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Abstract

The dynamics and oscillatory instabilities of multi-spike solutions to the one-dimensional Gray-
Scott reaction-diffusion system on a finite domain are studied in a particular parameter regime. In
this parameter regime, a formal singular perturbation method is used to derive a novel ODE-PDE
Stefan problem, which determines the dynamics of a collection of spikes for a multi-spike pattern.
This Stefan problem has moving Dirac source terms concentrated at the spike locations. For a certain
subrange of the parameters, this Stefan problem is quasi-steady and an explicit set of differential-
algebraic equations characterizing the spike dynamics can be derived and analyzed. By analyzing a
nonlocal eigenvalue problem, it is found that this multi-spike quasi-equilibrium solution can undergo
a Hopf bifurcation leading to oscillations in the spike amplitudes on an O(1) time-scale. In another
subrange of the parameters, the spike motion is not quasi-steady and the full Stefan problem is solved
numerically by using an appropriate discretization of the Dirac source terms. In this regime it is shown
from full numerical computations and from a linearization of the Stefan problem that the spikes can
undergo a drift instability arising from a Hopf bifurcation. This instability leads to a time-dependent
oscillatory behavior in the spike locations.

1 Introduction

The Gray-Scott (GS) system models an irreversible reaction in a gel reactor where the reactor is maintained
in contact with a reservoir of one of the two chemical species. In one spatial dimension, it can be written

in dimensionless form in the singularly perturbed limit as (cf. [23], [17])

Vg = €20y — v + Auv?, vy =0, xz==I1, (1.1a)

TUp = Dtigy + (1 — u) — € tup?, uy, =0, x==1. (1.1b)

Here A > 0 is the feed-rate parameter, 7 > 0 is the reaction-time parameter, D > 0 with D = O(1), and
e >0 with e < 1.

The pioneering numerical study of [29] for the GS model in a two-dimensional spatial domain showed
that localized spike solutions for this model can exhibit a remarkably diverse range of qualitative behaviors
including, self-replication behavior of spikes, breathing instabilities of spikes, spike annihilation behavior
due to over-crowding etc. This numerical study has stimulated much theoretical work to analyze and

classify the full range of dynamical behavior and instabilities of spike solutions for the more tractable
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one-dimensional GS model (1.1) in the limit ¢ — 0. These studies include self-replication behavior in the
regime D = O(e?) (cf. [26], [33]) and in the regime D = O(1) (cf. [30], [4], [23], [18]), spatial temporal chaos
for D = O(£?) (cf. [27]), the existence and stability of equilibrium spike patterns for D = O(1) (cf. [4], [5],
[22], [21], [17], [19]), and the slow dynamics of quasi-equilibrium spike patterns (cf. [2], [3], [31]).

More generally, there has been several formal asymptotic studies of spike motion for two-component
singularly perturbed reaction-diffusion systems in the limit of small diffusivity of only one of the two
species. These include, two-spike dynamics for the GS model on the infinite domain (cf. [2], [3]), k-spike
dynamics with £ > 1 for an elliptic-parabolic limit of the Gierer-Meinhardt (GM) model (cf. [12]), two-
spike dynamics for a class of problems including a regularized GM model on the infinite line (cf. [6]), and
two-spike dynamics for the GM model and for the GS model in the low feed-rate regime A = O(1) on a
finite domain (cf. [31]). Recently, in [7] a renormalization method was used to rigorously analyze two-spike
dynamics for a regularized GM model on the infinite line.

The goal of this paper is to analyze the dynamics and oscillatory instabilities of multi-spike solutions
to the GS model (1.1) in the intermediate regime O(1) < A < O(e~Y/2) of the feed-rate parameter A.
The novelty and significance of this intermediate parameter regime is that, in terms of the reaction-time
parameter 7, there are two distinct subregimes in A where qualitatively different types of spike dynamics
and instabilities occur. In addition, in the intermediate parameter regime a formal singular perturbation
analysis, as summarized in Principal Result 2.1, reveals that an ODE-PDE coupled Stefan-type problem
with moving Dirac source terms determines the time-dependent locations of the spike trajectories. The
derivation and study of this Stefan problem is a new result for spike dynamics in the GS model. Finally,
in contrast to previous studies, our study is not limited to the special case of two-spike dynamics. In our
analysis we can readily treat an arbitrary number of spikes for (1.1) in the regime O(1) < A < O(s~1/?).

In the subregime O(1) < A < O(e~/3) with 7 < O(¢72A72), the Stefan problem is quasi-steady and
we derive an explicit differential-algebraic (DAE) system for the spike trajectories. The result is given in
Principal Result 2.2. For the case of a two-spike evolution, in Fig. 1 we illustrate our result by plotting
the quasi-equilibrium solution for u and v together with the spike trajectories for a particular set of the
parameter values. In this subregime, where the speed of the spikes is O(¢?.4%) < 1, we show from the
analysis of a nonlocal eigenvalue problem (NLEP) that the instantaneous quasi-equilibrium spike solution
first loses its stability to a Hopf bifurcation in the spike amplitudes when 7 = 77 = O(A*). This bifurcation
leads to oscillations on an O(1) time scale in the amplitudes of the spikes. Our stability results are given
in Principal Results 3.1 and 3.2. These NLEP stability results are the first such results for multi-spike
quasi-equilibrium patterns for the GS model on a finite domain with an arbitrary number of spikes. An
important remark is that our NLEP stability analysis in the intermediate regime for a multi-spike pattern
with O(1) inter-spike distances can be reduced to the study of a single NLEP problem. This feature, which
greatly simplifies the stability analysis, is in distinct contrast to the stability analysis of [31] and [17] for
the GS model in the low feed-rate regime A = O(1), and for the corresponding Gierer-Meinhardt model
(see [12], [7], [34]), where k-distinct NLEP problems govern the stability of k-spike patterns.

Next, we study spike dynamics in the subregime O(e™'/3) « A <« O(e"1/?) with 7 = 7pe= 2472, for

some O(1) bifurcation parameter 7y. In this regime, the time-dependent spike locations are determined
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Figure 1: Slow dynamics, for e = 0.01, A =8, and D = 0.2, of a two-spike quasi-equilibrium solution with
21(0) = —0.2 and z2(0) = 0.3. Left figure: plot of v (solid curves) and u (dotted curves) versus z at o = 0,
o = 2.5, and o = 30. Right figure: plot of z; versus o = €2 A%t. As the slow time o increases, the spike
layers approach their steady state limits at z = +1/2.

from the full numerical solution of a Stefan-type problem with moving Dirac source terms concentrated
at the unknown spike locations. Similar moving boundary problems arise in the study of the immersed
boundary method (see [1] and [32]). The numerical method that we use for our Stefan problem relies on
the approach of [32] involving a high-order spatial discretization of singular Dirac source terms. Such high
spatial accuracy is needed in our problem in order to accurately calculate the average flux for u at each
source point, which determines the speed of each spike. An explicit time integration scheme is then used
to advance the spike trajectories each time step. With this numerical approach we compute large-scale
time-dependent oscillatory motion in the spike locations when the reaction-time parameter 7y exceeds some
critical bifurcation value. Although the overall scheme has a high spatial order of accuracy, the explicit
time integration step renders our numerical scheme not particularly suitable for studying large-scale drift
instabilities over very long-time intervals.

By linearizing the Stefan problem around an equilibrium spike solution, we analytically calculate a
critical value of 79 at which the equilibrium solution becomes unstable to small-scale oscillations in the
equilibrium spike location. This bifurcation value of 7y gives the threshold value for an oscillatory drift
instability. The result is given in Proposition 4.1. This bifurcation result, based on a linearization of the
Stefan problem, agrees with the result derived in [19] using the singular limit eigenvalue problem (SLEP)
method of [24].

The SLEP method has been extensively used to study similar oscillatory drift instabilities that lead
to the destablization of equilibrium transition layer solutions for Fitzhugh-Nagumo type systems (cf. [25],
[11]). With this method, Hopf bifurcation values for the onset of the instability can be calculated and
the dominant translation instability, either zigzag or breather, can be identified (cf. [25]). For spatially



extended systems on the infinite line, it is then often possible to perform a centre manifold reduction,
valid near the Hopf bifurcation point, to develop a weakly nonlinear normal form theory for large-scale
oscillatory drift instabilities (see [9], [8] and the references therein). In contrast to this normal form theory,
we emphasize that our Stefan problem with moving sources provides a description of large-scale oscillatory
drift instabilities for values of 7y not necessarily close to the Hopf bifurcation point.

Similar Stefan problems with moving Dirac source terms have appeared in a few other contexts. In
particular, such a problem determines a flame-front interface in the thin reaction zone limit of a certain
PDE model of solid fuel combustion on the infinite line (cf. [28]). By using the heat kernel, this Stefan
problem was reformulated in [28] into a nonlinear integrodifferential equation for the moving flame-front
interface. By solving this integrodifferential equation numerically, a periodic doubling cascade and highly
irregular relaxation oscillations of the flame-front interface were computed in [28]. For a related Stefan
problem arising from solid combustion theory, a three-term Galerkin type-truncation was used in [10] to
qualitatively approximate the Stefan problem by a more tractable finite dimensional dynamical system,
which can then be readily analyzed. Finally, we remark that in [14] a time-dependent moving source with
prescribed speed was shown to prevent blowup behavior for a certain class of nonlinear heat equation.

An outline of this paper is as follows. In §2 we derive the Stefan problem governing spike dynamics
in the intermediate regime O(1) < A < O(e~'/2). In §2.1 we analyze the quasi-steady limit of this
problem. In §3 we analyze the stability of the quasi-equilibrium spike patterns of §2.1 in the subregime
O(1) €« A< O(e~?). In §4 we compute numerical solutions to the Stefan problem showing large-scale
oscillatory drift instabilities in the subregime O(¢~/3) < A < O(¢~'/?). In addition, a critical value of

7o for the onset of this instability is determined analytically. Concluding remarks are made in §5.

2 The Dynamics of k-Spike Quasi-Equilibria: A Stefan Problem

In this section we first derive the ODE-PDE Stefan problem that determines the time-dependent trajectories
of the spike locations for (1.1) in the intermediate regime O(1) < A < O(e~1/?).

To do so we first motivate the scalings of u, v, and the slow time that are needed for describing spike
dynamics when O(1) < A < O(e~'/2). In the inner region, we introduce a scaling such that Auv = O(1),
with v = O(.A) as suggested by the equilibrium theory of Section 4 of [17]. We also introduce the slow time
o = oot, with o9 < 1. With v = Avj, u = u;/ A% and y = e~ [x — z;(0)], where o = ot (1.1) becomes

d(lf' ooT d.’]}' D U4
1 2 2
—& 0-0_]7); — 'l};'/ _ ,Uj _|_ 'LL]'U] - <_]> U; — _u;/ _|_ € (] _ _-7) _ U]'U] , (jz])

where the primes on u; and v; indicate derivatives in y. The equation for u; suggests that u; = uj0+0(€A2),
where ;g is a constant. This enforces from the v; equation that v; = v;o + O(€A2), and oy = 2.A42. Since
u; is independent of y to leading order, the left-hand side of the u; equation can be neglected only when
ooreA? /A% < 1. With o¢ = €242, this condition is satisfied only when 7e3A42% < 1.

This simple scaling argument suggests that we expand the solution in the j th inner region as

u = qu+€A2’LL1j—|—"'] , ’L):A[UOJ’—I-E.A2’U1J'—|—"'] , (2.2&)
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where wy,; = Um;i(y,o) and vy,;(y, o) depend on the inner variable y and the slow time o defined by

y=¢e 'z —x;(0)], o=e2A%.

(2.2b)

Upon substituting (2.2) into (1.1), and assuming that 7e3.4% < 1, we obtain the leading-order problem

14 2 14
voj—vonrquvOj:o, uojzo, —o0 <y <o00o.

At next order we obtain

" _ i 2 ol " __ . 2 _
vlj - Ulj + 2u0]7)0]7)1] — _u1]voj .TJ'UOJ 3 Dulj — quvoj 3 oo < y < .

From (2.3) we take ug; to be independent of y. The leading-order solution is then written as

1
qu:_lv Voj = YW,
i

b gpike, is to be found. Here w(y) satisfies

where 7; = 7;(0), referred to as the amplitude of the 4t
w —w+uwr=0, —oco<y<oo; w(xo0) =0, w(0)>0.
The unique homoclinic of (2.6) is w = 3sech?(y/2). Therefore, from (2.4), we get

— M 2,2 / /
Louyj = vyj — vij + 2wy = —yjwiugy — xivw

"o 2
Duy; = vyjw”.

Since Lw' = 0, the solvability condition for (2.7a) yields that

00 9 zi 00 d
m;/_oo (w') dy:—gj _oouljd—y (w3) dy .

(2.3)

(2.4)

(2.5)

(2.6)

(2.8)

Integrating the right-hand side of (2.8) by parts twice, and using the facts that w and u/ ; are even functions

of y, we readily derive that

ac; /Oo (w/)Q dy = 2 [u'lj(—{—oo) +u/1j(—oo)] /OO widy .

—0 6 oo

Upon using the explicit form of w to evaluate the integrals in (2.9) we get

) =5 [y (+00) +ui(—00)] . T =Lk

Now consider the outer region defined away from x; for j = 1,... k. Since the term e luw? in

(2.9)

(2.10)

(1.1b)

is localized near each x = x;, its effect on the outer solution for u can be calculated in the sense of

distributions. From (2.2a), and f_oooo w? dy = 6, we obtain that

k
()
j=1

—00

oo

k
w? dy) dx —xj) = 26%6(:1: —xj).
j=1

5
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This leads to the outer problem for u(z, o) given by
162 AUy = Dugy + (1 —u) 26% r—xj), lz] <1,
with u; = 0 at £ = 1. The matching condition between the inner and outer solutions for u yields

w(zy(0),0) = ﬁ <1, Ua(3%(0), 0) = (o). (2.12)

We summarize our asymptotic construction as follows:
Principal Result 2.1: Assume that 7e3A? < 1. Then, in the intermediate regime O(1) < A <
O(e71/?), the GS model (1.1) can be reduced to the coupled ODE-PDE Stefan problem

72 AUy = Dugy + (1 — u) 26% .z <1, (2.13a)
e r - =1,....k 2.13b
%_’yj um(ﬂjj,a)—l—ur(mj,a)}, J=4L..r, (3)

1
’LL(iIZ'j(O'),O’) = Wa Jj= 17"'ak7 (213C)

with uy(+1,0) = 0. Here o = e2 A%t is the slow timescale, and xj(c) is the center ofjth spike.

We observe that (2.13a) is a heat equation with singular Dirac source terms, and that (2.13b) become
explicit ODE’s only when we can determine uz(a:jc,a) analytically. Finally, the constraints in (2.13c)
implicitly determine the spike amplitudes v;(o), for j =1,... k.

2.1 Multi-Spike Quasi-Equilibria: The Quasi-Steady Limit 7e24% < 1

We suppose that 7 < £ 2472 so that v in (2.13a) is quasi-steady. With this assumption, we readily
calculate from (2.13a), together with u, = 0 at = = £1, that

h(0(z+1))
Y ﬁ%ﬁ» _1§xf<ml )
sinh(0(z T sinh(6(x—=z .
U = 1— ]m—g]+lm, $j§$§$j+1, ]:1,...,]€—1, (214)
1— cosh(6(1—x)) o<z <1
kcosh(@(l—rk))’ k - =

Here =D Y2 andu=1- g; at © = x;. From this solution we calculate u, as x — m;E,

and we impose
the required jump conditions [Dug|; = 67; for j = 1,... .,k as seen from (2.13a). Here [(]; = g‘(x;r) —¢(z; ).

This leads to the following matrix problem

Bg=—=Te, (2.15)

1 d 0 0
di ¢ d2 0 Y1 0 g1 1

B= : , I'= , g= , e= (2.16)
0 drp—2 cg—1 dp—1 0 Vi Ik 1



The matrix entries of B are given explicitly by

c1 = coth(0(xg — x1)) + tanh(0(1 + x1)) , ¢ = coth(f(zy — xx—1)) + tanh(6(1 — zy)),

¢; = coth(0(zj11 — xj)) + coth(0(z; — xj—1)), for j=2,...,k—1, (2.17)

dj = —csch(f(zj1 — z5)), for j=1,...,k—1.

Next, we write the constraint (2.13c) in matrix form as
L

g:e—ﬁf e. (2.18)

Upon combining (2.18) and (2.15), we obtain that v = (v1,...,7)! is given by
VD <

A

o Be- iBr—le> : (2.19)

AQ

Since I'"! depends on 7, (2.19) is a nonlinear algebraic system for the spike amplitudes vjforj=1,... k.

However, since A > 1, we can solve (2.19) asymptotically to obtain the explicit two-term expansion

VD ( 6 >
= ZB(I-—=TIy')e+0(A™?), 2.20
0 6 ./42\/5 0 ( ) ( )
where I is the identity matrix. Here I'; ' is the inverse of the diagonal matrix T’y defined by
(Be); --- 0
Iy = : : , (2.21)

where (Be) j denotes the jth component of the vector Be. Upon using the identity coth y — cschy =

tanh(yu/2), we can write (2.20) component-wise as

B le).
v = g (Be)j <1 — ﬁm) +O0(A™), Ty = % ) (2.22a)
where
tanh (g(l’g — a:l)) + tanh (0(1 + x1))
(Be); = | tanh (g(:vj —zj_1)) —i—tanh (g($j+1 —z;) | - (2.22b)

tanh (§(zx — 2x—1)) + tanh (0(1 — 23))

With this approximation, and by noting that I' =% ~ %Fa Lor A>> 1, (2.18) reduces asymptotically to

6
RVENG>

This asymptotically determines the unknown constants g; for j = 1,...,k in (2.14) with an error O(A™%).

Tle+0(A™). (2.23)



Next, we derive an explicit form for the ODE’s in (2.13b). By calculating ux(a:jc) from (2.14), we
readily derive that x’ = (2], ..., z})" satisfies
1

X =

\/l_)FQg, (2.24)

where Q is the tridiagonal matrix defined by

e A 0 0
—-f1 e f2 0

Q= o, .. : , (2.25a)
0 - —fi2 er—1  fr-1
0o - 0 —fr—1 ek

with matrix entries

e1 = —coth(f(xg — x1)) + tanh(0(1 + x1)), e = coth(O(x — xk_1)) — tanh(O(1 — xx)),
ej = —coth(f(xj41 — xj)) + coth(f(xj; — 1)), for j=2,...,k—1, (2.25b)
fj = csch(0(xj41 — x4)), for j=1,...,k—1.

Finally, by combining (2.24) and (2.18), we obtain the following asymptotic result for the dynamics of
k-spike quasi-equilibria:
Principal Result 2.2: Assume that 7e2A? < 1 and O(1) < A < O(e~'/2). Then, the quasi-equilibrium
solution for v(x,o) is

k
v(w,0) ~ Y yw e (@ - 5(0))] (2.26)
j=1

where w(y) = %sech2 (y/2). The corresponding outer approximation for w is given in (2.14) where the
coefficients g; in (2.14) forj =1,..., k are given asymptotically in (2.23). For A> 1, the spike amplitudes
v;(0) are given asymptotically in terms of the instantaneous spike locations x; by (2.22a). Finally, the

vector of spike locations satisfy the ODE system

dx 1 6

— ~——T0(I- 7r—1> e, 2.27
o~ —sre(1- ot (227
with o = 2 A%t. Here Ty is defined in (2.21) and T is defined in (2.16).

The equilibrium positions of the spikes satisfy I' Qg = 0. In equilibrium, v, is a constant independent
of j, and hence g = ce where ¢ is some constant. Consequently, the equilibrium spike locations satisfy
Qe = 0. By using (2.25), this leads to ; = =1+ (2j —1)/k for j =1,... k.

The leading-order approximation for the ODE’s in (2.27) is obtained by using I' ~ QFO + O(A7?),



and g ~ e + O(A~2). With this approximation, which neglects the O(.A?) terms, (2.27) reduces to
/ 1 2 2 0
Ty~ tanh” [0(1 + z1)] — tanh 5(332 —z1)| ),
, 1 5 [0 5[0 ,
T~ ~g tanh 5(33] —xj_1)| — tanh E(l'j_l,_l -z |, j=1,...k—1, (2.28)

T ~ —é <tanh2 [g(mk — mk_l)] — tanh? [0(1 — m)]) .

3 Oscillatory Profile Instabilities of k-Spike Quasi-Equilibria

We now analyze the stability of the k-spike quasi-equilibrium solution of §2.1 to instabilities occurring on a
fast O(1) time-scale. Since the spike locations drift slowly with speed O(c2.A42) (cf. (2.27)), in our stability
analysis we make the asymptotic approximation that the spikes are at some fixed locations x1,...,x;. This
asymptotic separation of time-scales with “frozen” spike locations allows for the derivation of a nonlocal
eigenvalue problem (NLEP) governing fast instabilities.

Let u, and v, be the quasi-equilibrium solution constructed in §2.1. We substitute u(z,t) = u,+e n(z)
and v(x,t) = v, + eMp(x) into (1.1), and then linearize to obtain

Edra — ¢+ 2AUV + AvZn =N, 2] <15 gu(x1) =0, (3.1a)
Dngs — (14+7N)n — 5_111317 S TRIN lz] < 1; N (£1) =0. (3.1b)

We then look for a localized eigenfunction for ¢ in the form
k
ol@) =) o le @ —a))] | (3:2)
j=1

with ¢; — 0 as |y| — oo. From (3.1a), and upon using v ~ Avy;w and u, ~ 1/(7;A?) near z = z;, we

obtain on —oo < y < oo that ¢;(y) satisfies
¢] — ¢ + 2we; + Ayiwn(z;) = Ag; . (33)

Next, we consider (3.1b). Since ¢; is localized near each spike, the spatially inhomogeneous coefficients
in (3.1b) can be approximated by Dirac masses. In this way, and by using v, ~ Avy;jw, ue ~ 1/(v;A?), and

f_oooo w? dy = 6, we obtain for = near x; that

26 upvep ~ % </ wo; dy) Sz —xj), et~ 6.A2'y]25(3: —xj). (3.4)

Therefore, the outer problem for 7 in (3.1b) becomes

k k
2 Foeo
Dy — 1+T)\+6A2Z'y]25(3:—xj) n:Zj (/ wd)jdy) dx — ), (3.5)

j=1 j=1



with 7, = 0 at © = £1. Defining [£]; by [£]; = {(zj4) — £(z;—), we obtain the equivalent problem
Dy — (14+7A)n=0, |z|<1; ne(£1) =0, (3.6a)

2 (70, woidy
=0, [Dn,]. =—6w;+6A%n(x;), j=1,..k; = =2 7). 3.6b
], [Dng] wj + 6A%in(x;), J wj=- ( = 0 dy (3.6b)

Next, we calculate 7; = n(x;) from (3.6), which is needed in (3.3). To do so, we solve (3.6a) on each

subinterval and then use the jump conditions in (3.6b). This leads to the matrix problem

6

En=———w, (3.7)
[D(1+ 7))/
where the vectors w and n are defined by w! = (wq,...,wg) and n° = (91,...,nx), and where ¢ denotes
transpose. The matrix £y in (3.7) is defined in terms of a tridiagonal matrix By by
CL)\ dL)\ 0 tee 0
dyy . . KR :
6.4 ’
Ex=By+ ——— 17, By = ) 3.8
V=B e A 0 0 (3.8)
: di—1)
0 -+ 0 drg—1n  crn
Here I is the diagonal matrix of spike amplitudes defined in (2.16). The matrix entries of B are
¢\ = coth(0x(x2 — x1)) + tanh(0r(1 + z1)) , cpx = coth(0y(z — x—1) + tanh (0 (1 — x1)),
cjx = coth (Ox(xj41 — xj)) + coth (Ox(xj —xj-1)) , j=2,...,k—1, (3.9

djn= —csch (O\(zj41 — ;) , j=1,....,k—1.

In (3.9), 0, is the principal branch of the square root for 6\ = 6pv/1 + 7A, with 6y = D~Y2, Notice that
when A = 0, By = B, where B was defined in (2.16).

Next, we invert (3.7) to obtain

B 1 el _ 12 Joow (E19) dy
T DAL T Ay \ [w?dy )

where ¢' = (¢1,. .., ¢1). Substituting (3.10) into (3.3), we obtain the following nonlocal eigenvalue problem

(3.10)

(NLEP) in terms of a new matrix Cy:

[ w(Crgp) dy 1242 B
"o 2 oS — . — 2 1
¢ — ¢+ 2wp —w ( ffo wZdy AQ; C\ = 7(1+7-)\)F E . (3.11)

Since I' is a positive definite diagonal matrix and £, is symmetric, we can decompose C, into its
eigenvalues and eigenvectors as
Cy=S8Sxs8, (3.12)

10



where X is the diagonal matrix of eigenvalues x; of Cy and S is the matrix of its eigenvectors s;. We then
set ¢ = S~'¢ to diagonalize (3.11), and we rewrite Cy in terms of By by using (3.8). This leads to the
following stability criterion for fast instabilities:

Principal Result 3.1: The k-spike quasi-equilibrium solution of §2.1 with fixed spike locations is stable

on a fast O(1) time-scale if the following k NLEP problems on —oo < y < 00, given by

75wy dy

1[)” - T,ZJ + QUJw — X](T)\)UJQ (m

>=Aw; Y0 as |yl — oo, (3.13)

only have eigenvalues that satisfy Reh < 0. Here x;(TA) for j =1,...,k, are the eigenvalues of the matriz

C) defined by
-1
D(1+7X)

o DT

Cr=2|I+ (3.14)

We now analyze (3.13). Let 7 = O(1) and assume that the inter-spike distances d; = xj41 — x; for
j=0,...,kare O(1). Here, for j = 0 and j = k we define dy = 1 +1 and dj = 1 — xp, respectively. Then,
for A> 1, (3.14) yields C ~ 21 so that x; ~ 2 for j =1,...,k. Since x; is a constant with x; > 1 in this
limit, the result of Theorem 1.4 of [35] proves that Re(A\) < 0. This guarantees stability for A > 1 when
7=0(1) and dj = zj41 —z; = O(1).

Next, we consider the limit A > 1, 7 = O(1), but we will allow for the inter-spike distances d; =
xj+1 — x; to be small but with d; > O(e). Recall that the analysis of §2 and §3 leading to Principal
Result 3.1 required that d; > O(c). We will show that for the scaling regime d; = O(A™%/3) > O(e) of
closely spaced spikes, and with O(1) < A < O(e~'/2), the NLEP problem (3.13) can have an unstable
eigenvalue for any 7 > 0. For simplicity we will only consider a closely spaced equilibrium configuration
with d; =L < 1for j=1,...,k—1, and dg = dj, = L/2. In this limit it is readily shown from (3.9) that

1 -1 0 0
) -1 2 -1 0
B)\N—Bo, BQE . (3.15)
0\L
0 -1 2 -1
0 0o -1 1

Moreover, for A4 > 1 and with spikes of a uniform spacing L < 1, we obtain from (2.22) that the spikes

have a common amplitude given by
vD VD L L
e); anh <00 > ~ e (3.16)

Substituting (3.15) and (3.16) into (3.14), we obtain that the eigenvalues x; of C) are given by

e UG

6.A2 2 ) \oL t2rs

where r; for j = 1,...,k are the eigenvalues of the matrix By defined in (3.15). Appendix E of [13] and
Theorem 1.4 of [35] proves that when y; is constant, then Re(\) > 0 if and only if x; <1 for j =1,... k.
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Therefore, the stability threshold is determined by X, = min;j—; _x(x;) = 1, which depends on the largest
eigenvalue r,, = max;—1,,(r;) of Byp. By calculating this largest eigenvalue, and by setting x,, = 1, we
obtain that the k-spike equilibrium solution is unstable for any 7 > 0 on the regime O(1) < A < O(e ~/?)
when L < L,, where

.\ /3
L,= <6Z2m> , Tm = 2[1 + cos(m/k)] . (3.18)

The result (3.18) shows that competition instabilities in the intermediate regime O(1) < A < O(e~/?) can
only occur if the spikes are sufficiently close with inter-spike separation O(A~%/3). If we did set A = O(1)
in (3.18), then L, = O(1) is consistent with the scalings in [17] and [31] for competition instabilities of
equilibrium and quasi-equilibrium spike patterns in the low feed-rate regime A = O(1).

Next, we obtain our main instability result that oscillatory instabilities of k-spike quasi-equilibria can
occur when 7 = O(A*) > 1 and with O(1) inter-spike separation distances. From the choice of the
principal value of the square root, we obtain that Re(fy) = oRe(v/1+ 7)) — 400 on |arg(\)| < 7 as
7 — o0. Therefore, for 7 > 1, and for z;41 — x; = O(1), we calculate from the matrix entries of By in
(3.9) that By — 21 in |arg(\)| < 7. Therefore, with 7 = 7A4%, where 7 = O(1), we get from (3.14) that

-1
VDT
Cy ~ 2 [I + TTF—QI , (3.19)
where I is the diagonal matrix of spike amplitudes v; for j = 1,..., k. This form suggests that we define 75

by 7 = 9D‘1fy;17'H, so that C ~ 2 [1 +VTHA ]_1 I. This limiting matrix has only one distinct eigenvalue,
and so in the scaling regime 7 = O(A*), the stability of k-spike quasi-equilibria is determined by the NLEP
(3.13) with the single multiplier

2 9IA T}

when 7=

Xoo:1+ /—TH)\7 D

This limiting NLEP problem was derived for equilibrium spike solutions in [4], [5], [22], and [17] in the

> 1. (3.20)

intermediate regime. From the rigorous analysis of [5] and [17], it follows that this NLEP undergoes a
Hopf bifurcation at some 7y = 7. From numerical computations it is known that 759 ~ 1.748, and that
Re(A\) < 0 only when 77 < 7m0 (cf. [4], [17]). Although this limiting NLEP problem has a continuous
spectrum on the non-negative real axis ®A < 0, there are no edge bifurcations arising from the end-point
A =0 (cf. [5], [17]).

With the scaling law for 7 in (3.20), we obtain k distinct values of 7 where complex conjugate eigenvalues
appear on the imaginary axis. The minimum of these values determines the instability threshold for 7.
Finally, by using (2.22) to calculate the spike amplitudes asymptotically for A > 1, we obtain the following
main instability result:

Principal Result 3.2: Let 7 = O(A*) with 2j41 —x; = O(1) and O(1) < A < O(¢7/2). Then, the

frozen k-spike quasi-equilibrium solution of §2.1 develops an oscillatory instability due to a Hopf bifurcation

when T increases past Ty, where

, DA 4 6 ! .
T, = min (7p;), Thj ™~ g THO (Be)j 1— AQ\/ETj , i=1,...,k. (3.21)

j=1,...k

12



Here T &~ 1.748, while (Be); and r; are defined in terms of the spike locations by (2.22).

For an equilibrium k-spike pattern where z; = —1 4 (2j —1)/k for j = 1,...,k, we calculate from
(2.22b) that (Be); = 2tanh (fy/k) and r; = [2tanh (o/k)] ' for j =1,..., k. This leads to the equilibrium
stability threshold

4 90

mntantt () (1= =2 o /k)>4, (3:22)

which agrees asymptotically with that given in Proposition 4.3 of [17].

Th ~~

An important remark concerns the range of validity of Principal Result 3.2 with respect to 7. The
derivation of (3.21) assumed that 76242 < 1, while the scaling law for instabilities predicts that 7 = O(A*).
Therefore, we conclude that (3.21) only holds in the subregime O(1) < A < O(e~1/?) of the intermediate

regime.

3.1 Numerical Experiments of Quasi-Equilibrium Spike Layer Motion
We now give two examples illustrating our results of §2 and §3 for slow spike dynamics.
Ezxperiment 3.1: A two-spike evolution

Consider a two-spike evolution with parameter values D = 1.0, A = 10.0, 7 = 5.0, and £ = 0.005. The
initial spike locations are x1(0) = —0.20 and z2(0) = 0.80. In Fig 2(a) we plot the spike layer trajectories
versus the slow time o, computed numerically from (2.27), which shows the gradual approach to the
equilibrium values at 1 = —1/2 and 29 = 1/2. In Fig. 2(c) we plot the spike amplitudes versus o. A plot
of the quasi-equilibrium solution at several instants in time is shown in Fig. 2(d). In Fig. 2(b) we plot the
two Hopf bifurcation values 73,5, for j = 1,2, versus o calculated from (3.21). In these figures the solid
curves were obtained when computing for the spike amplitudes from the nonlinear algebraic system (2.19),
while the dotted lines result from using the corresponding two-term approximation (2.20). An important
observation from Fig. 2(b) is that the stability threshold 71,(c), defined by 7,(0) = minj—q 2 [74;(0)], is
an increasing function of o with 75,(0) ~ 12.5 and 75,(c0) =~ 67.7. This monotone behavior of 73,(o),
together with the initial value 75,(0) > 7 = 5.0, implies that there is no dynamic triggering of an oscillatory
instability in the spike amplitudes before the equilibrium two-spike pattern is reached.

More generally, we have been unable to prove analytically from the DAE system (2.27) and (2.20)
that the stability threshold 74(0) = minj—;_ x(74;(c)) of (3.21) must always be an increasing function
of 0. However, we have performed many numerical experiments to examine this condition, and in each
case we have found numerically that 7j,(0) is a monotonically increasing function of o. This leads to the
conjecture that there are no dynamically triggered oscillatory instabilities of multi-spike quasi-equilibria
in the intermediate regime O(1) < A < O(s~/2). In other words, 7 < 73,(0) is a sufficient condition
for stability of the quasi-equilibrium multi-spike pattern for all ¢ > 0. In contrast, for the simple case
of symmetric two-spike quasi-equilibria in the low feed-rate regime A = O(1), dynamically triggered
instabilities due to either Hopf bifurcations or from the creation of a real positive eigenvalue were established

analytically in [31].
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Figure 2: Ezperiment 3.1: Slow evolution of a two-spike quasi-equilibrium solution for € = 0.005, A = 10,
and D = 1.0, with 21(0) = —0.2 and x2(0) = 0.8. Top Left: x; vs. 0. Top Right: 73,; vs. 0. Bottom Left:
7v; vs. o. Bottom Right: v vs. 2 at ¢ = 0 (heavy solid curve), o = 10 (solid curve), and o = 50 (dotted
curve). Except for the plot at the bottom right, the solid lines result from a numerical solution of the spike
amplitudes from (2.19), while the dotted lines are from the two-term approximation (2.20).
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Figure 3: Experiment 3.2: Slow evolution of a three-spike quasi-equilibrium solution for € = 0.005, A = 10,
and D = 1.0, with z;(0) = —0.5, z2(0) = 0.2, and x3(0) = 0.80, obtained from the two-term asymptotic
result (2.20) for the spike amplitudes. Top Left: x; vs. 0. Top Right: 73; vs. 0. Bottom Left: ~; vs. o.
Bottom Right: v vs. 2 at 0 = 0 (heavy solid curve), o = 80 (solid curve), and o = 200.

Ezxperiment 3.2: A three-spike evolution

Next, we consider a three-spike evolution with parameter values D = 1.0, A = 10.0, 7 = 2.0, and
¢ = 0.005. The initial spike locations are x1(0) = —0.50, x2(0) = 0.20, and z3(0) = 0.80. In Fig 3(a) an
Fig 3(c) we plot the the spike layer trajectories and spike amplitudes, respectively, computed from (2.27)
and the two-term approximation (2.20). Snapshots of the quasi-equilibrium solution are shown in Fig. 3(d).
In Fig. 3(b) we plot the three Hopf bifurcation values 73, for j = 1,...,3, versus o calculated from (3.21).
From Fig. 2(b) we observe that the stability threshold 7;,(0) = minj—; 2 3 [7j(0)], is an increasing function
of o with 7,(0) =~ 2.6 and 7;,(c0) & 14.0. This monotonicity of 74(0), together with 74(0) > 7 = 2.0, again

precludes the existence of a dynamically triggered Hopf bifurcation in the spike amplitudes.
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4 Oscillatory Drift Instabilities of k-Spike Patterns

In this section we compute numerical solutions to the Stefan problem (2.13) when 76242 = O(1) and
O(E_l/ H< Ak O(e_l/ 2). For notational convenience, so as not to confuse spike locations with gridpoints
of the discretization, we re-label the spike trajectories as £;(o), for j = 1,...,k. Then, defining 79 =
e72A721 = O(1) to be the key bifurcation parameter, (2.13) becomes

k

Totly = Duge + (1 —u) = > 6y;6(x — &), |z[<1;  ux(+l,0) =0, (4.1a)
j=1

& =" [uz(g;f,a) + ug( j_,a)] , j=1...,k, (4.1b)

u(éj(o),0) =1/(y; A%,  j=1,...,k. (4.1¢)

By using a singular limit eigenvalue problem (SLEP) method, which is related to the method pioneered
in [24], it was shown in [19] that a one-spike equilibrium solution will become unstable at some critical
value of 7y to an oscillatory drift instability associated with a pure imaginary small eigenvalue A < 1 of
the linearization. As 7 increases above this critical value a complex conjugate pair of eigenvalues crosses
into the right half-plane Re(\) > 0, leading to the initiation of a small-scale oscillatory motion of the
spike location. This oscillatory drift instability is the dominant instability mechanism in the subregime
O(e7/3) < A < O(e~1/?) of the intermediate regime.

We first show that the condition for the stability of the equilibrium solution to the Stefan problem (4.1)
is equivalent to that obtained in [19] using the SLEP method. For simplicity, we consider the one-spike
case where k = 1. We let U = U(z) and v = 7j. denote the equilibrium solution to (4.1) with & = 0.
Then,

1
DUy +(1-U) =0, |z|<1; Ug(£l)=0; [DU],=06ve; U(0)= m (4.2)
Here we have defined [v], = v(07) — v(07). We readily calculate that
h 1 h 1-—
Uo1- gtz g, poqoph®l-2) g (4.3a)
cosh 6y cosh 6
where 6y = D~/2, and
= Dtanh0 B—l—; (4.3b)
Ve = 05 = A2 .

By solving the quadratic equation for v we get

A2, [ 1206
1+ 1-— A2 s ./418 = tanh 00 . (43C)

D
Yie = % tanh

For A > 1, we readily obtain that

1 3
L iomUy, B=1-— 2>
( ) .A2\/Etanh90

VE O(A™Y). (4.3d)

D
Ve = g tanh 90 —
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For § < 1, we perturb the equilibrium solution as
u(z,0) =U(z) + 6e>“’¢(aj) , Yie = Ve + 667, & = 6. (4.4)

We substitute (4.4) into (4.1a), and collect O(9) terms to get D¢y — (1 4+ 79A)¢ = 0 on |z| < 1. From the
linearization of the ODE (4.1b), we obtain

dAeM = ('Yle + 556)‘0) (Ux(0+) +U.(07) + 6eM [¢x(0+) + ¢2(07) + Uz (07) + Um(o_)]) : (4.5a)
In addition, the conditions [Dugl;, = 671 and u(&1) =1/ (71.A%) become
D (Ua(0%) = Un(07) + 86X [Uaa(0%) = Up(07) + 6(07) = 62(07)] ) =6 (e +266 ), (45b)
1 B
VOD o (00 +0l00) =3~ e

Since U, (07)+U,(07) =0, Upz(07) = Uy (07), and U, (0") = £3v1./D, we collect the O(4) terms in (4.5)
to obtain the following problem for ¢:

(4.5¢)

Doy — (1 +70A0) ¢ =0, |z| <15 ¢a(£1) =0, (4.6a)
3713 ﬁ
Do), = 65; ) = - 4.
[ ¢ ]0 6ﬁ7 ¢(O ) + D 7%6‘/427 ( Gb)
1 —
3= 23, (Uaa(0) 4 5 [0:00%) 4 00(07)] ) (4.60)
The solution to (4.6a) satisfying the prescribed values for ¢(0%) is
h(é 1 h(0x(1 —
oo Oz +l) g oo =D) (4.72)
cosh 0, cosh 0,
where 0\ = 0p/1 + 19\, and
3715 B
= — . 4.
C:l: + D ’Y%EAQ ( 8)

The jump condition [D¢,|, = 63, then yields that 5 = 0. Then, we substitute values for ¢x(0i) and
Uze(0) = =D~ (1 — 1/(7164%)) into (4.6¢) to obtain

A =27 [%%\ tanh 6y — % <1 - ﬁ)] . (4.9)

Finally, by using (4.3c) for 71, we readily derive that X\ satisfies the transcendental equation

2
6 2
A =L [\/1+To)\tanh90tanh6>\—l} , = Eotanhﬁo I+4/1— j; . (4.10)

Here 0\ = 0pv/1I+ 7o), 0o = D~ Y/2, while A;, is defined in (4.3c). This expression is the same as that
obtained in equation (5.5) of [19] using the SLEP method based on a linearization of (1.1) around a
one-spike equilibrium solution.
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We introduce w, 74, and ¢, by A = pw, 79 = 74/, and ¢ = Tqw. Then, from (4.10), ¢ is a root of

F(O)=> —Ge)=0,  G(C) = /TFC tanh 6o tanh [0/ TH¢] 1. (4.11)

Td

By examining the roots of (4.11) in the complex ¢ plane, the following result was proved in §5 of [19].

Proposition 4.1: There is a complex conjugate pair of pure imaginary eigenvalues to (4.10) at some

unique value 74 = Tgp depending on D. For any T4 > T4 there are exactly two eigenvalues in the right
half-plane. These eigenvalues have nonzero imaginary parts when 7qn, < Tq < Tgm, ond they merge onto
the positive real axis at T4 = Tgm. They remain on the positive real axis for all Tq > T -

The numerically computed Hopf bifurcation value 74, is plotted versus D in Fig. 4(a). In Fig. 4(a) we
also plot the magnitude |wy| of the pure imaginary eigenvalues wy, = +ilwy| at 74 = 745. Since 79 = 74/
and 7 = e~2.A47 27, the Hopf bifurcation value for the onset of an oscillatory drift instability for a one-spike

solution is

2
—2 1—2 _ Tdh o (90 / .A%

Recall from (3.22) that there is an oscillatory instability in the amplitude of an equilibrium spike when
T =1, = O(AY). Thus, 7, < Ty when O(1) < A < O(e73) and 73, < 7, when O(e™1/3) < A <
O(e~?). In Fig. 4(b) we plot logyy(Tsw) and logyo(7,) versus A, showing the exchange in the dominant
instability mechanism in the intermediate regime. For the equilibrium problem on the infinite line this
exchange in the dominant instability mechanism was also noted in [21] and [4]. As a remark, we notice
that wp,, representing the (scaled) temporal frequency of small oscillations, satisfies wj — 0 in the infinitely

long domain limit D — 0. Therefore, the existence of an oscillatory instability requires a finite domain.

4.1 Numerical Solution of the Coupled ODE-PDE Stefan Problem

To compute numerical solutions to the Stefan problem (4.1) we adapt the numerical method of [32] for
computing solutions to a heat equation with a moving singular Dirac source term. We use a Crank-
Nicholson scheme to discretize (4.1a) together with a forward Euler scheme for the ODE (4.1b).

For simplicity we first consider (4.1a) for one spike where k = 1. Let h and At denote the space step
and time step, respectively. We set At = h%/2 to satisfy the stability requirement of the forward Euler
scheme. The number of grid points is M = 1+ 2/h, and we label the jth grid point by z; = =1+ (j —1)h
for j =1,..., M. The total time period is T},, and we label o, = nAt for n = 1,...,T,,/At. At time o,
the solution u(zj,0,) at the jth grid point is approximated by U, and we label U" = (U, - L)t
Also, the spike location &;(0,,) and spike amplitude 7, (0,,) are approximated by £}' and 77, respectively.

As in [32] we approximate the delta function 0(z — &) in (4.1a) with the discrete delta function

dM (z — &), where dV(y) is given by

0, otherwise . '

The numerical approximation dV) of the delta function in (4.1a) spreads the singular force to the neighbor-

ing grid points within its support. Next, we write the constraint of (4.1c), given by u(£1(0),0) = 1/(v1.A?),
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Figure 4: Left Figure: The drift instability thresholds 745, (heavy solid curve) and |wy| (solid curve) versus
D. Right figure: Plots of log;o(7) (heavy solid curve) from (3.22) with k£ = 1 and log;((7%,) (solid curve)
from (4.12) versus A for D = 0.75 and ¢ = 0.015. This shows the exchange in the dominant instability
mechanism in the intermediate regime.

in the form

& 1
= o(x — dr = — . 4.14
ua(). ) = | ulwo)ile — a(o)do = (a.14)
With Ul & u(xj,0n), £ = &1(0n), and 77 = 71(0y), the discrete version of (4.14) is
n n n 1
u(€l,on) = h Y UFdD (w; —€1) = ——5, (4.15)
; gt
where d®) (y) is a further numerical approximation to the delta function given explicitly by
1_(y/h)27 |y|§h7
AP (y) = 2y 28l w/h)?, h <yl <2h, (4.16)
0, otherwise .

The function d® aims at interpolating grid values UJ” to approximate the requirement u((7,0,) =
1/(7}A?) at the spike location.
A rough outline of the algorithm for the numerical solution to (4.1) to advance from the nth to the

(n+ 1)th time-step is as follows:

1. Use (4.1b) to take a forward Euler step to get the new location ¢! given U™ and 7.

2. Use the approximate condition

1 1 1
U(E?Haffnﬂ) ~ A2 <% + F) ) (4.17)
1
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on the right hand-side of (4.15) together with the Crank-Nicholson discretization of (4.1a) to solve

for 47t

3. Calculate U™ from the discretization of (4.1a) using the value of 7.

4. Set n =n + 1, and repeat the iteration.

In order to obtain higher accuracy, we use a fourth order accurate scheme as suggested in [32] to

approximate the second order differential operator u,, as
( foq—6UL s + 14U, — AU, — 15U + 10U]”_1)/(12h2), ji=1,
a5, 00) % 4 (U + 16U,y = 3007 + 1607, — U7 5)/(120%),  2<j <N,
(UJ”_4 —6UL 3 + 14U, — 44U | — 15U + 10U}"‘+1)/(12h2) , j=M,
where Uy and Uy, are ghost points outside each end of the boundaries at * = +1. The Neumann

condition uz(£1,t) = 0 is also discretized as
uz(x1,0p) = (=3Uy — 10U + 18Uy — 6U3 + Uf')/(12h) ,
ug(xpr, on) = (U + 10Uy — 18Uy + 6Uy;_o — Uyy_3)/(12h).
Eliminating the ghost points from the discretization of wu,,, we obtain the M x M coeflicient matrix

—145/3 56 -6 —-8/3 1 0 0 o - 0

58/3 -36 18 —4/3 0 0 0 0 0
-1 16 —-30 16 -1 0 0 0 0
0 -1 16 -30 16 -1 0 0 0
1 0 0 -1 16 -30 16 -1 0 0
0 0 0 -1 16 =30 16 -1 0
0 0 0 0 -1 16 -30 16 -1
0 0 0 0 0 —4/3 18 —-36 58/3
0 0 0 0 1 —8/3 —6 56 —145/3

Next, we outline how we calculate the fluxes in (4.1b). For convenience, in the notation of this paragraph
we omit the superscript n at time o,. In order to approximate the one-sided first order derivatives
uz (&5, 0,,) in (4.1b), we first use the solution values at gridpoints on each side of &; to interpolate the
values at points that are equally distributed near £&;. Then, we approximate um(gfc,an) by differencing
values at these points. For instance, assuming that the closest grid point on the left-hand side of the spike
is x;, we use six point values (@, Uj, Uj_1,Uj_2,U;j_3,U;_4) with @ = u(&1,05) = 1/(71.A%) to interpolate
the solution at = = (& — 3h,& — 2h, & — h,&1). Denoting the results to be (U, ,Uy ,Us , Uy ) with

Uy =u(&1,0n) = 1/(11.A%), we can use them for estimating u, (&5, 05,) as

_ _ 3. 1___
ug (&7 ,t) = (=3U3 + §U2 - gUl )/h. (4.18a)

Similarly, we obtain (U™, Uy, Uy, US5) at @ = (€1,&1 + h, & + 2h, & + 3h) by interpolation, and we then
discretize to obtain

1
3U?,+ +=U)/h. (4.18b)

ux(ff,t) ~ (3U2Jr —3 3
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Next, we discretize (4.1a) by the Crank-Nicholson scheme to get

D 1 D
1+ M)I - ”—T] Ut — [(1 — I+ %T U™ — 3p ("2t 4 d™7) +p, (4.19)

where p = At/19 and pt = (u, p, ..., ). Here d"™! denotes the discretization of the delta function by
dM) at time o,,1. Denoting the coefficient matrix of U™*! to be A and that of U” to be B, the system

above can be written in the simpler form
AU =BU" = 3u (A" +d™) +p. (4.20)

In (4.20), only the boldface variables are matrices and vectors. We then approximate (4.1c) by the discrete
form (4.15). We write this interpolation as a dot product N U™ where
1 1 1
Nyt = <— + —> : (4.21)

2 ./42 11 ,Y{L—',-l

Since A is of full rank, we then left multiply (4.20) by Nt A~! to get a quadratic equation for 7{’“ given
by
3uUNTTFI AT gyt [N"HA—l(BU" —3ud™} +p) — Li} Ly (4.22)
242 ,}{L 242 ,Y?l%+1
Since A > 1, we can solve (4.22) for the correct root 4. We then calculate U™™! using (4.20) and start
the next iteration by using a forward Euler step on (4.1b) to advance the spike location.

This numerical method can be readily extended to treat (4.1) for two or more spikes. For instance,
consider the case of two spikes. With the same Crank-Nicholson scheme, we let d; and ds be the discrete
approximations of §(x — &1) and d(z — &) in (4.1a), respectively, with the discrete delta function d().
Define the row vectors N”Jrl and N”Jr]L to the discrete versions of d(®) near & and &, respectively. The

conditions u(ﬁ}”l oty =1/ (] +1.A2) can then be approximated by the two discrete constraints

2A2 ’Y? 'Yn+1

1 1 1
NIy = <_ + —) , for j=12. (4.23)
J

The Crank-Nicholson discretization of (4.1a) with k = 2 is written as
AU = BU" = 3p(di ™+ dy Ty ™) = 3p(diag + diag) + (4.24)

Upon imposing the constraints (4.23) we obtain the following system for 47 and fyg”rl

1 1
BuNG AT g P
o (4.25)
- [NFHATIBU" - 3p(dinf + dig) + ) - 5| =0, for j=12.
J

After calculating fy"“ and vy 21 from this system, we then compute U™ from (4.25), and update the

locations of the spikes.
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4.2 Numerical Experiments of Oscillatory Drift Instabilities

We now perform some numerical experiments on (4.1) to verify the drift instability threshold of a one-spike
solution given in (4.12). We also use the numerical scheme of §4.1 to compute large-scale oscillatory motion
for some one and two-spike patterns.

For each of the numerical experiments below we give initial spike locations &;(0) = &0, for j =1,...k,
and we choose the initial condition u(x,0) for (4.1) to be the quasi-equilibrium solution (2.14) with g; =1
and z; = &o for j = 1,...,k in (2.14). In all of the numerical computations below we chose the mesh
size h = 0.01 and the diffusivity D = 0.75. For D = 0.75, the stability threshold from Proposition 4.1 is

computed numerically as 74, = 2.617.
Ezxperiment 4.1: A one-spike solution near equilibrium: Testing the instability threshold

Let D = 0.75 and A = 28.5. Then, from (4.12) we calculate 794 ~ 4.19 and 74, ~ 5177. For an initial
spike location at £1(0) = 0.1, in Fig 5 we plot the numerically computed spike layer trajectory £; versus o
for six values of 7. Comparing Fig. 5(d) with Fig. 5(e) we see that the amplitude of the oscillation grows
slowly when 79 = 4.22, and decays slowly when 79 = 4.20. From Fig. 5(f) we observe that the drift Hopf
bifurcation value is 794 & 4.21, which compares favorably with the theoretical prediction of 794 ~ 4.19 from
(4.12). With regards to the convergence of the numerical scheme for (4.1), we estimate numerically that
Toq ~ 4.23 with the coarser meshsize h = 0.02, and that 794 ~ 4.20 for the very fine meshsize h = 0.005.

As a trade-off between accuracy and computational expense, we chose h = 0.01 in our computations.
Ezperiment 4.2: A one-spike solution: Large-scale oscillatory dynamics

We again let D = 0.75 and A = 28.5. However, we now choose the initial spike location £1(0) = 0.3,
which is not near its equilibrium value. In Fig 6 we plot the numerically computed spike layer trajectory
&1 versus o for 79 = 4.20 and 7y = 4.22. For the smaller value of 7y the spike slowly approaches its steady

state at &, = 0. However, for 79 = 4.22, the spike location exhibits a sustained large-scale oscillation.
Ezxperiment 4.3: A two-spike pattern: Oscillatory drift instabilities and the breather mode

We now compute two-spike solutions. For D = 0.75 and A = 63.6, in Fig. 7(a) and Fig. 7(b) we plot the
numerically computed spike trajectories with initial values £1(0) = —0.38 and £3(0) = 0.42 for two values
of 19. For 79 = 16 the spike trajectories develop a large-scale sustained oscillatory motion. In each case,
the observed oscillation is of breather type, characterized by a 180° out of phase oscillation in the spike
locations. A breather instability was shown in [11] to be the dominant instability mode for instabilities of
equilibrium transition layer patterns for a Fitzhugh-Nagumo type model. It is also the dominant instability
mode for equilibrium spike patterns of the GS model in the high-feed rate regime A = O (e ~1/2) (see [18]).
For the same values of D and A, in Fig. 7(c) and Fig. 7(d) we plot the numerically computed spike
trajectories with initial values £1(0) = —0.55 and £3(0) = 0.45 for 79 = 15 and 79 = 17, respectively.
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Figure 5: Experiment 4.1: Testing the stability threshold for initial values near the equilibrium value. Plots
of & versus o with £;(0) = 0.1, D = 0.75, and A = 28.5, for different values of 7y. The numerical threshold
Toqd =~ 4.21 in the plot in the lower right figure compares well with the theoretical prediction 7¢4 =~ 4.19.
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Figure 6: Ezxperiment 4.2: Plots of & versus o with £&(0) = 0.3, D = 0.75, and A = 28.5. Left figure:
70 = 4.20. Right figure: 7y = 4.22.
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Figure 7: Experiment 4.3: Spike trajectories &; versus o for a two-spike pattern with D = 0.75 and
A = 63.6. Top row: the initial values £;(0) = —0.38 and £2(0) = 0.42 with 79 = 15 and 79 = 16. Bottom
Row: the initial values &1(0) = —0.55 and £2(0) = 0.45 with 79 = 15 and 79 = 17.
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4.3 Integral Equation Formulation
In this section we show how to cast the Stefan problem (4.1) for a one-spike solution into an equivalent
integral equation formulation. We let K (z,0;7,s) to be the Green’s function satisfying
710 Ks = DKy — K 4+ 6(x —n)d(o — s), -l<a<1, (4.26a)
K,=0 z==1, K=0, for 0<o<s. (4.26b)

The solution to (4.26) can be represented either as an infinite sum of images, or else by an eigenfunction

expansion. The latter representation is

H(a—s)

70

(o—s)/70

K(z,03m,s) =

+Zexp< T 2(07_08)>C°S (G €+ D) cos (%(Hl))]
(4727)

By using Green’s identity, a straightforward calculation shows that the solution u(z, o) to (4.1) with one

spike can be written in integral form in terms of K as

1

u(z, o) :1+To/

-1

[u(n,0) = 1] K(x,05n,0) dn — 6 /0(r () K (2, 0:81(s), 5) ds, (4.28)

where &;(s) is the spike trajectory. Imposing the constraint condition u = 1/(y1.A%) at = &1(0), we

obtain an integral equation for v1 (o) in terms of the unknown spike location as

o

1
=1 [ W00 K000 dr =6 [ @K@ il ds. (@429)

Finally, by calculating u, as © — &;(o) from above and from below, we calculate

1 o
(€5 (0),0) = 10 / [, 0) — 1] Ko (€5 (0), 031, 0) diy — 6 /0 1 (8) K (65 (0), 03 61(s), 5)ds . (4.30)

-1

Finally, by substituting (4.30) into (4.1c), we obtain the integrodifferential equation

1
% =1(0) (To/ [u(n,0) — 1] (Kx(ﬁf(a),a;n,()) + K (& (0),03m, 0)) dn

-1
(4.31)

0 [ 5) (Kol (0),0361(5).9) + Kl (o), 61 (5), ) )
0

Here u(n,0) is the initial condition for (4.1). This shows that the motion of the spike layer depends on
its entire past history. This formulation shows that &;(o) is determined, essentially, by a continuously
distributed delay model. Such problems typically lead to oscillatory behavior when 7 is large enough, this
and suggests the oscillatory dynamics computed in §4.2.

We remark that as a result of the infinite image representation of K, together with the constraint
(4.29), the integrodifferential equation (4.31) is signficantly more complicated in form than a related inte-

grodifferential equation studied numerically in [28] modeling a flame-front on the infinite line.
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5 Discussion

We have studied the dynamics and oscillatory instabilities of spike solutions to the one-dimensional GS
model (1.1) in the intermediate regime O(1) < A < O(e~2) of the feed-rate parameter A. In the
subregime O(1) < A < O(e~'/3), and for 7 < O(e~2A2), we have derived an explicit DAE system for
the spike trajectories from the quasi-steady limit of the Stefan problem (2.13). From the analysis of a
certain nonlocal eigenvalue problem, it was shown that the instantaneous spike pattern in this regime will
become unstable to a Hopf bifurcation in the spike amplitudes at some critical value 7 = 77 = O(A%).
Alternatively, in the subregime O(e~/3) < A < O(e/?), and with 7 = O(¢~2A472), oscillatory drift
instabilities for the spike locations were computed numerically from the full time-dependent Stefan problem
(4.1) with moving sources. In this subregime, the onset of such drift instabilities occur at some critical
value 7 = 7 = O(e72.A72) that can be calculated analytically. An open technical problem is to study
the codimension-two bifurcation problem that occurs when A = O(s_l/ 3) where both types of oscillatory
instability can occur simultaneously at some critical value of 7 = O(e~/3).

There are two key open problems that warrant further investigation. The first open problem is to extend
the numerical approach of [28], used for a flame-front integrodifferential equation model, to compute long-
time solutions to the integrodifferential equation formulation (4.31) of the Stefan problem (4.1). With such
an approach, one could compute numerical solutions to (4.1) over very long time intervals to study whether
irregular, or even chaotic, large-scale oscillatory drift behavior of the spike trajectories is possible for the
GS model in the subregime 0(6_1/ H< Ak O(s_l/ 2). A second key open problem is to systematically
derive Stefan-type problems with moving sources from an asymptotic reduction of related reaction-diffusion
systems with localized solutions such as the Gierer-Meinhardt model with saturation [15], the combustion-
reaction model of [20], the Brusselator model of [16], and the GS model in two spatial dimensions. The
derivation of such Stefan problems would allow for the study of large-scale drift instabilities of localized
structures for parameter values far from their bifurcation values at which a normal form reduction, such
as in [9] and [8], can be applied.
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