

Thus, z§ is located at an O(e) distance from the midpoint of dD,. This steady-state solution
is stable when ¢y, < 0 and cg < 0, and is unstable when ¢z > 0 and cg > 0. In particular,
this implies that if D is convex near (z1,0) and (zg,0), then there is no stable equilibrium
location on 8D;.

We now illustrate the dynamics when Q(u) = 2(u — u3), for which s; = +1. Using
(A.5), (A.9b), and (A.11), the constants a+, § and v, are found to be

ar =2, [B=4/3, u;:2(1—i). (3.31)
4’)“1,
We consider the case when oy, = ag = a > 0. Then, (3.28a) reduces to
+2
xa ~ Be F(a + 1) CR e—QUie_l(zR—ﬂ:o—'I‘b) _ °L e—ZVf,_e_l(a:O—a:L—rb):| . (3.32)
4oq TR — X o — TJ,

When cp,cg > 0, the equilibrium location satisfies

rp +TR € cr,
€ ~N — —1 —_ . .
xg 5 + g log (CR) (3.33)

With the initial condition z3(0), the following qualitative features of the motion can be
deduced from (3.32) and (3.33). When ¢;, > 0 and cg > 0, zo(¢) will move monotonically
towards z, if ) < x§, or monotonically towards zg if 7§ > z§ (see Fig. 9). When ¢z, < 0
and cg < 0, zo(t) will approach the stable steady state at z§ (see Fig. 10). If ¢, < 0 and
cg > 0, then z((¢) will move towards z (see Fig. 11). Similarly, z((t) will move towards

zy, if ¢, > 0 and cg < 0. In each case the motion is directed towards a region where the

length of the perimeter of the interface can be decreased while still enclosing the same area.
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0D,

Figure 10: Plot of part of a domain boundary, 0D, upon which the center of the semi-circular
interface is at a stable steady state. Note that ¢z, cg < 0 for this domain.

\4
L
\4
L

oD,

Figure 11: Plot of part of a domain boundary, 0D, upon which the center of the semi-circular
interface moves toward the right. Note that ¢z, < 0 and cg > 0 for this domain.

4 Conclusions

We have studied the motion of interfaces for (1.1) that are attached orthogonally to the
boundary of a two-dimensional domain. A numerical computation of the area-preserving
mean curvature flow using a front-tracking method has shown that the asymptotic differen-
tial equation (1.5) of [2], derived in the limit ¢ < 1 and for small drop radius §, is also rather
accurate even for moderately small values of §. In addition, we have studied the exponen-
tially slow motion of a semi-circular interface attached to a flat portion of the boundary by
deriving a differential equation for the motion of the center of the interface.

It is interesting to note that other nonlocal reaction-diffusion equations can have similar
qualitative dynamics. In particular, results similar to those obtained here have recently
been derived for a nonlocal reaction-diffusion equation arising from an asymptotic limit of
the Gierer-Meinhardt activator-inhibitor system. This system admits localized solutions
in the form of spikes and the qualitative spike motion is quite similar to that described
in Fig. 1b-1f. The metastable motion of interior spikes has been studied in [12] and [8].
Results for the equilibria of boundary spikes are given in [10]. The motion of boundary

spikes, which is similar to (1.5), is studied in [13].
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A The Canonical Bubble Solution

Here we calculate a radially symmetric solution u = Uy(7;€), 0 = 0p(€) to the equilibrium
problem for (1.1). This solution will represent a semi-circular interfacial solution of radius
r = rp, where r = |z — xo| and xy = (z9,0). The functions Uy(r;€) and op(€), satisfy

1 1 !
€ (Ub +—Ub) +QUp) = oy, 0<r<oo; U, >0, (A.1a)
T
Up(rp;€) = 0; Up(r;€) — Si(e), as e Hr —rp) = +o0. (A.1b)

Here S, (€) are defined as the roots of

Q [Sx(€)] = av(e), (A.2)

for which Sy (e) — s1 and op(€) — 0 as e — 0.

The method of matched asymptotic expansions as described in [16] is used to construct
the solution. In the inner region near the interface, we let p = e~ 1(r —r;) = O(1) and define
up(p; €) = Up(rp + €p; €). From (A.1) we obtain

"

’U/b+

up + Q(up) = oy, —00 < p < 00; up >0, (A.3a)
Ty + €p

up(0;€) = 0; up(p;€) = Si(e) asp— +oo. (A.3b)

Then, to leading order as ¢ — 0, we have that Sy (e) = si, ap(e) — 0, and up(p; €) = uo(p),
where ug(p) satisfies the one-dimensional planar interface problem

ug + Q(ug) =0, —00 < p < 00; uy >0, up(0;¢) =0, (A.4a)

ug(p) ~ s+ —are P p— oo; up(p) ~s_+a e p— —o0. A.4b
+ 0+

Here the positive constants v4 and a+ are defined by

' 1/2 S+ :I:I/i 1
= [- = d A.
= Q] togas =g + [ (it o) e (A9
where V(u) = — [ Q(n) dn.
We expand the solution to (A.3) as
up(p; €) ~ Z u;(p), ap(€) ~ Z doj, Si(e) ~ s+ Z duj(£00).  (A.6)
§=0 j=1 j=1
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Substituting (A.6) into (A.3), we obtain for some functions G; and g+, that u; for j > 1
satisfies
Lu; = u;-' + Q' (ug)uj = oj + Gj(ug, . .. ,uj_1), —00 < p < 00; (A.7a)
uj(p) = —ojvi’ + gjx(01,--. ,0j_1), asp— +oo; u;(0) =0. (A.7b)
JFrom (A.4) we see that Luj = 0 and ug(+oo0) = 0. Thus, the right side of (A.7a) produces

a solvability condition that determines o; as

-1 o0

oj = 7/ ug Gj(ug, ... ,uj_1)dp, for j>1. (A.8)
(3+ - 3—) —00

Equations (A.2), (A.6), and (A.8) determine the asymptotic expansions for uy(p;€), op(e),

and S (e). These conditions give

p

=54+ — €1 € ol = —"—— .Ja
S2(0) = 5e = FHOE),  o1= (4.92)

where
o= [ @] do=VE [ Vi) du. (A.9b)

In the outer region for r > r, we write Up(r;e) = Sy(€) + uy(r;€), where uy < S;.
Similarly, in the region where r < r, we let Uy(r;e) = S_(€) + u_(r;e), where u_ < S_.
We linearize (A.la) about Si to obtain that

uf +r 7l — () uy = 0, >, (A.10a)
' 4l — () ul = 0, r<Th. (A.10b)

Here v = (—Q’[Si(e)])l/Q. Then, using (A.9a) for Sy, we can calculate v§ for e < 1 to get
N %Q”(si) +0(?)] . (A.11)
+

Equations (A.10a), (A.10b) can be solved exactly in terms of the modified Bessel functions
K., and I,,. Using the large argument expansion of these functions and matching to the

far-field behavior of the inner solution, we obtain (3.2).

B The Principal Eigenpair

This appendix summarizes the calculations of [16] to asymptotically estimate the princi-
pal eigenpair ¢g, A of (3.4). The principal eigenfunction is locally radially symmetric near
=T}

In the internal layer region we set p = ¢ 1(r — r3) and ®g(p;€) = ¢o(rp + €p). We then
expand

Bo(pie) ~ D doi(p),  Kole) ~ D €N (B.1)
j=0 i=0
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Substituting Uy(r;e) ~ 3272 Juj(p) and (B.1) into (3.4a), we get the hierarchy

L®gy = XooPoo, (B.2a)
L(POI = —ul@ooQg — ’f'b_lq)f)o + )\01@00 + +>\0()(I>01 , (B2b)
_ _ 1
L®gy = —1; '@ + pry > @y — u1Po1 Q) — uaPooQf — 5“%‘500@3
+X200P02 + Ao1Po1 + Ao2Poo - (B.2c)

Here Qy = Q" (uo), and Lv is defined in (A.7a). The required far-field behavior is that
®p;(p) = 0 as p = +oo. Since Luy = 0 and uj(+oo) = 0, we have the solvability condition
that L®g; for j = 0,1,2 is orthogonal to u. This condition is used to determine ®(; and
Aoj- The results are

®o(p;€) = Ro [ug(p) +O(e)] 5 do =€ /ry+ O(%), (B.3)

where Rp is a normalization constant and ug satisfies (A.4).
In the outer regions where U, ~ Si(€), we let ¢g ~ Ry (r;€) and ¢ ~ Ropp_(r;€) for
r > 1 and 7 < 1y, respectively. Then (3.4a) becomes

", — () =0, r>7, (B.4a)

¢ +r gl — () po=0, r<my. (B.4b)

Here we have defined 7§ = vi[l + \o/(v$)?]'/2. These equations can be solved in terms
of modified Bessel functions and the solutions matched to (B.3), to produce (3.6). The
normalization constant Ry is found from the condition (¢o, ¢o) = 1. Evaluating this inner
product asymptotically we get Ry ~ (enry8) /2, where 3 was defined in (A.9b).
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