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Abstract

The dynamical behavior of spike-type solutions to a simplified form of the Gierer-Meinhardt
activator-inhibitor model in a one-dimensional domain is studied asymptotically and numerically
in the limit of small activator diffusivity . In the limit € — 0, a quasi-equilibrium solution for
the activator concentration that has n localized peaks, or spikes, is constructed asymptotically
using the method of matched asymptotic expansions. For an initial condition of this form,
a differential-algebraic system of equations describing the evolution of the spike locations is
derived. The equilibrium solutions for this system are discussed. The spikes are shown to evolve
on a slow time scale 7 = €2t towards a stable equilibrium, provided that the inhibitor diffusivity
D is below some threshold, and that a certain stability criterion on the quasi-equilibrium solution
is satisfied throughout the slow dynamics. If this stability condition is not satisfied initially or
else is no longer satisfied at some later value of the slow time 7, the quasi-equilibrium profile
becomes unstable on an fast O(1) time scale. It is shown numerically that this O(1) instability
leads to a spike collapse event. The asymptotic theory is compared with corresponding full
numerical results.

1 Introduction

Turing [20] showed how stable spatially complex patterns can develop from small perturbations of
spatially homogeneous initial data for a coupled system of reaction-diffusion equations. He then
proposed that localized peaks in the concentration of one of the species in the reaction could be
responsible for the process of morphogenesis. Since then, there have been many reaction-diffusion
models proposed for pattern formation, including the well-known activator-inhibitor model of Gierer
and Meinhardt [6], referred to below as the GM model. In the limit of small activator diffusivity,
this model can produce a pattern of localized peaks, or spikes, in the activator concentration.
The GM model, and various extensions of it, have been used to model localization phenomena in

developmental biology [7] and pattern formation on sea shells [10].
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The non-dimensional simplified GM model in a one-dimensional spatial domain is given by

4
at:fsQam—a—I—%, -l<z<l1l, t>0, (1.1a)
m
ozphm—uhﬂ—l‘;—s, l<z<l, t>0, (1.1b)
ap(£1,1) = hy(£1,8) = 0. (1.1¢)

Here a, h, e < 1, D > 0, and g > 0 represent the scaled activator concentration, inhibitor
concentration, small activator diffusivity, inhibitor diffusivity, and constant inhibitor decay rate.
The exponents (p, g, m, s) in (1.1) are assumed to satisfy

p>1, q >0, m > 0, s>0, 0<——«<

(1.2)

The dimensional analysis leading to (1.1) is given in [9]. The simplification to the GM model that is
made is that we neglect the time derivative of the inhibitor field. A mathematical survey of results
for the GM model in both one and several spatial dimensions is given in [14] and [25].

There has been much recent work on analyzing the behavior of solutions to (1.1). The existence
of symmetric spike-type equilibria for (1.1 was first proved in [19]. More recently, the method of
matched asymptotic expansions has been used in [8] and [23] to construct symmetric and asymmet-
ric equilibrium spike-type solutions for (1.1) in the limit € — 0. The stability properties of these
solutions has also been analyzed in [8] and [23]. A rigorous framework to analyze the stability of
equilibria for (1.1) is given in [26]. In contrast to these many results on the equilibrium problem,
there have been only a few attempts to analyze the dynamics of spike-type patterns for (1.1). In
particular, the dynamics of a one-spike solution for (1.1) was studied in [8]. The motion of a one-
spike solution for the GM model in a two spatial dimensional domain has been analyzed in [3] and
[22]. The dynamics of a one-spike solution for an extension of (1.1) that allows for the effect of
precursor gradients was studied in [22].

With the mathematical framework for the existence and stability of spike-type solutions for
(1.1) already established, our goal in this paper is to analyze the dynamics of spike-type solutions
to (1.1) in the limit ¢ — 0. In particular, in the limit ¢ — 0 the method of matched asymptotic
expansions is used to construct a quasi-equilibrium solution for the activator concentration that
has n spikes. For an initial condition of this form, a formal asymptotic method, together with the
Fredholm alternative, is used to derive a differential-algebraic (DAE) system of equations describing
the evolution of the spike locations. This DAE system represents a projection of the full dynamics of

(1.1) onto a finite dimensional dynamical system. This analysis shows that the spike locations evolve



on a slow time scale 7 = £t towards a stable equilibrium, provided that the inhibitor diffusivity D
is below some threshold, and that a certain stability criterion on the quasi-equilibrium solution is
satisfied throughout the slow dynamics.

This stability criterion for the quasi-equilibrium solution plays a central role in the evolution of
a pattern of spikes. We show that at some time during the slow evolution, the quasi-equilibrium
solution can be become unstable on a fast O(1) time scale. An asymptotic analysis, together with a
spectral result of [24], is used to derive a stability threshold that determines the precise conditions
for which the instability will be triggered. An important feature of this instability is that it can
be triggered even for patterns where the spikes are widely spaced. Numerical examples show that
this instability leads to the annihilation of one spike in the spike sequence. At the end of an O(1)
time interval marking the duration of the collapse process, the resulting quasi-equilibrium profile
regains its stability with regards to the O(1) eigenvalues. The remaining spikes then evolve slowly
until, either, they reach a stable symmetric equilibrium solution or until another O(1) instability is
triggered at a later time, which leads to further collapse events. We examine this scenario carefully
for profiles with two and three spikes. The asymptotic theory is compared with corresponding full
numerical results from (1.1).

In recent years there has been much work in characterizing the dynamics of localized solutions
to phase transition models in one spatial dimension, including the well-known fourth-order Cahn-
Hilliard model (see the survey paper [21] and the references therein). Consider the Cahn-Hilliard
equation on a finite interval defined under the natural boundary conditions associated with the usual
free-energy functional. In contrast to the spike-type solutions for (1.1), the Cahn-Hilliard equation
supports the existence of a collection of shock-type solutions, represented locally by heteroclinic
orbits of the corresponding stationary problem.

There are many interesting differences between the motion of a pattern of internal layers for
the Cahn-Hilliard equation and the motion of a collection of spikes for the GM model (1.1). The
first difference is that in the limit of thin interface thickness, the motion of the internal layers for
the Cahn-Hilliard equation is exponentially slow or metastable, rather than algebraically slow as
for (1.1). The second difference is that for the Cahn-Hilliard problem there is no mechanism for the
triggering of an O(1) instability for a pattern with widely separated internal layers. Thus, the coars-
ening or interface collapse process is very different than for (1.1). Specifically, for the Cahn-Hilliard
model, over an exponentially long time interval the internal layers will either collapse against one of
the boundaries of the domain or they will collapse together in pairs. These collapse events continue
until eventually a stable equilibrium with exactly one internal layer remains. Equilibrium solutions

with more than one internal layer are unstable. In contrast, depending on the value of the inhibitor



diffusivity D, it is possible to have a stable spike-type solution for (1.1) with more than one spike.

Spike-type solutions also occur for other reaction-diffusion systems including the Gray-Scott
model (cf. [17], [4], [5], [12], [13], [16]). This model has some similarities to the GM model. The
stability of equilibrium spike solutions on an infinite line has been studied in [5] and [12]. The
Gray-Scott model also exhibits a phenomenon known as pulse-splitting, whereby, under certain
conditions, a solitary spike will first split into two spikes. Each of the resulting spikes can then
undergo further splitting events. This spike-replication behavior has been studied by many authors,
including [17], [4], [16] and [13]. This splitting behavior does not occur for (1.1) in the limit ¢ — 0
and D = O(1), which we consider.

The outline of the paper is as follows. In §2 we construct a quasi-equilibrium solution for (1.1)
with n spikes. We also derive a DAE system characterizing the dynamics of the spike locations. In
§3 we survey the results of [8] and [23] for the existence and stability of spike-type patterns for (1.1).
These equilibrium spatial patterns can be characterized by the equilibria of the DAE system. In §4
we analyze the mechanism by which the n-spike quasi-equilibrium solution can become unstable on
a fast O(1) time scale. We show that, at a given value of the slow time variable 7, the n-spike profile
will be stable if and only if the maximum eigenvalue of a certain matrix, which depends on D and
on the spike locations at time 7, is below some threshold. In §5 we present numerical simulations
of the asymptotic DAE system for patterns with two and three spikes. We illustrate this instability

with a few examples. The asymptotic theory is compared favorably with full numerical results from

(1.1).

2 The Dynamics of Quasi-Equilibrium Solutions

We derive a system of ordinary differential equations describing the dynamics of the spike locations
for an n-spike quasi-equilibrium solution to (1.1). The spike locations z; are assumed to satisfy
—l1<z;<ziy1 <lfori=1,.,n—1. In [8] a one-spike solution was analyzed in detail and it was
found that the spike evolves on a long time-scale ¢ = O(e 2). Hence, we expect that z; = z;(7),
where 7 = £2t.

In the inner region near each z;, we introduce the new variables
yi=c Nz —x), hi(y,7) = h(@ +eyi e 27),  ai(y,7) = a(z; +eyi,e 27), T=c%t. (2.1)
We then expand

hi(yi, 7) = hio(ys, 7) + €hit (yi, 7) +-- -, ai(yi, 7) = aio(yi) + €ai (yi, 7) + -+ . (2.2)



Substituting (2.2) into (1.1a) and (1.1b), we get to leading order that

a;lo —ajo + afo/hgo =0, —00 < y; < 00, (2.3a)

n

Here the primes indicate derivatives with respect to ;. In order to match to the outer solution
below, we need that ho is bounded and that a;o — 0 as |y;| — oco. Thus, from (2.3b), we get that

hio = Hi(7), (2.4a)

for some unknown H;. The solution to (2.3a) is

aio(yi) = Hjue(ys),  where  y=q/(p—1), (2.4b)

and u.(y) satisfies
U, — te+ul =0, —00 <y <00, (2.5a)
ue—0 as |y| = oo; u,(0) =0, uc(0) > 0. (2.5b)

In particular, when p = 2 we have

uc(y) = gsech2 (y/2) . (2.5¢)

The O(e) problems obtained from substituting (2.2) into (1.1a) and (1.1b) are

p—1 P
n pa’iO qaio 1o,
Q;1 — Q1+ G = —1hi1 — Q0 T (2.6a)
' hig hiF oY
n (1;8
h’iO

Here &; = dz; /dr. Substituting (2.4) into (2.6), we get

L(an) = a;ll — a1 —f—pu’c’_laﬂ = quilughﬂ - HZu’c z;, (2.7a)

Dhyy = —H)™ 5y (2.7b)

Cc

Since L(u,) = 0, and u, — 0 exponentially as |y| — oo, the right-hand side of (2.7a) must satisfy

the solvability condition that it be orthogonal to u’c In this way, we get

oo , 2 o0 ,
T; / [uc(y)] dy ~ %/ uPu hit dy; . (2.8)
? J—00

—00



Integrating (2.8) by parts twice, and using the facts that h;; and u. are even functions, we obtain

o0 ! 2 q o0 +1 1] '
. ~ 4 P : . H . i
& / lucy)| dy Hlp T T ( / [te(y)] dy) (yigrfoohmyigmwhu) (29

o o
fori=1,..,n.
Now in the outer region, defined away from O(e) regions near each x;, a is exponentially small

and we expand
h(z) = ho(z) + o(e) . (2.10)

Since ¢ < 1, and a is localized, the term e~'a™/h® in (1.1b) in the outer region behaves like a
linear combination of delta functions centered at z; for i = 1,..,n. Substituting (2.4) and (2.10)
into (1.1b), and letting € — 0, we find that hg satisfies

Dhogz — ptho = —bp zn:HZm_sd(w - %), by = /Z [uc(y)]™ dy, (2.11a)
- hos(£1) = 0. (2.11b)

The solution to (2.11) is
ho(z) = by, 2”: H)™ 7 G(z; ), (2.12)

i=1

where G(z;z;) satisfies
DGyy — pG = —0(z — ;) , -l<z<1, (2.13a)
Go(£1;2;) = 0. (2.13b)

To match with the inner solutions near each x;, we require for ¢ = 1,..,n that

ho(xz) = Hi (2.14&)
lim hy; + lLim  hy = hog(2iy) + hoo(zis) - (2.14b)

Yi—0 Yi——00

From (2.14a) and (2.12), we obtain a nonlinear algebraic system for H;, i = 1,..,n.
The final step in the derivation is to calculate the integral f defined by

25 Tuc)P* dy _

2.15
%o )] dy (219

f




To do so, we first multiply (2.5a) by u.. Upon integrating the resulting equation over the domain,

/ e, dy — / u? dy + / ultldy =0. (2.16)
—00 —00 —00

Upon integrating the first term in this equation by parts, we get

we obtain

22 [ue(y)])? dy

—l=e—-f, where e= - .
S )] dy

(2.17)

To obtain an additional equation, we multiply (2.5a) by u’c and integrate over the domain to fix

the constant of integration. We then integrate the resulting expression again to get

2f
l=e— ——. 2.1
¢ p+1 (2.18)
Solving (2.17) and (2.18), we obtain
_2(p+1)
f== 1 (2.19)

The dynamics of the n-spike pattern is obtained by substituting (2.14) and (2.19) into (2.9) and
(2.12). The main result is summarized as follows (relabeling H; by h; in the notation below):

Proposition 2.1: For ¢ < 1, the quasi-equilibrium solution for a and h is given by

~a. = Z h,7uc (z —zj)] , (2.20a)
h(z,t) ~ he = b Z W™ G (w3 ), (2.20b)
j=1

where h; = hi(7) and x; = z;(1) satisfy the following differential-algebraic system fori=1,..,n

n
hi =bpm > W™ Glas ), (2:21a)
j=1
dx; 2qb -
7 1 ym—s . ym—s .
e L (Gz>z+z;hj Gy(zizz5) | - (2.21b)
=
J#i

Here u,. satisfies (2.5), by, is defined in (2.11a), T = €%t, and (Gy); = [Gy(ziy;Ti) + Go(wi ;3 3:)] /2.



The system (2.21) can also be written in matrix form as

2
h = b, GhY™* | Z—‘: ~— qub"iﬂ—lpmm—s , (2.22)
where dx/dT = (i1, ... ,&,)". Here we have defined
hy 0 --- 0
G(z1i;71) - G(z1;70) o - 0
G= : : ,  H= o : (2.23a)
G(-Tn; -'El) T G(.’En, -'En) 0 O by
and
(Go(zi;21))o -+ Golz170) ha h™
P = : . : , h= : , RTS8 = :
Gw(wn;xl) tet <Gz($na$n)>n hn hy™?
(2.23b)

Alternatively, we can write (2.22) in terms of certain tridiagonal matrices. In Appendix A, we
show that

B—l
g= , (2.24)
vuD
where B is the tridiagonal matrix
¢t dp 0 -+ 0 0 0 )
d1 C9 0 0
B= : : ) (2.25a)
0 0 - o 1 dpna
0 0 0 -+ 0 dp1 ¢

with matrix entries defined by
¢y = coth[0(ze — z1)] +tanh [0(1 + z1)] ; ¢, = coth[0(z,, — z,,—1)] + tanh [0(1 — z,,)] , (2.25b)
¢; = coth [0(z;41 — zj)] + coth [O(z; —z;—1)], j=2,.,n—1, (2.25¢)
dj = —csch[0(zj41— )], j=1,.,n—1. (2.25d)



Here 6 = \/p/D.

Next, we calculate the matrix product PB using the procedure as outlined in Appendix A. We

find that PB is a tridiagonal matrix of the form

( es fi 0 - 0 0 0
—fi e - o o0 0
. [ N T 0
PB = pr, where Py = : : . (2.26a)
0 0 €n—1 fn—l
0 0 0 -+ 0 —fao1 e

The matrix entries are defined by

e; = tanh [0(1 + z1)] — coth [0(z2 — z1)] ; en = coth [@(xy, — xp—1)] — tanh [0(1 — z,)] , (2.26b)
e; = coth [0(z; — z;_1)] — coth[f(zj41 — ;)] , j=2,.,n—-1, (2.26¢)
fi=csch[0(zj41—z5)], j=1,.,n—1. (2.26d)

Substituting (2.24) into (2.22), we obtain the following result equivalent to (2.21):
Corollary 2.1: The differential-algebraic system (2.21) is equivalent to the matriz system

dx q T b’m ym—s
-~ = = . 2.2
i~ 1,/DH P,h,  Bh _HDh (2.27)

Here H, B and Py are given in (2.23a), (2.25), and (2.26), respectively.

The advantage of this formulation over (2.21) is that (2.27) is expressed only in terms of tridiag-
onal matrices. Starting with certain initial data x(0), in §5 we give numerical examples showing the
evolution of the quasi-equilibrium solution (2.20) and (2.27) towards a stable equilibrium solution.
These asymptotic results are also compared with full numerical results computed from (1.1).

3 Symmetric and Asymmetric Equilibria

From (2.27), the equilibrium values of h and x satisfy

Bh = \/I’%mm—s : Pyh =0. (3.1)



In this section we recall some results obtained in [8] and [23] for the existence and stability of
symmetric and asymmetric spike patterns for (1.1).
For the symmetric spike patterns where h; = H for j = 1,..,n, the x; are located at the
symimetry points
2 — 1 _
In this case, it was shown in [8] that 2tanh (8/n), with & = \/u/D, is an eigenvalue of B with

associated eigenvector v = (1,1,..,1)*. In addition, Pyv = 0. Hence, from (3.1), the common spike

Fym—(s+1) — L;)“D tanh (g> . (3.3)

n

value h; = H is

The symmetric n-spike solution is obtained by substituting (3.2) and h; = H into (2.20).
In [23], asymmetric n-spike equilibrium patterns are constructed asymptotically. These patterns
consist of n; > 0 small spikes of type A and no = n — ny > 0 large spikes of type B arranged in

any particular order from left to right across the interval [—1,1] as
ABAAB...B, ny — A’s, ny — B’s. (3.4)

A plot of such a solution with five spikes in an ABBAB pattern is shown in Fig. 1. The following
result for asymmetric equilibrium spike patterns is obtained in [23].
Proposition 3.1(see [23]): Let € — 0 and D < Dy,, for some critical value D,,. Then, there

ezists an asymmetric n-spike equilibrium solution to (1.1) of the form (2.20), where h; satisfies

pym—(s+1) _ (2\/ pD
J b

m

) tanh (1;60) , 0=+/p/D. (3.5)

Here for each j, l; =1 orl; = [, where | and [, with | # 1, are determined in terms of n1, ne and

Vit/D by the nonlinear system
ml+ml=1, b [l\/u/D] =b [f\/u/D] , (3.62)

where tanh” )
b(z) = anh 2 r

coshz ’ ym —(s+1)° (3-6D)

The value lj = 1 must occur n1 > 0 times, while l; = I must occur ng =n —mny > 0 times. The
small and large spikes can be arranged in any sequence. Finally, the spike locations x; are found
from

=104 —1, zr=1-—1, Tiv1 =+l +1l, j=1,.,k—2. (3.7)

10
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Figure 1: Plot of the activator and inhibitor concentration for a five-spike asymptotic asymmetric
equilibrium solution with ¢ = .02, D = .04, p = 1, and (p,q,m,s) = (2,1,2,0). The solid curve is
the activator concentration and the dotted curve is the inhibitor concentration.

Detailed numerical computations determining the critical value D,,, as well as further more
refined results for asymmetric equilibria, are obtained in [23]. For our purposes, the key point
concerns the relationship between the symmetric and the asymmetric equilibrium spike patterns.

Define an Li-type norm of the equilibrium solution for a by

n
laly =) A, (3.8)
j=1

The norm |a|; is a function of D. Label the symmetric branch with n spikes by s,. Then, the
following result was shown numerically in [23]:

Proposition 3.2(see [23]): An n-spike asymmetric solution branch with ny small spikes of type

A provides the connection, as D 1is varied, between the symmetric branches s, and sp_n,. All of
the asymmetric branches with n spikes bifurcate from the symmetric branch s, at the critical value

D = Dy given by
W

T n2flog (Vi + VT D)2

Dy (3.9)
Here 1 is defined in (3.6b).

11



A formal asymptotic analysis is used in [8] and [23] to study the stability properties of symmetric
and asymmetric spike patterns, respectively. In the analyses of [8] and [23], there are two classes
of eigenvalues that need to be considered. The first class are the large O(1) eigenvalues, resulting
from global spike interactions. They correspond to strong instabilities of small perturbations of
the equilibrium solution on an O(1) time-scale. This type of instability, referred to here as a
profile instability, is not contained in the system (2.27). The second class of eigenvalues are the
small O(g?) eigenvalues that are associated with near translation invariance and slow dynamics
near the equilibrium solutions. These small eigenvalues arise from the linearization of (2.27) about
equilibrium values for b and x. Thus, these eigenvalues are contained in the system (2.27). Critical
ranges of D that ensure the stability of the equilibrium solution with respect to both classes of
eigenvalues are derived in [8] and [23]. These critical values of D are obtained from studying the
spectrum of certain matrix eigenvalue problems that result from a formal asymptotic analysis on the
eigenvalue problem associated with the differential equation. A rigorous approach to derive these
matrix eigenvalue problems from the associated differential equation is given in [26]. The original
approach of [8], which relies heavily on the use of Green’s function techniques, was motivated by the
approach taken in [15] for studying the stability of pulse-type solutions in the Fitz-Hugh Nagumo
equation.

The main qualitative stability conclusions from the analyses of [8] and [23] are as follows. For a
certain nontrivial range of D near the bifurcation value Dy, each n-spike asymmetric solution branch
that bifurcates from the symmetric branch s, is stable with respect to the large O(1) eigenvalues.
However, based on numerical evidence, each of these bifurcating asymmetric branches is always
unstable with respect to the small O(e?) eigenvalues. The symmetric branch is stable with respect
to the large eigenvalues when D < D, and is stable with respect to the small eigenvalues when
D < Dy. Here D,, for n > 2, is given by

D,, = 4un2 [ln (/3 /B2 - 1)] L B=14(1+cos[r/k)r, (3.10)

where r is defined in (3.6b). These two critical values of D satisfy the inequality D, < D,. As
shown in [8], n = 1 is a special case and for this value D; is exponentially large as ¢ — 0. In Fig. 2
we plot a bifurcation diagram of |a|; versus D, showing the asymmetric and symmetric branches
with three or fewer spikes and their stability ranges with respect to the large O(1) eigenvalues.
The implication of these results is that there are many equilibria of the quasi-equilibrium dy-
namics (2.27) with exactly n interior spikes. One of them corresponds to the symmetric spike
pattern, and the rest correspond to asymmetric patterns. However, only the symmetric branches

will be stable with respect to both the large and small eigenvalues when D < Dj. Hence, it is rea-
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Figure 2: Plot of |a|; defined in (3.8) versus D for solutions with three or fewer spikes. Here py =1
and (p,q,m,s) = (2,1,2,0). The symmetric branch with n spikes is labeled by s,. The asymmetric
patterns AB, BAB, and AAB are labeled by 01, 101, and 001, respectively. The portions of the
branches that are solid (dotted) are stable (unstable) with respect to the large O(1) eigenvalues.

sonable to expect that when D < D, the quasi-equilibrium dynamics (2.27) starting from certain
initial (0), will tend to a symmetric equilibrium with n spikes. Based on the numerical evidence
of §5, a mecessary condition for this to occur is that the quasi-equilibrium solution is stable with
respect to the large O(1) eigenvalues throughout the slow dynamics. For symmetric equilibria,
this stability threshold is given by D,, in (3.10). For the quasi-equilibrium solution, the stability

threshold depends on the values of h and x at a given 7.

4 Stability of the Profile: The Large Eigenvalues

We now examine the stability, at a fixed value of 7, of the quasi-equilibrium profile constructed
in §2. The quasi-equilibrium profile of §2 varies on a slow time-scale 7 = ¢%¢t. We would like to
determine whether this profile can undergo an instability on a fast time-scale of O(1). Hence, since
there is a time-scale separation when ¢ < 1, in the eigenvalue analysis below we can treat 7 as
being a fixed parameter. To derive the eigenvalue problem, we substitute

a(z,t) = ac + eMp(z), h(z,t) = he + eMy(z), (4.1)

13



into (1.1) where a. and h. are defined in (2.20), and 7 < 1 and ¢ < 1. This leads to

p—1 P
pa qa
oz — ¢+ i:q $— =X, —l<az<l, (4.2a)
¢ he
_y, a! _1, ac
D1jyy — pn = —e'm x o+e SW"’ -l1<z<1, (4.2b)
¢x(£1) =nx(£1) =0. (4.2¢)

The spectrum of (4.2) contains large eigenvalues that are O(1) as ¢ — 0. Our analysis predicts

(

that the quasi-equilibrium profile becomes unstable on an O(1) time-scale when the z;(7), hi(7),
for i = 1,..,n, are such that (4.2) has an eigenvalue with Re(A) > 0. This prediction is confirmed
from the computational results in §5 of the full system (1.1)

We now proceed with the eigenvalue analysis. We look for an eigenfunction of (4.2) in the form
k
$x) ~ > ¢ile M —1))] , (4.3)
7j=1

where ¢;(y) — 0 exponentially as |y| — co. Then, the right-hand side of (4.2b) with s = 0 behaves
like a sum of delta functions when ¢ < 1. Substituting (2.20) and (4.3) into (4.2b), we get

n n
Dngs = |+ sbm Y 17" Vo(a —2)) | n= =Y wjb(w — ), (4.4a)
j=1 j=1
where ~
wj =m0 / u™ g dy . (4.4c)
—0o0

This problem is equivalent to

Dnyy —pn =0, —1<z<1l;  ne(£1)=0, (4.5a)
[n]j =0, [Dnm]j = —wj;+ Sbmh;mi(s_kl)n(.’ﬂj) , (4_5b)

where [v]; = v(zj4) —v(z;—). By solving this system on each subinterval as in Appendix A, we can
show that

T [09)

5bm ym—(s+1) — 77(. 1) — .1
B+\/M_D’H n=w/\/uD, n= : , w= (4.6)

n(zn) Wn

14



Here H and B are defined in (2.23a) and (2.25), respectively. Since s > 0 and H is a positive

matrix, we can solve for 7 as

-1 o0 -1
n= Mo (B+ som wm““)) Hy(m—1)=s —f“";ouzn Pdy) (4.7)
VuD VuD S0, i dy

Next, we substitute (2.20) and (4.3) into (4.2a) to obtain, for j = 1,..,n, that

"

¢; — b5 +pul Lp; — qh] "ubn(z;) = Ng;,  —oc0<y< oo, (4.8)

with ¢;(y) = 0 as y = co. We can write (4.8) in matrix form as
¢ —d+pul'¢—qulH I =X, (4.9)

Substituting (4.7) into (4.9), we obtain the eigenvalue problem

" B [ ut P dy
¢ —¢+pul 1¢—mqu13( Ofofooougﬂdy >=)\¢, —00 <y <00, (4.10a)
¢—0, as |yl — oo, (4.10Db)
where the matrix £ is defined by
£ = b_me_['yl (B + ;b_%yvm(wl))_l qqym—(s+1) /17 (4.11)
T T

Since G = B~!/y/uD is positive definite and H is a positive diagonal matrix, we conclude that &

has real positive eigenvalues. We decompose £ as
5 = SilAeS, (412)

for some nonsingular matrix S. Then, upon defining ¥ = S¢, we obtain from (4.10) that

" o ’U,m_lA d
Y — P +pul ' — mgul Joo - VW) _ AP,  —oco<y< oo, (4.13a)
c c f_oo ’U;Zn dy
P —0, as |yl — oco. (4.13b)

Since A, is a diagonal matrix we obtain n uncoupled problems from (4.13).
The next step is to determine the conditions for which Re(\) < 0 in (4.13). For this we need
the following key result of Wei [24]:
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Theorem(Wei [24]): Let 5 > 0 and consider the nonlocal eigenvalue problem for ¢(y)

" *° ’U/m_l d
¢ —¢+pul~'p—B(p—1)ul M =Xy, —o0o<y<oo, (4.14a)
Sl uidy
$—0 as |yl — o0, (4.14b)

corresponding to eigenpairs for which X # 0. Here u.(y) satisfies (2.5). Let Mg # 0 be the eigenvalue
of (4-14) with the largest real part. Then, if 8 < 1, we have

Re()\o) >0. (4.15)
Alternatively, if 8 > 1 and if either of the following two conditions hold
(i) m=2, 1<p<5, or (i) m=p+1, p>1, (4.16a)

then
Re()\o) <0. (4.16b)

The proof of (4.16) is given in Lemma A and Theorem 1.4 of [24]. The simple proof of (4.15)
is given in Appendix E of [8]. By comparing (4.13) with (4.14), we obtain the following result on
the spectrum of (4.13):

Proposition 4.1: Let \g # 0 be the eigenvalue of (4.13) with the largest real part and assume
condition (4.16a) holds. Let ay be the minimum eigenvalue of the matriz £ defined in (4.11).
Then, Re(Xg) > 0 when

(p—1)
gm

a; <

(4.17)

Also, Re(Ag) < 0 when oy > (p —1)/gm.
. —1
A more convenient criterion is obtained by writing £ in (4.11) as £ = H~! (5 + sl ) HT,
where

E= —*’b“D%*VmHS“)B. (4.18)

The eigenvalues of £ and (5 +s1 )_1 are identical. We can then rewrite Proposition 4.1 as the
following simple criterion:

Corollary 4.1: Let A\g # 0 be the eigenvalue of (4.13) with the largest real part and assume
condition (4.16a) holds. Let e, be the mazimum eigenvalue of the tridiagonal matriz E defined in
(4.18). Then, Re(Xo) > 0 when

s (4.19)



Also, Re(Ao) < 0 when e, < gm/(p—1) — s.

The results of [8] and [23] for the stability of symmetric and asymmetric equilibrium spike
patterns with respect to the large O(1) eigenvalues were obtained from a criterion such as Corollary
4.1. In our numerical examples in §5 of the evolution of the quasi-equilibrium solution, we track

the maximum eigenvalue of € as a function of 7 and determine the behavior of the solution if the
threshold in (4.19) is exceeded.

5 Comparison of Asymptotic and Numerical Results

We now compare the asymptotic results for the spike motion with corresponding numerical results
computed from (1.1). Unless otherwise stated, in the comparisons below we have taken the param-
eter values y = 1, the exponent set (p,q,m,s) = (2,1,2,0), and € = 0.02. The comparisons are
made for various values of the inhibitor diffusivity D, of the number of spikes n, and of the initial
spike locations z;(0), for j = 1,..,n. The time variable given in the plots below correspond to the
slow time variable 7 defined in (2.1) by 7 = £%¢t. With € = .02, we get t = 25007.

To compute the full numerical results from (1.1), we use the NAG library code [11] with 2001
equidistant meshpoints. For given values of D, n, and z;(0) for j = 1,..,n, we take the quasi-
equilibrium solution (2.20) to be the initial condition for a and h. To compute a(z,0) and h(z,0),
we must determine the initial values h;(0), for j = 1,..,n, from the nonlinear algebraic system for
h; in (2.27). This is done using Newton’s method. In the Newton iteration we require an initial
guess for the h;. This is quite a nontrivial task, and to do so we use one of the two different
methods. The first method is to perform a homotopy in the spike locations starting from the
symmetric equilibrium solution (3.2) and (3.3). The second method is a homotopy in the value
of D, starting from a value of D where D > 1. When D > 1, we can use an initial guess of the
form h; = hy, where the constant h, is independent of j and is readily determined. From this
starting point, the homotopy involves decreasing the value of D to the desired value. Sometimes
one of these homotopy approaches failed. This failure, which is a result of the non-invertibility
of the linearized system for the h; at certain specific parameter values, is explained below. Once
the nonlinear system for the h; in (2.27) is solved, the initial condition for a(z,0) and h(z,0) is
known from (2.20) and the NAG solver [11] is used to compute the solution to (1.1) at later times
7. The locations of the spikes from these numerical results were obtained by a local quadratic
interpolation.

The asymptotic results were obtained by solving the differential-algebraic system (2.27) for
zj(7) and h;(7) using the ODE solver [18] coupled together with Newton’s method to determine
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the h;. Another method, which we found to work equally well, is to use the differential-algebraic
solver DDASSL [2] directly. The initial values for /;(0) were obtained using one of the homotopy
methods described above. It is very important to calculate the maximum eigenvalue e,, of (4.18)
as a function of 7. The curve e, = e,,(7) is computed at each step by using the eigenvalue solver
[1]. The asymptotic theory predicts that if e, > 2 at any value of 7, the quasi-equilibrium profile
develops an instability on an O(1) time scale. This asymptotic prediction is verified below from
numerical results obtained from the full numerical solution to (1.1).

In §5.1 and §5.2 we give asymptotic and numerical results for the case of n = 2 and n = 3,
respectively. Some observations and a conjecture concerning the collapse process are discussed
briefly in §5.3.

5.1 Two Spikes n =2

When n = 2, the nonlinear system in (2.27) for h; reduces to

cih1 +dihe = bmh’{mis/\/ uD (5.18.)
dlhl + 02h2 == bmhgm_s/\/ /,LD , (51b)

where ¢; and d; are defined in (2.25a). From (5.1) we readily obtain an equation for hi/hy. The
differential equations for z; in (2.27) depend only on the ratio hi/ho. In this way, we obtain the
next result.

Corollary 5.1: When n = 2, the differential-algebraic system (2.27) is equivalent to

%1 = —( (tanh[0(1 + z1)] — coth[0(z2 — z1)] + csch[f(z2 — z1)]/€) , (5.2a)
%9 = —( (—&csch[f(zo — z1)] + coth[f(ze — z1)] — tanh[f(1 — z2)]) , (5.2b)

where &€ = hy/hy satisfies

f(€) = csch[f(z2 — 21)] (§7m_5+1 — 1) + coth[f(z2 — z1)] (§ — §7m_8)
+ tanh[0(1 4 z1)]€ — tanh[f(1 — z2)]"" 7% = 0. (5.2¢)

Here ( =q0/(p — 1), where 0 = \/,u/—D

In the special case of symmetric initial data where z1(0) = —z2(0), we have that £ = 1 is a root
to (5.2c). In this symmetric case, £ = 1 and z1(7) = —z2(7) for all 7. Combining (5.2a) and (5.2b)
we obtain the next result.
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Corollary 5.2: Let n = 2 and assume that the initial data is symmetric in the sense that x1(0) =
—129(0). Let y = xo — x1. Then, (5.2) is equivalent to the single differential equation

7 = 2¢ (csch(0y) — coth(fy) + tanh [0 (1 — y/2)]) , (5.3)

where ( = qf/(p — 1) and 0 = \/,u/—D

The behavior of the spike dynamics depends on the value of D with respect to Dy, the initial
positions of the spikes, and the initial value of the maximum eigenvalue e,, of Corollary 4.1 at 7 = 0.
Recall from §3 and (3.9) that a two-spike symmetric equilibrium solution with spikes located at

x1 = —x9 = —1/2 will be stable if D < Dy =~ 0.3218. We now gives some examples of the theory.

: 2.25 .

D0 Fr e e e -

_00f .
Lj

—0.25

0.0 0.5 1.0
T T
(a) z; versus T (b) em versus T

Figure 3: In Fig. 3(a) we plot z; versus 7 for the two symmetric parameter sets in Example 1. The
solid and heavy solid curves correspond to the full numerical results for Example 1a and Example
1b, respectively, given in (5.4). The asymptotic results computed from (5.3) correspond to the
dotted curves. In Fig. 3(b) we plot the maximum eigenvalue e,, of (4.18) versus 7. In this figure
the solid and heavy solid curves refer to Example 1a and Example 1b.

Example 1: (Symmetric Initial Data) We consider two different examples of symmetric initial

data with z1(0) = —z2(0). The parameter values are
Example 1la: z1(0) = —0.4 = —z5(0), D =04, (5.4a)
Example 1b: z1(0) = —0.2 = —z2(0), D =01, (5.4b)
Note that a symmetric equilibrium solution with two spikes is such that z; = —z9 = —1/2.
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At 7 = 0 we then compute the eigenvalue e,, from Corollary 4.1 that determines the stability
of the initial quasi-equilibrium profile. For Examples 1la and 1b we compute numerically that
em(0) = 1.944 and e,,(0) = 1.793, respectively. Thus, for both examples, the initial profile is stable
with respect to the large O(1) eigenvalues. However, in Example 1la we have D > D, whereas in
Example 1b we have D < Dy. Therefore, it is only for Example 1b that the symmetric equilibrium
solution is stable with respect to the small eigenvalues.

The asymptotic result for these two examples is obtained by integrating (5.3). A simple analysis
shows that for any initial data y(0) > 0 and any value of D, the solution to the ODE (5.3) has the
limiting asymptotic behavior y — 1 as 7 — oo. Hence, this ODE predicts that z; - —1/2 and
z2 — 1/2 as 7 — oo for Example la and for Example 1b.

To attempt to resolve this paradox, we refer to Proposition 11 of [8] where it was shown that
when D > Dy, there is exactly one positive and one negative small eigenvalue for the linearization of
(1.1) about the two-spike symmetric equilibrium solution. The positive eigenvalue becomes negative
when D crosses below Dy. Thus, when D > Dy, the symmetric equilibrium corresponds to a saddle
point in phase-space with one only stable direction towards the equilibrium. We conjecture that
by taking symmetric initial data we approach the symmetric equilibrium solution along the stable
manifold. Although an analytical verification of this conjecture requires is very difficult since it
requires a global construction of the stable manifold, we can readily obtain some partial evidence
consistent with our conjecture. The first observation, obtained from the analysis leading up to
Proposition 11 of [8], is that in a small neighborhood of the symmetric equilibrium solution the
eigenfunction associated with the stable direction is the one for which the spikes have equal height.
Secondly, we show in Example 4 below that when D > D, and the initial data is only slightly

asymmetric, the time-dependent solution does not tend to a symmetric equilibrium solution.

T z1 (mum) | zo (num) | z; (asy) | z2 (asy)
0.06 | —0.4163 0.4163 —0.4157 | 0.4157
0.09 | —0.4238 0.4238 —0.4225 | 0.4225
0.18 | —0.4419 0.4419 —0.4399 | 0.4399
0.27 | —0.4557 0.4557 —0.4535 | 0.4535
0.36 | —0.4662 0.4662 —0.4639 | 0.4639
0.45 | —0.4742 0.4742 —0.4721 | 0.4721
0.54 | —0.4803 0.4803 —0.4783 | 0.4783
0.63 | —0.4850 0.4850 —0.4832 | 0.4832

Table 1: The numerical and asymptotic results for z; and zo versus 7 for Example 1a.

20



T z1 (num) | zo (num) | z7 (asy) | z2 (asy)
0.06 | —0.2762 0.2762 —0.2670 | 0.2670
0.12 | —0.3283 0.3283 —0.3146 | 0.3146
0.24 | —0.3946 0.3946 —-0.3779 | 0.3779
0.36 | —0.4337 0.4337 —0.4177 | 04177
0.42 | —0.4472 0.4472 —0.4321 | 0.4321
0.48 | —0.4579 0.4579 —0.4439 | 0.4439
0.66 | —0.4786 0.4786 —0.4681 | 0.4681
0.78 | —0.4863 0.4863 —0.4781 | 0.4781

Table 2: The numerical and asymptotic results for z; and x5 versus 7 for Example 1b.

For Examples la and 1b, in Fig. 3(a) we compare the trajectories z;(7) for j = 1,2 computed
from the asymptotic result (5.3) with the full numerical results computed from (1.1). Selected
values for z; from the asymptotic and full numerical results are shown in Table 1 and Table 2
for Examples la and 1b, respectively. The agreement is found to be close. In Fig. 3(b) we plot
em = en(7) for both examples. The threshold for an O(1) instability is given by the dotted line
in Fig. 3(b). Notice that e,, decreases as 7 increases, so that no O(1) instability occurs at later
times. In Fig. 4(a) and Fig. 4(b) we plot the numerical solution a versus z at different values of 7

for Example 1a and Example 1b, respectively.

Example 2: (Generic Initial Data) We consider two sets of generic initial data. The parameter

values are taken to be

Example 2a: z1(0) = —0.2, =z5(0) = 0.32, D=0.1, (5.5a)
Example 2b: z1(0) = —0.8, z9(0) =0.20, D=0.2. (5.5b)

For Examples 2a and 2b we compute numerically from (4.18) that the maximum eigenvalue e,
in Corollary 4.1 at 7 = 0 is e,,(0) = 1.4846 and e,,(0) = 1.4106, respectively. Thus, for both
examples, the initial profile is stable with respect to the large O(1) eigenvalues. For both examples
D < Dy so that the symmetric equilibrium solution is stable.

For Examples 2a and 2b, in Fig. 5(a) we compare the trajectories z;(7) for j = 1,2 computed
from the asymptotic result (5.2) with the full numerical results computed from (1.1). Selected
values for x; from the asymptotic and full numerical results are shown in Table 3 and Table 4
for Examples 2a and 2b, respectively. As seen in Fig. 5(b) the maximum eigenvalue once again

decreases as 7 increases and so no O(1) instability is triggered at later times. In Fig. 6(a) and
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Figure 4: The numerical results for a versus z at different values of 7 are plotted in Fig. 4(a)
for Example la and in Fig. 4(b) for Example 1b. In Fig. 4(a) the solid, dotted, and heavy solid
curves correspond to 7 = 0.0, 7 = .202, and 7 = 1.202, respectively. In Fig. 4(b) the dotted, solid,
light dotted, and heavy solid curves correspond to 7 = 0.0, 7 = .123, 7 = .321, and 7 = 1.002,
respectively.
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Fig. 6(b) we plot the numerical solution for the activator concentration a versus z at different

values of 7 for Example 2a and Example 2b, respectively.

2.25

D 1 T -

1.75 B

o — ]
125 ]
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0.0 0.5 1.0 15 20 25 0.0 0.5 1.0
T T
(a) x; versus T (b) em versus T

Figure 5: In Fig. 5(a) we plot z; versus 7 for the two parameter sets in Example 2. The solid
and heavy solid curves correspond to the full numerical results for Example 2a and Example 2b,
respectively, given in (5.5). The asymptotic results computed from (5.2) correspond to the dotted
curves. In Fig. 5(b) we plot the maximum eigenvalue ey, of (4.18) versus 7. The solid and heavy
solid curves refer to Example 2a and Example 2b.

Example 3: (An Initial O(1) Instability) We take the parameter values
z1(0) = —0.2, z2(0) =0.32, D =0.25. (5.6)

In this case, we compute numerically from (4.18) that e,,(0) = 2.228. Thus, the initial profile is
unstable with respect to the large positive eigenvalues. Since e, (0) > 0, the asymptotic result (5.2)
does not apply.

In Fig. 7(a) we plot the numerically computed activator concentration a versus z for 7 = 0 and
for several very small values of 7. In terms of ¢, the plots in Fig. 7(a) are for ¢t < 20.0. What we
observe is that the smaller of the two initial spikes starts collapsing but that the spike locations
remain quite fixed during the collapse. The other spike grows during the collapse of its neighbor.
After the smaller spike has completely collapsed, the other one moves very slowly towards the
symmetric one-spike equilibrium solution centered at the origin. This is shown in Fig. 7(b).
Example 4: (An O(1) Instability at a Later Time) Next, we consider a case with near
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Figure 6: The numerical results for a versus z at different values of 7 are plotted in Fig. 6(a) for
Example 2a and in Fig. 6(b) for Example 2b. In Fig. 6(a) the dotted, solid, light dotted, and heavy
solid curves correspond to 7 = 0.0, 7 = .202, 7 = .403, and 7 = 1.402, respectively. In Fig. 6(b)
the dotted, solid, light dotted, and heavy solid curves correspond to 7 = 0.0, 7 = .404, 7 = .804,
and 7 = 3.200, respectively.
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T z1 (num) | zo (num) | 27 (asy) | z2 (asy)
0.032 | —0.2329 0.3526 —0.2284 | 0.3480
0.08 | —0.2724 0.3906 —0.2634 | 0.3817
0.30 | —0.3782 0.4789 —0.3622 | 0.4667
0.40 | —0.4051 0.4954 —0.3892 | 0.4853
0.48 | —0.4218 0.5036 —0.4063 | 0.4953
0.60 | —0.4410 0.5104 —0.4265 | 0.5048
0.80 | —0.4619 0.5138 —0.4500 | 0.5118
1.28 | —0.4856 0.5100 —0.4788 | 0.5117

Table 3: The numerical and asymptotic results for z; and x5 versus 7 for Example 2a.

T z1 (num) | zo (num) | z; (asy) | z2 (asy)
0.06 | —0.6556 0.2161 —0.6528 | 0.2157
0.66 | —0.6171 0.3400 —0.6136 | 0.3383
0.84 | —0.6003 0.3678 —0.5981 | 0.3657
1.00 | —0.5866 0.3891 —0.5854 | 0.3868
1.40 | —0.5585 0.4299 —0.5589 | 0.4273
1.60 | —0.5476 0.4445 —0.5485 | 0.4420
1.90 | —0.5347 0.4611 —0.5359 | 0.4588
2.50 | —0.5180 0.4808 —0.5192 | 0.4793

Table 4: The numerical and asymptotic results for z1 and x5 versus 7 for Example 2b.

symmetric initial data. We take
z1(0) = —04, z2(0) = .401, D=04. (5.7)

In this case, we compute from (4.18) that e,,(0) = 1.941, so that the initial quasi-equilibrium profile
is stable with respect to the large eigenvalues. However, in this example, the quasi-equilibrium
profile will become unstable with respect to the large eigenvalues as time increases. This instability
will trigger a spike collapse event.

The results from these computations are plotted in Figures 8(a) and 8(b). Initially, the numerical
results from the full system and the asymptotic system agree. However, at a later time these results
start to diverge and one of the spikes from the numerical computation becomes unstable before the
predicted asymptotic time. We speculate that the reason for this is that the nearly symmetric data

is initially very close to the stable manifold of a two-spike solution and, thus, remains close to the
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Figure 7: The numerical results for a versus z at different values of 7 are plotted for Example 3. In
Fig. 7(a), where we show the collapse event, the solid, dotted, and heavy solid curves correspond
to 7 = 0.0, 7 = 0.00504, and 7 = 0.00704, respectively. In Fig. 7(b), where one spike drifts towards
the origin, the solid, light dotted, and heavy solid curves correspond to 7 = 0.4, 7 = 1.6, and
7 = 4.8, respectively. The initial condition at 7 = 0 is the dotted curve.

stable manifold for some time. However, as the solution diverges away from the stable manifold,
small numerics errors in the simulation as well as small differences between the results from the
asymptotic and full system begin to grow rapidly. We conjecture that it is this growth in errors
that is responsible for the discrepancies between the simulation of the full system and that of the

asymptotic differential equations.

5.2 Three Spikes n =3

We now consider some examples with three initial spikes. From §3 and (3.9) it follows that a
three-spike symmetric equilibrium solution with spikes located at o = 0 and z3 = —z1 = 2/3 will
be stable if D < Dy = 0.1430. We now gives two examples of the theory.

Example 5: (Symmetric Initial Data) We first consider the case of three spikes with symmetric
initial data (i.e. z1(0) = —z3(0) and z2(0) = 0). In this case the two outer spikes will have the
same height, but the middle spike will generally have a different height. Thus, unlike the case of
two spikes with symmetric initial data, we can not reduce the differential algebraic system (2.27 to

a single ordinary differential equation.
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Figure 8: In Fig. 8(a) we plot x; versus 7 for Example 4. The solid curve corresponds to the full
numerical results and the dotted curves corresponds to the asymptotic results. In Fig. 8(b), we
plot the maximum eigenvalue e, of (4.18) versus 7.

Another important difference between the case of two and three spikes with symmetric initial
data is in the form of the stable and unstable manifolds with respect to the small eigenvalues
associated with a linearization around a three-spike symmetric equilibrium solution. For a two-
spike solution both the stable and unstable manifolds are one-dimensional. However, in the case
of three spikes, the linearization of (1.1) about a three-spike symmetric equilibrium solution shows
that locally we have a one-dimensional stable manifold and a two-dimensional unstable manifold
(cf. [8]). This stable manifold corresponds to spikes of equal height (cf. [8]). Thus, in this case,
since a symmetric three-spike solution satisfying z;(0) = —z3(0) and z2(0) = 0 will not in general
have spikes of equal height, it appears that these symmetric solutions are not confined to the stable
manifold.

As an example, we take the parameter values
z1(0) = —-0.5, 22(0) =0, =z3(0)=0.5, D=0.01. (5.8)

For this example we calculate from (4.18) that e, (0) = 1.025. Thus, the initial profile is stable
with respect to the large O(1) eigenvalues. The results of the simulations are shown in Fig. 9, and
the numerical and asymptotic results for z; are compared in Table 6. In this case e, decreases as T

increases. Thus, no O(1) instability is triggered and the spikes tend to their equilibrium locations.
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T z1 (num) | z9 (num) | 27 (asy) | z2 (asy)
0.004 | —0.40126 | 0.40226 —.40762 | 0.42297
0.032 | —0.40894 | 0.41053 —.40618 | 0.42048
0.052 | —0.41390 | 0.41614 —.40971 | 0.42662
0.08 | —0.42032 | 0.42351 —.41423 | 0.43476
0.1 —0.42455 | 0.42844 —.41717 | 0.44026
0.3 —0.45404 | 0.46566 —.43574 | 0.48466
0.6 —0.47031 | 0.49756 —.43768 | 0.53190
0.988 | —0.46514 | 0.52649 —.40640 | 0.59999

Table 5: The numerical and asymptotic results for z; and z9 versus 7 for Example 4.

Alternatively, if we take D = 0.15 and the same initial locations for the spikes as given in (5.8),
then e, (0) = 2.6236. This implies that the initial quasi-equilibrium solution is unstable. In this
case, an O(1) instability is triggered at ¢t = 0, and similar to the behavior in Example 3, the spike
centered at z = 0 that has the smallest height, collapses on an O(1) time scale. The other two
spikes, which were initially centered at z3 = —z; = —1/2, remain virtually stationary for all 7 as

their locations are consistent with a two-spike symmetric equilibrium solution.

i 0 0.5 1 15 2 2.5 0.0 0.5 1.0 15 2.0 2.5

(a) z; versus T (b) em versus T

Figure 9: In Fig. 9(a) we plot z; versus 7 for Example 5. The solid curve corresponds to the full
numerical results and the dotted curves corresponds to the asymptotic results. In Fig. 9(b), we
plot the maximum eigenvalue e, of (4.18) versus 7.
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T z1 (num) | 2o (num) | z3 (num) | 21 (asy) | zo (asy) | zs3 (asy)
0.004 | —0.50134 | 0.0 0.50134 —0.50053 | 0.0 0.50053
0.1 —0.52484 | 0.0 0.52484 —0.51239 | 0.0 0.51239
0.2 —0.54443 | 0.0 0.54443 —0.52340 | 0.0 0.52340
0.3 —0.56064 | 0.0 0.56064 —0.53328 | 0.0 0.53328
0.4 —0.57434 | 0.0 0.57434 —0.54224 | 0.0 0.54224
0.5 —0.58615 | 0.0 0.58615 —0.55041 | 0.0 0.55041
0.6 —0.59638 | 0.0 0.59638 —0.55792 | 0.0 0.55792
0.7 —0.60535 | 0.0 0.60535 —0.56485 | 0.0 0.56485

Table 6: The numerical and asymptotic results for z1, z9 and 3 versus 7 for Example 5.

Example 6: (Generic Initial data) We now consider an example where the spikes are initially

located at arbitrary positions. We take the parameter values

21(0) = —05,  2(0)=0.1, z3(0)=05, D =0.04. (5.9)

For these parameters, we calculate from (4.18) that e,,(0) = 1.6935. The asymptotic and numerical
trajectories for ; are compared in Fig. 10(a), and in Table 7. As seen in Fig. 10(b), the maximum
eigenvalue e, once again decreases as 7 increases. Thus, the profile is stable with respect to the

large eigenvalues and no O(1) instability is triggered at later times.

T z1 (num) | zo (num) | z3 (num) | z; (asy) | z2 (asy) | z3 (asy)
0.004 | —0.50186 | 0.09228 0.40912 —0.50112 | 0.09354 0.40539
0.3 —0.62535 | —0.00145 | 0.61632 —0.60449 | 0.00270 0.59417
0.6 —0.66074 | —0.00230 | 0.65767 —0.65005 | —0.00103 | 0.64704
0.9 —0.66631 | —0.00143 | 0.66480 —0.66286 | —0.00103 | 0.66150
1.2 —0.66692 | —0.00818 | 0.66609 —0.66597 | —0.00072 | 0.66520
1.5 —0.66688 | —0.00046 | 0.66642 —0.66665 | —0.00047 | 0.66617
1.8 —0.66680 | —0.00026 | 0.66654 —0.66676 | —0.00031 | 0.66645

Table 7: The numerical and asymptotic results for z1, o and z3 versus 7 for Example 6.

5.3 Some General Results

In this section we give two general results related to the dynamics of n-spike profiles. Firstly, we

note that the simulation in Fig. 8(a) stops just as e,, approaches the critical value. The simulation
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Figure 10: In Fig. 10(a) we plot z; versus 7 for Example 6. The solid curve corresponds to the full
numerical results and the dotted curves corresponds to the asymptotic results. In Fig. 10(b), we
plot the maximum eigenvalue e, of (4.18) versus 7.

stops here not only because the system is no longer valid, but at this value the nonlinear solver for
the h system in (2.27) fails to converge. We will demonstrate that when e, is at the critical value
given by the right-hand side of (4.19), the system for h in (2.27) is no longer solvable. Finally we

discuss the role of the O(1) eigenvalues on the dynamics of the system.

5.3.1 Solvability of (2.22) at critical values of ¢,

The system (2.27) for h is equivalent to that given in (2.22). To show that (2.22) is not solvable

at the critical value of e,,, we begin by linearizing this system about
h=h+9, (5.10)

where h is a solution at the critical value of e,, and @ < h. Substituting into (2.22), we get the

linearized problem

. bm(’y'm, - 3) m—s—1 —
(B Y I W ) 6=0. (5.11)

From (4.18) and (4.19) we can see that this equation has a non-trivial solution at exactly the
critical value of e;,. This implies that the Jacobian of (2.22) is not invertible at this point. Thus
the breakdown, or failure, of the asymptotic ODE system (2.27) occurs exactly at the same point
that an O(1) instability is triggered.
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5.4 The Collapse Process

From the numerical experiments shown above, and from further numerical computations not shown,
we can make some conjectures on the spike collapse process. For an initial n-spike quasi-equilibrium
profile, we speculate that when the threshold from (4.19) for an O(1) instability has been exceeded,
then at least one of the spikes collapses while the remaining spikes grow. At the end of an O(1)
time interval marking the duration of the collapse process, the resulting quasi-equilibrium profile
regains its stability with regards to the O(1) eigenvalues, and the remaining spikes will then follow
the dynamics of (2.27) until either they reach a stable symmetric equilibrium solution or until
another O(1) instability is triggered at a later time, leading to further collapse events. The number

of spikes associated with the final equilibrium state depends on the value of D.

A Calculation of the Matrices B and PB

Consider the boundary value problem

Dy —uy=0, y’(:tl) =0, (A.la)
=0, [Dy] =-w, (A.1b)
for j =1,...,n, where [v]; = v(z;4+) — v(z;-). The solution is
n
y(o) = Gla;z5)w;, (A.2)
j=1

where G satisfies (2.13). Define the n-vectors y and (y') by
ot ’
Y= em) s @) = (W) (A.3)
where y; = y(z;) and (y'); = (y' (zjr) +y (:cj_)> /2. Then, we obtain from (A.2) that

y=0w, <y’> =Pw, — <y’> = ’Pgilya (A4)
= (w1,...,wp). Here the matrices G and P are defined in (2.23a) and (2.23b), respectively.

To determine these matrices explicitly, we solve (A.1) analytically on each subinterval and impose

where w?

the continuity of y to get
cosh[0(1+z)]

ylW’)] o ; -l<z<x,

sinh T —x sinh r—X; y

y(@) = Yispene)] T Vit s e % <T <&y, j=1...,n—-1, (A5)
cosh[§(1—z)] Ty <x <1,

Yn Cosh[O(T—2n)] ’
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where 6§ = \/p/D. Imposing the condition [Dy']j = —wj, we can obtain from (A.5) and (A.4) that

1 1
— W 5 — g = Bil Ll (A'6)
VD VD
where B is defined in (2.25). Next, we use (A.4) and (A.6) to get (y') = v/uDPBy. By calculating
(y') in terms of y from (A.5), we get the formula for PB given in (2.26).

By =
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