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1 Introduction

The method of matched asymptotic expansions is a powerful systematic analytical method for asymptotically calcu-
lating solutions to singularly perturbed PDE problems. It has been successfully used in a wide variety of applications
(ct. [35], [42]).

In these workshop notes we consider various classes of perturbation problems with localized imperfections in
multi-dimensional domains. A perturbation of large magnitude but small extent will be called a strong localized
perturbation. It may be contrasted with a weak perturbation, which is of small magnitude but may have large
extent. We shall show how to calculate the effects of strong localized perturbations on the solutions of elliptic PDE
problems and reaction-diffusion systems.

The examples of strong localized perturbations that we will consider are the removal of a small subdomain from
the domain of a problem with the imposition of a boundary condition on the boundary of the resulting hole, a large
alteration of the boundary condition on a small region of the boundary of the domain, a large but localized change
in the coefficients of the differential operator, and nonlinear reaction diffusion problems where the nonlinearity is
effectively localized in the domain.

Strong localized perturbations are singular perturbations in the sense that they produce large changes in the
solutions of the problems in which they occur. However, these large changes are themselves localized. Consequently,
the perturbed solutions can be constructed by the method of matched asymptotic expansions. An inner expansion
can describe the large changes in the solution in a neighborhood of the strong perturbation. An outer expansion, valid
in the region away from the strong perturbation can account for the relatively small effects that the perturbation
produces there. These two expansions can be matched to determine the undetermined coefficients in both of them.

For strong localized perturbations in a 2-D domain, the asymptotic expansion of the solution often leads to infinite
logarithmic series in powers of v = —1/log e, where ¢ is a small positive parameter, it is well-known that this method
may be of only limited practical use in approximating the exact solution accurately. This difficulty stems from the
fact that v — 0 very slowly as e decreases. Therefore, unless many coefficients in the infinite logarithmic series
can be obtained analytically, the resulting low order truncation of this series will typically not be very accurate
unless € is very small. Singular perturbation problems involving infinite logarithmic expansions arise in many areas

of application in two-dimensional spatial domains, including; low Reynolds number fluid flow past cylindrical bodies,
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eigenvalue problems in perforated domains, the calculation of the mean first passage time for Brownian motion in a
domain with small traps, etc.

One primary goal of these notes is to highlight how a common analytical framework can be used to treat a wide
range of problems with strong localized perturbations arising from different areas of application. There are some
workshop problems that supplement the material presented, and which should be attempted by the reader. The

solutions to these problems are given in the Appendices.

2 Strong Localized Perturbations in 3-D

We first recall a few basic results from potential theory. Suppose that Au — k?u = 6(z — xo) with € Q € R? and

k > 0 a constant. Then,
1

~— — X . 2.1
prp— as T — xg (2.1)

u

To derive this simple result, we introduce a small sphere of radius § about z( so that Qs = {z| |z — zo| < d}. Then

we define r = |z — x|, and we look for a local radially symmetric solution to
2 2 2
Au—k*u=up + —u, —k*u=0,
r

that has a singularity at » = 0. We get u = Ar—'e™*" for some constant A. Upon applying the divergence theorem,

Audx—k2/ udr = 0(x —xzo)dr =1,
Qs Qs Qs
2 20u 2
Vu-ndS —k udr = 4w | r°— —k udr =1.
Q5 Qs T lr=s Qs
Then, by substituting u = Ar~'e™*" into the formula above, and taking the limit as 6 — 0, we obtain A = —1/4n~,

which yields (2.1).

Therefore, if we want to solve in R? the problem

Au=0, x € N\{xo},

A
u=~0 x € 0Q; U~ — T — xo,
|z — o]
we use the formal correspondence —m — §(x — xp) to get ﬁ — —4wAd(x — x0). Thus, the problem above

becomes

Au = -4 Ad(x — ) , x€Q; u=0, x € 0.

2.1 Eigenvalue Asymptotics in R?

Let Q be a 3-D bounded domain with a hole of “radius” O(e), that is removed from €. We consider,

Au+Au =0 for x € Q\Q.
u=20 for x € 992

(2.2)
u=20 for x € 09,

fQ\Qe wdr=1.
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We assume that €. shrinks to a point 2y as e — 0. For instance, €. could be the sphere |z — 29| < €, but more

generally we will allow for holes of arbitrary shape. Then the unperturbed problem is

Ap+pup=0 forxe
$=0 for x € 0Q (2.3)
fﬂngdx:l.

This problem has the eigenpairs ¢;(x), p; for j = 0,1, ... with the orthogonality property fQ i de =0 for j # K,
and ¢o(z) > 0 for z € Q.

We now look for an eigenpair of (2.2) near the principal eigenpair ¢o(z), uo. We proceed by the method of matched

asymptotic expansions. We first expand the eigenvalue for (2.2) as
A~ g+ v+,

where v(e) — 0 as € — 0 is some gauge function to be determined.

In the outer region away from the hole, we expand
u=¢o(x) +v(e)u + .
Now since Q. — {zo} as € — 0, then u; satisfies

Aug + pou; = =Mdg  for z € Q\{zp}
up =0 for z € 00 (2.4)
fQ U1¢0 dz =0.

Now we construct an inner expansion near the hole. We let y = ¢! (x — z0) and we define v(y;€) = u(zo + €y).

Then, v(y) satisfies

{Ayv +Aefv=0 forxz ¢ Q (2.5)

v=20 for x € 09 .

Here Qy = £71Q, is the magnified hole. Then, we expand v = vy + v(€)vy + - - -, to obtain that v, satisfies

Ayvg =0 for y & Q
v =0 for y € 00 (2.6)
vo = ¢o(x0) as|y| = oo.

The matching condition between the outer and inner solutions is that as x — x¢ the outer expansion must agree

with the far-field behavior as |y| — oo of the inner expansion. We write this formally as
po(x) +v(e)ug + - ~vg+v(e)vyy +---, as x — z and |y| = oo. (2.7)

Now we write the solution to (2.6) as

vo = do(zo) (1 —ve(y)) » (2.8)
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Trap Shape Qo =& Q¢ Capacitance C'
sphere of radius a C=a
hemisphere of radius a C =2a ( - %)
flat disk of radius a C= 2?“
prolate spheroid with semi-major and minor axes a, b C= =t %
. . . . . Va2—-b2
oblate spheroid with semi-major and minor axes a, b C= os=T(b/a)
-1
ellipsoid with axes a, b, and ¢ C=2 (fooo(a2 +0) V2% 4 )2 4 )72 dn)

Table 1. Capacitance C' of some simple trap shapes, defined from the solution to (2.9).

where v.(y) satisfies

Ayve=0 fory & Qo
ve =1 for y € 9Q (2.9a)
ve = 0 as |y| = oo.

Except for a few simple shapes g, the solution for v, cannot be found in closed form. However, it does have the

well-known far-field asymptotic behavior

c
UcNm+O(|y|_2)+’ as|y|_>oo7 (29[))

where C' > 0 is called the electrostatic capacitance of ).
As a remark, for the special case of a spherical trap of radius €, then Q. = {z| |z — xzo| < €} and Qo = {y| |y| < 1}.
We let 7 = |y| so that in R3 v, = v.(r) satisfies

T

o + 20, =0 forr>1
ve =1 for r = 1.

Then, v, = % for r > 1, so that C = 1.

The capacitance C, defined in (2.9), has two key properties. Firstly, it is invariant under rotations of the trap
shape. Secondly, with respect to all trap shapes ()¢ in of the same volume, C is minimized for a spherical-shaped
trap (cf. [72]). Although C must in general be calculated numerically from (2.9) when §2¢ has an arbitrary shape, it
is known analytically for some simple shapes, as summarized in Table 1. The capacitance C' is also known in a few
other situations. For instance, for the case of two overlapping identical spheres of radius €a that intersect at exterior

angle ¢, with 0 < ¢ < 7, then C is given by (cf. [25])

C =2asin (fﬁ) /OOO {1 — tanh(r7) tanh (w;ﬂ dr . (2.10)

For ¢ — 0, (2.10) reduces to the well-known result C' = 2alog 2 for the capacitance of two touching spheres.
Now we return to vy and write its far-field behavior as

C

vo ~ ¢ (o) (1 Tl

—|—) , as |y — 0.
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We let y = ¢! (2 — z0) and use the matching condition of (2.7) to obtain

Bo(z0) + v(€)ur ~ ¢o(wo) — %(mo)merO' 4+, as x — 0.

This determines both the gauge function v(e) and the singularity behavior of u; as * — xq as

V(E):€7 ’11/1—)—(;50(3;‘0)‘ as T — To.

T — x|’
We then return to (2.4) and write this problem as

Aug + pou; = —Ago  for z € Q\{zo}
u; =0 for x € 09
up — —¢0($0)ﬁ as T — g
fQ Uy qbo der=0.
Since W—lcvol — d(z — xp), this problem is equivalent to
Lu := Auy + pouy = —M1¢g + 4nCdo(x0)d(z — 29) in Q
up =0 on 0f).
We integrate Lu over {2 and use the Green’s second identity to get
/(¢0Lu1 —u1Lgp) dv = / (P0Onu1 — u10n¢0) dS .
Q o0
Since ¢g = w1 = 0 on 02, and Loy = 0, we obtain
0= ¢0LU1 dr = ¢50(—/\1¢0 +47TC¢0($0)5($ —l‘o))dﬂ?,
Q Q
which determines A1 as A\ = M
Jo d5d=

In summary with v(€) = ¢, we obtain the following two-term result for the expansion of the principal eigenvalue:

4w Clo(x0))?

A~ g+ e+, A1 = 2.11
Jo 05 da @11
Remarks:
(1) If there are N small holes then we obtain
N
[0 ()]
A~ +4mey Ci—57—+ -1,
jz:; ! fQ ¢f dx
where C is the capacitance of the jth hole.
(2) Let us assume that v = 0 on 99 is replaced by the no-flux condition d,u = 0 on 9. Then,
Ap+pup=0 forze
O =0 for z € 09}
Jod?*de =1,
has the principal eigenpair pg = 0 and ¢¢ = W’ where Q] is the volume of Q. In this case, we can

readily calculate that A ~ 4?5‘0, so that this leading-order term is independent of the location of the hole.

We elaborate more on this case below in §2.3, as it is directly relevant to calculating the mean first passage
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time for diffusion inside a 3-D domain with absorbing traps inside the domain. A key issue below in §2.3 is to

calculate higher-order terms in this expansion that reflect the location of the traps inside the domain.

Consider the special case of two concentric spheres with an inner sphere of small radius. The radially symmetric

eigenfunctions, under Dirichlet conditions, satisfy
um,Jr%urJr)\u:() fore<r<l,
{u(l) =0, u(e)=0.

The exact eigenfunction is u = r~'sin (\A(r — e)) By satisfying u(1) = 0, we get vV A(1 — €) = 7, which yields
A= % ~ 72(1+ 2+ ---). Hence, A ~ 7% + 2em? + -+ .

Now use the asymptotic formula given in (2.11). In (2.11), we set puo = 72, ¢o = r~*sin(wr), so that ¢o(0) =
lim, g @ = m. In addition, [, ¢§dzr = 4r fol (r=2sin®(mr)) r2dr = 2m. Then (2.11) with C = 1 yields A ~

72 4+ 2em? + - -, in agreement with the expansion of the exact eigenvalue relation as shown above.

2.2 Narrow Capture Problem

Our next class of model problems to exhibit the asymptotic technique of treating localized traps is to construct an

asymptotic solution in R3 to the following problem:

Au= M(z) forzeQ\UL, Q.

J

U= forz € 0Q,;, j=1,...,N
u=20 for x € 09).
Here €, is a hole of “radius” e with Q., — {x;} as e — 0 for j = 1,..., N. We assume that z; € Q, so that for

e — 0 each hole is contained inside the domain.

In the outer region we expand
U=1uy+euy+---,
where ug is the unperturbed solution in the absence of any holes, and satisfies

Aug=M(z) forze
ug =0 for x € 09).

In addition, u; satisfies

Aup =0 for x € O\{z1,..., 2N}
u; =0 for x € 990
uy singular  asx —x;, j=1,...,N.
Now in the inner region near x = z; we write y = ¢ '(z — z;) and v(y;€) = u(z; + ey,€) = vo(y) +--- . The

matching condition yields that vg — ug(x;) as |y| — oo so that

Ayvg =0 fory ¢ Q; =e71Q,,
Vo = Q; for x € 09

vo — up(x;) as|y| — co.
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The solution is decomposed as
vo = uo(z;) + (aj — uo(x;)) ve(y)
where v.(y) satisfies
Ayv. =0 fory & Q;
ve =1 for y € Q;

C.
Ve ™~ Th as ly| = oo .
Here C} is the capacitance of the jth hole. This yields the far-field behavior
Gj
vo ~ uo(x;) + (a; — uo(z;)) W ly| = o0
Now the matching condition is simply

eC';
uo(z;) + e( — x;) - Vouo(x;) + eus +- -+ ~ uo(x;) + (a; — uo(;)) Fjﬂ Tevit--. (2.12)
J

£—>£E7'

This yields that
u (afu(x))i as T — T,
P TR g — g .
We remark that the gradient term on the left-hand side of (2.12) gives the far-field behavior of the vy term, and this
would be the starting point to obtain a higher-order approximation.
Therefore, the problem for u; is simply
Aup = —4rw Z;\Ll (aj —uo(zy)) Cjo(x —xj), forxze
up =0 for x € 09).

The solution is given by
N
u =4y (o —uo(x)) Cj Glasay),
j=1

where G(z;x;) is the Dirichlet Green’s function satisfying

AG =4(x—zj) forxze
G=0 for z € 092.

Now consider the corresponding Neumann problem in ) € R3 given by
Au=M(z) forzeQ\UY, Q.
Opu =0 for x € 90 (2.13)
u=q; forz € 0Q,;, j=1,...,N.
We assume for simplicity below that ., = {z||z — x;| = er;} so that we have N-small spheres of radius er;. This
simplification will allow us to readily calculate a two-term expansion for the solution.

Remarks:

(1) We cannot expand u = ug + €uy + - -+ since

Aug = M(xz) for x € Q
Opug =0 for x € 092,
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has no solution in general unless [, M (z) dz = 0.

(2) To identify the difficulty with this naive expansion, we recall that the underlying spectral problem given by

Ap+Xp=0 foerQ\Uéyzlﬂ
Ond =0 for z € 992
¢=0 forz € 9Q,, j=1,...,N,

€

has a principal eigenvalue (see the earlier example) with estimate
dre &

Thus, the Neumann BVP is “almost” not solvable. The principal eigenvalue estimate A = O(e) suggests that

the expansion for u should be v = e Yug + uy + eug + - - - .

Notice that in the 5 inner region, the leading-order inner solution satisfies

Ayv. =0 |yl >
Uc:1 |y‘:rj7

with v, ~ C;/|y| as |y| = co. The exact solution is v. = r;/|y|, so that C; = r;.

(3) Consider the special case of this problem posed in a concentric annulus formulated as

Au=M fore<r<l1
u, =0 forr=1

u=1 forr=¢,

where M is assumed to be a constant, independent of x. The exact solution is readily found to be

Notice that in the outer region, the exact solution gives
ug
U= — + U + SRR
€
while in the inner region with r = O(g), we have
Vo
V= — + U1 + e,
€
We then return to (2.13). In the outer region, we expand
Uo
u:?+u1+eu2+~~

We obtain that Aug = 0 with 0,,ug = 0 on 0, and so ug = p where p is a constant. The problem for w; is

Aup = M(z) forz e Q\{z1,...,2n}
Opu; =0 for x € 992

uy singular asr—x;, j=1,...,N,
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while uq satisfies
Aus =0 for v € O\{z1,..., 2N}
Opus =0 for z € 992
ug singular asx —x;, j=1,...,N.

Now in the inner region we let y = ¢! (x — x;), and we expand the inner solution as
Vo
’U:?—F’Ul—‘rﬁ’vz—f—“- .

We obtain, upon using the matching condition vy — ug as |y| — oo that

Ayvg =0 for |y| >r;
v =0 for |y| =7,

vy — 4 as |y| — co.

The solution is written as vg = p(1 — v.), where v, = C;/|y| and C; = r;. The matching condition for x — z;

becomes
V) C;
'LL_|_U1_|_EU2_|_...N0+Ul_|_...:'u(1_ J €)+'Ul+"'~
€ € € |z — ;|
T—Tj Y—00
Therefore, we obtain
O
Uy — — | , as T —Tj.
|z — ;]

The problem for u; is simply
Aup = M(z) forz € Q\{z1,...,2n}
Opu; =0 for z € 992

asx —x;, j=1,...,N,

which is equivalent to
Auy :M(x)+47r,u2;-v:1 Cié(x —x;) forxz e
Opur =0 for z € 09).

Upon using the divergence theorem, we obtain that

N
/M(x)dx+47wZCj =0.
Q =

This yields the leading-order outer solution as
1 [ M(z)dx

I
U~ =, where =——
€

N
Now we proceed to one higher order in the asymptotic construction. To do so, we must solve for u; explicitly. This

is done by introducing the Neumann Green’s function G(z;x;) defined uniquely by the solution to
AG == —0(r—zx;), €, (2.14 a)
o0nG=0, x€0Q, (2.14b)
/Qde:O. (2.14 ¢)
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We notice that G(x;x;) exists since fQ (ﬁ —d(x — xj)) dx = 0, and the condition fQ G dx = 0 specifies G uniquely.

In addition, we can decompose G(z;x;) as
1

Glrig)) = — —
(w3 25) 47r|:cij|+

R(x;z;), (2.14 d)
where R(z;x;) is the regular (smooth) part of the Neumann Green’s function. Therefore, as & — x; we obtain

G(zyx;) ~ +Rj+0(1), as z—ux;; R; = R(zj;z;) .

Al — x;]

Now we write the problem for u; as

Auy = <M(x) - ﬁ Jo de) + <512| Jo M(x)dx —|—47r,u2;v:1 Cié(z — x])> for x € Q
Opu; =0 for x € 992 .

We decompose the solution to this problem in the form

N
up =y, — 47TMZ C;G(x; ;) + 1y (2.15)

=1

Here @ is a constant, while u, is the unique solution to

Aulp:M(x)—ﬁfde for z € Q
Opu1, =0 for z € 02
Jou1, dz=0.

A simple calculation shows that
N N 1 N 1
A[—47TMZ C;G] = —47mz C; (Q| —6(x — x1)> = 47wz Cid(x —xz;) + @/ M(z)dx.
i=1 i=1 i=1 Q
Notice that i, is uniquely determined. In addition, since fQ u1, dr = 0 and fQ G(x;z;)dr = 0, it follows that
Jouidr = 1]Q|. Therefore, @, in (2.15) has the interpretation that it is the spatial average of u;, ie. U1 =
ﬁ fQ uy dx.
Now we expand the solution in (2.15) as & — «; for each j =1,..., N to obtain

N
1
uy ~ uy, (z5) — 47Tu(ZCiG(mj;xi) +Cj ( + Rj) > + 1 .

oy Al — aj]

We write this expression as
pCj

|z — ;]

up ~ Bj + 1y — as T — Ty,

where Bj is defined by

N
Bj =uy, (LEJ) —Amp <CjRj + Z OiG(l‘j; .171)> .
i#£]
Then, the matching condition is

(Y
%+ul+6uQ+...N?O+U1+..._

Writing this condition out in detail we have

C; C;
HJrl_LlJrBj* o= JrEuQN'u(l i >+v1.
€ |z — x| € |z — z;]
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This implies that for each j =1,..., N, v; must satisfy

Ayv; =0 for |y| > r;
U1 = 0y for |y| =r;

v~ +B;  as |yl — oo.

The solution is given explicitly by
v1 = (i + By) — [(ta + Bj) — ajlve,  ve=Cj/lyl, Cj=r;.

Therefore, v1 ~ (41 + B;) — [(41 + Bj) — aj]% as |y| — oo. This implies from the matching condition that ug must

satisfy
Aug =0 for x € O\{z1,..., 2N}
Opug =0 for z € 992
ugw[aj—(ﬁl—i—Bj)]lz(jiijl asz —x; j=1,...,N.

Therefore, we can write the problem for us as
N
Aug:—47TZ[04J-—(ﬂl—l—Bj)}Cjé(x—xj) x € Opuz =0, on 9JQ.
j=1

Finally, we determine %7 by the divergence theorem. We calculate

N
> oy — (w1 + B))IC; =0,
j=1
so that
N
N (. — B.)C,
4 = ZJ*I(O;VJ 1)C . (2.16 a)
Zj:l G
where
N
Bj :ulp(:cj) —47T,LL<C]‘RJ‘ +ZCZG(1’3,£E1)> . (216 b)
i#£]

In summary, a two-term outer expansion for (2.13) is given by

1 JoM(z)ds

7 .
u~—+u +---, with p=- ~
€ dr Zj:le

)
where u; is given by uy = uy, (x) + @1 — 4mp Zf\il C;G(x; x;). Finally, the constant term @; is given in (2.16).
We now show that our result agrees with the exact solution to the concentric annulus problem with M constant,
formulated as
Au=M fore<r<l1
u. =0 forr=1

u=1 forr=¢

We recall that the exact solution is u = & (r? — €2) + 4 (£ — 1) 4+ 1.

To recover this result, we use in our asymptotic result that j = 1,27 = 0,C; = 1,1 = 1 and uy, = 0 since M
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constant. In addition, the Neumann Green’s function for the unit sphere with a source point at the origin satisfies

AG = ﬁ for z € Q\{0}
G,.=0 onr=1
G~ 4—71W + Ry asr—0
f Gdzx=0.
A simple calculation gives
9 1 r2
G=——-+—+—.
20m + 4y + 8T
Now as r — 0, then G ~ 4—}” + Ry, where we identify R, = —%.

In our asymptotic result we must calculate p, By, and %;. We obtain

1 M 47 M M 9 3M
= - Mde=———— ) =—— By = —4AnuCi Ry = —4An(—)(——) = — )
s 47r01/Q v 47r(1)<3> 3 1= —AmpuC Ry = —An () (=550 = 50
This yields that
(&1 3M
i = (1 — By) = = (1 + =)
Uy = (o 1)01 1+ )

Then wu; is given explicitly by

{ul =uy, + U —4mpuCi1G =1+ % - 47r(7%)[72%7r + A2+ &)

2 2
w=1+2ME +o)=1+£ 44—
1

— 1) 4 Mr® This

Therefore to to second-order our asymptotic result is u ~ & 4wy +---, which yields u ~ 1 + %( G

agrees with the exact solution up to the terms of O(e?).

2.3 An Eigenvalue Optimization Problem and the Mean First Passage Time

We now apply the asymptotic methodology to the problem of determining the mean first passage time (MFPT) for
Brownian motion inside a three-dimensional domain with N localized traps. This section is motivated by the recent
paper [16]. For a fixed trap volume fraction, which spatial arrangement of traps will minimize the average MFPT.
Is the effect of fragmentation of the trap set significant? In other words, is there much difference in the MFPT when
we replace N small traps by one larger “effective” trap that maintains the volume of the trap set? Such questions
are relevant in biological cell signalling when one considers how to model the highly spatially heterogeneous cell
cytoplasm.

The mathematical problem is formulated as follows: We consider an optimization problem for the principal eigen-
value of the Laplacian in a bounded three-dimensional domain with a reflecting boundary that is perturbed by the

presence of N small traps in the interior of the domain. The perturbed eigenvalue problem is formulated as

Au+Adu=0, z€Q\Q; / w?dr =1, (2.17a)
2\Q.,

Ohu=0, z¢€dQ, (2.170)

u=0, z€dQ, = Ué\f:l(?ng . (2.17 ¢)

Here € is the unperturbed domain, 2, = U;-Vlegj is a collection of N small interior traps ¢, for j =1,..., N, each
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of ‘radius’ O(e) < 1, and J,u is the outward normal derivative of u on 9€2. We assume that ¢, — x; uniformly as
e =0, for j =1,...,N, and that the traps are well-separated in the sense that dist(x;,z;) = O(1) for ¢ # j and
dist(z;,00Q) = O(1) for j=1,...,N.

The primary motivation for considering (2.17) is its relationship to determining the mean first passage time
(MFPT) for a Brownian particle wandering inside a three-dimensional domain that contains N localized absorbing
traps. Denoting the trajectory of the Brownian particle by X (¢), the MFPT wv(z) is defined as the expectation
value of the time 7 taken for the Brownian particle to become absorbed somewhere in 0, starting initially from
X(0) =z € Q, so that v(x) = E[7| X (0) = z]. The calculation of v(z) becomes a narrow capture problem in the
limit when the volume of the absorbing set |0, = O(&?) is asymptotically small, where 0 < ¢ < 1 measures
the dimensionless trap radius. Since the MFPT diverges as ¢ — 0, the calculation of the MFPT v(x) constitutes a
singular perturbation problem. It is well-known (cf. [29], [568]) that the MFPT v(z) satisfies a Poisson equation with

mixed Dirichlet-Neumann boundary conditions, formulated as
1

AU:_B’ reMNQ,,, (2.18 a)

O,v=0, x€d; v=0, x € 00 = UL,09, (2.18 b)

where D is the diffusivity of the underlying Brownian motion. With respect to a uniform distribution of initial points
x € Q for the Brownian walk, the average MFPT, denoted by v, is defined by

1
[N\l Jaa,

where |2\, is the volume of the trap-free domain.

vT=x= v(x)dz, (2.19)

The mean first passage time v is readily calculated by using the matched asymptotic approach of §2.1. Alternatively,
v can be calculated by representing it as an eigenfunction expansion in terms of the normalized eigenfunctions ¢y

and eigenvalues A\g, for k£ > 1 of (2.17). In the trap-free domain Q, = Q\Q,, we readily derive that

v:ém(/Qp@dx>+k2=2f:</%¢kdxﬂ. (2.20)

For ¢ — 0, the principal eigenpair A1, ¢1, are given in (2.22 a) and (2.22 ¢), respectively. They satisfy ¢, pr 1 dr =
1+ O(e?) and A\; = O(e). Next, we give a rough estimate of the asymptotic order of the infinite sum in (2.20). This
infinite sum does converge for each fixed ¢, since \y = O(k?) as k — co. However, for each fixed k with k > 2, we
have that Ay = Ao + O(e) as € — 0, where A\go > 0 for k > 2 are the eigenvalues of the Laplacian in the trap-free
unit sphere with homogeneous Neumann boundary condition. In addition, for each fixed k with k > 2, we have that
pr o dx = O(e), due to the near orthogonality of ¢ and 1 as e — 0 when k > 2. In this way, for ¢ — 0, the infinite
sum in (2.20) contributes at most an O(g) term, and consequently it can be neglected in comparison with the leading
term in (2.20). In particular, one can readily show that the average MFPT ¥ is given asymptotically for ¢ — 0 in

terms of the principal eigenvalue A\; by

N 1
V=X~ D + O(e). (2.21)

This narrow capture problem has wide applications in cellular signal transduction. In particular, in many cases
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a diffusing molecule must arrive at a localized signaling region within a cell before a signaling cascade can be
initiated. Of primary importance then is to determine how quickly such a diffusing molecule can arrive at any one
of these localized regions. Our narrow capture problem is closely related to the so-called narrow escape problem,
related to the expected time required for a Brownian particle to escape from a confining bounded domain that has
N localized windows on an otherwise reflecting boundary. The narrow escape problem has many applications in
biophysical modeling (see [4], [29], [62], and the references therein). The narrow escape problem in both two- and
three-dimensional confining domains has been studied with a variety of analytical methods in [29], [66], [65], [30],
[63], and [15].

We let A(e) denote the first eigenvalue of (2.17), with corresponding eigenfunction u(zx,¢). Clearly, A(¢) — 0 as
e = 0. For ¢ — 0, a simple calculation shows that A(¢) is related to the average MFPT x by A(¢) ~ 1/(Dx). One
of the main objectives is to derive a two-term asymptotic expansion for A(e) as ¢ — 0. Such a two-term expansion
not only provides a more accurate determination, when ¢ is not too small, of the principal eigenvalue and the
corresponding average MFPT, it also provides an explicit formula showing how the locations of the traps within the
domain influence these quantities. As explained in §2.1, we emphasize that the leading-order term in the expansion
of \(e) as € — 0 is independent of the locations of the traps. By examining the coefficient of the second-order term in
the expansion of A(e) we will formulate a discrete optimization problem for the spatial configuration {z1,...,zx} of
the centers of the IV traps of fixed given shapes that maximizes this principal eigenvalue A(¢), and correspondingly
minimizes the average MFPT .

By using the method of matched asymptotic expansions in a similar way as for the simple model problem of §2.1,
we readily obtain the following result of [16]:
Principal Result 2.1: In the limit of small trap radius, € — 0, the principal eigenvalue \(e) of (2.17) has the

two-term asymptotic expansion

dreN - 16m3e?
~ — . 2.22
)‘(E) |Q| |Q‘ pc(xla ,.’IIN) ( a’)

Here C = N™YCy + ...+ Cx) and pe(x1,...,7N) is the discrete sum defined in terms of the entries G;; of the
Green’s matriz G of (2.23) by

N N
pc(l‘l,...,.’L‘N) ECTQCZZZCingi)j. (2.22 b)

i=1j=1
The corresponding eigenfunction u is given asymptotically in the outer region |x — xj| >> O(¢e) for j=1,...,N by

! e S 0ot O(e? 2.22
UNW*WE G (x525) + O(e7) . (2.22¢)
]:
For e < 1, the principal eigenvalue \(g) is mazimized when the trap configuration {x1, ..., N} is chosen to minimize
pe(®1,...,xN). For N identical traps with a common capacitance C, (2.22a) reduces to
N N
dreNC dmeC

Ag) ~ Ql 1— N p(q:l,...,xN)] , p(ml,...,xN)EeTQe:ZZQm. (2.224d)

i=1 j=1
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In this result, we have defined the capacitance vector ¢ and the symmetric Neumann Green’s matrix G by

Rii Gipo Gi,n
. . . 4
g=| G ' ' ' ., c= : . (2.23)
: B ’ Gn_o1,N Cn
Gyni1 -+ Gynn-1 Ryn

Here C}; is the capacitance of the jth trap defined in (2.9), and G, ; = G(x;;x;) for i # j is the Neumann Green’s
function of (2.14) with regular part R; ; = R(x;;x;). At this stage, the reader should attempt the following problem:
Problem 2.1: Derive Principal Result 2.1 by extending the calculation of the simple model problem of §2.1 to one
higher order.

The solution to this problem is given in Appendix A. The next result is for the average MFPT.

Principal Result 2.2 In the limit ¢ — 0 of small trap radius, the average mean first passage time v, based on a

uniform distribution of starting points for the Brownian motion, is given fore — 0 by v ~ |71 fQ vdx, and is given
explicitly by
T~ Di)quO(s):% 1+%pc(x1,...,x1\/)+0(52) . (2.24)
The derivation of this follows immediately by using the result for A(¢) in Principal Result 2.1 in (2.21).
We now optimize the coefficient of the second-order term in the asymptotic expansion of A in (2.22 d) of Principal
Result 2.1 for the special case when () is a sphere of radius one that contains N small identically-shaped traps of
a common “radius” €. To do so, we require the Neumann Green’s function of (2.14) for the unit sphere as given

explicitly by (see Appendix A of [16])

L) 1 1 1 2 1 2 2 7
Cwd) =gt e =g T 1 8 (1 —[2l[€[cos b + el — §|> gy (o 1) — g5 (2250)

where |Q| = 47/3. Here ' = x/|x|? is the image point to z outside the unit sphere, and 6 is the angle between ¢ and

x, i.e. cos = x - £/|z||¢], where - denotes the dot product.
To calculate R(&;€) from (2.25 a) we take the limit of G(x,€) as © — £ and extract the nonsingular part of the
resulting expression. Setting x = £ and 6 = 0 in (2.25 a), we obtain |z’ — &| = —|¢| + 1/|¢], so that

_ 1 1 1 9

Next, we compute optimal spatial arrangements {x1,...,zx} of N > 2 identically shaped traps inside the unit
sphere that minimizes p(z1,...,zxN) in (2.22 d), or equivalently maximizes the coefficient of the second-order term in
¢ in the asymptotic expansion of A(¢) given in (2.22 d). To simplify the computation, we will minimize the function
Hpan defined in terms of p of (2.22 d) by

N N N N B B Hom  TN?
Hbanl = Zzgi,j = ZZ ((1 —8i5)Gij + 5inn‘) , p(21,...,2N) = 4; ~Tor (2.26)

i=1j=1 i=1 j=1
where 5ij =0ifq 7£ ] and §jj = 1. Here we have defined @-,j, é@j and Ej,j by gi,j = 47r(gm 7B), éi,j = 471'(G1'7j 7B),
and ]le’j =4n(R;; — B), where B = —7/(107) and G, ; and R; ; are obtained from (2.25).
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N HE)?H Spherical radii Hg;)n Spherical radii
r=..=TrN ro=..=rn (r1 =0)
2 7.2763 0.429 9.0316 0.563
3 18.5047 0.516 20.3664 0.601
4 34.5635 0.564 36.8817 0.626
5 | 56.2187 0.595 58.1823 0.645
6 82.6490 0.618 85.0825 0.659
7 || 115.016 0.639 116.718 0.671
8 152.349 0.648 154.311 0.680
9 195.131 0.659 196.843 0.688
10| 243.373 0.668 244.824 0.694
11| 297.282 0.676 297.283 0.700
12| 355.920 0.683 357.371 0.705
13| 420.950 0.689 421.186 0.710
14 491.011 0.694 491.415 0.713
15| 566.649 0.698 566.664 0.717
16 647.738 0.702 647.489 0.720
17| 734.344 0.706 733.765 0.722
18 826.459 0.709 825.556 0.725
19| 924.360 0.712 922.855 0.727
20| 1027.379 0.715 1025.94 0.729

Table 2. Numerically computed minimal values of the discrete energy functions H

1(31)11 and Hg;)n for the optimal

arrangement of N-traps within a unit sphere, as computed using the DSO method. The numerically computed

minimum value of Hpay in (2.26) is shown in bold face.

Various numerical methods for global optimization are available, including

(1) The Extended Cutting Angle method (ECAM). This deterministic global optimization technique is applicable to

Lipschitz functions. Within the algorithm, a sequence of piecewise linear lower approximations to the objective

function is constructed. The sequence of the corresponding solutions to these relaxed problems converges to

the global minimum of the objective function (cf. [3]).

(2) Dynamical Systems Based Optimization (DSO). A dynamical system is constructed, using a number of sampled

values of the objective function to introduce “forces”. The evolution of such a system yields a descent trajectory

converging to lower values of the objective function. The algorithm continues sampling the domain until it

converges to a stationary point (cf. [49]).

Our computational results given below for the minimization of (2.26) were obtained by using the open software

library GANSO (cf. [26]), where both the ECAM and DSO methods are implemented.

The optimal trap pattern when N is small, consisting of N traps on one inner sphere, is found to switch to an

optimal pattern with IV —1 traps on an inner sphere and one at the origin as N is increased. We compare the minimal

values of the discrete energy Hpan in (2.26) for the case (a) when all traps are forced to lie on one sphere (Hl()(;)ll)7
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FIGURE 1. Numerically computed optimal spatial arrangements of traps inside a unit sphere. For N = 8 and N = 15 all
traps are on an interior sphere. For N = 16 there is one trap at the origin, while 15 traps are on an interior sphere.

and in the case (b) when one trap remains at the origin (r; = 0), while the remaining traps lie on one inner sphere
(Hg;)u). These optimal energy values and the corresponding inner sphere radii, computed with the DSO method, are
given in Table 2. For each N with 2 < N < 15, our results show that the optimal configuration has N traps located
on a single inner sphere within the unit sphere. The case N = 16 is the smallest value of N that deviates from this
rule. In particular, for 16 < N < 20, there is one trap located at the origin (r; = 0), while the remaining N — 1 traps
are located on one interior sphere so that ro =,...,=7rxn.

We remark that the numerically computed minima of the energy function Hp.y in (2.26) were computed directly
using the ECAM and DSO methods, and the results obtained were found to coincide with the results shown in
Table 2 computed from the restricted optimization problem associated with Hl(;)u for 2 < N < 15 and with H](D?H for
N =16,17,18. In Fig. 1 we show the numerically computed optimal spatial arrangements of traps for N = 8,15, 16.
We also remark that the numerical optimization problem becomes increasingly difficult to solve as N increases, due
to the occurrence of many local minima.

For the special case of N traps with a common capacitance C'= C} for j =1, ..., N inside the unit sphere (2, then

v in (2.24) becomes

N N
|9 1 1 Hpan  TN?
L D I T - = _ 92.97
v D 47TENC + sz(l‘h a'rN) ) p(xh ,Z‘N) ZZQ] Ar 107 ( )

i=1 j=1
where Hpan is the discrete energy defined in (2.26). Next, we use (2.27) to illustrate the effect on © of trap clustering.
For N = 20 optimally placed spherical traps of a common radius €, we set C' = 1 and use the last entry for Hypan
in Table 2 for N = 20 to evaluate p in (2.27). In contrast, suppose that there are N = 10 clusters of two touching
spheres of a common radius ¢ inside the unit sphere. Assume that the clusters are optimally located within the unit
sphere. For this arrangement, we set N = 10 in (2.27), and use the capacitance C = 2log?2 of two touching spheres,
together with optimal value for Hpay given in Table 2 for N = 10. In this way, we obtain

Q 1 Q 1
U~ % (807r5 — 0.01871> ,  (no trap clustering) ; U~ % (W - 0.02915> , (trap clustering) .
(2.28)

Therefore, to leading order, this case of trap clustering increases the average MFPT by a factor of 1/ log 2.
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FIGURE 2. The average MFPT ¥ in (2.24) with D = 1 and the principal eigenvalue A of (2.22 d) versus the percentage trap
volume fraction 100f = 1003 N for the optimal arrangement of N identical traps of a common radius ¢ in the unit sphere. Left
figure: ¥ versus 100f for N = 1,5,8,11, 14,17, 20 (top to bottom curves). Right figure: X versus 100f for N = 1,5,8,11, 14,17, 20
(bottom to top curves).

Principal Result 2.2 can be used to show the influence of the number N of distinct subregions comprising the trap
set. In this way, we study the effect of fragmentation of the trap set. We consider N spherical traps of a common radius
¢ inside the unit sphere. We denote the percentage trap volume fraction by 100f, where f = 47e3N/(3|Q|) = 3N.
In Fig. 2(a) we plot o, given in (2.27) with C' = 1, versus the trap volume percentage fraction 100f corresponding to
the optimal arrangement of N = 5,8,11,14,17, 20 traps, as computed from the global optimization routine discussed
above (see Table 2). In this figure we also plot ¥ for a single large trap with the same trap volume fraction. We
conclude that even when f is small, the effect of fragmentation of the trap set is rather significant. In Fig. 2(b) we
plot the corresponding principal eigenvalue A of (2.22 d) versus the percentage trap volume fraction.

At this stage, we list a few open problems:

(1) Provide reliable computations of the global minimum of the discrete energy Hpqy for N large and to determine
a scaling law for it that is valid as NV — oco. This scaling law would yield a scaling law for the average MFPT

V.

(2) Does the optimal arrangement of traps for large N exhibit some underlying hexahedron-type symmetry. Can

the limiting eigenvalue asymptotics be predicted by the dilute fraction limit of homogenization theory?

(3) Calculate the modified Green’s function and its regular part numerically for other 3-D domains to determine
the eigenvalue asymptotics as well as a scaling law for the optimal average MFPT. How can one reliably
compute the Neumann Green’s function in (2.14) for an arbitrary domain given that one must impose the

constraint [, G dz = 0.

2.4 Splitting Probabilities

Next, we use the method of matched asymptotic expansions to calculate the splitting probabilities of [18]. The
splitting probability u(z) is defined as the probability of reaching a specific target trap g, from the initial source
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point z € Q\Qq, before reaching any of the other surrounding traps Qg for j = 2,..., N. Then, it is well-known
that v satisfies (cf. [18])

Au=0, mEQ\QaEUj-V:ngj; Ophu=0, x€dN, (2.29 a)

u=1, x€0d,; u=0, x€Ul,00,. (2.29b)

By developing a two-term matched asymptotic expansion the following result can be obtained:

Principal Result 2.3: In the limit € — 0 of small trap radius, the splitting probability u, satisfying (2.29), is given

asymptotically in the outer region |z — x;| > O(¢e) for j=1,...,N by

y 1 N
u~ g el |Glam) - 55 ; CiG(x;2;5) | +exa+ O(e?), (2.30 a)
where x1 1s given by
- 4’/T01 1 T
= TNe [(gc)l NG© gc] : (2.30b)

Here G is the Green’s matriz of (2.23), ¢ = (C1,...,Cn)T, and (Ge), is the first component of Ge. The averaged
splitting probability u = |Q|~* fQ wdzx, which assumes a uniform distribution of starting points x € €, is

C
U~ _lec +ext + O@E?). (2.30 ¢)

Problem 2.2: Derive Principal Result 2.3 by adapting the methodology of the simple model problem of §2.2.

The solution to this problem is given in the Appendix A..

From (2.30 a) we observe that u ~ C1/(NC), so that there is no leading-order effect on the splitting probability u
of either the location of the source, the target, or the surrounding traps. If C; =1 for j =1,..., N, then u ~ 1/N.
Therefore, for this equal-capacitance case, then to leading-order in € it is equally likely to reach any one of the N
possible traps. If the target at ; has a larger capacitance C; than those of the other traps at x; for j = 2,..., N, then
the leading order theory predicts that « > 1/N. The formulae for the capacitances in Table 1 can be used to calculate
the leading order term for w for different shapes of either the target or surrounding traps. Further implications of

this result are given in §3 of [16].

3 Strong Localized Perturbations in 2-D Domains

In this section we extend the analysis of §2 to treat some related steady-state elliptic problems in a two-dimensional

domain with multiple inclusions.
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3.1 Some Fundamentals: Leading-Order Eigenvalue Asymptotics
We first recall a basic result from potential theory. Suppose that Au — k?u = §(x — ) for z € Q € R2. Then, the
singularity has the form
1
u~ —log |z — x|, as T — xg.
27

The derivation of this is simple, and proceeds as in the derivation of the corresponding 3-D result in §3.1.
To illustrate the asymptotic approach and scalings needed in the 2-D case, we consider the following simple

eigenvalue problem posed in a domain with a small hole:

Au+Au=0 for x € Q\Q.
u=0 for x € 082

(3.1)
u=20 for z € 0Q¢

fQ\Qe wldr=1.
Here ). is a small hole of “radius” O(e), for which Q. — {zo} as € — 0, where z( is an interior point of Q. Let

1o, ®o be the principal first eigenpair of the unperturbed problem, so that

Apg+ Apg =0 forxz € Q

¢o =0 for x € 99 (3.2)
Jodgde=1.
Now we will expand the eigenvalue of (3.1) that is close to pg as A ~ pg + v(€)A; + -+, with v(e) = 0 as e = 0.

Here v(e) is an unknown gauge function to be determined. In the outer region away from the hole, we expand
u = ¢o + vuy + - --. Upon substituting these expansions into (3.1) we obtain
Auy + pour = —M¢o  for z € Q\{xo}
up =0 for x € 02 (3.3)
fQ urgdr = 0.
In addition, u; is to satisfy some singularity condition as x — xg that will be determined after constructing the inner
expansion and then matching the inner and outer expansions.
In the inner region near the hole, we let y = ¢! (z — z¢), and we expand u = v(€)vo(y) + - - -, where A,vg = 0.
We want vg(y) ~ Agloglyl|, as |y| = oo, and so we write vo(y) = Agv.(y), where v.(y) satisfies the canonical inner

problem
Ayve=0 fory & Qo
ve =0 for y € 0Q (34a)
ve ~logly| as |y] = co.

The problem (3.4 a) has a unique solution for v.(y), with the more refined far-field behavior
ve(y) ~logly| —logd + O(ly|™"), as |yl — oo. (3.40)

Here d is a constant determined by the solution, and is called the “logarithmic capacitance” of .

Notice that, in contrast to the 3-D case, we require that u < O(1) in the inner region. This key point results from
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Table 3. The logarithmic capacitance d for some cross-sectional shapes of Qy = e 1.

‘ Shape of Qo =¢'Q¢

‘ Logarithmic Capacitance d

circle, radius a d=a
ellipse, semi-axes a, b d= “T*b
ap(1)\3
equilateral triangle, side h d= % ~ 0.422h
. ) ) ) 33/4r(1)%h
isosceles right triangle, short side h = e N 0.476h
1)2
square, side h d= F4(7:‘3)/2h ~ 0.5902h

the simple fact that for a prescribed value C' # 0 there is no solution w to the following problem:

Ayw:07 y¢QO7

w=0, y€d; w~C, as |yl = o0.

Therefore, we cannot simply impose in the inner region that v ~ w + o(1) with w — ¢g(x0) as |y| — oc.

The logarithmic capacitance d depends on the shape of €}y and not its orientation within the domain. A table of
numerical values for d for different shapes of ¢ are given in [57], and some of these are reproduced in Table 3. A
boundary integral method to compute d for arbitrarily-shaped domains €; is described and implemented in [22].

Next, we write inner expansion in terms of outer variables as

u ~ v(e)Agllog |y| — logd] ~ v(e)Ag[— log(ed) + log |x — xo]],

so that the matching condition becomes
do(xo) + -+ v(e)uy ~ (—log(ed)) Agv(e) + Agr(e)log |z — g + - - - .

Therefore, we must take v(e) = ﬁ and choose Ay = ¢g(xp). In addition, the matching condition gives the

singularity condition u(x) — Aglog|x — xo| = ¢o(20) log |z — zo| as  — xg. Therefore, (3.3) becomes

Auy + pour = —A1éo
Uy = 0

for z € Q\{zo}
for z € 092

ur ~ ¢o(xo) log |z —xo| as z — xo
Jouigodz =0.

This problem is equivalent to

Luy = Auy + pour = —A1¢o + 2mdo(20)0(x — o)

U1:0

for x € O\{zo}
for z € 09}
Uy N¢0($o)log\$—$o| as r — Zg

fQu1¢0dx =0.

We then use Green’s second identity

/(¢oanu1 —u10n o) dS = / (¢poLur — uy L) da ,
Q 0
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with ¢9 = w1 = 0 on 092 and Loy = 0. In this way, we get fQ ¢oLuq dx = 0, which can be written as

/Q¢0 (=10 + 2mho(20)0(x — 0)) dz = 0.

This specifies A1 as

N = 27 (o (wo)]?
L PRde

Therefore, we obtain a two-term expansion for the perturbation of the fundamental eigenvalue given by

27TV[¢0(£L'0)]2 o 1
Thaw T VT g

)\ ~ /"LO —|— . (3'6)

Remarks:
(1) Further terms in the expansion have the form
)\NLL0+A1V+A2V2+A3V3+"' s

which is an infinite-logarithmic expansion in powers of v. Since (log(ed))™! decreases only very slowly in ¢, it
would be preferable to find a method to “sum” the series. Such a method is developed and implemented in
later subsections. In particular, is the series convergent when ¢ is small, or only asymptotic? Our results below

indicate that the series is in fact convergent for ¢ sufficiently small.

(2) If u =0 on 99 is replaced by d,u = 0 on 99, then oy =0 and ¢¢ = \/ﬁ so that fQ ¢3dz = 1. This yields the

leading-order result

Therefore, the leading-order asymptotics is independent of the location of the hole. Further terms in the expansion
of the eigenvalue must be obtained to determine the effect of the location of the hole. This is done in §3.3 — §3.5 for
various problems where the leading-order asymptotics gives no information.

For an annular domain, we now confirm our two-term asymptotic result by comparing it with the result obtained

by expanding the exact eigenvalue relation for small €. The eigenvalue problem in an annular domain is

Au+dlu=0 ne<r<l1
u=20 onr=1
u=20 onr==«c.

The unperturbed solution is ¢ = Jo(y/1o7) where Jo(y/120) = 0 and /g = 7o, with zq is the first zero of Jy(z).
Using the perturbation formula we have v.(y) = log |y|, since Ayv. =0, v. = 0 on |y| = 1, so that d = 1. Then,
xo = 0 and ¢o(zo9) = Jo(0) = 1. Therefore, from (3.6), we obtain

2my
+ T .
27 [ rJ3 (iwor) dr

We recall the integral identity fol rJg(\/mor)dr = $(J4(/1o))?, when Jo(y/fo) = 0, so that the expression above

A~ i + 2Ty
~ TN
O L R@)yds T
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becomes
1 2
SO (A Y PO -
log(€) ) \ [Jg(y/0)]”
Now we compare (3.7) with the exact solution. In the class of radially symmetric eigenfunctions, we obtain
Jo(VA)
u=Jo(VAr) — Yo(VAr).
Yo(VA)
Setting u(e) = 0 gives the eigenvalue relation as
Jo(VAe)
Jo(VA) = 2220 (VA) . 3.8
(V) = 2SN (33

To solve this eigenvalue relation for e < 1, we first recall that
Jo(2) ~ 1+ 0O(2?) Yo(z)N%[log(z)—log2+ﬂ+~-- , as z—0,
where v is Euler’s constant. Therefore, with z = /A we obtain for ¢ < 1 that (3.8) becomes
Jo(=) ~ Yo(z) 3 log(ez) — log 2 +1] 7.
To find the root of this expression we expand

-1
z=z0+<>2’1+"',
loge

Here zg = v/Ag is the first root of Jy(29) = 0, so that zg = /o Then, we use Taylor series to obtain

— Yo (2
Jo(Zo) + (10g€> Jé(Zo)Zl +...~ 2100(g2)
This yields that z; = fggzgjzg Now we write VA = z = 2o + ( log€> 21 + ---. Hence, we get A ~ 22 +

( loge) 22021 + ..., which yields A\ ~ pg + ( 1oge) 2,/1oz1- In summary, we obtain that

~ b — o — o(v/F0) _ Yo(y/fi0)
) W( pec) it s =i - Ei ) = s 69)

To write this result in a form to compare with the result obtained above from the asymptotic theory, we need an

identity that is based on the Wronskian relation

(500 ) YoVAr) = (4 ¥6(VA) ) oVr) =

7T7”

Now evaluating this identity at r = 1, and setting A\ = po where Jy(y/1g) = 0, we get

Yo(vio) =

Substituting this into the result of (3.9) we obtain

. Yo(Vio)) _ 2
M= M(Jé(\/ﬁo)) AN,

2
/oo (Vo)

which gives the two-term expansion
1 > 2
loge ) (Jo(/0))?

in agreement with the asymptotic result given in (3.7).

A~um+<— +oee
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In the next section we consider a simple problem to illustrate the methodology used to sum infinite logarithmic

expansions for singularly perturbed PDE problems in 2-D domains with holes.

3.2 Summing the Infinite Logarithmic Expansion: A Simple Model Problem

We first consider a simple problem to illustrate some main ideas for treating elliptic PDE problems with infinite
logarithmic expansions. Consider a two-dimensional bounded domain € with a small trap Q¢ of radius O(e) centered
at some xg € Q. Then, the expected time w(x) for a Brownian particle to be captured given that it starts from

x € Q\Q¢ satisfies Poisson’s equation

Aw=-3=-1/D, zeQ\Qe, (3.10 a)
w=0, z€d, (3.10 b)
w=0, z€dlk. (3.10¢)

where D is the constant diffusivity. We assume that ¢ has radius O(e) and that Q¢ — 2 uniformly as e — 0, where
xo € Q. We denote the scaled subdomain that results from an O(¢~!) magnification of the length scale of ¢ by
Q1 = e 'Q¢. In this model problem the outer boundary on 9 is also absorbing.

The asymptotic solution to (3.10) is constructed in two different regions: an outer region defined at an O(1)
distance from the localized trap, and an inner region defined in an O(g) neighborhood of the trap Q¢. The analysis
below will show how to calculate the sum of all the logarithmic terms for w in in the limit € — 0 of small core radius.

In the outer region we expand the solution to (3.10) as
w(z;e) = Wola;v) + o(e)Wi(zv) + -+ . (3.11)

Here v = O(1/loge) is a gauge function to be chosen, and we assume that ¢ < v* for any k& > 0 as ¢ — 0. Thus,
Wy contains all of the logarithmic terms in the expansion. Substituting (3.11) into (3.10 a) and (3.10 b), and letting

Qe — xp as € — 0, we get that Wy satisfies

AWy=—-08, x€ Q\{xo}, (3.12 a)
Wo=0, z€dQ, (3.12b)
Wy is singular as x — o . (3.12¢)

The matching of the outer and inner expansions will determine a singularity behavior for Wy as © — xg.

In the inner region near {2¢ we introduce the inner variables
y=c¢(x—w0), v(y;e) =W(xo+ey;e). (3.13)

If we naively assume that v = O(1) in the inner region, we obtain the leading-order problem for v that Ayv = 0
outside Q, with v = 0 on 9Q; and v — Wy(xo) as |y| — oo, where Ay denotes the Laplacian in the y variable.
This far-field condition as |y| — oo is obtained by matching v to the outer solution. However, in two-dimensions

there is no solution to this problem since the Green’s function for the Laplacian grows logarithmically at infinity. To
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overcome this difficulty, we require that v = O(v) in the inner region and we allow v to be logarithmically unbounded

as |y| — oco. Therefore, we expand v as
v(y;e) = Voly;v) + po(@)Valy) + - (3.14a)
where we write Vj in the form

Vo(ysv) = vyve(y) - (3.14b)

Here v = y(v) is a constant to be determined with v = O(1) as v — 0, and we assume that g < v* for any k > 0 as

¢ — 0. Substituting (3.13) and (3.14) into (3.10 a) and (3.10 ¢), and allowing v.(y) to grow logarithmically at infinity,
we obtain that v.(y) satisfies

Ayve =0, y¢& Qs ve=0, ye€i, (3.15a)

ve ~logly|, as |y| = oco. (3.150)

The unique solution to (3.15) has the following far-field asymptotic behavior:

p-y

|y|2+.”’ as |yl — 0. (3.15¢)

ve(y) ~ logly| —logd +

The constant d > 0 is the logarithmic capacitance of €2, while the vector p is called the dipole vector.
The leading-order matching condition between the inner and outer solutions will determine the constant ~ in

(3.14 b). Upon writing (3.15 ¢) in outer variables and substituting into (3.14 b), we get the far-field behavior
v(y;e) ~ v llog|z — x| —log(ed)] + -+, as |yl = . (3.16)
Choosing
v(e) = —1/log(ed), (3.17)
and matching (3.16) to the outer expansion (3.11) for W, we obtain the singularity condition for W,
Wo =~ +qvlog|le —xo| +0(1), as z—xp. (3.18)

The singularity behavior in (3.18) specifies both the regular and singular part of a Coulomb singularity. As such,
it provides one constraint for the determination of . More specifically, the solution to (3.12) together with (3.18)
must determine -, since for a singularity condition of the form Wy ~ Slog |z — 2| + R for an elliptic equation, the
constant R is not arbitrary but is determined as a function of .S, z, and €.

The solution for Wy is decomposed as
Wo(z;v) = Wom (x) — 2myvGy(z; xg) . (3.19)
Here Wy (z) is the smooth function satisfying the unperturbed problem

AWOH:—57 LCEQ; I/V()H:O7 z € 00. (320)
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In (3.19), G4(z; o) is the Dirichlet Green’s function satisfying

AGyg=—0(x —x9), x€Q; Gqg=0, z€09Q, (3.21 a)
1

Gy(z;x0) = o log | — xo| + Ra(zo;x0) +0(1), as = — xg. (3.210)
™

Here Rgoo = Ra(xo; o) is the regular part of the Dirichlet Green’s function Gg4(x; o) at x = z¢. This regular part is
also known as either the self-interaction term or the Robin constant (cf. [2]).

Upon substituting (3.21 b) into (3.19) and letting © — zy, we compare the resulting expression with (3.18) to
obtain that v is given by

Wor (o)

= 3.22
14+ 27vRa00 ( )

Therefore, for this problem, v is determined as the sum of a geometric series in v. The range of validity of (3.22) is

limited to values of ¢ for which 27v|Rggo| < 1. This yields,

1
0<e<ee, Ec = gexp [27 Raoo] - (3.23)

We summarize our result as follows:

Principal Result 3.1: For € < 1, the outer expansion for (3.10) is

_ 27TI/WOH(CEO)

w ~ Wo((E; V) = WOH({E) 1 n 27‘(de00

Ga(z;zg), for |z —mzo| =0(1), (3.24 a)

and the inner expansion with y = ¢~ (x — x¢) is

. o I/WOH(iL'o) . -
w~ Vo(y;v) = 1o 2mvR 20 Rt ve(y), for |x— x| =0(e). (3.24b)

Here v = —1/log(ed), d is defined in (3.15¢), v.(y) satisfies (3.15), and Wop satisfies the unperturbed problem
(3.20). Also G4(x;x0) and Raoo = Ra(xo; o) are the Dirichlet Green’s function and its reqular part satisfying (3.21).

This formulation is referred to as a hybrid asymptotic-numerical method since it uses the asymptotic analysis as a
means of reducing the original problem (3.10) with a hole to the simpler asymptotically related problem (3.12) with
singularity behavior (3.18). This related problem does not have a boundary layer structure and so is easy to solve
numerically. The numerics required for the hybrid problem involve the computation of the unperturbed solution Wy
and the Dirichlet Green’s function G4(x; o). In terms of G4 we then identify its regular part Rq(zo; zo) at the singular
point. From the solution to the canonical inner problem (3.15) we then compute the logarithmic capacitance, d. The
result (3.24 a) then shows that the asymptotic solution only depends on the product of ed and not on ¢ itself. This
feature allows for an asymptotic equivalence between traps of different cross-sectional shape, based on an effective
‘radius’ of the trap. This equivalence is known as Kaplun’s equivalence principle (cf. [33], [40]).

An advantage of the hybrid method over the traditional method of matched asymptotic expansions is that the
hybrid formulation is able to sum the infinite logarithmic series and thereby provide an accurate approximate solution.
From another viewpoint, the hybrid problem is much easier to solve numerically than the full singularly perturbed

problem (3.10). For the hybrid method a change of the shape of €; requires us to only re-calculate the constant
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d. This simplification does not occur in a full numerical approach. An explicit example comparing the result of the
hybrid method with a full numerical solution is given in [75].
We now outline how Principal Result 3.1 can be obtained by a direct summation of a conventional infinite-order

logarithmic expansion for the outer solution given in the form
WNWOH($)+ZVjW0j($)+M0(E)W1 +- (3.25)
j=1

with p(e) < v* for any k > 0. By formulating a similar series for the inner solution, we will derive a recursive set
of problems for the Wy; for j > 0 from the asymptotic matching of the inner and outer solutions. We will then sum
this series to re-derive the result in Principal Result 3.1.

In the outer region we expand the solution to (3.10) as in (3.25). In (3.25), v = O(1/loge) is a gauge function to
be chosen, while the smooth function Wy satisfies the unperturbed problem (3.20) in the unperturbed domain. By
substituting (3.25) into (3.10 a) and (3.10 b), and letting Q¢ — o as € — 0, we get that Wy, for j > 1 satisfies

AWOJ' =0, =ze€ Q\{l’o}, (326 (1)
W()j =0, z€9dQ, (326 b)
Wy; 1is singular as x — . (3.26 ¢)

The matching of the outer and inner expansions will determine a singularity behavior for Wy; as * — x¢ for each
j=>1

In the inner region near {2¢ we introduce the inner variables
y=c Yz —x0), v(y;e) = Wi(xo +ey;€). (3.27)

We then pose the explicit infinite-order logarithmic inner expansion
o0
v(y;e) = Z'yjyj+lvc(y) . (3.28)
j=0

Here v, are e-independent coefficients to be determined. Substituting (3.28) and (3.10 a) and (3.10 ¢), and allowing
ve(y) to grow logarithmically at infinity, we obtain that v.(y) satisfies (3.15) with far-field behavior (3.15 ¢).
Upon using the far-field behavior (3.15¢) in (3.28), and writing the resulting expression in terms of the outer
variable x — xy = ey, we obtain that
o0
v~ -|—Zz/3 [vj—1log |z — xo| + 5] - (3.29)
j=1
The matching condition between the infinite-order outer expansion (3.25) as  — x¢ and the far-field behavior (3.29)
of the inner expansion is that
WQH(.Q?o) + Z l/jWOj (x) ~ Y0 + Z l/j [’Yj*l log |I — $0| + ’}/j] . (330)
j=1 j=1

The leading-order match yields that

Yo = WOH(CL'0) . (331)
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The higher-order matching condition, from (3.30), shows that the solution Wy; to (3.26) must have the singularity
behavior
Wo; ~vj—1log|z — x|+, as z— xo. (3.32)
The unknown coefficients ~; for j > 1, starting with vo = Wom(z0), are determined recursively from the infinite
sequence of problems (3.26) and (3.32) for j > 1. The explicit solution to (3.26) with Wy; ~ v;_1log|z — z¢| as

T — xo is given explicitly in terms of G4(x;x0) of (3.21) as
Woj(z) = —2m7;-1Ga(z; 20) - (3.33)
Next, we expand (3.33) as  — ¢ and compare it with the required singularity structure (3.32). This yields
=271 —% log |z — xo| + Raoo | ~ vj—1log |z — 0| + 75, (3.34)

where Rgo0 = Ra(zo; o). By comparing the non-singular parts of (3.34), we obtain a recursion relation for the v;,

valid for j > 1, given by

vj = (=27 Rao0) vj-1, 7o = Wom(20), (3.35)

which has the explicit solution
v = [=27 Raool! Wor (o), j>0. (3.36)

Finally, to obtain the outer solution we substitute (3.33) and (3.36) into (3.25) to obtain

o
w— Wog(x ZVJ —27mvyj-1) Gq(x; xo):—27rqu(ac;xo)Zujvj
j=0

oo

~ =2mvWon (20)Ga(x; 2o Z 27r1/Rd00
7=0

72’/T1/W0H((£0)

TR s Ga(zo; x0) - (3.37a)

Equation (3.37 a) agrees with equation (3.24 @) of Principal Result 3.1. Similarly, upon substituting (3.36) into the

infinite-order inner expansion (3.28), we obtain

oo

v(y;e) = vWom (zo)ve(y Z 27TRdooV
7=0

I/WOH (.To)

= ——7 3.38
1 + 27V Rao00 v ( )

which recovers equation (3.24 b) of Principal Result 3.1. This derivation strongly suggests that infinite logarithmic
expansions are not just asymptotic, but actually do converge when ¢ is sufficiently small.
At this stage, the reader should attempt the following two problems (with solutions given in Appendix B):

Problem 3.1: Consider the following problem in an arbitrary two-dimensional domain with N small inclusions:

Au—m(x)u=0, x € Q\ Uévzl Qe , (3.39 a)
u=qy, redQe,, j=1,...,N, (3.390)
u=f, x € 00. (3.39¢)

Here m(x) is an arbitrary smooth function with m(zx) > 0 in Q, f is an arbitrary function on 0Q, and o; are



Asymptotics for Strong Localized Perturbations: Theory and Applications 29
constants. Formulate a linear system in terms of a certain Green’s function, that effectively sums the infinite-order
logarithmic series in the asymptotic expansion of the solution. Apply your general theory to the unit disk Q for the

case N=1, m=1, f =0, and oy = 1, when there is an arbitrarily-shaped hole centered at the origin of the unit

disk.

Problem 3.2: Consider the following problem in the disk Q = {z| |z| < 2} that contains three small holes:

Au=0, z e MU, Q,, (3.40 a)
U=y, rede,, j=1,2,3, (3.400)
u = 4cos(26), |x] =2. (3.40 ¢)

Suppose that each of the holes has an elliptical shape with semi-axes € and 2. Apply the theory for summing infinite
logarithmic expansions to first derive and then numerically solve a linear system for the source strengths. In your
implementation assume that the holes are centered at x1 = (1/2,1/2), xo = (1/2,0) and x5 = (—1/4,0). The boundary

values on the holes are to be taken as a; =1, as =0 and ag = 2.

3.3 The Principal Neumann Eigenvalue in a Planar Domain with Traps

In this section we follow [38] and consider an optimization problem for the fundamental eigenvalue of the Laplacian
in a planar bounded two-dimensional domain with a reflecting boundary that is perturbed by the presence of K

small holes in the interior of the domain. The perturbed eigenvalue problem is

Au+du=0, ze€\Q; / udr =1, (341 a)
\Qp
Ou=0, €0Q; u=0, z€dV, =UL,00,. (3.410)
Here € is the unperturbed domain, Q, = Ufilﬁgi is a collection of K small interior holes {)¢,, for i =1,..., K, each

of ‘radius’ O(e), and d,u is the outward normal derivative of u on 9. We assume that the small holes in Q are

non-overlapping and that Q¢, — z; as ¢ — 0, for i = 1,..., K. A schematic plot of the domain is shown in Fig. 3.

wandering particle

X2
K small absorbing holes
X1 \
n
reflecting
walls

FIGURE 3. A schematic plot of the perturbed domain for the eigenvalue problem (3.41).

We let A\g(e) denote the first eigenvalue of (3.41), with corresponding eigenfunction u(z,€). Clearly, Ao(¢) — 0 as
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€ — 0. Our objective is to determine the locations, x; for i = 1,..., K, of the K holes of a given shape that maximize
this fundamental eigenvalue. Asymptotic expansions for the fundamental eigenvalue of related eigenvalue problems
in perforated multi-dimensional domains, with various boundary conditions on the holes and outer boundary, are
given in [51], [77], [78], [20], and [43] (see also the references therein).

As an application of (3.41), consider the Brownian motion of a particle in a two-dimensional domain €, with
reflecting walls, that contains K small traps Q¢,, for ¢ =1,..., K, each of ‘radius’ ¢, for ¢ = 1,..., K. The traps are
centered at x;, for ¢ = 1,..., K. If the Brownian particle starts from the point y € Q\Q,, at time ¢ = 0, then the

probability density v(z,y,t,e) that the particle is at point = at time ¢ satisfies
vp=Av, z€Q\Qy; Ohv=0, 2€0Q; v=0, z€0Q,; v=dxz—-y), t=0. (3.42)

By calculating the solution to (3.42) in terms of an eigenfunction expansion, and by assuming that y is uniformly
distributed over 0\, it is easy to show that the probability Py(t,¢) that the Brownian particle is in 2\, at time
t is given by

Py(t,e) = e O 1+ O®W)] . (3.43)
Therefore, the expected lifetime of the Brownian particle is proportional to 1/Ag(g). In this context, our optimization
problem is equivalent to choosing the locations of K small traps to minimize this expected lifetime.

We first consider (3.41) for the case of one hole. In [77] (see also [78]) it was shown that as ¢ — 0 the first

eigenvalue g of (3.41) has the asymptotic expansion:
Ao(g) = Xoo + v(e)Ao1 + () Xo2 + -+ .

Here, v(e) = —1/log(ed) where d is the logarithmic capacitance of the hole. For the unperturbed problem with e = 0,
we have A\gp = 0. In the O(v) term, Ao; is independent of the location of the hole at x = xg (cf. [77]). Therefore, we
need the higher-order coefficient Ay in order to determine the location of the hole that maximizes the first eigenvalue,
Ao-

For the case of one hole, an infinite logarithmic expansion for Ag(¢) has the form

Ao(e) = A"() +0 (10g5) ’ Y= log(ed)

To calculate \*(v) we use the hybrid asymptotic-numerical method of [38]. Near the hole, we identify an inner
(local) region in terms of a local spatial variable y = e~ (x — z¢), and where the hole is rescaled so that Qg = e71Qe¢.

Denoting the inner (local) solution by v(y,e) = u(zo + €y, €), we then expand v(y,€) as
v(y,e) = Avoc(y) +--- . (3.44)
Here, A = A(v) ~ O(1) as € — 0, and v.(y) is the solution of the canonical inner problem (3.15), re-written here as

Ayve=0, y¢Q; v.=0, yei, (3.45a)

vcwlog|y\—logd+%, as |yl — oo. (3.450)
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In (3.45b), the logarithmic capacitance d and the dipole vector p = (p1,p2) are determined from the shape of the
hole.

We expand the eigenvalue Ao and the outer (global) solution as
Xo(e) =N (V) +pur + -+, u(z,e) = u*(x,v) + puy (z,v) + -+, (3.46)
where u < O(vF) for any k > 0. Substituting (3.46) into (3.41 a) and the boundary condition (3.41b) on 99, we
obtain the full problem in a domain punctured by the point x,
Au'+Xu =0, ze€N{xo}; /Q(u*)2 dr=1; 0Opu*=0, z€dN. (3.47)

The singularity condition for (3.47) as x — x¢ given below arises from matching u* to the inner solution. Substituting

(3.45b) into (3.44), and expressing the result in global variables, we obtain

< (x — x0)

v(y75)NAulog|x—a?0\+A+5Ayp|$7x0|2 4o, as y— . (3.48)

Here, we have used v = —1/log(ed). To match u* to (3.48), we require that u* has the singularity behavior
u*(z,v) ~ Avloglez —xo| + A, as x — 9. (3.49)

Comparing the terms in (3.48) and (3.46) at the next order, we see that u = O(ev).
Next, we determine u*(x,v) and A*(v) satisfying (3.47) and (3.49). To do so, we introduce the Helmholtz Green’s

function, Gp(x; xg, A*), and its regular part, Ry (xo;xo, A*), satisfying

AGL+ NGy ==t —x0), z€Q; 0,GrL=0, ze€IN, (3.50 a)

Gh(z; 20, \*) ~ —% log | — 20| + Rn(xo; 20, ") +0(1), as x— xp. (3.500)
In terms of this Green’s function, u*(x,v) is given by
u*(x,v) = =21 Av Gp(z; 20, \").
By using (3.50 b), we expand u* as © — x( to obtain
u*(z,v) ~ Av log |z — xo| — 2w Av Ry (20520, \"), as = — xg. (3.51)

The matching condition is that the expressions in (3.49) and (3.51) agree. The log |« — x| terms agree automatically,
and from the remaining terms, we obtain a transcendental equation for \*(v) given by

1
Rh(xo; o, )\*) = - (352)

2ny
To obtain the asymptotic behavior for Ay, we need the solution A* of (3.52) that tends to zero as v — 0.
Equation (3.52) can, in general, only be solved numerically as a function of v. Below, we only determine an
expression for A* that is correct to terms of order O(v2). To obtain this expression, we expand the Helmholtz Green’s

function, Gp(x; zg, A\*), in terms of \* < 1, as

1
G(z;x0,\") = FGO(‘%; xo) + G1(z;x0) + N Ga(z;20) + -+ - (3.53)
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Substituting (3.53) into (3.50), we get a series of problems for the G;(x;x0), j = 0,1,2,.... At order O(1/)\*), Gy
satisfies AGy = 01in Q and 9,,Gg = 0 on 912, from which we obtain that G is a constant. The higher-order corrections

G; for j > 1 are readily found to satisfy

AG; = O@—z0) =Go, J=1 g, 0,G; =0, z€dQ, j>1; /doxzo, j>1. (3.54)
-Gj-1, J>1, Q

Applying the Divergence Theorem, we obtain that Gy = —1/|€2|, where |Q] is the area of Q. The function Gy (x;x¢)

(which we shall henceforth call G ) is the Neumann Green’s function, with regular part Ry (zo;xo) defined by

1
AGNzﬁ—é(x—xo), xeQ, (3.55a)
oGy =0, x€09Q, (3.550)
/GNdxzo. (3.55¢)
Q

We notice that Gy (; x) exists since [, (IL o(x — xj)) dx = 0, and is unique due to the constraint [, Gy (z;z0) dz =

=
0. In addition, we can decompose Gy (z;z;) as

1
Gn(z;20) = —%1og|x—xo|+RN(m;x0), (3.55d)

where Ry (x;xg) is the regular (smooth) part of the Neumann Green’s function.

From (3.53) and (3.55), we write the two-term expansion for G when A\* < 1 as

Gr(z; 20, \") = + Gn(z;20) + O(NY). (3.56)

1
ooy
A similar two-term expansion for the regular part Ry of the Helmholtz Green’s function in terms of the regular part

of the Neumann Green’s function is

Rh(l'o;l‘o,)\*) = +RN(1‘Q;{L‘0) +O()\*> (357)

1
jelne
Substituting this expression into (3.52), we get the following two-term asymptotic result:

Principal Result 3.2:(One Hole) Fore — 0, the first eigenvalue Mg of (3.41) has the two-term asymptotic behavior

_ 2mv 3y 2mv 422 ) 3
= 111 T 2R (20 70)) +0W’) = o Ry (zo;20) + O(v7). (3.58)

Ao(e)

Here v = —1/log(ed), and d is the logarithmic capacitance determined from the inner problem (3.45). An infinite-
order logarithmic expansion for Ao is given by Ao ~ X*, where \* is the first positive root of (3.52).
Next, we extend the asymptotic framework to the case of K holes. Much of the analysis above remains the same,

except that now the single hole x( is replaced by z;, for ¢ = 1,..., K. The hybrid formulation for K holes is

Au*+XNu* =0, ze€Q\{x1,...,xx}; /(u*)2dx:1; Opu* =0, xe€df, (3.59 a)
Q
u ~ Ay logle — x|+ A, as z—ax, i=1,...,K. (3.59)
Here, v; = —1/log(ed;), where d; is the logarithmic capacitance of the it hole. Tn this formulation, we have the K
unknowns, A;, for : = 1,..., K, and one normalization condition for v*. The normalization condition effectively sets

one relation between the A;, fori=1,..., K.
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We write u* in terms of the Helmholtz Green’s function defined in (3.50), and then take the limit z — z; to get

K K

TR —QWZAjVth(x;xj, A*) ~ Ay (log |x — x| — 270 Ry (@5 24, AY)) — 27TZAjVth(mi; zj, A"). (3.60)
Jj=1 j=1
JFi

The matching condition is that the expressions in (3.59 b) and (3.60) agree. The logarithmic terms agree, and from

the remaining terms, we obtain a K x K homogeneous linear system to solve for the A;

K
A; (14 2mv; Ry (245, AY)) + QWZAjVth(.ri;Jjj, A)=0, i=1,...,K. (3.61)
i
A solution to (3.61) exists only when the following determinant vanishes:
(1 +27TV1Rh11(>\*)) 27TV2G}Z12(>\*) QWVKGth(A*)

271, Ghoy (AF) (14 272 Rpa2(NY)) -0 (3.62)

211 G (ANF) e 2mvk—1Ghkk—1(A*) (14 27vk Ruk x (AF))

Here we have defined Rpi;i(A*) = Rp(xi; 2, A*), Ghij(A*) = Gp(zi;xj, A), for ¢ # j, and v; = —1/log(ed;) for
1=1,..., K. We need the solution A\*(v1,...,vk) of (3.62) that tends to zero as v; — 0 for i = 1,..., K. Equation
(3.62) provides an expression for A*(v1,...,vk) that sums all the logarithmic terms in the asymptotic expansion of
Ao(e).

As with the case for one hole in the domain, we can derive an asymptotic formula for A* that has an error of
O(v?). This formula is again determined in terms of the Neumann Green’s function G and its regular part Ry,
defined in (3.55). By using (3.56) and (3.57) in (3.62), we obtain a homogeneous linear system for the A;

2my;

A; |14 2nv;Ry (45 25) — v

:|+27TZA VJ|: W"’GN('I]';JUZ') =0, 1=1,...,K. (363)

It is convenient to write (3.63) in matrix form as

vy 0 - 0 1 1 - 1
. : Ay
2 e 1 R |
Ca=—"Bya; v=| " 0 1. B= Ca=| @ |. (3640
€2 A* oo oo :
. . . . . . . . AK
0 0 - wg 1 1 - 1
In (3.64 a), the matrix C is defined in terms of the Neumann Green’s function matrix Gy by
C=1+2nGnV, (3.640)
where
Ry(z1;71)  Gn(w1;22) Gn(z157K)
Gn(z2;71)  Rin(z2;72) Gn(z2;73)

Gn : : (3.64¢c)
Gn(zrx—_1;2x-2) Rn(rx-1;2K—2) Gn(Tx-1;TK)

Gn(zr; 1) Gn(zr;TKr-1) Ry(zr;xk)
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Let v, = max ;. Then, for v, sufficiently small, we can invert C, to obtain that A\* is an eigenvalue of the matrix
J=1,..
eigenvalue problem

Aa = \a, A= @C By. (3.65)

By using this representation of A\* we obtain the following result:

Principal Result 3.3:(K Holes) For e — 0, the first eigenvalue Ao of (3.41) has the explicit two-term asymptotic

behavior

Ao(g) ~ A*, IQ\ Z vj — 271'; Z; vivi (G)ni; | +OWs,). (3.66)
Here (G) y,; are the entries of the Neumann Green’s function matriz Gy defined in (3.64c).
Proof: We first notice that the matrix BV has rank one, since V is diagonal and B = egpef), where e} = (1,1,...,1).
This implies that A has rank one, and so \* is the unique nonzero eigenvalue of A. Hence, \* = TraceA. By using
the structure of A in (3.65), we readily calculate that

A |Q| Zy] (Z%) .=, (3.67)

=1

Finally, we use the asymptotic inverse C~! ~ I —27GnV + --- for v, < 1 to calculate cij. Substituting this result

into (3.67) we obtain (3.66). ]

As a Corollary to this result, we obtain the following simplification for the case of K identical holes:
Corollary:(K Identical Holes) Suppose that the K holes are identical, in the sense that ed; is independent of j.
Then, (3.66) can be written as the explicit two-term expansion

oKy  4m2u?
| p(z1,...,2x5) + O3, (3.68)

Ao(e) ~ A", )\:W—W

where v = —1/log(ed), and the function p(x1,...,xK) is defined by

K K K K
p(xl,...,:rK):ZZ(g)Nij EKethe:Z RN(xi;xi)—l—ZGN(xj;xi) . (3.69)

j=1i=1 i=1 =1

i

Here (G) y,;; are the entries in the matriz Gy in (3.64 c), and e is the unit vector e = K='Y2(1,.,1)T. For K circular
holes of radius €, then d; =1 for j =1,...,K, and sov = —1/loge.

When € is the unit disk, the optimal spatial configurations of the centers {z1,...,2x} of K distinct traps of a
common radius € were computed numerically in [38] by optimizing the function p(x1,...,zx) in (3.69). For the unit

disk, the Neumann Green’s function Gy (x; ) and its regular part Ry (§; &) are explicitly available, and are given by

1 1 3

G(x;m9) = > (—log|x — zo| — log |z|zo| — é—Z' + 5(\x|2 + |wo|?) — 4) , (3.70 a)
1 To 2 3

R(zo;z0) = o —log |xo|zo| — 2ol + [zol® — 1) (3.700)

By using this Green’s function, it is readily shown that the problem of minimizing the function p(xy,...,zx) is
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equivalent to the discrete variational problem of minimizing the function F(z1,...,xk) defined by
K K
}'(ml,...,xK):—ZZIOg\xj—xH ZZlogH—xjxk\—i—KZM]\Q lz;] <1, (3.71)
j=1 ;;751 j=1k=1
j

for x; # x) when j # k, and where 7, denotes the complex conjugate of xy.

6 9 10

11 14 15

FIGURE 4. Optimum configuration of 6 < K < 25 traps inside the unit disk that minimizes the principal eigenvalue of (3.41).

For K small, optimal patterns consist of ring arrangements of traps, which can be analyzed explicitly as in [38].
The optimal patterns of holes for 6 < K < 25 are shown in Fig. 4. An interesting open problem is to determine
the optimal arrangement of K > 1 traps in the dilute fraction limit K7e? <« 1, and to determine a scaling law
valid for N > 1 for the optimal energy F. In particular, does the optimal arrangement approach a hexagonal lattice
structure with a boundary layer near the rim of the unit disk? Can the limiting result for the eigenvalue asymptotics
be predicted from the dilute fraction limit of homogenization theory?

As this stage the reader should attempt the following two problems (the solutions are given in Appendix B):

Problem 3.3: Consider the principal eigenvalue of (3.41) in the unit disk, with the Dirichlet condition uw = 0 posed
on 0f) instead of O,u = 0 on 0. Assume that there is one arbitrarily-shaped hole centered at the origin of the

unit disk. Derive an explicit transcendental equation for the infinite-order logarithmic series approximation to the
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principal eigenvalue, and apply your result to the special case of the unit disk that contains a hole of arbitrary shape

centered at the origin.

Problem 3.4: Consider (3.41) for the case of K holes that have a common logarithmic capacitanced =dy = ..., dk.
By introducing two-term expansions directly in (3.41) for the eigenvalue and for the outer and inner approximations

to the eigenfunction, re-derive the two-term approzimation given in (3.68) of the Corollary.

3.4 The Fundamental Eigenvalue on the Surface of a Sphere with Localized Traps

A related spectral problem concerns the determination of the mean first passage time (MFPT) for Brownian motion
on the surface of the unit sphere S in the presence of a collection of perfectly absorbing traps of asymptotically small
radii. This problem, with clear biophysical applications, was studied in [19]. In this context, the average MFPT is
asymptotically proportional to the inverse of the principal eigenvalue o*(g) of the Laplace-Beltrami operator for the

sphere. The eigenvalue problem is formulated as
Ap+op=0, 2€S=S\UL Qe ¢v=0, 2€09,, j=1,...,N. (3.72)

Each trap is assumed to be centered at some x; € S with |z;| = 1 and has radius O(e), with ¢ <« 1. The traps are
assumed to be well-separated in the sense that |z; — z;| = O(1) for ¢ # j and 4,5 = 1,..., K. In (3.72), A, is the
Laplace-Beltrami operator for the sphere.

We consider the special case of K locally circular traps of a common radius €. Then, the principal eigenvalue o*(¢)
has an infinite logarithmic expansion of the form o(e) as

1
loge

o*(e) = poo + pPoy + ploa + -, p= (3.73)

The logarithmic nature of the expansion is similar to other problems in two space dimensions with localized pertur-
bations (cf. [6], [38], [70], and [77]). One can readily derive a two-term expansion for this principal eigenvalue as in
[19] by deriving simple formulae for the coefficients oy and o7. Since the curvature of the sphere provides only an
O(e) correction to the solution in the inner region near each trap, this contribution is asymptotically insignificant
in comparison with the logarithmic gauge —1/loge. Consequently, the curvature of the sphere can be neglected in
each inner region. The two-term result from [19] is summarized as follows:

Principal Result 3.4: Consider (3.72) for K circular traps of a common radius € centered at x;, forj =1,...,N,

on the unit sphere. Then, the principal eigenvalue o*(e) of (3.72) has the two-term asymptotic expansion

2K !

o(e) ~ (3.74)

2log2 —1 = -
92 4 ( 0og )+p('r17 7$K):| ) 19 10g€7

where p(x1,...,TK) is the discrete energy defined by

K K
p(xl,...,xK)EZZlogmi—xﬂ. (3.75)

i=1 j>i
This result shows that the optimal configuration {xi,...,xx} of the centers of the traps that maximize the

fundamental eigenvalue, thereby minimizing the lifetime of the wandering Brownian particle, is at the so-called
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elliptic Fekete points that minimize the discrete logarithmic energy — Efil Z;; log |z; — x| on the unit sphere.
This famous discrete variational problem has a long history in approximation theory (see [5], [27], [55]).
The derivation of the main result (3.74) involves, in a rather central way, the modified Green’s function Gy, (z; xo)

for the sphere, defined as the unique solution to

1
JAREE o —6(x —x0), xz€S, (3.76 a)
Gy, is 27 periodic in ¢ and smooth at § =0, 7, (3.76 b)
27 T
/ Gnds = / / G, sinfdfdg = 0. (3.76 ¢)
s o Jo

Here x and x( are given in terms of spherical coordinates ¢ (longitude) and 6 (latitude) by
x = (cos¢sind, sin gsin b, cosb) | 2o = (cos ¢ sin by, sin ¢q sin by, cosby) . (3.77)

The solution of (3.76) is well-known from various studies of the motion of fluid vortices on the sphere (see [36] and

the references therein), and is given explicitly for any x € S by

Gm(x;xo)z—%log|x—mo|+Rm, R, = i[QlogQ—l] ) (3.78)
where R, is the (constant) regular part of G,.

To formulate a problem that has the effect of summing all of the logarithmic terms in the asymptotic expansion
of (3.72), we do not expand ¢ or c*(g) in an infinite logarithmic series. Instead, we take the outer solution for 1
to satisfy (3.72) in the punctured domain S\{z1,...,zk}, with an appropriate singularity behavior at each z; that
asymptotically matches with the inner solution to Laplace’s equation. In this way, the hybrid asymptotic-numerical

formulation for the outer solution for ¢ and the eigenvalue o is to solve

Asp+op =0, x€S\{z1,...,2x}, (3.79 a)

b~ Aj+piAjlogle — x|, as z—x;, j=1,...,K. (3.79b)

with [ 1?ds = 1, where v is singularity-free at the poles § = 0,7 and is 27 periodic in ¢.
To represent the solution to (3.79), we first must introduce the Helmholtz Green’s function G (z;xo,v) for the

Laplace-Beltrami operator, defined as the solution to

NG +v(v+1)Gyg =—0(x —x9), z€S, (3.80a)

Gy is 27 periodic in ¢ and smooth at = 0,7 . (3.800)

This Green’s function, which arises in the study of high frequency wave scattering (see [69] and [73]), is given

explicitly by

1
~ 4sin(mv)
where P,(z) is the Legendre function of the first kind of order v. As z — —1, it follows from [23] that

Gy(z;x0,v) = P, (—x-xp), (3.81)

P, (z) ~ S0l |:10g <1_2”) + 29 + 20(v + 1) + 7 cot(7v) | | (3.82)

™
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where 1(z) is the psi or digamma function, which is defined in terms of the Gamma function I'(z) by (cf. [23])

W(z) = F/(Zz) zlogz+/(JOO et (1 N ) dt . (3.83)

t 1—et

Here 7, is Euler’s constant. Upon substituting (3.82) into (3.81), and recalling that 1 — z - 29 = |z — 7¢|?/2, we

readily obtain that as x — xg the Helmholtz Green’s function has the local behavior
1
Gu(z;xo,v) = ~9x log |x — 20| + Rr(v) +0o(1), as = — xo,
1
Ry(v) = i [—2log 2 + 27, + 2¢(v + 1) + 7 cot(mv)] . (3.84 a)

This local expansion identifies the constant regular part Ry (v) of this Green’s function.

The solution to (3.79) is then written as

K
= —2mp > AiGu(wizi,v). (3.85)

i=1

Then, by using (3.84 a), we can expand 1 as x — x; for each j = 1,..., K to obtain

)~ pAjlogle — ;| — 2mpA; Ry — 27T/J,iAiGHji , as T —=xj. (3.86)
=
By comparing (3.86) with the required singular behavior (3.79b), we conclude that A; must satisfy the following
homogeneous linear system:
Aj+27mAjRH+27r,u§K:AiGHji =0, ji=1,....K. (3.87)
2
Here Gpji = Gu(zj;x;,v) is given in terms of o = v(v + 1) by (3.81). We seek the smallest value of o(e) for which
(3.87) has a nontrivial solution. This smallest value, denoted by o*(¢) is the infinite-order logarithmic approximation
to the fundamental eigenvalue. The corresponding eigenvector Ay, ..., Ax is determined up to a scalar multiple. This
scalar multiple can then be found by substituting (3.85) into the normalization condition [ Y% ds = 1. This leads to
the following result:

Principal Result 3.5: Consider (3.72) for K locally circular traps of common radius €, and define p = —1/loge.

Then, with an error of order O(ep), the principal eigenvalue o(e) of (3.72) is the smallest root of the transcendental

equation
Det (I +27p (Rl 4+ Gu)) =0. (3.88 a)
Here I is the K x K identity matriz, while Gy is the Helmholtz Green’s function matriz with matriz entries
. 1 |z — a4 L,
L= :1K ii = — Py I 71 ) 9 : b
gHJJ 07 J 5 5 3 gH J 4sin(7ru) ( 9 > 7 7é ¥ (3 88 )

where P,(z) is the Legendre function of the first kind of order v.
We remark that both Ry, given in (3.84 a), and Gu;; depend on v. Therefore, we must solve (3.88) numerically
for v = v(e), which determines o(¢) from the relation o = v(v + 1).

For the special case of one trap K = 1, (3.88) reduces to the transcendental equation 2nr Ry = —1/y, identical in
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‘ K =5 traps K =2 traps

g ‘ g (e g2 ‘ g g g2

0.02‘ 0.7918 0.7894 0.7701 ‘ 0.2458 0.2451 0.2530
0.05‘ 1.1003 1.0991 1.0581 ‘ 0.3124 0.3121 0.3294
0.1 ‘ 1.5501  1.5452 1.4641 ‘ 0.3913  0.3903  0.4268
0.2 ‘ 2.5380 24779  2.3278 ‘ 0.5177 0.5110 0.6060

Table 4. Smallest eigenvalue of (3.72) for either two or five equally-spaced circular traps of a common radius € on
the surface of the unit sphere. Here, o is the numerical solution found by COMSOL [17], 0* = v(1 4 v) corresponds
to the root v of the transcendental equation (3.88 a), and o3 is calculated from the two-term expansion (3.74).

form to that in (3.52) for the planar domain. By using (3.84 a) for Ry, we obtain that that the approximation to

o(e) that accounts for all the logarithmic terms in the expansion is the smallest root of
T 1 9
—10g2+’ye+1/)(u—|—1)+§cot(7w):7, oc=v+v-, (3.89)
]

where 7, is Euler’s constant, and t(z) is the digamma function defined in (3.83). We can readily recover the two-term
expansion (3.74) for N = 1 by substituting (v +1) ~ —7, and wcot v ~ 1/v for v < 1 into (3.89) and then solving
for o.

To validate the asymptotic result in (3.88), we used the eigenvalue solver of the COMSOL software package [17]
to compute the smallest eigenvalue, together with the corresponding eigenmode, of (3.72) for both a 2- and a 5-trap
configuration with equally spaced traps on the unit sphere. The two-term results, the infinite-logarithmic expansion
results, and the full numerical results, are shown in Table 4. From this table, we observe that for e = 0.2 and K =5
traps, for which the trap surface area fraction is f = 57e2/(47) x 100% = 5%, the infinite-order logarithmic expansion

still provides a very close approximation to the full numerical result.

3.5 The Narrow Escape Problem in 2-D Domains

The narrow escape problem in a two-dimensional domain is described as the motion of a Brownian particle confined
in a bounded domain € € R? whose boundary 9Q = 9Q, U 99, is almost entirely reflecting (952,.), except for small
absorbing windows, labeled collectively by 0€,, through which the particle can escape (see Fig. 5). Denoting the
trajectory of the Brownian particle by X (¢), the mean first passage time (MFPT) v(z) is defined as the expectation
value of the time 7 taken for the Brownian particle to become absorbed somewhere in 0f2, starting initially from
X(0) =z € Q, so that v(z) = E[r| X(0) = z]. The calculation of v(x) becomes a narrow escape problem in the
limit when the measure of the absorbing set |9Q,| = O(e) is asymptotically small, where 0 < £ < 1 measures the
dimensionless radius of an absorbing window.

Narrow escape problems have many biophysical applications (cf. [62], [66]). In this context, the Brownian particles

could be diffusing ions, globular proteins or cell-surface receptors. It is then of interest to determine, for example,
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the mean time that an ion requires to find an open ion channel located in the cell membrane or the mean time of a
receptor to hit a certain target binding site (cf. [62]).

It is well-known (cf. [62], [66]) that the MFPT v(z) satisfies a Poisson equation with mixed Dirichlet-Neumann

boundary conditions, formulated as

1
Av:—ﬁ, xeQ, (3.90 a)
v=0, €I =UL00,, j=1,....N; 9uv=0, z€0Q,, (3.90 b)

where D is the diffusion coefficient associated with the underlying Brownian motion. In (3.90), the absorbing set
consists of N small disjoint absorbing windows JQ.; centered at x; € 0Q (see Fig. 5). In our two-dimensional
setting, we assume that the length of each absorbing arc is |0€| = €l;, where [; = O(1) for j = 1,..., N. It is further
assumed that the windows are well-separated in the sense that |z; — ;| = O(1) for all ¢ # j. With respect to a

uniform distribution of initial points x € €0, the average MFPT, denoted by v, is defined by

V=X

ﬁ/{zv(a@) dz, (3.91)

where || denotes the area of ).

(a)

gllf \EJZN

\

€l2

FIGURE 5. Sketch of a Brownian trajectory in the two-dimensional unit disk with absorbing windows on the boundary

Since the MFPT diverges as € — 0, the calculation of the MFPT v(z), and that of the average MFPT o, constitutes
a singular perturbation problem. The asymptotic solution to this problem as constructed in [53], and summarized
below, involves an infinite logarithmic expansion.

To construct the inner solution near the jth absorbing arc, we write (3.90) in terms of a local orthogonal coordinate

system where 7 denotes the distance from 0 to x € ), and s denotes arclength on 0f2. In terms of these coordinates,

the problem (3.90 a) for v(z) transforms to the following problem for w(n, s):

K 1 1 1
— Os W = ——. .92
Opnw 1—/-@778"w+1—m] (1_11778 w> D (3.92)

Here & is the curvature of 02 and the center x; € 9 of the jth absorbing arc transforms to s = s; and n = 0.

Next, we introduce the local variables /) = n/e and § = (s — s;) /e near the jth absorbing arc. Then, from (3.92)
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and (3.90 b), we neglect O(e) terms to obtain the inner problem

wOﬁf]+w0§§:0, 0<N<oo, —00<§<o00, (393(1)
Oswo =0, on |§|>1;/2, 71=0; we=0, on |§<l;/2, 7=0. (3.930)
We specify that wg has logarithmic growth at infinity, i.e. wo ~ Ajlog|y| as |y| — oo, where A; is a constant to be

determined, and |y| = ez —1z;| = (ﬁz + §2)1/2. The solution wy, unique up to the constant A;, is readily calculated

by introducing elliptic cylinder coordinates in (3.93). It has the far-field behavior
wo ~ Aj[logly| —logd; +0o(1)], as |yl — oo, d; =1;/4. (3.94)

In the outer region, the jth absorbing arc shrinks to the point z; € 0Q as ¢ — 0. With regards to the outer
solution, the influence of each absorbing arc is, in effect, determined by a certain singularity behavior at each x; that
results from the asymptotic matching of the outer solution to the far-field behavior (3.94) of the inner solution. In

this way, we obtain that the outer solution for v satisfies

1
Av:—ﬁ, zeQ; Ov=0, x € ON{z1,...,zN}, (3.95a)
A +Ajloglr —z;|, as x—=x =1 N ! d L (3.950)
v~y — ; — ; ; = - ; = — = — . .
0 5 10g il gy J s y AV 3 17} log(edj) s j 4

Each singularity behavior in (3.95 b) specifies both the regular and singular part of a Coulomb singularity. As such,
it provides one constraint for the determination of a linear system for the source strengths A; for j =1,...,N.

To solve (3.95), we introduce the surface Neumann Green’s function G (z;¢) defined as the unique solution of

1
NG = ok x € Q; 0nGs =0, xe€d\{¢}, (3.96 a)
1
Gyl €) ~ ——oglz — €] + Ru(6:6), a5 = > € € 00, (3960)
/ Gs(z;8)dz =0. (3.96 ¢)
Q
Then, the solution to (3.95) is written in terms of G4(x; ;) and an unknown constant x, denoting the spatial average
of v, by
al 1
vz—ﬂ'ZAiGs(x;zi)+X, XZEE@/de. (3.97)
i=1 Q
To determine a linear algebraic system for A;, for j = 1,..., N, and for x, we expand (3.97) as + — z; and

compare it with the required singularity behavior (3.95 b). This yields that

N
A
Aj10g|$—$j|—WAszjj—”ZAistmLX:A.710g|$—$j\+i_, j=1,...,N. (3.98)
i=1 J
i#j

Here Ggj; = Gs(zj;2;), while Ryj; = Rg(xj;x;) is the regular part of G, given in (3.96b) at = z;. Equation
(3.98) yields N linear equations for x and Aj;, for j = 1,..., N. The remaining equation is obtained by noting that
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Av=—m Zi\;1 ANG = —7|Q 7t Zfil A; = —D7'. Thus, the N + 1 constants y and A;, for j = 1,..., N, satisfy

A, & - ]
J .
7+7TA'RS"+7T Astz: 5 :].,...,N; Azzi 3.99
1 jAvsj; ;:1: i =X, ;:1 Dn (3.99)
i#]
This linear system of N + 1 equations can be written in matrix form as

T, 19
I+ nUGs) A= xUe, e A= D (3.100)

T

Here e = (1,...,1), AT = (Ay,...,An), I is the N x N identity matrix, while the diagonal matrix & and the

symmetric surface Neumann Green’s function matrix G, are defined by

pr O e 0 Ra1 Gz Gain
0 . ... 0 Gso1 Rgoo Gsan

NG
[l
b
Il

(3.101)
0 0 - pun Gsn1 -+ Gsnn-1 Rsnn

We can then decouple A and x in (3.100) to obtain the following main result:

Principal Result 3.6: Consider N well-separated absorbing arcs for (3.90) of length €l; for j =1,...,N centered

at x; € 00. Then, the asymptotic solution to (3.90) is given in the outer region |x —x;| > O(¢e) forj=1,...,N by
N

v~ —WZ AiGg(zy ;) + X (3.102 a)
i=1

Here G is the surface Neumann Green’s function satisfying (3.96), and AT = (Ay,..., An) is the solution of the

linear system

1 €2 1 o7

I I——-F R = , = — . 3.102 b
< —|—7TU< z u)g )A DwNﬂue ee ( )

In addition, the constant x, representing the spatial average of v, is given in terms of A, and of p; of (3.95b), by

N
_ 19] T _ 1

=y = —eTUG A, = _ . 3.102

VEX= povg g UGAL N;m (3.102¢)

Our asymptotic solution to (3.90) in this result has in effect summed all of the logarithmic correction terms in the
expansion of the solution, leaving an error that is transcendentally small in €. Secondly, the constant x in (3.102 a),
as given in (3.102 ¢), has the immediate interpretation as the MFPT averaged with respect to an initial uniform
distribution of starting points in €2 for the random walk.

For p; < 1 we can solve (3.102 b) and (3.102 ¢) asymptotically by calculating the approximate inverse of the matrix
multiplying A4 in (3.102 b). In this way, we obtain the following two-term result:

Principal Result 3.7: For ¢ < 1, a two-term expansion for the solution of (3.90) is provided by (3.102a), where

Aj and x are given explicitly by

N
|2 T 2
Aj o~ 1- 1 sij ENY PR ) 1
™ NDng w;ug i+ FpPu(@s- - aw) |+ O(uP) (3.103 a)
Q Q
V= il il (x1,...,zn) +O(p)), (3.103 b)

X~ NDrp T N2Dp2Pv
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where |p| = max ;. Here py(x1,...,2N) is the following weighted discrete sum defined in terms of the entries
J=1,...,

Gsi;j of the surface Neumann Green’s function matriz of (8.101):

N N
1 l;
w gy = iliYsij = -, d:l 3.104
pulns o) Z:Z:“ Habsias M= "oy BT (3100
Hence, the average MFPT x is minimized for an arrangement of arcs that minimize the discrete sum py, (21, ..., ZN).

We now illustrate the theory for the case where € is the unit disk, Q = {x || || < 1}. When the singular point is
on the boundary of the unit disk, i.e. £ € 91, then the surface Neumann Green’s function and its regular part are

given explicitly by (cf. [53])
1

Ry (&€ = = (3.105)

Gs(z;€) &

™

Consider the special case where N absorbing arcs of a common length 2¢ are equally spaced on the boundary of
the unit disk. Then, we have that x; = e2™i/N and |0Q¢,| = 2¢, for j =1,..., N. For this special case, the surface

Neumann Green’s matrix G, is a symmetric circulant matrix, and consequently

N N
p _ —

gsezﬁe, p:p(xl,...,xN):;;gsij, (3.106)

where e = (1,...,1). For this special case, the exact solution to (3.102 ¢), which accounts for all logarithmic terms,
is

] 9] —1
= . =—Q. 3.107
X N.D']T/J, + NQDp('rla 7$N)7 2 10g[(€l/4)] ( )

Next, by using (3.105) for Gs(z;; ;) and Rs(z;;x;), we then calculate p(z1,...,zn) as

N N N2 DX
p(xl,...,xN)Zzzgskag—;ZZlog\xj—xkh
k=1j=1 k=1 j#k
N2 1 N L 1 /N2
= —-Y1 (1= e =~ (S = NlogN ) | 3.108
8m W’;og 1:[1 ¢ m\ 8 ©8 ( )
7k

o N-1
where we have used the simple identity [T} (o — Be2™U=R/N) = |oN =1 (1 + g +--F (g) ) |
7k

Therefore, for the special case z; = e?™/N for j =1,..., N we obtain from (3.108) and (3.107) that

1 eN N
~ | —log [ L) + 2. 1
X DN[ og<2>+8} (3.109)

As remarked following (3.107), the error associated with the asymptotic result (3.109) is smaller than any power of p.
Further examples of the theory are considered in [19]. In [19] a numerical method is formulated and implemented to
numerically compute the surface Neumann Green’s function and its regular part numerically for arbitrary bounded

two-dimensional domains with smooth boundaries.
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3.6 A Nonlinear Problem

In this subsection we show how the method for summing infinite logarithmic expansions can be extended to treat
nonlinear elliptic second-order problems on bounded domains.

There are essentially two different ways that nonlinearities can arise. For the first subclass of problems, the outer
problem away from the perturbing subdomain is nonlinear, whereas in the vicinity of the hole the problem reduces
to Laplace’s equation. This is the problem that is considered below. For the second subclass, the inner problem is
nonlinear whereas the outer problem is linear. This latter subclass is key to the study of spot solutions to reaction-
diffusion systems as discussed in §6.

A model problem of the first type in a bounded two-dimensional domain 2, which contains a small hole Q¢, is

Aw+F(w) =0, zeQ\Qe, (3.110 a)
Opw +blw—wp) =0, z€df, (3.110 b)
w=a, z€dle. (3.110¢)

Here « is constant, 0,, denotes the outward normal derivative, b > 0, and Q¢ is a small hole of radius O(e) with
Qe — 9 € Q uniformly as e — 0. The function F'(w) is assumed to be smooth. Nonlinear problems of this type arise
in many applications, including steady-state combustion theory where F(w) is an exponential function (cf. [77]).
The primary difference between the linear problem (3.10) and the unperturbed problem corresponding to (3.110) is
that, depending on the precise nature of the nonlinearity F'(w), the unperturbed problem may have no solution, a
unique solution, or multiple solutions. We shall assume that the unperturbed problem has at least one solution, and
we will focus on determining how a specific solution to this problem is perturbed by the presence of the subdomain
Q.

In the outer region we expand w as in (3.11). The leading-order term Wy(z;v) in this expansion satisfies

AWy + F(Wy) =0, z€Q\{zo}, (3.111 a)
anW()‘l*b(W()*wb) =0, z€dN, (3111 b)
Wy is singular as © — g . (3.111 ¢)

The analysis of the solution in the inner region is the same as for the pipe problem of §2 since the effect of the
nonlinear term in the inner region is O(g?), which is transcendentally small compared to the logarithmic terms.

Hence, we require that Wy has the following singular behavior as x — zg (see equation (3.18)):
Wo=a+vy+qvlog|e —xzo| +0(1), as x— xp. (3.112)

Here v = v(v) is to be found and v is defined in terms of the logarithmic capacitance d of (3.15) by v = —1/log(ed).
At this stage the asymptotic treatment of the nonlinear problem (3.110) differs slightly from its linear counterpart
(3.10). We suppose that for some range of the parameter S we can find a solution to (3.111) with the singular
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behavior
Wy ~ Slog |z — o], as x — xp. (3.113)
Then, in terms of this solution we define the regular part R = R(S;xg) of this Coulomb singularity by
R(S;x9) = zlgrxlo (Wo — Slog |x — xo]) - (3.114 a)
In general R is a nonlinear function of S at each xg. Therefore, we have
Wy ~ Slog |z — zo| + R(S;20) +0(1), as x— xg. (3.114 b)

Equating (3.114 b) to (3.112) we get S = vy and R = o+, where v = —1/log(ed). For fixed ed and «, these relations
are two nonlinear algebraic equations for the two unknowns S and . Alternatively, we can view these relations as

providing a parametric representation of the desired curve v = v(v) in the form v = v(S) and v = v(S), where

S
= R(S;x0) — =" 3.115
v ( 7560) a, v R(S;l’o)—a ( )
The equation for v in (3.115) is an implicit equation determining S in terms of € from v = —1/log(ed). Therefore,

we can analytically sum all of the logarithmic terms in the expansion of the solution to (3.110) provided that we
compute the solution to (3.111), with singular behavior (3.113), and then identify R(S;z¢) from (3.114 a). In general
this must be done numerically. However, we now illustrate the method with an example where R(S;zg) can be
calculated analytically.

Let Q be the unit disk, and take b = co, wp = 0, F(w) = €%, and assume that ¢ is an arbitrarily-shaped hole
centered at the origin. Then, (3.111) and (3.113) reduce to a radially symmetric problem for Wy(r), given by

W6’+%W5+6WO:O, 0<r<1l; Wy=0, on r=1, (3.116 a)

Wy~ Slogr, as r—20, (3.116 b)

where r = |z|. This problem (3.116) can be solved analytically by first introducing the new variables v and n defined
by

v=Wy—Slogr, n=rits/2, (3.117)

When S > —2, we then obtain that v = v(n) is smooth and satisfies

1 S\
v"+v'+(1+2) =0, 0<n<l; v=0, on n=1. (3.118)
n
The well-known solution to (3.118) (see [77]) can be written in parametric form as
1+p
v(n) =2lo , 3.119 a
() =210 ({15 3.1190)
where p = p(S) is given by
S\ 2 8p
14+ — = . 3.119b
< 2 ) (1+p)? ( )

The maximum of the right-hand side of (3.119b) is 2 and occurs when p = 1. Therefore, for there to be a solution

to (3.116) we require that (14 S/2)> > 1/2, which yields that S > v/2 — 2. When S > /2 — 2, (3.119 b) has two
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roots for p, and hence (3.116) has two solutions. Let us consider the solution with the smaller root, which we label
by p_(S). Then, we calculate that

1/2

p—(S)=(S+1)(S+3)—(S+2)[(S+2)*—2] (3.120)

Setting n = 0in (3.119 a), and using (3.117), we compare with (3.114 a) to conclude that R(S;0) = v(0), which yields
R(S;0) =2log(1+ S/2) +log [8p_(95)] . (3.121)

Substituting (3.121) into (3.115) gives a parametric representation of the curve v = v(v) in the form v = v(S) and
v =7(5).

4 Two Specific Applications of Strong Localized Perturbation Theory

In this section we discuss two recent applications, one in 2-D and the other in 3-D, where strong localized perturbation

theory has been applied.

4.1 The Persistence Threshold Problem in Mathematical Ecology

The application of strong localized perturbation theory in this subsection is based on [45]. The diffusive logistic model,
which describes the evolution of a population with density u(z,t) diffusing with constant diffusivity D = 1/\ > 0

throughout some habitat represented by a bounded domain Q C R2, is formulated as
u=Au+dum(z) —ul, ze€Q; Opu=0, xz¢€dQ; u(z,0) =up(xz) >0, x € Q. (4.1)

The no-flux boundary condition in (4.1) specifies that no individuals cross the boundary of the habitat 2. The
initial population density ug(z) is non-negative. The function m(z) represents the growth rate for the species, with
m(x) > 0 in favorable parts of the habitat, and m(z) < 0 in unfavorable parts of the habitat. The integral [, m dz
measures the total resources available in the spatially heterogeneous environment. With respect to applications in
ecology, this model was first formulated in [68].

To determine the stability of the extinction equilibrium solution u = 0, we set v = ¢(z)e " in (4.1), where

¢(x) < 1, to obtain that ¢ satisfies
Ad+ Im(z)p =—0¢, x € Ond=0, x€0f. (4.2)

The threshold for species persistence is determined by the stability border of the extinct solution v = 0. At this
bifurcation point, the eigenvalue of the linearized problem about the zero solution must pass through zero. Therefore,
by setting ¢ = 0 in (4.2) the problem reduces to the determination of a scalar A and a function ¢ that satisfies the

indefinite weight eigenvalue problem
Ap+Im(z)p=0, z€Q; O =0, x€; /gbzdx:l. (4.3)
Q

We say that A\; > 0 is a positive principal eigenvalue of (4.3) if the corresponding eigenfunction ¢; of (4.3) is

positive in Q. It is well-known (cf. [7], [28], [63]) that (4.3) has a unique positive principal eigenvalue A; if and only if
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Jomdz <0 and the set QF = {z € @ ; m(z) > 0} has positive measure. Such an eigenvalue is the smallest positive

eigenvalue of (4.3).

The positive principal eigenvalue \; is interpreted as the persistence threshold for the species. It is well-known that
if A < Ay, then u(x,t) — 0 uniformly in Q for all non-negative and non-trivial initial data, so that the population
tends to extinction. Alternatively, if A\ > A;, then u(z,t) — u*(z) uniformly in Q as t — oo, where u* is the unique
positive steady-state solution of (4.1). For this range of A the species will persist. Many mathematical results for
(4.1) under different boundary conditions are given in the pioneering works of [8], [9], and [10]. Related results for
multi-species interactions and other mathematical problems in ecology are given in [11] (see also the survey article
of [48)).

An interesting problem in mathematical ecology is to determine, among all functions m(z) for which a persistence
threshold exists, which m(x) yields the smallest A; for a fixed amount of total resources fQ mdx. In other words, we
seek to determine the optimum arrangement of favorable habitats in €2 in order to allow the species to persist for the
largest possible diffusivity D. This optimization problem was originally posed and studied in [8] and [10]. For (4.1)
under Neumann boundary conditions in a two-dimensional domain 2, it was proved in Theorem 1.1 of [47] that the
optimum m(z) is piecewise continuous and of bang-bang type. An earlier result showing the existence of a similar
bang-bang optimal control for m(z) for the Dirichlet problem was given in [8]. For (4.1) posed in a one-dimensional
interval 0 < x < 1, it was proved in Theorem 1.2 of [47] that the optimal m(z) consists of a single favorable habitat
attached to one of the two endpoints of the interval. Related results were given in [10] under Dirichlet, Neumann,

or Robin type boundary conditions.

In this subsection, we asymptotically calculate, and then optimize, the persistence threshold A; for a particular
class of piecewise constant growth rate function m = me(z) in an arbitrary two-dimensional domain. We assume
that me(z) is localized to n small circular patches of radii O(g), each of which is centered either inside 2 or on 9.
We assume that the boundary 0f) is piecewise differentiable, but allow for the domain boundary to have a finite
numbers of corners, each with a non-zero contact angle, which arises from a jump discontinuity of the slope of the
tangent line to the boundary. We denote Q! = {z1,...,2,} N to be the set of the centers of the interior patches,
while QF = {z,...,2,} N 0N is the set of the centers of the boundary patches. We assume that the patches are
well-separated in the sense that |x; — zj| > O(e) for ¢ # j and that the interior patches are not too close to the
boundary, i.e. dist(z;,9Q) > O(e) whenever z; € Q. To accommodate a boundary patch, we will associate with
each z; for j =1,...,n, an angle ma; representing the angular fraction of a circular patch that is contained within
Q. More specifically, a; = 2 whenever z; = Qf, a; = 1 when z; € QF and z; is a point where 9 is smooth, and
a; = 1/2 when x; € 00 is at a corner point of 9 for which the two (one-sided) tangent lines to the boundary
intersect at a m/2 contact angle (see Fig. 6). The growth rate function m = mg(z) in (4.3) is taken to have the
specific form

mj/e?, r€Qe,, j=1,...,n,

m=me(x) = (4.4)
—my , HASS Q\ U;’lzl ng .
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Here Q¢, = {z ||z — ;| < ep; N Q}, so that each patch Qg is the portion of a circular disk of radius ep; that is

strictly inside €. The constant m; is the local growth rate of the jth

patch, with m; > 0 for a favorable habitat
and m; < 0 for an unfavorable habitat. The constant m; > 0 is the background bulk decay rate for the unfavorable
habitat. In terms of this growth rate function, the condition of [7], [28], and [63] for the existence of a persistence
threshold is that one of the m; for j = 1,...,n must be positive, and that the following asymptotically valid inequality
on the total resources hold as € — O:
T n
/ng dx = —mp|Q| + 5 Zajmjp? +0(?) <0. (4.5)
j=1

Here || denotes the area of 2. We assume that the parameters are chosen so that (4.5) is satisfied. A schematic plot

of a domain with interior circular patches, and with portions of circular patches on its boundary, is shown in Fig. 6.

®

O g
B

FIGURE 6. Schematic plot of a two-dimensional domain Q with localized strongly favorable (+) or unfavorable (—) habitats,
or patches, as described by (4.4). The patches inside the domain are small circular disks. On the domain boundary, the patches
are the portions of circular disks that lie within the domain. The unfavorable boundary habitat in the lower left part of this
figure is at a 7/2 corner of 9.

This specific form for me () is motivated by Theorem 1.1 of [47] that states that the optimal growth rate function
must be of bang-bang type, and the result of [59] that shows that a sufficiently small optimum favorable habitat
must be a circular disk.

We first consider the case of one interior circular patch centered at zo € Q, with dist(zg,dQ) > O(e). We

asymptotically calculate the positive principal eigenvalue A > 0 and corresponding eigenfunction ¢ > 0 of
Ap+Ame(z)p=0, ze Ond =0, x€0df; /¢2dm=1, (4.6 a)
Q

in the small patch radius limit € — 0, where the growth rate function me(x) is defined as

m+/82 s S ng s
me(x) = (4.6 D)
—mp, 2 € QN\Qeg, .

Here the patch g, is the circular disk Qg, = {z]||r —xo| <e}. In (4.6 b), m4 > 0 is the local growth rate of the

favorable habitat, while m; > 0 gives the background bulk decay rate for the unfavorable habitat.
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The condition fQ mdx < 0 for the existence of a positive principal eigenvalue is asymptotically equivalent to
/ mdx = —mp|Q| + mmy + O(e?) <0, (4.7)
Q

in the limit € — 0. We assume that m; and m. are chosen so that this condition holds.

We expand the positive principal eigenvalue A of (4.6) as
A~ oy + v 4 v=-1/loge, (4.8)

for some coefficients po and w7 to be found. In the outer region, defined away from an O(e) neighborhood of xg, we

expand the corresponding eigenfunction as

G~ o+ vdr+ 1 g+ (4.9)

Upon substituting (4.8) and (4.9) into (4.6), we obtain that ¢ is a constant. The normalization condition [, ¢§ dz = 1
yields ¢o = |Q|~1/2, where |Q| is the area of Q. In addition, we obtain that ¢; and ¢ satisfy

Apr = pompdy, € Q\{xo}; Ont1 =0, x€0Q; / ¢pr1dr =0, (4.10 a)
Q
Agy = pimpdo + pompdr, = € Q\{xo}; Ontp2 =0, x € 0N / (63 + 2¢0¢2) dz =0. (4.100)
Q

The matching of ¢; and ¢3 to an inner solution defined in an O(g) neighborhood of the patch at zg, as done below,
will yield singularity conditions for ¢; and ¢9 as x — xg.

In the inner region near the patch centered at xy we introduce the local variables y and 1 by

y=c 'z —z0),  P(y)=d(zo+ey). (4.11)
Then, (4.6) becomes
_>\m+¢7 |y| <1,
Ay = (4.12)
O(e?), lyl > 1.

We then represent the inner approximation to the eigenfunction as
)~ g+ vihy + vy + - v=—1/loge. (4.13)

We substitute (4.13) and (4.8) into (4.12), and collect powers of v, to obtain that v is an unknown constant, and
that ¥, and 5 satisfy

Fr, lyl <1,
Ay, = (4.14 a)
0, lyl=1.

Here Fy, for kK = 1,2 is defined by

F1 = —pomto , Fo = —pomythr — pamyio . (4.14b)
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We then calculate the solution ¢ to (4.14) as

A1P2/2+1/;17 pé]-v
P = B (4.15a)
Arlogp+ 4+, p>1,

where p = |y|. Here ¢; is an unknown constant, and A; is given by

_S_ !

A1 B) = —§u0m+w0 . (415 b)

In addition, for the solution v to (4.14) we calculate its far-field behavior as

1
Yo ~ Aslogp+ O(1), as p— oo, AQE/ Fopdp. (4.16 a)
0
We then calculate Ay by using (4.15) and (4.14 b) for F; to get
! 2 1 Ay (A -
Ay = —uom+/ (Alp + wl) pdp — —pimiahy = — (1 + 1+ Ml?ﬁo) : (4.16 b)
0 2 2 o \ 4 Ho

The matching condition is that the near-field behavior as  — z of the outer representation of the eigenfunction

must agree asymptotically with the far-field behavior of the inner eigenfunction as |y| = e~ *|z — x| — o0, so that
G0+ V1 +V2ha 4 -~ Yo+ vty + VPP 4 (4.17)

Upon using the far-field behavior of ; and v, as given in (4.15) and (4.16) respectively, we obtain that (4.17)

becomes
o+ vy + 12+ ~ahg+ AL+ v (Al log | — xo| + % + +A2> + % (Aylog |z — x| + O(1)) . (4.18)
Since ¢g and vy are constants, we obtain the first matching condition that
do =10 + A1 (4.19)

Then, from the O(v) terms in the matching condition (4.18), we obtain that ¢; satisfies (4.10 a) subject to the

singularity behavior

A,

¢1~Allog|z—xo|+7l+1/11+A2, as T — xg. (4.20)
We remark that the singularity behavior in (4.20) specifies both the regular and singular part of a Coulomb singularity.
Consequently, this singularity structure provides one constraint relating A;, Ay, and ;.

The problem for ¢; can be written in terms of the Dirac distribution as
A¢1 = /LomeSO + 27TA15($ — l’o) , T E 97 8n¢>1 =0, =xe€ onN. (421)

The divergence theorem then yields

Ar = = (roms/9g0) (422

Next, we write the solution to (4.21) in terms of the Neumann Green’s function G(x;xo) as

¢1 = —27TA1G(.’IJ; xo) = ,uomb|Q|(b0G(x;x0) . (423)
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Here G(z;x0) is the unique solution to
1
AG=-— —(x—xm), z€; 0,G =0, xz€d; /Gd:ﬂ:O, (4.24 a)
Q
1
G(x;x0) ~ o log | — 0| + R(zo;z0), as x — xo, (4.240)
T

where R(xo;xo) is the regular part of G(x;x0) at * = . By expanding ¢ in (4.23) as  — ¢ and equating the
non-singular part of the resulting expression with that of (4.20), we obtain

A _
—2m Ay R(x0; 20) = ?1 + 1+ Ay (4.25)

Finally, we obtain from the O(1?) terms in the matching condition (4.18) that ¢ ~ Aglog|z — x| as x — o,

where ¢9 is the solution to (4.10 ). In terms of the Dirac mass, this problem for ¢ can be written as
Apo = pympdo + pompdy + 2mAxd(x — zg), x € Q3 Onto =0, x €090, (4.26)
with normalization condition [, (¢7 + 2¢o¢2) dz = 0. The divergence theorem, together with [, ¢1dz = 0, then
yields that
2w As = —p1myp|Q| o - (4.27)

The leading-order eigenvalue correction p is obtained by combining (4.19) and (4.22), together with using A; =
—pomytby/2 from (4.15b). This yields that

_ Tm4 _ ( M0m+)
=T =(1-— . 4.28
Po [, Yo, o 5 ) Yo (4.28)
Therefore, since ¢ = |Q|~1/2, we obtain
2 ™m Qm _
to = [ - +} Vo= iL o, o =072 (4.29)
my |Qmy M

Since [, mdx < 0, then my7/(|Q|ms) < 1 from (4.7). Consequently, it follows from (4.29) that g > 0. Next, we
combine (4.22) and (4.27) to evaluate the ratio Ay /A; as As/A1 = p1/po. Upon using As /A1 = p1/po in (4.25) and
(4.16 b), we readily determine 1); and the eigenvalue correction p; as

Ay

_ 1
P = 7 W = — (4 + 27TR($0;$0)) Ho - (4.30)

Finally, a two-term expansion for the eigenfunction in the outer region is obtained from (4.9) by using (4.23) for ¢;.
The corresponding two-term inner approximation to the eigenfunction is given by (4.13), where 1; is given in (4.15)
with ¢); = —A; /4. We summarize our result as follows:

Principal Result 4.1: In the limit of small patch radius, € — 0, the positive principal eigenvalue X of (4.6) has the

following two-term asymptotic expansion in terms of the logarithmic gauge function v = —1/loge:
1 2 ™n
A = pov — pov? | = + 21 R(wo; o); = |[1-—X|. 4.31
HoV — fioV {4 +2am (fo,xo)] +0(v°); Ho my [ Q0m ( a)

A two-term asymptotic expansion for the corresponding eigenfunction in the outer region |x — xo| > O(e) is

¢ ~ ¢ (1 + vuems|QG(x; x0)) - (4.310)
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Here G(x;x0) is the Neumann Green’s function of (4.24) with regular part R(xo;xo). The corresponding inner ap-

proximation to the eigenfunction, with y = e~ (x — xq) and p = |y| = O(1), is

v T (L B ) (1310

My 2
where ¢o = |Q| =2, and 7]11(/)) s defined by

~ Pl2-1/1, p<i,
Jilp) = (4314)
logp+1/4, p>1.

Next, we let the center xg of the circular patch be on 9€). We assume that 0f) is piecewise differentiable, but allow
for O to have corners with nonzero contact angle. The boundary patch Qg, = {z ||z — 0| < epp N O} with zy € 0N
is the portion of a circular disk of radius €py that is strictly contained within Q. Here py = O(1) is introduced in
order to construct a boundary patch that has the same area as an interior patch.

In the limit ¢ — 0, and for  — zy = O(e), we define wag to be angular fraction of the circular patch that is
contained within Q. More specifically, cg = 1 whenever z is at a smooth point of 9Q, and oy = 1/2 when z; is at a

/2 corner of 9. The eigenvalue problem associated with this boundary patch is
Ap+Ame(z)p =0, xe Onp =0, x€dN; /¢2dm:1, (4.32 a)
Q

where mg(z) is defined as

m+/€2 , x < ng s
me(x) = (4.320)
-mp, x€MNQe,.

The condition fQ mdzx < 0 is asymptotically equivalent when € — 0 to

/ mdz = —my|9) + “2 (. gf) + (%) < 0. (4.33)
Q

We assume that this condition on fQ m dx holds. Since the asymptotic calculation of A for a boundary patch is similar
to that for the interior patch case, we mainly highlight the new features that are required in the analysis.

We first expand A as in (4.8) in terms of v = —1/loge. In the outer region, defined for |z — x¢| > O(e), we expand
the outer solution as in (4.9) to obtain that ¢¢ is a constant, and that ¢; and ¢, satisfy (4.10 a) and (4.10b) in €,
respectively, with 0,¢; = 0 for & € 90\ {zo} for k =1, 2.

Since the expansion of the inner solution is again in powers of ¥ = —1/loge as in (4.13), we can neglect to any
power of v the effect of the curvature of the domain boundary near = = xg, provided that this curvature is finite.
Consequently, when xg is at a smooth point of 92, we can approximate 02 near x = xg by the tangent line to 0f2
through = = zy. Alternatively, when xg is at corner point of 9f2, the inner region is the angular wedge of angle mag
bounded by the intersection of the one-sided tangent lines to 9 at x = xy. We then introduce the inner variable
y = e 1(x — x¢) so that the inner region is the angular wedge 3y < argy < aom + By for some Byg. The favorable
habitat is the circular patch |y| < po that lies within this wedge. Since the no-flux boundary conditions 9,1 = 0

holds on the two sides of the wedge, we look for a local radially symmetric inner solution within the angular wedge.
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Therefore, in the inner region, we expand the inner solution as in (4.13) and obtain that v is a constant, and that
Y for k = 1,2 satisfies

Fis lyl<po, Bo<argy<mag+Po,
Ay, = (4.34)
0, lyl=po, Po<argy<mao+fo.

Here F, for k = 1,2 are defined in (4.14 b). The solution for v, with p = |y|, is

2 —
A1(2p73>+¢1, 0<p<po, pPo<Largy <mag+ Po,

Y1 = ) (4.35)
Ajlog (£)+ 4 +91,  p2po, fo<agy<mag+fo,
where 1/_11 is an unknown constant and A; = flpg/Z. For 15, we obtain that 19 ~ Aslog p as p — oo. The calculation
of Ay proceeds exactly as in (4.16 b) to obtain
Ho 2 A (A - H1
A =-£0 Ay =L (2L B ) 4.36
1 5 M+PY0 2= 0 ( 7 Tt uolﬁo) (4.36)
The matching condition between the outer solution as x — zo and the inner solution for |y| = e 71|z — zo| — oo is
given by (4.17). Upon using (4.35) for ¢; when p > 1, together with s ~ Ay logp for p > 1, we obtain that (4.17)

becomes

A _
¢O+V¢1+V2¢2+...N1/10+A1+I/<A110g|1‘930|Allogp0+21+1/)1+A2>+V2(A210g|$.T0+O(1)).

(4.37)
The leading order matching condition from (4.37) is that
$o =10 + A1 . (4.38)
From the O(v) terms in (4.37) and (4.10 a), we obtain that ¢ satisfies
Ap1 = pompdy, x € Q3 Onp1 =0, xz€dN{xo}; /Qqﬁl dr =0, (4.39 a)
¢1 ~ Arlog |z — xo| — A1 log po + % +1+ Ay, as x— xp. (4.390)
Moreover, from the O(v?) terms in (4.37) and the problem for ¢, (4.10 b), we get that ¢ satisfies
A¢o = pympdg + pompdy, € Q; Ont2 =0, x€0N{xo}; /Q (qb% + 2¢0¢2) dr=0. (4.40 a)
o ~ Aslog|z — xo| + O(1), as z— xp. (4.40b)

Next, we apply the divergence theorem to (4.39) over Q\Q,, where Q, is a wedge of angle may and small radius
o < 1 centered at xy € IQ. Imposing the singularity condition (4.39b) on |x — 29| = o and taking the limit ¢ — 0,

we readily derive that
/Jomle|(b0 = —04071’141 . (441)

In a similar way, the divergence theorem applied to (4.40), and noting that fQ ¢1 dx = 0, determines Ay as

,ulmb|Q|(b0 = —Oéoﬂ'AQ . (442)
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Therefore, we conclude from (4.41) and (4.42) that As/A; = 1 /o, which yields 1), = —A; /4 from the equation for
As in (4.36). Then, by combining (4.38), (4.36) for A;, and (4.41), we readily obtain that

2my Q| 2 aomm4 p3
= 2 ¢0 ) Ho = 2 - 2 Q .
QM4 P m4pg my |92

Since [, mdx < 0 from (4.33), it follows that o > 0 in (4.43).

(4.43)

To solve (4.39), we introduce the surface Neumann Green’s function G (z; ), defined as the unique solution of

1
AGs:@, x €Q; 0,Gs =0, x € ON{zo}; /G’Sd:v:0, (4.44 a)
Q
1
Gs(z; ) ~ —a—log|x —xo| + Rs(xo;20), as x — xg € 0N. (4.440)
o7

Here |Q] is the area of Q, and Rg(xg;2) is the regular part of the surface Neumann Green’s function at z = x.

Then, the solution to (4.39) is
b1 = —agm A1 G (5 20) - (4.45)

By expanding ¢y as x — x( using (4.44 b), we equate the resulting nonsingular part of ¢ as © — z¢ with that in

(4.39 D) to obtain
A
—CEQ7TA1RS(£L'0; 1’0) = —A1 IOg Lo + 71 + ’1/11 + A2 . (446)
We then substitute ¢; = —A;/4 and Ay /A1 = pu1/po into (4.46), and solve for u; to get
1
H1 = Ho {log Po — 1 aomRs(20; 330)] . (4.47)

We summarize our result as follows:

Principal Result 4.2: In the limit of small boundary patch radius, € — 0, a two-term asymptotic expansion for the

positive principal eigenvalue X of (4.32) in terms of v = —1/loge is

1 . 2 agmmyp?
A= — 2= : —1 F = 1— 2= oy 4.4
Hov — pov™ | 7 + aom R (w05 7o) ngo} +0(v?); Ho e [ 22y (4.48 a)

A two-term asymptotic expansion for the corresponding eigenfunction in the outer region |x — xg| > O(e) is
¢ ~ do (1 4+ vuomy|QGs(z;20)) - (4.48b)

Here Gs(x;0) is the surface Neumann Green’s function of (4.44) with regular part Rs(xo;xo).
Next, we generalize the analysis above to treat the case of an arbitrary but fixed number n of circular patches,
each of which is centered either inside 2 or on 0f2. To this end, we asymptotically calculate the positive principal

eigenvalue of
Ap+Ameg(x)p =0, x€ O =0, x€d; /¢2dx:1, (4.49 a)
Q
where the growth rate function me(x) is defined by

mj/€2, ZGQ&‘J., j:l,...,n,
me(x) = (4.490)
—-myp, z € Q\Uj; Qe -

Here Q¢ = {z| |z — x;| <ep; N Q}, so that the patches ()¢, are the portions of the circular disks of radius ep; that
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are strictly inside €2. The constant m; is the local growth rate of the jth patch, with m; > 0 for a favorable habitat
and m; < 0 for an unfavorable habitat. The constant m; > 0 is the background bulk decay rate for the unfavorable

habitat. In terms of this patch arrangement, the condition fQ mdx < 0 is asymptotically equivalent for e — 0 to

T n
/dex: —my |9 +§Zajmjp?+0(52) <0. (4.50)

j=1
We assume that the parameters are chosen so that this condition holds. The parameters in the growth rate are the
centers x1,...,x, of the circular patches, their radii €py,...,p,, the local growth rates mq,...,m,, the angular
fractions mayq, . .., ma, of the circular patches that are contained in €2, and the constant bulk growth rate m;. Recall
that o; = 2 whenever z; € Q, a; = 1 when z; € 9Q and z; is a point where 02 is smooth, and a; = 1/2 when
xj € 0 is at a 7/2 corner of I, etc.
To asymptotically analyze (4.49) we must incorporate both the Neumann Green’s function and the surface Neu-
mann Green’s function. As such, we define a generalized modified Green’s function G,,(z; x;) by
G(z;z;), =, €Q,
Gm(z;25) = (4.51a)
Gs(z;25), x; € 09Q.
Here G(z;x;) is the Neumann Green’s function of (4.24), and G,(z; z;) is the surface Neumann Green’s function of
(4.44). Therefore, the local behavior of G, (x;x;) is
Gm(x;xj)w—L_log|x—xj|+Rm(xj;mj), as T —xj, R (zj;24) = Rlogiea), 23 €, (4.510)
a5 Ri(xj;25), xj € 0Q.
Here R(z;;x;) and Rs(z;;2;) are the regular part of the Neumann Green’s function (4.24) and the surface Neumann
Green’s function (4.44), respectively.
For the multiple patch case, the following main result was obtained in §3 of [45].

Principal Result 4.3: In the limit of small patch radius, e — 0, the positive principal eigenvalue \ of (4.49) has

the following two-term asymptotic expansion in terms of the logarithmic gauge function v = —1/loge:
t
- P 1
\ = pov — piov? (W + 4> +0®?). (4.52)

Here pg > 0 is the first positive root of B(ug) = 0, where B(ug) is defined by

" aymp?
Bluo) = —mp|Q| + 7y ——LF (4.53
)= —mial +73_ 52 )
In (4.52), k = (K1,...,Kn)", where k; is defined by
2
T 02

wy = VI (4.54)

2- m; P Ho

while G, and P are the n X n matrices as defined by

Gmij = V@io;Gmij, 1] Gmjj = jRmj;; Py =0, i#j;  Pj=logp;. (4.55)
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In addition, a two-term expansion for the outer solution is given by
n
o~ ¢ |14+ vmpo Z VK Gr(z525) | . (4.56)
j=1

Problem 4.1: Give the derivation of equation (4.53) for the leading-order coefficient g in the asymptotic expansion
of the persistence threshold.

The solution to Problem 4.1 is given in Appendix C.

Next, we show the existence of a unique root 1 to (4.53) on a certain interval with pg > 0 to be determined. Since
Jomdz < 0 from (4.50), it follows that B(0) < 0 from (4.53). In addition, B(uo) — +00 as po — 2/(myp3) from
below, where m p? is defined by

me?]:nI%a;%{mjp?\j:1,...,n}. (4.57)
There must be at least one j for which m; > 0, so that (4.57) is attained at some j = J. Moreover, (4.53) readily
yields that B(uo) > 0 on 0 < pg < 2/(myp?%). Therefore, there exists a unique root po = pf on 0 < pg < 2/(myp%)
to B(po) = 0. The corresponding leading-order eigenfunction in the inner region, vy, satisfies 1y; > 0 from (C.10).
Therefore, pf is the leading-order term in the asymptotic expansion of the positive principal eigenvalue of (4.49).

In this section, the formulae derived in §2 and §3 for the persistence threshold, A(¢), are used to determine the
optimal strategy for distributing a fixed quantity of resources in some domain where favorable and unfavorable patches

may already be present. The constraint that the resources being distributed are fixed is expressed mathematically

by

T n
—mp|Q| + = Zajmjp? +0(?) = / mdr =—-K, (4.58)
2 = Q
where K > 0 is kept constant as my, or o, mj, and p;, for j =1,...,n are varied.

We first consider the case of one favorable habitat. For an interior patch of area me2, we recall that \ is given in
(4.31 a) of Principal Result 4.1. For a boundary patch of the same area, we must set Tage?p3/2 = me? in (4.48 a) of

Principal Result 4.2. Thus, pg = 1/2/ag, so that (4.48 a) becomes

1 1 2 a7 M4
N = pov — pov? | = Ry(z0;20) — = log [ — ow?); =— |1- : 4.59
pov = pov” | 7 + aomRs (z0; 20) 598 <0¢0>} +007); Ho my { |Q|mb] (4.59)

By comparing the leading-order O(v) terms in (4.59) and (4.31 a), and noting that ay < 2 for a boundary patch, we
obtain the following main result:

Qualitative Result I: For a favorable habitat of area we2, the positive principal eigenvalue X is always smaller for

a boundary patch than for an interior patch. For a domain boundary with corners, \ is minimized when the boundary
patch is centered at the corner with the smallest corner contact angle Ty, as opposed to a patch on the smooth part
of the boundary, only if ag < 1. For a domain with smooth boundary, for which ag =1 for any xg € 0N, then X in
(4.59) is minimized when the center xo of the boundary patch is located at the global mazimum of the regular part
Rs(xo; o) of the surface Neumann Green’s function of (4.44) on 9. Thus, the movement of either a single favorable
habitat to the boundary of the domain is advantageous for the persistence of the species

Next, for a fixed value of the constraint in (4.58), we consider the effect of both the location and the fragmentation
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of resources on the leading-order term, f, in the asymptotic expansion of A in (4.52) of Principal Result 4.3. The
analysis below leads to three specific qualitative results. The following simple lemma is central to the derivation of
these results:

Lemma: Consider two smooth functions C ,;4(¢) and Cpew(C) defined on 0 < ¢ < ,u%d and 0 < ¢ < ppe?
old

respectively, with C ,;7(0) = Cnew(0) < 0, and C,14(¢) — +00 as ¢ — ppy" from below, and Cpew(C) — 400 as
¢ — ul? from below. Suppose further that there exist unique roots ( = ugld and ¢ = plv to C1a(¢) = 0 and

Crnew(¢) =0 on the intervals 0 < ¢ < u%d and 0 < ¢ < uteY, respectively. Then,

o Case It If ulteW < 19 ond Cey(€) > Co1d(€) on 0 < ¢ < pupf™, then pg®? < ulld.

o Case II:  If ¥ > ,u%d and Cpew(¢) < Cp1g(¢) on 0 < ¢ < u%d, then plle? > ,ugld.

The proof of this lemma is a routine exercise in calculus and is omitted. We now use this simple lemma to obtain
our three main qualitative results.

First, we suppose that the center of the jth patch of radius ep; with associated angle moy; is moved to an unoccupied
location, with the new patch having radius ep;, and associated angle may,. To satisfy (4.58), we require that o;m; p? =

agmips. The change in B(¢), with B(¢) as defined in (4.53), induced by this action is

ozj) m?p}¢
ag ) (2= C¢myp?) (2 — Cmup;,

2
TagmEpy  TOGM;P;

Bnew(¢) — By1q(¢) = 2 — Cmap? T 9_ ijp? = (

) (o —ag) . (4.60)
Recall from §3 that B 4(¢) = 0 has a positive root ¢ = ugld on0< (< ,u?rlld = 2/(myp?%), where mjp% was defined
in (4.57).

Assume that a; > oy. For instance, this occurs when the center of an interior patch, for which o; = 2, is moved
to a smooth point on the domain boundary, for which «j = 1. First, suppose that the patches are favorable so
that m; > 0 and my > 0. When o > ay, it follows from the constraint ajm;p? = apmipy that mepf > m;p3,
and so the first vertical asymptote for Bpew(() cannot be larger than that of B)4(¢). Consequently, we define
mup% = max{m p%, mpps}, and from §3 we conclude that there is a unique root ¢ = uf*V to Bpew(¢) = 0 on
0 < ¢ < puhV =2/(mkp%). Since upsV < u%d, and (4.60) shows that Bpew(¢) > Bgq(¢) for 0 < ¢ < phif™, then
Case I of the Lemma proves that u§{®V < u(o)ld. Alternatively, for the situation where habitats are unfavorable, so
that m; < 0 and my, < 0, then the first vertical asymptotes of B;4(¢) and Bnew(¢) must be the same, since these
asymptotes are defined only in terms of the favorable patches. For this case, (4.60) again shows that Bpew(¢) >
B1q(¢) for 0 < ¢ <2/(myp%). Case I of Lemma then establishes that pg®" < pld. [ ]

Next, we consider the effect of fragmentation on species persistence. More specifically, we consider the effect of
splitting the i*" patch, of radius ep; and growth rate m;, into two distinct patches, one with radius ep; and growth
rate m;, and the other with radius epj, and growth rate mj. The condition m;p; = m;p5 4+ mypj, is imposed to
satisfy the constraint (4.58). We assume that a; = a; = ai, so that we are either splitting an interior patch into

two interior patches, or a boundary patch into two boundary patches, with each boundary patch centered at either
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a smooth point of 9N or at a corner point of 92 with the same contact angle. This action leads to the following
qualitative result:

Qualitative Result II: The fragmentation of one favorable interior habitat into two separate favorable interior

habitats is not advantageous for species persistence. Similarly, the fragmentation of a favorable boundary habitat into
two favorable boundary habitats with each either centered at either a smooth point of 02, or at a corner point of
0 with the same contact angle, is not advantageous. Finally, the fragmentation of an unfavorable habitat into two
separate unfavorable habitats increases the persistence threshold .

We prove this result for a; = oj = oy, as follows. First, consider the case where we are fragmenting one favorable
habitat into two smaller favorable habitats. Then, m; > 0, m; > 0, and my > 0. For the original patch distribution,

1d

it follows from §3 that B4(¢) = 0 has a positive root ¢ = p§"“ on 0 < ¢ < u%d = 2/(myp%), where mp?% was

defined in (4.57). Since, clearly, the first vertical asymptote for Bnew({) cannot be smaller than that of Bg;q(¢)

under this fragmentation, it follows from §3 that Bpew(¢) = 0 has a positive root ¢ = pf*V on 0 < ¢ < eV with

pew > 0ld Fyom (4.53), we then calculate under the constraint mgp? = m;p; + myp; that the change in B(()

induced by this fragmentation action is

B 7T'Oéimjp2' waimkpi Waimipzz
Buew(€) = Bola(¢) = 5= gmj%) T Gme]) @ Cmad)
_ —ma( (mjp?mkpz) [(2- ijp?) + (2 = ¢mpi)]

(2 = Cmip?) (2 = Cm;p3) (2 = Cmupi)

Hence, from (4.61), we have that Bnew(¢) < Bjq(¢) on 0 < < u%d = 2/(myp%). Since, in addition pheW™ > M%dv

(4.61)

it follows from Case II of the Lemma that pf®V > ugld. This proves the first two statements of Qualitative Result
II.

To prove the final statement of this result, we suppose that we are fragmenting an unfavorable habitat into two
smaller unfavorable habitats, so that m; < 0, m; < 0, and my, < 0. For this situation, the first vertical asymptotes of
B1q(¢) and Bnew (¢) are the same, and (4.61) again shows that Bnew(¢) < Bjq(¢) on 0 < ¢ < u%lld =2/myp%. By

Case 1II of the Lemma, we conclude that u§®V > ugld, which proves the last statement of Qualitative Result 1I. W

The combination of Qualitative Results I and II show that, given some fixed amount of favorable resources to
distribute, the optimal strategy is to clump them all together at a point on the boundary of the domain, and more
specifically at the corner point of the boundary (if any are present) with the smallest contact angle less than
degrees. This strategy will ensure that the value of pg, and consequently the leading-order term for A, is as small as
possible, thereby maximizing the range of diffusivities D in (4.1) for the persistence of the species.

Our final qualitative result addresses whether it is advantageous to fragment a single interior favorable habitat into
a smaller interior favorable habit together with a favorable boundary habitat. To study this situation, we introduce

the constraint

ay,
mip? = mjp? + kapi , (4.62)

with a; = a; = 2, and a3, < 2. The subscript i represents the original interior habitat, whereas j and k represent
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the new smaller interior habitat and new boundary habitat, respectively. It is not clear apriori whether this action is
advantageous, given that fragmentation of a favorable interior habitat into two favorable interior habitats increases
the persistence threshold A, but the relocation of a favorable interior habitat to the boundary decreases A. A sufficient
condition to treat this case, together with two additional related results, are summarized as follows:

Qualitative Result III: The fragmentation of one favorable interior habitat into a new smaller interior favorable

habitat together with a favorable boundary habitat, is advantageous for species persistence when the boundary habitat

is sufficiently strong in the sense that

4
mypy > ﬁmjp? >0. (4.63)

2—-«a
Such a fragmentation of a favorable interior habitat is not advantageous when the new boundary habitat is too weak

in the sense that
0 < mppy < mip5. (4.64)

Finally, the clumping of a favorable boundary habitat and an unfavorable interior habitat into one single interior
habitat is not advantageous for species persistence when the resulting interior habitat is still unfavorable.
Problem 4.3: Give the proof of Qualitative Result III (the solution is given in Appendix C).
Further results for the optimization of the persistence threshold in patchy environments are discussed in [45].
There are two key problems that warrant further study. Firstly, it is highly desirable to provide a rigorous derivation
of the asymptotic expansion for A in Principal Result 4.3. Such a derivation could possibly be based on variational
considerations and gamma convergence theory, similar to that used in [13] (see also the references therein) to analyze
bubble solutions for the Cahn-Hillard equation of phase transition theory. Secondly, it would be interesting to extend
our single-species analysis to the case of multi-species interaction, such as predator-prey interactions, for which a
partial fragmentation of the prey habitat may become more beneficial for the persistence of the prey, rather than

clumping the prey into a single habitat.

4.2 The Narrow Escape Problem From a Sphere

The narrow escape problem concerns the motion of a Brownian particle confined in a bounded domain Q € R?
(d = 2,3) whose boundary 992 = 99, U 912, is almost entirely reflecting (992,.), except for small absorbing windows,
or traps, labeled collectively by 0€),, through which the particle can escape. Denoting the trajectory of the Brownian
particle by X (t), the mean first passage time (MFPT) v(z) is defined as the expectation value of the time 7 taken
for the Brownian particle to become absorbed somewhere in 9, starting initially from X (0) = x € , so that
v(z) = E[r| X(0) = z]. The calculation of v(x) becomes a narrow escape problem in the limit when the measure of
the absorbing set |0Q,| = O(£?1) is asymptotically small, where 0 < ¢ < 1 measures the dimensionless radius of
an absorbing window. Since the MFPT diverges as € — 0, the calculation of the MFPT wv(x) constitutes a singular
perturbation problem.

In a three-dimensional bounded domain 2, it is well-known (cf. [57]) that the MFPT v(x) satisfies a Poisson
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equation with mixed Dirichlet-Neumann boundary conditions, formulated as

Av:—%, reQ, (4.65 a)

v=0, T €N, =UN,00:,, j=1,....N; Ov=0, x €00, . (4.65 b)
Here D is the diffusivity of the underlying Brownian motion, and the absorbing set consists of N small disjoint
absorbing windows, or traps, d€).; for j = 1,..., N each of area |0Q¢,| = O(g?). We assume that e, — x; as
e =0 for j=1,...,N, and that the traps are well-separated in the sense that |z; — z;| = O(1) for all i # j. With

respect to a uniform distribution of initial points z € Q for the Brownian walk, the average MFPT, denoted by v, is

defined by

v = :i v(x)dx
’U—X_|Q|/Q (z) dzx, (4.66)

where || is the volume of Q. The geometry of a confining sphere with traps on its boundary is depicted in Fig. 7.

FIGURE 7. Sketch of a Brownian trajectory in the unit sphere in R® with absorbing windows on the boundary.

There are only a few results for the MFPT, defined by (4.65), for a bounded three-dimensional domain. For the
case of one locally circular absorbing window of radius € on the boundary of the unit sphere, it was shown in [65]

(with a correction as noted in [67]) that a two-term expansion for the average MFPT is given by

.

€
U~ D [1 - loge + O (6):| , (4.67)

where || denotes the volume of the unit sphere. This result was derived in [65] by using Collins’ method for solving
a certain pair of integral equations resulting from a separation of variables approach. A similar result for v was
obtained in [65] for the case of one small elliptical-shaped absorbing window on the boundary of a sphere. For an
arbitrary three-dimensional bounded domain with one locally circular absorbing window of radius € on its smooth

boundary, it was shown in [67] that

€
b~ [1-SH) ] 4.
b~ [1- SHloge + 0 ()] (4.68)
where H denotes the mean curvature of the domain boundary at the center of the absorbing window. In [30] an
approximate analytical theory was developed to determine the average MFPT for the case of two circular absorbing

windows on the boundary of the unit sphere, with arbitrary window separation. For this two-window case, the average
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MFPT was determined in terms of an integral and an unspecifed O(1) term, which was estimated from Brownian
particle simulations.

In [15] this previous work was extended to calculate a a three-term asymptotic expansion for the MFPT for the
case of N small locally circular absorbing windows, or traps, on the boundary of the unit sphere. This three-term
asymptotic expansion for the MFPT shows explicitly the significant effects of both the fragmentation of the trap set
and the spatial arrangement of the traps on the boundary of the sphere. For the special case where the N traps have
a common radius € < 1, and are centered at z; with |z;| =1for j =1,...,N and |z; — z;| = O(1) for ¢ # j, the

results in [15] show that the average MFPT has the three-term asymptotic expansion

~ |2 € 2 € 9N 3 4 9
= 1+ -1 - — | —— +2(N—-2)log2+ -+ — 1 4.
U= DN + o8| 2 + p 5 +2( )log2 + 5 + NH(xla on) | +O(e7loge) | (4.69a)
where the discrete energy-like function H(x1,...,zy) is defined by
- 1 1 1
H(z1,...,oN) = ; (w - 510g|xi — x| — ilog (24 |x; — mj|)) . (4.690)
J#i

The asymptotic analysis in [15] leading to (4.69) relies on two essential ingredients. Firstly, it requires detailed
properties of the surface Neumann Green’s function for the unit sphere and, in particular, the determination of both
the subdominant logarithmic singularity and the regular part of this function. The identification of a weak logarithmic
singularity for this Green’s function was first made in [34] for the unit sphere, and for a general three-dimensional
domain in [54], [61], and [67]. Secondly, the analysis in [15] requires the introduction of certain logarithmic switchback
terms that commonly occur in the asymptotic analysis of certain problems in fluid mechanics (see [42] for a discussion
of logarithmic switchback terms). Further we remark that the analysis is rather complicated owing to the fact that
one must determine the far-field behavior of a rather difficult inhomogeneous problem that arises at a higher order
in the asymptotic expansion.

We now highlight the steps in the asymptotic analysis of [15] leading to (4.69). We assume that there are N small
well-separated windows on the boundary of the sphere centered at x; with j = 1,..., N where |z;| = 1. Each window
is assumed to have a circular projection onto the tangent plane to the sphere at x; and has a radius of ea; where
¢ < 1. The problem for the MFPT v = v(z), written in spherical coordinates, is

cot 6 1 1
Voo + 5Vt 500 = s r=lzl <1, (4.70a)

2
Av = vpp + vy +
T r24in%0

v=0, 2€0U=U00,, j=1,....N; 0w=0, x€I00,. (4.70b)
Here each 98¢, for j = 1,..., N is a small “circular” cap centered at (6;, $;) defined by
09, ={(0,0) | (0 —0;)* +sin*(0;)(¢ — ¢;)* < a3} (4.70 ¢)

The area of Q¢ is |08, | ~ 71'520,?. In (4.70 a), 0 < ¢ < 27 is the longitude, 0 < 0 < 7 is the latitude, and the center
of the jth window is at z; € 02 where |z;| =1for j=1,...,N.

To solve (4.70) asymptotically, we first must calculate the surface Neumann Green’s function. For the unit sphere
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Q with volume |Q| = 47/3, the surface Neumann Green’s function G(z;x;) satisfies

AGs = x € Q; 0rGs = 0(cosf —cosb;)é(p — ¢;), x€IQ; / Gsdx=0. (4.71)
Q

1
€]
In terms of spherical coordinates, the points x € 02, x; € 012, and the dot product = - z;, are given by

x = (cos¢sind, sinpsinb, cosb) , xj = (cos ¢;sinbj, sin ¢; sinb;, cosb;) , COS7Y =X - Tj, (4.72)
where 7 denotes the angle between x and x; given by cosy = cos 6 cos §; +sin 6 sin 6; cos(¢ — ¢;). The following result
for Gs(z;x;) is derived in Appendix A of [15].

Lemma: For the unit sphere, the surface Neumann Green’s function satisfying (4.71) is given explicitly by

1 1 2 1 2 7
—_— + — 1) —1 - —. 4.73
27r\x—xj|+87r <|x| * Jr47r Og<1—|x|cosv—|—|x—xj|> 107 (473)

Gs(x;xj) =

The calculations below for the MFPT require the limiting behavior of G, in (4.73) as x — z; € 02 when expressed

in terms of a local coordinate system (7, s1, $2) whose origin is at the center of the jth absorbing window. We define

the local cartesian coordinate, y, together with the local curvilinear coordinates 7, s1, and sy by
y=e t(z —xj), n=et(1-7), sy =e 'sin(d;) (¢ — ¢;) , so=e 1(0—6,). (4.74)

From the law of cosines we calculate that

1 1
1—|z|cosy = 3 [lz —z;)* = (2> = 1)] ~ 3 [0(?) — (L —en)? = 1)] ~en+ O(e?). (4.75)
Therefore, upon substituting (4.75) and (4.74) into (4.73), we obtain as © — z; that
1 1 € 1 9
s(as ) = ——log(5) -1 = o0 : 4.
Golwig) = 5 = 3108 (5) = g log (lul+ ) = 55+ O() (4.76)

The weak logarithmic singularity in (4.76) on n = 0 was observed previously for the sphere in [34] (see page 247 of
[34]), and for general domains in [61], [54], and [67]. The calculation in Appendix A of [15] identifies the regular
part of the singularity structure for G in (4.76), which is needed below to obtain a three-term expansion for the
MFPT.
By retaining linear and quadratic terms for the mapping x — z; — (1, s1,52), a lengthy but straightforward
calculation, which we omit, shows that for z — x;
1 1 €
Wl 2%

In order to obtain the local representation of the surface Neumann Green’s function with an error of O(g), as required

[n(si + s3) — sisacot§;] + O(e?), p=(n*+si+ 3%)1/2 : (4.77)

for the asymptotic analysis below, we substitute (4.77) into (4.76) to obtain for x — z; that

1 ) (f) 1 [n(s%—i—s%) _ sispcotb;

T B \g tir p° P>

Gs(x;x;) =
(:E x] ) 47T
We now solve (4.70) in the limit € — 0 by using the method of matched asymptotic expansions. In the outer region

} - % log (p+ 1) — 2 O(e). (4.78)

2mep 207

away from the absorbing windows we expand the outer solution as

v~ e tvg + v +elog (%) vy Evs - (4.79)

Here vy is an unknown constant, while vq, vo, and vs are functions to be determined. As shown below, the third
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non-analytic term in ¢ in (4.79) arises as a result of the term in (4.78) with logarithmic dependence on e. In addition,
we show below that one must add a further term of the form log (¢/2) x¢ directly between the first and second terms
in (4.79), where xo is a certain constant. Such terms are called switchback terms in singular perturbation theory,
and they have a long history in the study of certain ODE and PDE models in fluid mechanics (cf. [42]).

We first substitute (4.79) into (4.70) to obtain that vy, for £k =1,...,3, satisfies

1
Avkz—ﬁékl, xeQ; Opv, =0, x € ON{z1,...,xN}, (4.80)
where 6,1 = 1if £k =1 and ;1 = 0 for £ > 1. The analysis below yields appropriate singularity behaviors for each vy,
as ¢ — x;, for j = 1,..., N. In the inner region near the jth absorbing window we introduce the local coordinates

(1, s1, 2) as defined in (4.74), and we pose the inner expansion
v~ e twy + log (%) wy +wg + - (4.81)

We substitute (4.81) into (4.70) after first transforming (4.70 a) in terms of the local coordinate system (4.74) as

outlined in Appendix B. In the limit ¢ — 0, this yields a sequence of problems for wy for k = 0,1, 2 given by
LW, = Wiy + Whsy s, + Whesysy = Ok2 Fa, n>0, —oo0< 8,8 <00, (4.82a)
Oqywy, =0, on n=0, s%—l—s%Za?; w,=0, on n=0, s%—l—sgga?, (4.820)
where da0 = 1 and dpo = 0 if k = 0,1. In (4.82 a) F3, is defined by

Fo = 2 (nwoyy + wop) — cot 8 (wos, — 252Wos,s,) n>0, —o00< 8,8 <o00. (4.82¢)

The leading order matching condition is that wy ~ vg as p = (7> + 2 + s3)1/2

— oo. Therefore, we write
wo = v (1 —we) (4.83)

where vy is a constant to be determined, and w, is the solution satisfying w. — 0 as p — oo to

Lw, =0, n>0, —oo0<sy,sy <00, (4.84 a)
Oqywe=0, on n=0, s%—l—s%za?; w,=1, on n=0, sf—l—sgga?. (4.840)

This is the well-known electrified disk problem in electrostatics (cf. [31]), whose solution is (see page 38 of [24])

2 [o RNl 2 .
We = ;/0 % e~H/a g, ('Zj) dp = - sin~! (%) , o= (52422, (4.85a)
where Jy(2) is the Bessel function of the first kind of order zero, and L = L(n, o) is defined by
1 1/2 1/2
L(n,o) = 3 ([(a + aj)2 + 7]2] / + [(U — aj)2 + 772} / ) ) (4.850)

From either an asymptotic expansion of the integral representation of w,. using Laplace’s method or, alternatively,

from a direct calculation of the simple exact solution for w,. given in (4.85 a), we readily obtain the far-field behavior

2 (1 a3 (1 32
wCNﬂ'<p+6 F—F +-- ], a p—00, (4.86)
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which is uniformly valid in 7, s1, and s3. Therefore, from (4.83) and (4.86), the far-field expansion for wy is
wo ~ Vg <1Cj+(9(p3)) , as p— o0, cjz%, (4.87)
P

where c; is the electrostatic capacitance of the circular disk of radius a;. Next, we write the matching condition that
the near-field behavior of the outer expansion (4.79) must agree with the far-field behavior of the inner expansion

(4.81), so that

%+v1+510g(€)v2+51}3+---~m(1—Cj )+1og( )w1+w2+ (4.88)
€ 2 € p 2
Therefore, since p ~ ™|z — x|, we obtain that v; must satisfy (4.80) with the singular behavior v; ~ —vgc;/|z — ;]
as x — x; for j =1,..., N. This problem for v; can be written in distributional form as
1
Avy = —5 y S Q; (9r’()1|T:1 = Hj)é(gb — (bj) . (489)

By applying the divergence theorem, (4.89) has a solution only when vy is given by

_ 1 _ _ 244
Vo = omDNE s = ZCJ s Cj = 7 . (490)

Thus, the solvability condition for the problem for v; determines the unknown leading-order constant term vy in the
outer expansion. The solution to (4.89) is then written as a superposition over the surface Neumann Green’s function

Go(x;xj), with [, Gs(x;2;) dez = 0, together with an unknown constant x, as

= —271"1)0202 (z;2:) + X X = |Q|_1/Q111 dx . (4.91)

Next, we expand v; as & — z; by using the near-field expansion of the surface Neumann Green’s function given

n (4.78). Upon substituting the resulting expression into the matching condition (4.88) we obtain

2, 2 2
Vo ¢; e ( ) n(si +s3) sisgcotb;
Yy G %%, LUE N B,
5( p)+ 5 1og (5 +x+ 2 {og(n+p) s + p + B;

+slog<%)v2+ev3+-~- UEO( ;—&—(’)( ))+log(;)w1+w2+~--. (4.92)

Here the constant B; is defined by

B; = —2my —20 ¢+ z:cZ sji | o Gsji = Gs(zj; ) . (4.93)
J#
We compare the O(loge) terms on both sides of (4.92), which suggests that wy ~ voc;/2 as p — co. However, this

leads to a problem for vy with no solution. In order to obtain a solvable equation for vs, we must write x in the form

= log (%) Xo + X1, (4.94)

where yo and x; are constants, independent of €, to be found. This choice for x is equivalent to inserting a constant
term of order O(loge) between vy and vy in the outer expansion (4.79). With this choice of x in (4.92), the matching
condition (4.92) enforces that wi ~ xo + voc;/2 as p — oo. The solution w; to (4.82) that satisfies this far-field
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behavior is

wy = (M5 +x0) (L= we) (4.95)

where w,, given explicitly in (4.85), is the solution to (4.84). Therefore, using (4.86), we obtain the far-field behavior

Vo
~ 1—-—= . 4.
w (2+)< L+ 0 )) (4.96)
Next, we substitute (4.96) into the matching condition (4.92) and use p ~ £~ 1|z — z¢|. This yields that the solution

vy to (4.80) has the singular behavior vy ~ — (%% )¢j/|z — x| as & — x;. Therefore, v, satisfie

Avg =0, x € Q; Orva|r=1 = —QchJ (UOCJ XO) 000 =95)0(6 = ¢;) . (4.97)

sin 6;

By using the divergence theorem, we obtain that (4.97) is solvable only when y is given by

Yo = 2NCZ ¢ (4.98)

Then, the solution for vy can be written in terms of the surface Neumann Green’s function as

N
vy = —27chi (UO; + XO) Gs(z;2;) + X2 (4.99)
i=1

Next, we match the O(1) terms in (4.92) with y as given in (4.94). We obtain that wy satisfies (4.82) with the
far-field behavior

n(s3 + 8%)} N <’000j

VoCj
wy ~ Bj + x1 + Tj {log(n +p)— e 20 > 3590t 0, as p— 0o. (4.100)
By superposition, we decompose the solution to this problem for wsy in the form

wz = (Bj + x1) (1 — we) + vowse + vowso (4.101)

where w, is the solution to the electrified disk problem (4.84). Upon writing wy = vo(1l — w.) to calculate F3 in

(4.82 ¢), we set ws to be the solution to

Waenn + Waes, s, + Waesys, = —2Wen — 2NWenn n>0, —oo<sy,s <00, (4.102 a)

Oqwze =0, on n=0, s%—}—s%Za?; wee =0, on n=0, s%—}—s%ga?, (4.102b)
¢; ¢;

Woe ~ EJ log(n + p) — 2—;37](55 +52), as p— oo. (4.102 ¢)

Moreover, ws, is taken to be the solution of

Waonn + W2os1s; T W2osysy = COLO; (Wes, — 252Wesy sy ) n>0, —o00<sp,8 <00, (4.103 a)
Oqwz, =0, on n=0, s%—i—s%Ea?; wy =0, on n=0, sf—l—sgga?, (4.103 b)
Wap ~ %8%82 cotd;, as p— o0. (4.103 ¢)

p

In Appendix B of [15] it is shown that the inhomogeneous terms given by the right-hand sides of (4.102 a) and
(4.103 a) lead explicitly to the leading-order far-field asymptotic behavior as written in (4.102 ¢) and (4.103 ¢).

The solution v; in (4.91) involves an as yet unknown constant x; from (4.94). In the determination of x; below
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from a solvability condition applied to the problem for vs, we must have identified all of the monopole terms of the
form b/p as p — oo for some constant b arising from the far-field behavior of each term in the decomposition (4.101)
of ws. It is only these monopole terms that give non-vanishing contributions in the solvability condition determining
x1. Clearly, the first term (B; + x1) (1 — w,) in (4.101) yields a monopole term from (4.86). However, upon solving
the problem for ws. exactly as in Lemma B.1 of Appendix B of [15], it was found that ws. also yields a monopole

term, and it has the far-field behavior
Woe = %] log(n + p) — %n(sf + 53) — % +0(p%), as p— o0, (4.104)
where k; is given explicitly by
Kj = %] 2log2 — g +loga;| . (4.105)
Alternatively, the solution ws, to (4.103) is odd in s; and, hence, does not generate a monopole term at infinity. An
explicit analytical solution for ws, is given in Lemma B.2 of Appendix B of [15].

In this way, we obtain that the solution ws to (4.82) with leading-order far-field behavior (4.100) generates further

terms in the far-field behavior of the form

Cj Cj s2s 2K
wo ~ (B + x1) (1 - ;) +UOTJ [log(n +p) — %(5% + 82) + ;—32 cot; — 7] +0( )|, as p—oo. (4.106)

Finally, we substitute (4.106) into the matching condition (4.92). The two monopole terms in (4.106) determine

the singular behavior for the solution v of (4.80) as

(B ,
U3N—CJ( i+ 20+ o) as T — ;. (4.107)
|z — ]

In distributional form, this problem for vs is equivalent to

N
5(0 —6;)0(¢ — ¢;)
Avg = 0, x € Q, 0Tv3|T:1 = —ZW;CJ‘ (B] + x1+ U()Kj) Sjinaj LKAy (4108)
The solvability condition for (4.108), obtained by using the divergence theorem, determines y; as
1N
X1 = “Ne ch [Bj + Uo/ij] . (4.109)

Jj=1

Then, upon using (4.93) for B;, we can write x; as the sum of two terms, one of which involves a quadratic form in

terms of the capacitance vector CT = (c1,...,cn), as
27V ) N
0 0 _
X1= "Nz pc(x17~~~»$N)—m;Cjﬁj, pe(z1,...,2n) =CTGC. (4.110)
Here k; is given in (4.105) and G, is the Green’s function matrix defined in terms of G,(z;;x;) by
R Gle T GslN
G521 R T GSQN 9
Gs = E : : o R=—gios Gy =Gilwia), (4.111)
Gsy1 - Gsnn—1 R

Finally, we substitute (4.90) for vy together with (4.91) for vy, with x as determined by (4.94), (4.98), and (4.110),

into the outer expansion (4.79). This leads to the following main result:
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Principal Result 4.4: For ¢ — 0, the asymptotic solution to (4.70) is given in the outer region |z —x;| > O(e) for
j=1,...,N by

N
€2 2\ X, 2 e €
V=5 Na 1+elog - STJ—27T€ZCJ (@;25) Nﬁpc(arl,...,xN)—%;cjnj—k(?(gzloge)

(4.112)
th

Here c; = 2a;/m is the capacitance of the j circular absorbing window of radius ea;, ¢ = N~ (c1+...+cn), |Q] =
4m/3, Kk; is defined in (4.105), Gs(z; ;) is the surface Neumann Green’s function given in (4.73), and pc(z1,...,TN)
is the quadratic form defined in (4.110). Since fQ Gsdr =0, then v = |Q| ! vadx is given by

s g (2 MjLQ”E ( ) LXN: o + O(e? log e) (4.113)
v= 2meDNec elog c ING N_pc T1,.--3 TN Néjzlcjﬁj e~ loge . .

For the case of one circular window of radius ea, we set N = 1, ¢; = 2a/7, and a1 = a, in (4.112), (4.105), and

(4.113) to get

- 12| ea 2 ea 9 3 ) 9
N L los| o)+ (75 ~2lee2+5 I =0 — = G(z;21). (4114
v= 5 [T+ —log( )+ — (-5 —2log2+ 5 ) + O(*loge) |, w(a) =0 Galwiz) . (4114)
For an initial position at the origin, i.e. x = (0,0), then with G4(0;21) = —3/(407) from (4.73), (4.114) becomes
2] ca 2\ 2calog? )
- L+ log{ ) —— 1 : 4.11
v(0) deaD + - 108 o - + O(e”loge) (4.115)

For the case of one circular absorbing window of radius € (i.e. a = 1), it was derived in [65] that

5~ 4?0 [1 + 510 (i) —i—(’)(a)] . (4.116)

The original result in equation (3.52) of [65] omits the 7 term in (4.116) due to an omission of an extra factor of
7 on the left-hand side of the equation above (3.52) of [65]. This was corrected in [67]. Our result (4.114) agrees
asymptotically with that of (4.116) and determines the O(g) term to © explicitly. More importantly, our main result
in Principal Result 4.4 generalizes that of [65] to the case of N circular absorbing windows of different radii on the
unit sphere, and provides the O(g) term that accounts for the specific locations of the traps on the unit sphere.

A further interesting special case of Principal Result 4.4 is when there are N circular absorbing windows of a
common radius €. Then, upon setting ¢; = 2/, together with a; =1 for j =1,..., N in (4.105), (4.113) reduces to

vV =

9]
4eDN

€ 2 € 3
1+;log (5>+7T —7+—ZG Ti; ;) 210g2+§ +O(e?loge) | . (4.117)
J#l
From (4.73), we readily calculate the interaction term G(x;;x;) in (4.117) as
9 1 1 1 . Yi
Gs(ziszj) = 50 T 2 (M — Elog {sm ( 2”) +s n( ;j )}) , cos(vij) = @i - 15, (4.118)
where v;; denotes the angle between z; and x;. Therefore, (4.117) becomes

1]

Y~ 1DN

€ 2 € 9N 3 4 - 9
[1 + ;log (€> + = (—5 —2log2+ 5t NH(xl’ ...,mN)> +0(e loge)} ) (4.119 a)
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where the discrete sum H(zy,...,zy) with |z;| =1 and cos~;j = x; - x; for i,j =1,..., N is defined by
= 1 1 v v
= o .2 ij . 1]
H(l‘l, N ,.’L‘N) = ; <|;CZ—:L'J| — ilog |:S11'l (7) ~+ sin (2>j|> . (4119 b)
k+#i
Equivalently, we can write v in the alternative form
_ | 5 2 5 9N 3 4 9
= 1+ —1 — ———4+2(N—=2)log2+ -+ — O(e“1 4.120
v 4eDN +7r0g € +7r 5 + 2 ) log +2+NH(x1’ o) | + O loge) | ( 2)
where H(x1,...,2n) is defined by
= 1 1 1
H(x1,...,xN) = z:; (w - §log|a:i —z;| — ilog 2+ |z; — x]|)) . (4.120b)
JF#i

The first term in #H is the usual Coulomb singularity in three-dimensions, whereas the second term in (4.120 b)
represents a contribution from surface diffusion on the boundary of the sphere, similar to that studied in [19].

As a remark, for the case of N circular absorbing windows of a common radius €, the average MFPT, 9, is minimized
in the limit ¢ — 0 at the trap configuration {z;...,zy} that minimizes the discrete sum H(z, ...,xy) on the unit
sphere |z;| =1 for j =1,..., N. The classic discrete variational problems of minimizing either the Coulomb energy
Zf? |z; —x;|~! or the logarithmic energy — Zf? log |z; —x;| on the unit sphere has a long history in approximation

J#i i

theory (see [55], [56], [41], [27], and the references therein)..

0.0 0.1 0.2 0.3 0.4 0.5

FIGURE 8. Plot of the average MFPT ¥ versus ¢ from (4.120) with D = 1 for either one, two, or four, identical windows on
the surface of the unit sphere. The solid curves are the three-term expansion from (4.120) while the dotted curves are the
truncation of (4.120) to two terms. The triangles denote the full numerical results computed from COMSOL [17]. Top curves:
N = 1. Middle curves: N = 2 with antipodal windows. Bottom curves: N = 4 with windows at the north and south poles,
and two windows equally spaced on the equator.

Next, we validate our asymptotic result (4.120) with full numerical results. In Fig. 8 we compare our asymptotic
results for the average MFPT ¥ versus € with those computed from full numerical simulations using the COMSOL
finite element package [17]. The comparisons are done for N = 1, N = 2, and N = 4, identical traps equally spaced on
the surface of the unit sphere (see the caption of Fig. 8). Table 5 compares the two-term and three-term predictions
for v from (4.120) with corresponding full numerical results computed using COMSOL. Note that the three-term

expansion for ¢ in (4.120) agrees well with full numerical results even when ¢ = 0.5. For ¢ = 0.5 and N = 4, we
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13 ‘ V2 U3 Un V2 U3 Un V2 V3 Un

0.02| 53.89 53.33 52.81| 26.95 26.42 26.12| 13.47 13.11 12.99
0.05| 22.17 21.61 21.35| 11.09 10.56 10.43| 5.54 5.18 5.12
0.10| 11.47 1091 10.78| 5.74 5.21 5.14 2.87 2.51 2.47
0.20| 6.00 5.44 5.36 3.00 2.47 2.44 1.50 1.14 1.13
0.50| 2.56 1.99 1.96 1.28 0.75 0.70 0.64 0.28 0.30

Table 5. Comparison of asymptotic and full numerical results for v for either N = 1, N = 2, or N = 4, identical
circular windows of radius e equidistantly placed on the surface of the unit sphere (see the caption of Fig. 8). Here
Uy is the two-term asymptotic result obtained by omitting the O(e) term in (4.120), @3 is the three-term asymptotic
result of (4.120), and @, is the full numerical result computed from COMSOL [17].

calculate N7e?/(4n) ~ 0.20, so that the absorbing windows occupy roughly 25% of the surface area of the unit
sphere. For this challenging test of perturbation theory, the last row and last three columns in Table 5 show that the
three-term asymptotic result for the average MFPT differs from the full numerical result by only about 10%.

In [15], the main result in Principal Result 4.4 was used to study the effect of the fragmentation of the trap set.
In addition, a scaling law for the minimum of the disrete energy for large N was derived by formally obtaining the
form of this energy, and then fitting the coefficients in the expansion to numerical data computed from the numerical

optimization code [26]. The result in [15] for N > 1 showed that the optimum # has the form

N
H o F(N) =

2
- (1 —log2) + by N32 4 byNlog N + bsN 4 byN'/? + bslog N + b , (4.121 a)

The resulting least squares fit of (4.121 a) to numerical optimization data (see [15]) is

by ~ —0.5668, by~ 0.0628, by~ —0.8420, by~ 3.8804, by~ —1.3512, b~ —2.4523. (4.121b)

2

N
Finally, by using the scaling law H =~ (1-1log2) + b1 N3/2 for large N, the following rough estimate of the

2
minimum value of the average MFPT ¥ in (4.120) for the case of N > 1 circular traps of a common radius € can be

obtained:

_ 9] 5 eN (1 4hy
U~ DN 1 7rloge—i— - 5+\/ﬁ . (4.122 a)

In terms of the trap surface area fraction f, given by f = Ne2/4, (4.122 a) can be written equivalently as

o) 27 (14 )]

@ .
T T 5 VN

U™ SDVIN

1- (4.122 )

Remarks: (Open Problems)

(1) Determine the relationship between the limiting results for large N and those that can be obtained by the

dilute fraction limit of homogenization theory.

(2) Extend the analysis to other 3-D domains, by either determining detailed properties of the surface Green’s
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function either analytically or numerically. Devise a numerical method to compute the surface Green’s function

and to identify the regular part of the singularity structure.

(3) Extend the analysis to the case of a large sphere with reflecting boundary that contains a smaller interior
sphere, for which the surface of the smaller sphere consists of many small pores. This narrow capture problem
would involve naturally two small scales, and the results for the MFPT would (crudely) model the time taken

for a viral particle that enters the cell to deposit its genetic material inside the cell nucleus.

5 Some Biharmonic Problems in Singular Perturbed Domains

In this section we first consider a few simple singularly perturbed biharmonic problems in the annulus 0 < ¢ < |z| < 1
in R? with ¢ — 0%. These model problems serve to illustrate the asymptotic methodology required to treat the linear
and nonlinear biharmonic eigenvalue problems in perforated domains, and how the analysis differs from that of
second-order elliptic problems in 2-D perforated domains considered previously in §3 and §4. We formulate a simple

model problem as

A*u=0, z€Q\Q, (5.1a)

u=f, u.=0, on r=1; u=u.=0, r=c¢. (5.1b)

Here Q) is the unit disk centered at the origin and Q¢ = {z | |z| < e}. Two choices for f are considered: Case I:
f =1.Case II: f =sinf. We obtain an exact solution for each of these two cases, and then reconstruct them with a
singular perturbation analysis. The analysis will show some novel features of singularly perturbed biharmonic BVP’s.

For Case I where f = 1, the radially symmetric solution to (5.1) is a linear combination of {r?,r?logr,logr,1}.

The solution to A2y = 0, which satisfies the conditions on = 1, has the form
uzA(rQ—l)—|—B7“210gr—(2A—&—B)logr—i—17 (5.2)

for any constants A and B. Upon imposing that v = u,, = 0 on r = ¢, we get two equations for A and B
2

B (1 2¢2loge

A=_2 152>7 A(1+2loge —c*)+ B (1—¢”)loge =1. (5.3)

Upon substituting the first equation for A into the second, we obtain that B satisfies

B  Bloge Be?loge 2¢2B(loge)?
= _ Bl =
21— T 12 T (a—e2)p TUEE

= (54)

which reduces to —B + 4e2(loge)?B ~ 2 + O(e?). This determines B, and the first equation of (5.3) determines A.

In this way, we get
B~ —2—8¢%(loge)? A~1+4e% (loge)® . (5.5)

From (5.5) and (5.2), we obtain that a two-term expansion in the outer region r > O(e) is

u~ ug(r) + &2 (loge)? ui (r) + O(e? loge) (5.6 a)



Asymptotics for Strong Localized Perturbations: Theory and Applications 71

where up(r) and uy (r) are defined by

uo(r) = — 2% logr, i =4 (>~ 1) — 8% logr. (5:60)

We emphasize that the leading-order outer solution ug(r) satisfies the point constraint ug(0) = 0 and is not a C?
smooth function. Hence, in the limit of small hole radius, the e-dependent solution does not tend to the unperturbed
solution in the absence of the hole. This unperturbed solution would have B = 0 and A = 0 in (5.2), and consequently

u ~ 1 in the outer region. In fact, we note that ug(r) can be written as ug(r) =1 — 167G(r; 0), where

1 21
G(r;0) = 3. (T2 logr — % + 2) ) (5.7)

is the biharmonic Green’s function satisfying A*G = §(z) with G =G, =0 on r = 1.
Next, we show how to recover (5.6) from a matched asymptotic expansion analysis. In the outer region we expand

the solution to (5.1) with f =1 as
ur~wy+ow + e, (5.8)
where o < 1 is an unknown gauge function, and where wy satisfies the following problem with a point constraint:
APwy=0, 0<r<l; we(l) =1, wpe-(1)=0, we(0)=0. (5.9)
Since G(0;0) = 1/(167) from (5.7), the solution to (5.9) is wg = 1 — 16w G(r;0), which yields
wo = 1% —2r¥logr. (5.10)
The problem for w, is
APw; =0, 0<r<1; w(l)=wy,(1)=0, (5.11)
which has the following solution in terms of unknown coefficients oy and f1:
wy = oy (r2 — 1) + Bir?logr — (204 + B1) logr. (5.12)

The behavior of w; as r — 0, as found below by matching to the inner solution, will determine «; and f.
In the inner region we set r = £p and obtain from (5.10) that terms of order O(g? log e) and O(¢?) will be generated

in the inner region. Therefore, this suggests that in the inner region we must expand the solution as
v(p) = ulep) = (2 loge) vo(p) + e*un(p) + - (5.1)
where vy and v, must satisfy v;(1) = v;,(1) = 0 for j = 0, 1. Therefore, we obtain for j = 0,1 that
v; = A (p* —1) + Bjp®log p — (24, + B;) logp. (5.14)
We substitute (5.14) into (5.13) and write the resulting expression in terms of the outer variable r = ep. A short
calculation shows that the far-field behavior of (5.13) as p — oo, when written in the outer r variable, is
v~ — (loge)® Byr? + (loge) (Ao — B1)r* 4+ Bor?logr] + A1r? 4+ Bir? logr + (240 + By) 2 (log £)? 4+ O(e?loge) .
(5.15)
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In contrast, the two-term outer solution from (5.8), (5.10), and (5.12), is
un~r?=2r%logr+o [y (r* — 1) 4+ Bir’logr — (2a;y + Bi)logr] + - . (5.16)
Upon comparing (5.16) with (5.15), we conclude that
By=0, Bi=Ay, A=1, B =-2, o=c(loge)’. (5.17)

This leaves the unmatched constant term —4¢2(log¢)? on the right-hand side of (5.15). Consequently, it follows that

the outer correction wy in (5.12) is bounded as r — 0 and has the point constraint w;(0) = —4. Consequently,
201 + 1 =0 and oy =4 in (5.16). This gives $; = —8, and specifies the second-order outer correction term as
wy =4 (r* — 1) —8r’logr. (5.18)

This expression reproduces that obtained in (5.6) from the perturbation of the exact solution.

The key feature in this model problem is that it is impossible to generate an inner solution that will match
to an outer solution that has a prescribed value of ug(0) # 0. The inner solution is a linear combination of
{p?, p?log p,log p,1}. Upon setting the coefficients of the p? and p?logp term to zero, and even allowing for a
logarithmic gauge function pre-multiplying the log p term, we would have an over-constrained problem in satisfying
the two conditions on p = 1 and a prescribed matching condition at infinity. Thus, we must instead specify the point
constraint uy(0) = 0, so that the outer solution has a singularity of order O(r?logr) as 7 — 0. This model problem

is closely related to the biharmonic nonlinear eigenvalue problem analyzed in §4.

Next, we consider Case IT where f = sinf in (5.1). The solution to this model problem contains an infinite-order
logarithmic expansion, which we show how to sum. The exact solution to (5.1) with f = sinf is a linear combination

of {r3,rlogr,r,r~1}sin@. Thus, the exact solution to (5.1), which satisfies the two conditions on r = 1, is

u = (Ar3 + Brlogr + <—2A+ % - f) T+ (; +A+ g) i) sinf, (5.19)
for any constants A and B. Then, by imposing that © = u,. = 0 on r = ¢, we get two equations for A and B
A€3+leog5+<2A+;§)€+<;+A+§)510, (5.20 a)
3Ae? + B+ Bloge + (—2A+ % - l;) - (; + A+ ]23) e 2=0. (5.20 b)
By comparing the O(¢~!) and O(¢72) terms in (5.20), it is convenient to define x by
UV )

where x is an O(1) constant to be found. Substituting (5.21) into (5.20), and neglecting the higher order Ae® and

3Ae? terms in (5.20), we obtain the approximate system

1 B 1 B
Blog5+(—2A+2—2)%—m, B+Blog€+<—2A+2—2>%n. (5.22)

By adding the two equations above to eliminate x, we obtain that

B+2Bloge + (—4A+1—B)=0. (5.23)
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From (5.23), together with A ~ —(1 4+ B)/2 from (5.21), we conclude that
3v 3 -1

BN2—Z/7 14:1—2_1/7 where VEW. (5.24)
Finally, substituting (5.24) into (5.19), we obtain that the outer solution in 7 > O(g) has the asymptotics
U~ ((1 — A3 + vArlogr + flr) sin@, (5.25a)
where A is defined by
AEQEV, uzlog[;;/z}. (5.25 D)

We remark that (5.25) is an infinite-order logarithmic series approximation to the exact solution. However, it does
not contain transcendentally small terms of algebraic order in ¢ as € — 0.

Next, we show how to recover (5.25) by formulating an appropriate singularity behavior near » = 0, which has the
effect of specifying both the singular and the regular part of a singularity structure.

Ly we look for an inner solution of the form vy (p) sin @ where vy has

In the inner region, with inner variable p =&~
growth O(plogp) as p — oo and satisfies v(1) = vg,(1) = 0. Upon multiplying this solution by evC(v), where C(v)

is a constant with C' = O(1) as v — 0, we obtain that the inner solution has the form

1
v(p,0) = u(ep,8) ~ evC(v) (p logp — g + 2/)) sinf. (5.26)
Here v = —1/log [ce?/?] and C(v) is a function of v to be found. The extra factor of € in (5.26) is needed since the

solution in the outer region is not algebraically large as ¢ — 0. Now letting p — oo, and writing (5.26) in terms of

the outer variable r = ep, we obtain that the far-field form of (5.26) is
v~ (Cvrlogr+ Cr)sind. (5.27)
Therefore, the outer solution ug to (5.1), which sums all the logarithmic terms in powers of v, must satisfy

Aupg =0, 0<r<l1; ug =sinf, Oduy =0, on r=1, (5.28 a)
ug = (Cvrlogr +Cr)sinf +o(r), as r —0. (5.28b)
The singularity structure in (5.28 b) specifies both the strength of the singular term Cvrlogr siné in addition to the

specific form Crsin @ for the regular part. As such, (5.28 b) provides an equation for the determination of C'.

The solution to (5.28 a) is

1 B 1 BY 1Y ..
— 3 _ - _Z - )z
uH—<ar —i—ﬁrlogr—l—( 2a—|—2 2)r+(2+a+2) T)sm@, (5.29)
while the singularity condition (5.28 b) yields the three equations
_ 1 B8 _ 1 B _
ﬂ—Cl/, 720[4’5*5*0, §+OL+§—O, (530)
for «, B, and C. We solve this system to obtain
3
8=Cv, C= a=1-C. (5.31)
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Upon substituting (5.31) into (5.29), and identifying A = C, we obtain that the resulting expression agrees exactly
with the result (5.25) derived from the asymptotic expansion of the exact solution.
This simple model problem, whose solution contains an infinite-order logarithmic expansion, is closely related to

the linear biharmonic eigenvalue problem that is studied below.

5.1 A Biharmonic Linear Eigenvalue Problem in a Perforated 2-D Domain

Next, we follow [39] and counsider a singularly perturbed linear biharmonic eigenvalue problem in a two-dimensional
domain € that is perforated by a small arbitrarily-shaped hole Q¢ of “radius” € such that Q¢ — 29 € Q as e — 0.

The perturbed eigenvalue problem is formulated as
Au—du=0, x€Q\Qe; / w?dr=1, (5.32 a)
2\Qg

u=0,u=0, x€d; u=0u=0, x€d. (5.320)

We will determine an asymptotic expansion for A(g) as ¢ — 0, with limiting behavior A(¢) — A¢ as € — 0. This
leading term )\, and its corresponding eigenfunction wug, are an eigenpair of the following limiting problem with a

point constraint, referred to as the punctured plate problem:

APug — Xoug =0, z€Q\{xo}; /ugdle, (5.33a)

Q
Ug = 5‘nu0 = 0, x € 89, Uo(l’o) =0. (533 b)
The key feature in this problem, as shared by the model problem in Case I of §2, is that we must introduce the
point constraint ug(z¢) = 0. Therefore, in the limit of small hole radius, the eigenvalue for the perforated eigenvalue
problem (5.32) does not tend to an eigenvalue of the biharmonic eigenvalue problem in the domain without a hole.
The limiting punctured plate eigenvalue problem (5.33) has a countably infinite set of eigenvalues with corresponding

orthogonal eigenfunctions (cf. [12]), each with singular behavior O(|z — zg|?log |x — x¢]) as z — zo.

To solve the limiting problem (5.33) it is convenient to introduce the Green’s function G(x; xo, Ag) satisfying
A2G — NG =6(z), €\ {xo}; G=0,G=0, z€dN. (5.34 a)
Then, G(; 20, \o) can be decomposed in terms of its singular part and its C? smooth “regular” part R(x;wg, \o) as

1
G(z;x0, M) = & |z — xo|* log |z — 20| + R(z; 0, Xo) - (5.340)

In terms of G, the solution to (5.33), up to a normalization factor, is simply ug = G(x; 2o, Ao), where Ag is a root

of
R(l‘o; Zo, )\0) =0. (535)

In developing an asymptotic expansion for A(e) below, we will consider only the simplest case for which Ag is a root
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of (5.35) of multiplicity one with V,R(z; 2o, A\o)|z=z, 7# 0. The asymptotic methodology needed to treat this problem
is similar to that of Case II of §2.

We remark that the degenerate case for which Xg is a root of (5.35) of multiplicity one with V,R(z; 20, Ao)|z=ze = 0
is discussed in detail in [39].

We expand the eigenvalue A(e) of (5.32), together with the outer solution for this problem, as

(o] [e ] _1
_ k _ k _
/\(€)f>\o+;u Mg+, u—u0+;uuk+-~-, VE e (5.36)

where ug = G(x; 0, Ag). Upon substituting these expansions into (5.32), we obtain that u; and uy for k& > 1 satisfy

Auy — Xour = Mug, x € Q\ {zo}; uy = Opur =0, x€ 00, /uouldzz(), (5.37 a)
Q
k-1
A%uy, — Nour = Apug + Z Aiug—i, =€ Q\{xo}; ur = Opup, =0, xz€9N, (5.37b)
i=1

with some normalization condition on uy for k > 1. The singularity behaviors for uy for k > 1 as x — xg, which are
required for determining A for & > 1, are derived below after matching uy as x — x¢ to the far-field behavior of
certain inner solutions near the hole.

In the inner region, we let y = e ~!(z — z¢) and we introduce the canonical vector-valued inner solution . defined

as the unique solution of
Alipe =0, yeR*\Qo;  the=0nthe=0, ye€d; he~yloglyl, as |y — oo. (5.38a)

Here Qy = ¢ 'Q¢. In terms of this solution, there exists a unique 2 x 2 matrix M, which depends on the shape of

the hole, such that

Ve ~yloglyl + My +o(1), as |yl — oo. (5.380)

For an arbitrarily-shaped subdomain €y, the matrix M in (5.38 b) can be computed numerically from the integral
equation method described in §5.1 of [74]. There are a few cases when M is known analytically. When € is the unit
disk, then the solution to (5.38) is
Y

Y
e =yl - = , 5.39
Ve = ylog |y 2+2‘y|2 (5.39)
so that M = —I/2, where I is the identity matrix. In addition, when g is an ellipse with semi-major axis a and

semi-minor axis b, where a > b, and where the semi-major axis is inclined at an angle « to the horizontal coordinate

y1 > 0, it can be shown that the matrix entries of M are (see Appendix B of [74])

(b—a)cos®>a —b a+b (a—b)cos®> a—a a+b
= -1 = -1 A4
miy P og | — ) Ma2 P g | — , (5.40 a)
(a —b)sinacosa
= = - -4
mi2 ma1 a+b (5 Ob)

In the inner region, we expand u = v Z,;“;O v*4py., where A§¢k = 0. We take ¢y, = ay - 1., where aj, is an unknown
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vector, - denotes dot product, and where the vector-valued function 1. satisfies (5.38). Thus, the inner expansion is
u=¢ev Z vray, - .. (5.41)

k=0
Then, by using the far-field behavior (5.38 b) of v, in (5.41), we write the resulting expression in terms of the outer

variable x — zg = ey to get
oo
u~ag-(r—mx)+ Z VP lag_1 - (x — xo)log |z — 20| + ag - (x — o) + ap_1 - M(z — x0)] . (5.42)
k=1

This gives the required singular behavior as x — ¢ for each term in the outer expansion (5.36).
By comparing the leading-order terms in (5.36) and (5.42) for u, we obtain that ug ~ ag - (x — ) as * — xg. Since

ug = G(x; 2o, Ao), we conclude from (5.34 b) that
ap = Vi R(x;20, A0)| 2=z - (5.43)
Then, by equating the O(v*) terms in v in (5.36) and (5.42), we conclude that each uy, for k > 1 satisfies (5.37)
subject to the singular behavior
up ~ ag—1 - (x — x0)log |x — xo| + [ag—1 - M(x — x0) + ax - (x — x0)] , as T — o, (5.44)

where ag is given in (5.43).

The problems (5.37) for k > 1, with singularity behavior (5.44), allows for the recursive determination of the
unknown vectors ay for k > 1, with ag as given in (5.43). In particular, with a known value for aj_1, the singular
behavior uy ~ ag—1 - (x — ) log |z — 0| as © — x¢ will determine \; from a solvability condition applied to (5.37).
Then, the coefficient a in (5.44) is found from the regular part of the solution for uy. Finally, u; can be made unique
by imposing a normalization condition.

The first step in this procedure is the calculation of Ag. This is done with the following Lemma:

Lemma: Let ug, Ao be an eigenpair of (5.33) with multiplicity one, and assume that V,R(x;xo, No)|z=zo 7 0. Then,

a necessary condition for the problem

A2up — Xoup = Mpug + f(x), =€ Q\{xo}; u=0,u=0, x€0d, (5.45a)

up ~ ag—1 - (x —xo)log |z —x0|, as x— xg, (5.45 D)
to have a solution is that Ay satisfies
AL (UO, uo) = — (f, UO) + 4dmap_1 - Vs Ro . (5.46)

Here Vo Ry = V,R(x; 20, \o), and we have defined the inner product (g, h) = [, ghdzx.
The proof of this result follows by applying Green’s identity to ug and ug over the punctured domain Q\ By, where
Bs is a circular disk of radius § < 1 centered at xo. This identity readily yields that

hyA / u% dx + / fuodx = / [wg On (Aug) — Aug Opug — ug Oy (Aug) + Aug Opuq] ds. (5.47)
Q\Bjs O\ B; 0Bs

Here 0,, denotes the normal derivative directed inwards to Bs, so that 9,, = —9, where r = |z — x¢|. Next, we let
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d — 0, and use (5.34 b) for ug = G(x; 9, Ag) together with (5.45b) to calculate for r — 0 that

2 2
ug ~ (ag—1-e)rlogr, Orug ~ (ag—1-€)[logr+1], Auy~ - (ag—1-€), O (Aug) ~ —ﬁ(ak_l -e),
( ) +ﬁ1 9 ( )+ —logr+ —, A 1, +i d, (Aup) 1
Up ap-€e)r 3 ogr, rUQ ap - € i ogr Ry Ug o ogr o r (AU oy

where ag = V,R(z;70,\0)|z=z,- Here we have defined e by e = (cos#,sinf)”. Upon substituting these limiting

relations into (5.47), and then taking the limit 6 — 0, we obtain that
2m
Ak (w0, wo) + (f, up) = / 4 (ak—1-€)(ag-e) df =4mak_1 - ag = dmag—1 - Vi Ry, (5.49)
0
which completes the proof of the Lemma |

By using the Lemma, we can calculate the coefficients A; in the asymptotic expansion of A(e) from (5.37) and
(5.44) to obtain the following main result:

Principal Result 5.1: Let ug, Ao be an eigenpair of (5.83) with multiplicity one, and assume that V. R(x; o, Ao)|o=zy #

0. Then, the eigenvalue \(€) for the perturbed problem (5.32) has the expansion

= -1
k _
AE) ~ Ao+ v+ ,},21/ Ak s = foge’ (5.50 a)
where \1 and X\, for k > 2 are given by
k—1
VR |? 1
A =4dr— Ak = 4,-1—5)\1' i , 5.50 b
1 W(UO, Uo) N k (Uo, UO) TAakp—1 \Y% R() (uk UO) ( 50 )

i=1
and Vo Ry = Vi R(x; 20, A\o)|w=ay- In (5.50b) the vectors ay, for k > 1, with ag = V4R, are determined recursively
from the problems (5.37) and (5.44) for uy for k > 1.

For the case of a circular hole of radius e, then v, satisfies (5.39) and M = —I/2. For this special case we can
conveniently replace v and aj, in (5.50 a) and (5.50 b) with o = —1/log (561/2) and by, respectively, where each uy

for k > 1, with by = V, Ry, satisfies (5.37) subject to the singularity behavior
up ~br—1 - (x —x0)log|x —x0| + b - (x —x0), as x— xp.

Finally, we remark that instead of evaluating the individual vector coefficients ay, for & > 1 needed in the Principal
Result 5.1, it is possible to formulate a hybrid problem that effectively sums the infinite logarithmic expansion in

(5.50 a). To do so, we write the inner solution in terms of an unknown vector A = A(v) as
u=cvA- q/)c(y) ) (551)

where ).(y) is the unique solution to (5.38). By using (5.38 b), the far-field behavior of this solution, as written in
terms of the outer variable x = xg + €y, is

-1

u~A-(x—x9)+vA-[(x—x0)log |z — x0| + M(x — 20)] , V= loge

(5.52)

This expression gives the required singularity behavior for the outer solution accurate to within all logarithmic terms.

In this way, the hybrid method for summing the infinite logarithmic expansion for A(e) is to solve the following hybrid
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problem for v*, \*, and the vector A = A(v):

A?u* — XN u* =0, z€Q\{xo}; u* =0,u* =0, x€dN; /(u*)dezl, (5.53 a)
Q
-1
ur~A-(z—1x9) +VA-[(z—x0)log|z — x| + M(z — x0)] , v= loge (5.530)

Then, to within a negligible transcendentally small algebraic error term in e, we have A(e) ~ A\*, as ¢ — 0.

We now illustrate the theory by way of a specific example that can be solved analytically. Let €2 be the unit disk
that contains an arbitrarily-shaped hole of “radius” € centered at the origin. For ¢ — 0, we look for an eigenfunction
of the limiting problem (5.33) that has either a cosf or sinf dependence. A simple calculation shows that this type

of solution to the limiting punctured plate eigenvalue problem (5.33) is given by

Up = ¢ (Jl(nor) — W) cosf + dg (Jl(nor) — W) sinf, (5.54 a)

where 19 = )\(1)/ % is taken to be the first positive root of the transcendental equation

Ji(mIi(n) — Ji(n)i(n) = 0. (5.54 b)

Here ¢y and dj are arbitrary constants, while I; and J; denote Bessel functions in the standard notation. Therefore,
the limiting eigenvalue problem has two independent eigenfunctions corresponding to the eigenvalue \g = 7.

For a non-circular hole, this degeneracy in the leading-order eigenpair is broken only at order O(1?) in the expansion
of the eigenvalue. To determine precisely how the eigenvalue is split by the asymmetry induced by the small arbitrarily-
shaped hole, we will determine an infinite order expansion to the eigenvalue by using the hybrid formulation (5.53).
This approach is more tractable analytically than evaluating all of the individual coefficients in the expansion of the
eigenvalue as in the Principal Result 5.1.

From the hybrid formulation (5.53), u*, \* and A = (A, A2)T satisfy (5.53 a) subject to the singular behavior

(5.53 b) as r — 0, which we write in expanded form as
u* ~ [Ajvrlogr + Ayr + vAimyr + vAsmorr] cos 0 + [Asvrlogr + Aor + vAimyar + vAsmagr]sinf . (5.55)

Here myy, for j,k = 1,2, are the entries of the matrix M defined by (5.38 b). Since the required solution to (5.53 a)
is a linear combination of {Jy(nr), Y1 (nr), I1 (nr), K1(nr)}(cos 0, sin ), where n = (/\*)1/4, it can be written in terms

of six unknown coeflicients as
N 2
u* = |eoJi(nr) + cali(nr) +¢1 | Yi(nr) + ;Kl (nr) )| cos@

+ {dojl(nr) oLy () + dy <Y1(nr) + iKl(m)ﬂ sind. (5.56)

Notice that this particular linear combination of Y7 and K eliminates the 1/r singularity in «* as r — 0.

From the well-known local behaviors of Jy, Iy, Y7, and K7, we calculate for » — 0 that

2 2 2nr n 1 nr nr
Y, ZK.pr) ~ Znrl UL (f) ==, e~ L~ 5.57
1(777")+7r 1(nr) —rlogr 4+ — [og 5) T 2} 1(nr) 5 1(nr) 5 (5.57)

where 7, is Euler’s constant. Then, we use (5.57) in (5.56) to obtain the local behavior of u* as r — 0. By comparing
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this local behavior of u* with the required behavior in (5.55) we obtain upon examining the O (rlogr) term that

= A;;W ) di = A;;W (5.58 a)
Similarly, by comparing the O(r) terms in the local behavior of u*, we obtain
= ;*62)77 F Ay + Aghp =0, ot ) ; ) 4 Avbos + Agbas = 0, (5.58b)
where the coefficients b;;, for j,k = 1,2 are defined by
bj; =v <log (g) +Ye — ;) —1—-vmy;, j=1,2; bio = —vmia, ba1 = —vmay . (5.58 ¢)

Finally, to ensure that «* in (5.56) satisfies u* = 9,u* = 0 on r = 1, we must impose that

(&) nm+ (3 ) nom=-3 (3 ) (no+2am) -o. (5.58.)

O ) am+( ) nm =5 ﬁl Vi) + 2Kim)) = 0. (5.58 ¢)
( 0) ( 2) 277( 2 ™

The system (5.58) is a linear homogeneous system for the unknowns ¢, dy, ¢2, do, A1, Ao, with eigenvalue parameter
n= (/\*)1/4. By using (5.58 d) and (5.58 e) to eliminate A; and As, a simple calculation shows that this system can

be written as the equivalent 4 X 4 homogeneous system

bunJi(n) — 55 buli(n) — bi2J1(n) bi211(n)
Ji(n) = J1(n)  11(n) — vol1(n) 0 0
.A = 07 A = 1 , 5.59
‘ ba1J1(n) bar 11 (n) baoJ1(n) — % baali(n) — 555 (5.594)
0 0 Ji(m) —v0J1(n)  11(n) —v0l(n)

)" and v = —1/loge. In (5.59 a), 7o and 7, are defined by

_ (Yt + 2K{() _2 2 ol
Yo = (}M) ) M1 = {Yl(ﬁ) =+ WKl(W)} . (5.590)

m
In (5.59 a) the coefficients bj, for j,k = 1,2, are defined in (5.58 ¢).

where C = (CO7 Ca, do, d2

For the special case of a circular hole of radius €, so that mia = mo; = 0 and my; = mag = —1/2, then byy = bey and
b11 = bag = b. = v (log (n/2) + ve — 1/2) — 1 4+ v/2. For this special case, where the eigenfunction degeneracy is not
broken, the matrix A can be written in block diagonal form and there are two independent vectors ¢; = (co, ¢2, 0, O)T
and (3 = (0,0, do, dz)T for the common eigenvalue A\* = n*, where 7 is the first positive root of

B 14
ch'}/l

Ji(m)Ii(n) = Ji(n) 11 (n) [I1(n) — J1(n) — 0 (I1(n) — J1(n))] - (5.60)

For a circular hole of radius ¢, in Fig. 9(a) we compare the asymptotic approximation \* versus ¢, as obtained from

(5.60), with the exact result for A(¢) as obtained by requiring that the solution
u = [eoJ1(nr) + cal1(nr) + cs K1 (nr) + e4Y1(nr)] cos 0 (5.61)

to (5.32) satisfy the four conditions © = v, = 0 on r = € and r = 1. As seen from this figure, the asymptotic and full
numerical results agree rather well on the range 0 < ¢ < 0.1.

Next, consider an elliptical-shaped hole % /a? + 23 /b? = &2, for which the matrix entries of M are given in (5.40)
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(a) Circular-shaped hole of radius (b) Elliptical-shaped hole of semi-axes 2¢ and /2

FIGURE 9. Left figure: For the annulus € < |z| < 1, the asymptotic approximation A* (solid curve), as obtained from (5.60),
is compared with the exact solution A(e) (heavy solid curve), as obtained by requiring that (5.61) satisfy u =u, =0onr =¢
and r = 1. Right figure: for the elliptical-shaped hole x3 /4 + 423 = £ of area me?, the asymptotic approximations A+ = i
(solid curves) are plotted versus €, where 1+ are the first two roots of det(A) = 0 with A is defined in (5.59). The dotted curve
is the asymptotic approximation A*; as computed from (5.60), corresponding to the eigenvalue of multiplicity two for the case
of a circular hole of the same area mwe?.

with inclination angle o« = 0. For this example, when ¢ is small there are two nearby roots n+ to det(A) = 0, where
A is defined in (5.59), which have the common limiting behavior 7y — n9p as v — 0. Here nqg is the first positive
root of Jy(n)I}(n) — Ji(n)I1(n) = 0. In Fig. 9(b) we plot the two curves A+ = n} versus ¢ for an elliptical-shaped hole
with semi-axes a = 2 and b = 1/2. This example clearly shows how the asymmetry of the hole breaks the degeneracy

of the eigenvalue of multiplicity two for the limiting problem (5.33), and leads to the creation of two closely-spaced

simple eigenvalues for the perturbed problem (5.32).

6 Pattern Formation via Reaction-Diffusion Systems in 2-D Domains

Localized spatio-temporal patterns consisting of spots or clusters of spots have been observed in many physical and
chemical experiments. Such localized patterns can exhibit a variety of dynamical behaviors and instabilities including
slow spot drift, temporal oscillations of spots, spot annihilation, and spot self-replication. Physical experiments where
some of this phenomena has been observed include the ferrocyanide-iodate-sulphite reaction (cf. [44]), the chloride-
dioxide-malonic acid reaction (cf. [21]), and certain semiconductor gas discharge systems.

Numerical simulations of certain singularly perturbed two-component reaction-diffusion systems with very simple
kinetics, such as the Gray-Scott model, have shown the occurrence of very complex spatio-temporal localized patterns
consisting of either spots, stripes, or space-filling curves in a two-dimensional domain (cf. [52]). Some of these reduced
two-component reaction-diffusion systems model, at least qualitatively, the more complex chemically interacting
systems of the experimental studies of [44] and [21]. A survey of experimental and theoretical studies, through
reaction-diffusion modeling, of localized spot patterns in various physical or chemical contexts is given in [76].

Mathematically, a spot pattern for a reaction-diffusion system in a multi-dimensional domain €2 is a spatial pat-

tern where at least one of the solution components is highly localized near certain discrete points in  that can
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evolve dynamically in time. For certain singularly perturbed two-component reaction-diffusion models in one space
dimension, such as the Gray-Scott and Gierer-Meinhardt models, there has been considerable analytical progress in
understanding both the dynamics and the various types of instabilities of spike patterns, including self-replicating
instabilities. In contrast, in a two-dimensional spatial domain there are relatively few studies characterizing spot
dynamics and stability. For a detailed literature survey, see [37] and [16].

In this section we study a class of nonlinear reaction-diffusion problems with localized spot patterns in a two-
dimensional domain, An example of such a problem is the Schnakenburg reaction-diffusion model, studied in [37],

formulated as
vy = €2Av — v + uv?, 2uy = DAu+a—e2w?, ze€Q; Opu=0,v=0, x€0df. (6.1)

Here 0 < e < 1, D > 0, and a > 0, are parameters.

We now construct a quasi steady-state solution to (6.1) with K localized spots. Such a solution is characterized by
the concentration of v as € — 0 to the vicinity of K distinct locations x1,...,zy in . We assume that the distance

h

between any two spots is O(1) as e — 0. In the inner region near the jt spot we introduce the new variables

u =

1
ﬁuj, v=+vDVj, y=c Yz —15). (6.2)
In the inner region, we look for a leading-order radially symmetric solution of the form U; ~ U;(p) and V; ~ V;(p)

with p = |y|. Thus, for each j =1,..., K, we have that U; and Vj, with primes denoting derivatives in p, satisfy

1 1
v;-”+;xg’—v;-+Ujv;?:o; UJ’.’+;UJ’.—U]-VJ.2:07 0<p<oo, (6.3a)

U;j(0)=Vj(0)=0; V;—=0, Uj~Sjlogp+x(S;) as p—o0. (6.3b)

The local variable V; decays exponentially as p — oo. In contrast, the far-field logarithmic behavior for U; in (6.3 b) is
similar to that in (3.15) for the case where the inner problem is Laplace’s equation. We emphasize that the nonlinear
function x = x(5;) in (6.3 b) must be computed numerically from the solution to (6.3) as a function of the source
strength S; > 0.

Next, we determine the source strengths S1,..., Sy by matching the far-field behavior of U; to an outer solution
for u valid away from O(e) distances from z;. Firstly, upon writing the far-field condition for U; in (6.3 b) in terms

of outer variables, we obtain from the matching condition that the outer solution for u must have the local behavior

1 S,
uN\/E[Sjlog|x—xj|+V]+x(Sj)} , Ty, (6.4)
for j =1,...,N, where v = —1/loge. Secondly, in the outer region, v is exponentially small, and from (6.2) and

(6.3b) we get
2D

2

e 2uv? —

<s2 /O h pU;V} dp> 8(x — x;) = 20V DS;0(x — x;) . (6.5)
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Therefore, from (6.1), the outer steady-state solution for u satisfies

K

a 27

Au:f—Jr—E Sio(x—x;), x€Q; Ohu=0, z€0dQ, 6.6 a
D /Dj:1 J( J) ( )

uw\/lﬁ[sjlog|x—a:j|+x(5’j)+ij as x—x;, j=1,...,K, (6.60)
where v = —1/loge. We again observe that the singularity behavior in (6.6 b) specifies both the singular and regular
parts of a Coulomb singularity. As such, each singularity behavior provides one equation for the determination of an
algebraic system for the source strengths Si,...,Sn.

To solve this problem, we first note that the Divergence theorem enforces that 27 ZJKZ1 S; = a|Q|/VD, where Q)
is the area of €. The solution to (6.6) then can be represented in terms of the Neumann Green’s function G of
(3.55) by

27 X
u(x) = /D (; SiGN (w5 2i) + X) . (6.7)
Here x is a constant to be found. By expanding (6.7) as © — x;, and comparing the resulting expression with the

required singularity behavior in (6.6 b), we obtain for each j =1,..., K that

K
S.
Sjlog|w — z;] — 2mS; Ry (wj; ;) — 2mx — 27 ) SiGn (wj3 @) ~ S log v — ;] + x(S;) + 7] - (6.8)
&
These matching conditions gives K equations relating S1,...,Sy and x. We summarize our construction as follows:

Principal Result 6.1: For given spot locations x; for j = 1,...,K, let S; for j = 1,...,K and x satisfy the

nonlinear algebraic system

K K
alQ|
Sj+2rmv | SjRNnj; + ) SiGnji | +vx(S;) = —2mvx; S; = . 6.9
J J 73 ; J ( J) J; J 27‘(\/5 ( )
i£]
Here v = —1/loge with Gnj; = Gy (zj;2;) and Ryj; = Ry(xj;2;), where G is the Neumann Green’s function of

(3.55) with reqular part Ry. The nonlinear term x(S;) in (6.9) is as given in (6.3b). Then, for e — 0, the outer
solution for a K-spot quasi steady-state solution of (6.1) is given by (6.7), and the leading-order inner solutions are
given by u ~ D*1/2Uj and v ~ \/EVJ, where U; and V; is the solution to the core problem (6.3).

We emphasize that the system (6.9) contains all of the logarithmic correction terms of order O(v*) for any k
that are required in the construction of the quasi steady-state solution. Hence, we say that (6.9) has ‘summed’ all
of the logarithmic terms in powers of v for the source strengths Sy, ..., Sy. The key difference here between this
nonlinear problem and the linear problem of §3 is that the source strengths now satisfy a nonlinear algebraic system
of equations.

A detailed study of (6.9) and other aspects of localized pattern formation, including self-replicating spot patterns,
is studied in [37].

In particular, we can proceed as in §2 of [37] to derive an ODE system for the slow evolution of the spots z; for
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j=1,..., K. In the inner region near x = z; we expand the solution to (6.1) as

UZE(UJ(P)+€U1J‘(%)+“'), v=VD(Vi(p) +eVij(y) +---),  y=e w—ay(n)], T=¢.
(6.10)
Here Uj;(p) and Vj(p), with p = |y;|, are the radial symmetric solutions of the core problem (6.3). We then substitute
(6.10) into (6.1) and collect terms of order O(e) to derive that Vi; and Uy; for each j = 1,..., K satisfies

Ay, Wiy + MWhy = fi, y; €R?, (6.11 a)

where y; = peg, and the vectors Wy , f;, es and the 2 x 2 matrices M; are defined by

Vis —Via'-e cos 6 —142U;V; V32
leE<Uz_), fz( JOJ 9), egE(sinG)’ /\/le( _2Uj‘;jj _‘3/2) (6.110)
J

The determination of a far-field condition for Wy, is derived by performing a higher order matching of the outer and
inner solutions. In this way, we obtain that the solution to (6.11) must satisfy
O N
le ~ ( iy ) as  y; — 00, o = —27TSjVR({Ej;.’L'j) — 27TZS’LVG(:I:]7(I/.Z) . (612)
iYj —
i
The problem (6.11) subject to (6.12) determines x; in terms of the vector «;. In this way, we obtain the following
main result for the dynamics of a K-spot quasi-equilibrium solution was obtained in [37].

Principal Result 6.2: For ¢ — 0 the slow dynamics of a collection x1,...,Tx of spots satisfies the differential-

algebraic system (DAE),

N
Tl ~ —2me?~(S;) | S;VR(xj;25) + Z SiVG(xj;x;) | j=1,....K. (6.13)
i
Here the source strengths S;, for j = 1,..., K, are determined in terms of x1,...,xx by the nonlinear algebraic

system (6.9). The function v(S;) is a certain positive function determined in terms of a solvability condition.

Next, we study the stability of the quasi-equilibrium one-spot solution constructed above to instabilities occurring
on a fast O(1) time-scale. Since the speed of the slow drift of the spots in (6.13) is O(e?) < 1, in our stability analysis
we will assume that the spot is asymptotically stationary. We begin the stability analysis by letting u. and v, denote

the quasi-equilibrium solution, and we introduce the perturbation
u =, + ey, v =10, +eMo. (6.14)
By substituting (6.14) into (6.1) and linearizing, we obtain the following eigenvalue problem for ¢ and 7:
E2AP— P+ 2uv.0+ 020 = Ap, DAN—22uvep—c 20Pn =Ny, x2€Q; Ohdp=0,n=0, x€dQ. (6.15)

In the inner region near xy we look for an O(1) time-scale instability associated with the local angular integer

mode m by introducing the new variables N(p) and ®(p) by

1, » _
n=5e"'N(p), o=e""®(p), p=lyl, y=c'(r—10), (6.16)

where y' = p(cos #,sin #). Substituting (6.16) into (6.15), and by using u. ~ D~/2U(p) and v, ~ VDV (p), where U
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[m| B |

4.303
5.439
6.143
6.403
6.517

SO W N

Table 6. Numerical results computed from (6.17) for the threshold values of S, denoted by X,,, as a function of the
integer angular mode m where an instability first occurs for the core problem (6.3) as S increases.

and V satisfy the core problem (6.3), we obtain the following radially symmetric eigenvalue problem:
Ln®—D+2UVD+ VIN =\, LN —2U0V®—-V3N =0, 0<p<oo. (6.17)

Here £,,® = 9,9+ p~19,® — m?p~2®. We impose the usual regularity condition for ® and N at p = 0. As we show
below, the appropriate far-field boundary conditions for (6.17) as p — oo depends on whether m =0 or m > 2.

The eigenvalue problem (6.17) does not appear to be amenable to analysis, and thus we solve it numerically for
various integer values of m. We denote Ay to be the eigenvalue of (6.17) with the largest real part. Since U and V
depend on S from (6.3), we have implicitly that Ay = Ag(S, m). To determine the onset of any instabilities, we compute
any threshold values S = X, where Re(A\o(X,,,m)) = 0. In our computations, we only consider m = 0,2,3,4,...,
since Ag = 0 for any value of S for the translational mode m = 1. A higher order perturbation analysis for the m =1
mode generates only weak instabilities occurring on an asymptotically long O(e~2) time-scale. Any such instabilities
are reflected in instabilities in the ODE (6.13).

When m > 2 we can impose the asymptotic decay conditions that ® decays exponentially as p — oo while
N ~ O(p~™) — 0 as p — oo. With these conditions (6.17) is discretized with centered differences on a large but
finite domain. We then determine Ag(S,m) by computing the eigenvalues of a matrix eigenvalue problem. For m > 2
our computations show that Ag(S,m) is real and that A\g(S,m) > 0 when S > X,,. The threshold value %,, is
tabulated in Table 6 for m = 2,...,6. In our computations we took 300 meshpoints on the interval 0 < p < 20. To
the number of significant digits shown in Table 6, the results there are insensitive to increasing either the domain
length or the number of grid points. It follows from Table 6 that the smallest value of S where an instability is
triggered occurs for the “peanut-splitting” instability m = 2 at the threshold value S = ¥ &~ 4.3. In Fig. 10(a) we
plot Ag(S,m) as a function of S for m =2, m = 3 and m = 4.

By extending this result to the K-spot case, the following result characterizing spot-splitting was obtained in [37].

Spot-Splitting Criterion: Let D = O(1) and € — 0 and consider a K-spot quasi-equilibrium solution to (6.1).

Let S; for j =1,..., K, satisfy the nonlinear algebraic system (6.9) when K > 1. For K > 1 the quasi-equilibrium
solution is stable with respect to the other local angular modes m = 2,3,4,... provided that S; < Xo =~ 4.303 for
all j =1,...,K. The J" spot will become unstable to the m = 2 mode if Sy exceeds the threshold value Yo. This
peanut-splitting instability from the linearized problem is found to initiate a nonlinear spot self-replication process.

Numerical confirmation of this theory was shown in [37], and will be illustrated in class.
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FIGURE 10. Left figure: Plot of the largest (real) eigenvalue Ao(S,m) of (6.17) vs. S for m = 2 (heavy solid), m = 3 (solid),
and m = 4 (dotted). Right figure: Plot in the complex plane of the path of the eigenvalue \o(5, 0) of largest real part of (6.17)
with m = 0 and 2.8 < S < 7.5. For S < 2.8, Ao & —1.0 and arises from the discretization of the continuous spectrum (not
shown). For 2.8 < S < 4.98, \o(.5,0) occurs as a complex conjugate pair which monotonically approaches the real axis as S
increases. This pair merges onto the real axis at S ~ 4.79. As S increases further, Ao(5S,0) remains real but negative.

7 Conclusion

In these notes we have surveyed the development and application of a singular perturbation methodology for solving
linear and nonlinear PDE models in two- or three-dimensional domains that have small inclusions or obstructions,
or localized regions where the solution changes significantly. Although this strong localized perturbation theory has
has been illustrated on some specific problems, the framework of the methodology applies rather widely. We have
also listed a few specific open problems that warrant further study. Moreover, we emphasize that the approach of
applying ideas from strong localized perturbation theory to the study of reaction-diffusion theory patterns in cell

signalling or in chemical physics is largely open-ended with many interesting avenues for research.

Appendix A Solutions to the Problems in §2

Solution to Problem 2.1:

We now use the method of matched asymptotic expansions to derive a two-term expansion for the principal
eigenvalue A(g) of (2.17) as ¢ — 0. For the problem with no traps, A\g = 0 and uy = |Q|~/? is the unperturbed

eigenfunction, where |2 denotes the volume of 2. We expand the principal eigenvalue for (2.17) as
A=\ +e2hg+---. (A1)
In the outer region away from an O(e) neighborhood of z;, we expand the outer solution as
w=ug+eu; +us +--- . (A.2)
Upon substituting (A.1) and (A.2) into (2.17 a) and (2.17 b), we obtain that u; and ug satisfy

Aup = —Mug, x€ WN{x1,...2n}; Opur =0, x€0Q; /uldx:(). (A.3)
Q

Ql/2
Aug = —doug — Mur, =€ Q\{z1,...2n}; Opus =0, x€0Q; /Qqux:—l |2 /Qu%d:c (A4)



86 M. J. Ward

The matching of u; and uy to inner solutions defined in an O(e) neighborhood of each trap will yield singularity
conditions for u; and up as x — x; for j=1,...,N..

In the inner region near the jth trap we introduce the local variables y and w(y) by
y=cla—ay),  wly) =ule; +ey.e). (A.5)

Upon substituting (A.5) into (2.17 a) and (2.17 ¢), we obtain that Ayw = —e? w, where A, denotes the Laplacian

in the y variable. We expand the inner solution as
w = wy + ewy + 2wy + -+, (A.6)
and then use A = O(¢) to obtain the following inner problems for k£ = 0,1, 2:
Aywp =0, y¢&Q;; wp =0, ye€oi;. (A.7)

Here Q; denotes an O(s~!) magnification of Q¢, so that Q; = 5’1ng. The appropriate far-field boundary condition
for (A.7) is determined by matching w to the outer asymptotic expansion of the eigenfunction.
The matching condition is that the near-field behavior of the outer eigenfunction as x — x; must agree asymptot-

ically with the far-field behavior of the inner eigenfunction as |y| = e~ !|z — z;| — oo, so that
U0+€U1+EQUQ—|—'~'NU}0+€U)1+€2w2+~'-. (AS)

Since up = |2|~/2, the first matching condition is that wo ~ [Q|~/2 as |y| — co. We then introduce w, by

1
wo = 7|Q|1/2 (1 — wc) 5 (Ag)

so that from (A.7) with k = 0, we get that w, satisfies
Aywe =0, y¢&Q;; we=1, ye€oy; we =0 as |y| = o0. (A.10 a)

This is a classic problem in electrostatics, and it is well-known that the far-field behavior of w, is

P
wcwﬁ+ |J|3y+... as |y|—>OO (A].Ob)
Y )

Here C) is the capacitance of 2; and P; denotes the dipole vector, both determined by the shape of £2;. These intrinsic
quantities can be found explicitly for different trap shapes such as spheres, ellipsoids, etc..

Upon substituting (A.10 b) into (A.8), we obtain that the matching condition becomes

1 9 1 eCj e2pP; - (x — ;)
7|Q\1/2 +eup +eug+ -~ Q172 (

Cr—al e >+5w1“2w2+'“- (A-11)
J J

Therefore, we require that u; has the singular behavior u; ~ —|Q|~Y2C;/|x — x;| as x — x; for j = 1,..., N. The

problem (A.3) for u; with this singularity behavior can be written in € in terms of the Dirac distribution as

N
47
Auy = —)\1U0+WZC}6($—$]~), r € Q; Opur =0, xz€0Q, (A.12)
j=1
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with fQ u1 dxr = 0. Upon using the divergence theorem, and recalling that ug = \Q|_1/2, we determine \; as

A = |Q| Zc (A.13)

This leading order asymptotics is Ozawa’s result [51], and since it does not depend on the trap locations it does not
indicate how to optimize A. As such, we must extend the calculation to one higher order.
To solve (A.12), we introduce the Neumann Green’s function G(x; &), which satisfies

1
AG:@_(s(x_g), e 0,G=0, x€0Q, (Al4a)

1
Glei€) = gy + R [ Glag e =0, (A.14)

Here R(z;¢) is called the regular part of G(x;&), and R(&;€) is referred to as the self-interaction term. In terms of
G, the unique solution to (A.12), which satisfies fQ uy dr = 0, is simply

up = |Q|1/2 chc: (25 21) (A.15)

Next, we expand u; in (A.15) as # — x;. Upon using (A.14 b) to obtain the local behavior of G, we obtain

Oj 47

N
m‘f'flj as T — Aj = SOEE CjRj,j—kZCij,k i (A.16)

k=1
ki

Uy ~ —

Here we have defined R, ; = R(z;;z;) and G, = G(z;; k). Upon substituting this expression into the matching

condition (A.11), we obtain

1 Cj 2 1 EC]‘ EQP]‘ . (w—xj) 2
‘Q|1/2 +e (_|Ql/2|x—xj +A]) +e ’LL2+ ~ |Q|1/2 ( +€w1+€ w2+ . (Al?)

We then conclude that wq ~ A; as |y| — oco. The solution wy to (A.7) is

|z — 2] |z —

wlAj(le)wAj<1|(;Ji+~~) as |y| — oo, (A.18)

where w, is the solution to (A.10). Next, we write the far-field behavior in (A.18) in outer variables and substitute
the resulting expression into the right-hand side of the matching condition (A.17) to identify the terms of O(g?). In
this way, we obtain that the outer eigenfunction us must have the following singularity behavior as x — x;:

ACs P (2 — 1
Ug ~ — G B ) as z—x;, j=1,...,N. (A.19)
o —al o -

The problem (A.4) for us, together with singularity behavior (A.19), can be written in  in terms of the Dirac

distribution as

N N
Aug = —Xaug — A\1u +47T2Aj0j5(l‘—$j)—4ﬂ'zpj -V(S(x—xj), T e, (AQO)
j=1 j=1

with 9,us = 0 for € 9Q. Then, applying the divergence theorem to (A.20), and using fQ uy dr =0, we get

Ay = |Q|1/2 ZA .C; . (A.21)
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We remark that this eigenvalue correction Ay does not depend on the dipole vector P; defined in (A.10 b).

Next, it is convenient to introduce the capacitance vector ¢ and the symmetric Neumann Green’s matrix G by
(2.23). In (2.23), C; is the capacitance defined in (A.100), and G; ; = G(z;;x;) for ¢ # j is the Neumann Green’s
function of (A.14) with self-interaction R;; = R(z;;x;). Upon substituting (A.13) and (A.21) into (A.1), we obtain
Principal Result 2.1.

Solution to Problem 2.2:

In the outer region, we expand u as
w=up+eu; +e2ug +---. (A.22)

Here ug is an unknown constant, and uy for k = 1, 2 satisfies
Aup =0, x€ WN{xy,...,zn}; Opur =0, x €09, (A.23)

with certain singularity conditions as x — x; for j =1,..., N determined upon matching to the inner solution.

In the inner region near the jth trap, we expand the inner solution w(y) = u(z; + ey), with y = e~ !(z — x;), as
w=wy+ew; +---. (A.24)
Upon substituting (A.24) into (2.29 a) and (2.29 b), we obtain that wo and w; satisfy

Aywo =0, y&Q;; wo =61, Y€ Iy, (A.25a)
Aywle, ngJ7 wp =0, yean. (A25b)

Here ; = 5_195j, and ¢;; is Kronecker’s symbol. The far-field boundary conditions for wy and w; are determined
by the matching condition as # — x; between the the inner and outer expansions (A.24) and (A.22), respectively,

written as
uo 4 euy +2us + - ~wo+ewg + - . (A.26)

The first matching condition is that wg ~ ug as |y| — oo, where wug is an unknown constant. Then, the solution
h

for wq in the jt inner region is given by

wo = ug + (d51 — o) we(y) (A.27)

where w,. is the solution to (A.10 a). Upon, using the far-field asymptotic behavior (A.10b) for w., we obtain that

C. P. -y
wo ~ U + (5]'1 — Uo) (|y]| + |Jy|3

Here C; and P; are the capacitance and dipole vector of €}, respectively, as defined in (A.10b).

> , as y— 0. (A.28)

From (A.28) and (A.26), we conclude that u; satisfies (A.23) with singular behavior u; ~ (d;1 —uo) Cj/|x — x;

as ¢ — x; for j =1,..., N. Therefore, in terms of the Dirac distribution, u; satisfies

N
Aul = —47TZ<(5]‘1 —UO) Cjé(ﬂ?—l‘j), x € Q; anul :07 x € 0. (A29)
j=1
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The solvability condition for u;, obtained by the divergence theorem, determines the unknown constant ug as
Ch
NC’

In terms of the Neumann Green’s function of (A.14), and an unknown constant 1, the solution to (A.29) is

C

1
Uy = N (Cl —+ - CN) . (ASO)

N
1
Uy = 47 E ((511 - Uo) ClG(.’E, SUZ) + X1 X1 = 7/ (751 dx . (A?)].)
i=1 ‘Q| Q

Next, by expanding u; as  — x;, and using the local behavior G(z;x;) ~ 1/(4w|x — x;|) + R;; of G as © — x;

from (A.14 b), we obtain that

(1—up)C
w o) e TAEx, asT o (A.32a)
_I_:qu)wjjl +A+x1, asz—x;, j=2,...,N.
Here, the constants A; for j =1,..., N are defined by
N N
A1 = 47T01R1,1 — 47T'LL(] (ClRLl + ZCZGLZ) 5 Aj = 47T01Gj’1 - 47T’LL0 CjRj,j + ZCZGJ’Z y ] = 27 ey N.
=2 j=1
i
(A.320)

Upon substituting (A.32) into the matching condition (A.26), we obtain that the solution wy to (A.25 b) must satisfy
wi ~ Aj + x1 as |y| = oo. Thus, w1 = (A; + x1)(1 — wc), where w, is the solution to (A.10 a). Upon, using the
far-field behavior (A.10b) for w,, and substituting the resulting expression into the matching condition (A.26), we
obtain that uy satisfies (A.23) with singularity behavior

Ci (4 +x1) by - (& —x))

Uy ~ — o — ] + (61 — uo) T—zp as x—x;, j=1,...,N. (A.33)
Therefore, in terms of distributions, us satisfies
N N
Auy =413 Ci(Aj+x1) 0(w — ;) + 47 Y _ (61 —uo) Py - Vi(x —z5), z€Q, (A.34)
j=1 j=1

with 0,uz = 0 on = € 9. The solvability condition for us, obtained by the divergence theorem, determines x; as
1 X
e ; A;C; . (A.35)

Finally, we substitute (A.32b) for A; into (A.35) and write the resulting expression for x; in matrix form by using

the Green’s matrix G of (2.23). In this way, we obtain Principal Result 2.3.

Appendix B Solutions to the Problems in §3

Solution to Problem 3.1:

In the outer region, defined away from Q¢ for j =1,..., N, we expand
u(z;e) ~ Upg(x) + Up(z;v) + o (e)Ur(z;v) + - - . (B.1)

Here v = (v1,...,vN) is a set of logarithmic gauge functions to be determined and o <« 1/]’4C ase »0forj=1,...,N.
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In (B.1), Upg (z) is the smooth function satisfying the unperturbed problem in the unperturbed domain §2
AUOH—m(CL')UOHZO, LL‘EQ; UOH:f7 x € 00. (B?)

Substituting (B.1) into (3.39 a) and (3.39 ¢), and letting Q¢, — x; as € — 0, we get that Uy satisfies

AUy —m(z)Up =0, ze€WN{z1,...,zNn}, (B.3a)
Uy=0, x €00, (B.3b)
Uy issingularas z—z;, j=1,...,N. (B.3¢)

The singularity behavior for Uy as * — x; will be found below by matching the outer solution to the far-field behavior
of the inner solution to be constructed near each Qe ;.
In the jth inner region near ¢, we introduce the inner variables y and v(y;¢) by
y=ce¢ Yz —zj), v(y;e) = u(xj +ey;e) . (B.4)
We then expand v(y;e) as
v(y;e) = oy + v5750¢i (y) + po(e)Vi(y) + -+ (B.5)

where 7; = 7;(v) is a constant to be determined. Here iy < VJ]»€ as € — 0 for any k£ > 0. In (B.5), the logarithmic

gauge function v; is defined by
vj = —1/log(ed;) (B.6)
where d; is specified below. By substituting (B.4) and (B.5) into (3.39 a) and (3.39 b), we conclude that v.;(y) is the
unique solution to
Ayveg =0, y¢Q;; vy =0, yecay, (B.7a)
vej(y) ~logly| —logd; +0o(1), as |yl = oco. (B.7b)
Here Q; = 5’1&'25]., and the logarithmic capacitance, d;, is determined by the shape of ;.

Writing (B.7b) in outer variables and substituting the result into (B.5), we get that the far-field expansion of v

away from each Q; is
vt vglogle — g, j=1,...,N. (B.8)
Then, by expanding the outer solution (B.1) as # — xj, we obtain the following matching condition between the

inner and outer solutions:
Uorr(xj) + Uy ~ aj + v +vyy;logle — x|, as xz—x;, j=1,...,N. (B.9)
In this way, we obtain that Uy satisfies (B.3) subject to the singularity structure
Up ~ a; —Upr(xj) + v +vjyilogle —zj|+0o(1), as z—z;, j=1,...,N. (B.10)

Observe that in (B.10) both the singular and regular parts of the singularity structure are specified. Therefore, (B.10)

will effectively lead to a linear system of algebraic equations for v; for j =1,..., N.
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The solution to (B.3 a) and (B.3 b), with Uy ~ v;v;log|z — ;| as * — x;, can be written as

Up(z;v) = =27 i viviG(x;25) (B.11)
i=1
where G(z;x;) is the Green’s function satisfying
AG—m(z)G=—-0(xr—=x;), z€; G=0, ze€0Q, (B.12a)
G(z;x;) ~ —% log |x — ;| + R(zj;x;) +o(l), as x—xj. (B.12b)
Here Rj; = R(z;;x;) is the regular part of G.
Finally, we expand (B.11) as # — z; and equate the resulting expression with the required singularity behavior

(B.10) to get

N
vjy;logle — x| — 2mvv, R — 2772 viviG(zj52:) = oy — U (zj) + v +viyilogle — x|, j=1,...,N. (B.13)

i%
In this way, we get the following linear algebraic system for v; for j =1,..., N:
N
—; (14270 Ry5) — 20 Y _viyiGyi = o — Uom(z), j=1,...,N. (B.14)
%
Here Gj; = G(zj;2;) and v; = —1/log(ed;). We summarize the asymptotic construction as follows:

Principal Result: For ¢ < 1, the outer expansion for (3.39) is

N
u~ Ugg(x) — 27TZ v G(z;z;), for |xz—a;]=0(1). (B.15a)
i=1

The inner expansion near ¢, with y = e~ !(z — z;), is
u~aj+vyve(y),  for |z —x;l=0(). (B.15b)

Here v; = —1/log(ed;), d; is defined in (B.70), v.;(y) satisfies (B.7), Uyy satisfies the unperturbed problem (B.2),
while G(z;x;) and R(z;;x;) satisfy (B.12). Finally, the constants v; for j = 1,..., N are obtained from the N
dimensional linear algebraic system (B.14).

To illustrate the theory, let 2 be the unit disk containing one arbitrarily-shaped hole centered at the origin. Suppose
that m(z) = 1 and f = 0. Then, Upy = 0, and the Green’s function satisfying (B.12) is radially symmetric with a

singularity at the center of the disk. The explicit Green’s function is

G(x;0) = % [Ko(r) - 20((113 Io(r)} , 0<r<1, (B.16)

where r = |z|. Here Iy(r) and Ky(r) are the modified Bessel functions of the first and second kind, respectively,
of order zero. To identity the regular part of G at the origin, i.e. R(0;0), we use the well-known asymptotics

Ko(r) ~ —logr+1log2 — v, as r — 0, where =, is Euler’s constant. Then, from (B.16) and (B.12 b), we get that

Ri; = R(0;0) = % [logQ o II(;’(%)] . (B.17)
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For N =1, Upg =0, and a7 = 1, the system (B.14) then determines 7 in terms of Ry; and v = —1/log(ed;) as
m=—[+2mRu]"" (B.18)

Therefore, 1 is determined explicitly in terms of the logarithmic capacitance, d;, of the arbitrarily-shaped hole

centered at the origin.

Solution to Problem 3.2:

This is just a simple application of the theory in Problem 2 for the special case of a disk of radius 2 with m(z) =0
and f = 4cos(20) = 4(cos? § —sin® 0) = 22 — 32 on (2% +9>)'/% = 4.

For this problem, the solution to the unperturbed problem (B.2) is simply
Uon(z,y) = a* —y°. (B.19)

Next, the Green’s function satisfying (B.12) of Problem 2 with m(x) = 0 and its regular part are calculated from the
method of images as

G(z;xj) = —ilog (M) , Rj; = R(zj;25) = —% log [m} . (B.20)
Here z; is the image point of z; in the unit disk of radius two..

Next, we note that since each of the holes has an elliptic shape with semi-axes € and 2¢, then from Table 1 of the
notes their common logarithmic capacitance is d = 3/2. The holes are assumed to be centered at z1 = (1/2,1/2),
x2 = (1/2,0) and z3 = (—1/4,0), and have the constant boundary values ay =1, ap = 0 and a3 = 2.

Therefore, upon defining v = —1/log (3¢/2) we obtain from (B.14) of Problem 2 that v; for j = 1,...,3 is the

solution of the linear system

—v1 [1 + 27V R11] — 270 [2G(21; 22) + 3G (213 23)] = 1, (B.21a)
—v2 [1 4+ 27V Ras] — 27w [11 G225 x1) + 713G (225 23)] = —1/4, (B.21b)
—73 [1 + 27V Rs3] — 27w [y1G (235 1) + 12 G (235 22)] = 31/16. (B.21¢)

Here R;; and G(z;; ;) are to be evaluated from (B.20).

We solve this linear system numerically for v; as a function of e. The curves v;(¢) as a function of € are plotted in
Fig. B1. We observe that the leading-order approximation to (B.21), valid for v <« 1, is simply 73 = —1, 72 = 1/4
and 3 = —31/16. From Fig. B1 we observe that this approximation, which neglects interaction effects between the

holes, is rather inaccurate unless ¢ is very small.

Solution to Problem 3.3:

The analysis in §5.3 of the notes can be repeated, and we readily obtain that the infinite-order logarithmic series
approximation A\* to the principal eigenvalue )\ satisfies the transcendental equation

1 1
R . )\* — = — B.22
(703 0, A7) 2y’ v log(ed) ’ ( )
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4

FIGURE B 1. Plot of v; = ~;(€) for j = 1,2, 3 obtained from the numerical solution to (B.21).

where Ry, (zo;zo, \*) is the regular part of the Helmholtz Green’s function, satisfying

AGL+ NGy == —20), z€Q; Gr=0, x€09, (B.23 a)
1
Gh(z; 20, \*) ~ o log |z — 29| + Rn(xo; 20, ") +0(1), as x— xp. (B.23b)
™
Notice that G}, = 0 on 9f2. Since the hole is centered at the origin then xzg = 0.

When  is the unit disk with a hole centered at the origin, then (B.23) becomes a radially symmetric problem

whose solution can be found explicitly. A simple calculation gives
% (V)

where r = |z|. Here Jy(z) and Yy(z) are the Bessel functions of the first and second kind, of order zero. By using the

G-_1 YO( A*r)—

i Jo( )\*r) , 0<r<1, (B.24)

well-known asymptotic behavior Yy(z) ~ 277! [logz — log2 + v + o(1)] and Jo(z) ~ 1 + o(1) as z — 0T, we obtain
from (B.24) that the local behavior for G as  — 0 is given by

1
G(z;0) ~ 5 log|z|+ Ry +0(1), as z—0, (B.25a)
Yo (VA*
1 1 0
hafﬂ(flog2+’ye+log (w))% M : (B.25 b)

4 Jo ( / /\*>
where 7, is Euler’s constant. Finally, upon substituting (B.25 b) for R}, into (B.22), we conclude that A*(ed) is the
first root of the transcendental equation
e (PR
log2 — 7. — log ( A*) + Il L) === log(ed) . (B.26)
2\ 75 (\/Y*) v
Here d is the logarithmic capacitance of the arbitrarily-shaped hole centered at the origin of the unit disk.
It is interesting to note that the result (B.26) can also be obtained by first finding the exact eigenvalue relation

for the concentric annulus € < |z] < 1 with 4 = 0 on |z| = ¢ and on |z| = 1, and then letting £ — 0 in this resulting
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expression. The eigenfunction is proportional to

Jo (VA
u = JO(\[\OYOE\%YO(\FAT) , 0<r<1, (B.27)

and upon setting u = 0 at r = ¢, we get the eigenvalue relation

Yo (VA
Yo (\5\5) =Jo (\/XE) L . (B.28)
Jo (\A)
Next, in (B.28) we use the small argument expansions of Yy(z) and Jo(z) as z — 0T, and then, finally, replace ¢

by ed in the resulting expression by recalling Kaplun’s equivalence principle. In this way, we readily recover the

transcendental equation (B.26) for the approximation A\* to A.

Solution to Problem 3.4:

We write the eigenvalue problem as

Au+Adu=0, z€Q\Q; Q,=U 9, (B.29 a)

Ohu=0, x€d; / u?de =1 (B.29b)
0\Q,

u=0, €0, j=1,...,N. (B.29 ¢)

We assume that each hole Q¢ is centered at x; € Q and has the same logarithmic capacitance d.

We look for a two-term expansion for the principal eigenvalue Ag(g) as
o(g) = Mv+ Xov? 4 -+ v=—1/log(ed). (B.30)
In the outer region, away from O(g) neighborhoods of the holes, we expand the outer solution for u as
u=ug+vuy + 2ug+---. (B.31)
The leading-order term is
up = Q|72 (B.32)

where |Q)] is the area of Q. Upon substituting (B.30) and (B.31) into (B.29 a) and (B.29 b), and collecting powers of

v, we obtain that u, satisfies

Auy == ug, € N{x1,...,2x}; /Quldx:(), (B.33a)
Opur =0, x€0Q; w; singularasz —x;, j=1,...,K, (B.33b)

while uq satisfies
Aus = —doug — Muy, € QN\{x1,...,2x}; /Q (u% + 2u0u2) dx =0, (B.34a)

Opug =0, x€0Q; wug singularasae —xz;, j=1,...,K. (B.34b)
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Now in the jth

inner region we introduce the new variables by

y=¢c Yz —1j), v(y) = u(z; +ey). (B.35)
We then expand the inner solution as
v(y) = vAgjvei(y) + V2 Arjue (y) + - . (B.36)

Upon substituting (B.35) and (B.36) into (B.29 a) and (B.29 ¢), we obtain that v.; satisfies

Ayvej =0, y¢ Q5 v, =0, yedy, (B.37 a)

Uej(y) ~logly| —logd +o(1), as [y[— oco. (B.37b)

Here Ay is the Laplacian in the y variable, and Q; = 6‘1ng. We consider the special case where d is independent
of j.

Upon using the far-field form (B.37b) in (B.36), and writing the resulting expression in outer variables, we get
v = A()j + v [AOj IOg |1’ — .’Ej| + Alj] + 1/2 [Alj IOg |{,C - xj| + AQj} + - (B38)

The far-field behavior (B.38) must agree with the local behavior of the outer expansion (B.31). Therefore, we obtain

that
AOj = Ug = |Q‘_1/27 j: 1,...K, (B39a)
uy ~uglogle — x| + Ay, as z—z;, j=1,...,K, (B.39b)
ug ~ Ayjlogle — x|+ A, as z—a;, j=1,...,K. (B.39¢)

Equations (B.39 b) and (B.39 ¢) give the required singularity structure for u; and ug in (B.33) and (B.34), respectively.

The problem for u; with singular behavior (B.39 b) can be written in terms of the delta function as

K
Auq :—A1UO+27TA()Z(S(SC—$j), T EN; /Uldxzoa (B4OCL)
j=1 @
Opur =0, xz€09. (B.40b)

Upon using the divergence theorem we obtain that —Ajuq fQ ldx + 27 Ag K = 0, so that with up = Ay from (B.39 a),

we get
2rK
A = ) (B.41)
1]
The solution to (B.40) can be written in terms of the Neumann Green’s function as
K
u; = —2mug Z Gn(x;x4), (B.42)

i=1
where the Neumann Green’s function Gy (z; &) satisfies (3.55). Since Gy has a zero spatial average, it follows from

(B.42) that [, u; dz = 0, as required in (B.40 a).
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Next, we expand u; as  — x;. We use the local behavior for G, given in (3.55 d), to obtain from (B.42) that

K
Ul NU010g|$—£Cj‘ —2’/T’LLO Rij+ZGNij , T —Zj, (B43)
2
where Gnj; = Gn(zj;2;) and Ryj; = Ry(xj;x;). Comparing (B.43) and the required singularity behavior (B.39 b),

we obtain that

K
Alj:—27ru0 Rij"'ZGNij 5 jzl,,N (B44)
&
Next, we write the problem (B.34) in Q as

K
Aug = —Aaug — Mui + 27‘(’2 Alj(S(LIJ - xj) , TEQ; Opus =0, xz€0d. (B45)
j=1
Since [,uidr = 0 and uy = |Q|=1/2, the divergence theorem applied to (B.45) determines Ay as Aqug|Q| =
2m ;1 Auj. Finally, we use (B.44) for Ay;, we get

472 al -

Ay = —ﬁp(l‘h o TE) p(z1,.. ., TK) = Z Ryjj + ZGNji - (B.46)
]:1 i=1
i#£j

Combining (B.30) with (B.41) and (B.46) we get the two-term expansion given in equations (5.27) and (5.28) of the
Corollary in §5 of the workshop notes given by

2nvK  Ar?u?
)\0(6)N%—%p(ﬁ,...,l’;{)—iw--, v =—1/log(ed). (B.47)

Appendix C Solutions to the Problems in §4

Solution to Problem 4.1:

We now derive the leading-order term in the asymptotic expansion for the positive principal eigenvalue of (4.49), as
given in Principal Result 4.3. We expand ) as in (4.8), and we expand the outer representation for the eigenfunction
¢ as in (4.9). Upon substituting (4.8) and (4.9) into (4.49), we obtain that ¢o = |Q|~/? is a constant, and that ¢,

satisfies
A¢y = pgmpdg, x € Q\QI : Ot =0, ze€ 8Q\QB; / ¢rdx=0. (C.1)
Q

In (C.1), we recall that Q' = {zy,...,2,} N Q denotes the set of the centers of the interior patches, while QF =
{z1,...,2,} N ON denotes the set of the centers of the boundary patches.

h

In the inner region, near the jt patch we introduce the local variables y = e~ 1(x — z;) and ¥(y) = é(x; + ey).

We then expand ¢ for y = O(1) by

P~ o+ v+ Vg (C.2)
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where 1g; is a constant to be determined. For an interior patch with z; € Q! we obtain that 1, satisfies satisfy

Fiis |yl <pj,
Ay = (C.3)
0, [yl >npj,

where F1; = —pom;to;. The solution for ¢1;, with p = |y|, is
2 _
A1j(%€>+¢1j, 0<p<pj,

Y1 = o (C.4)
Aljlog(p%)Jr%erlja =P,

where ﬁlj is an unknown constant. The divergence theorem is used to calculate A;; from (C.3), and we get

Alj = —%mjpidzoj, . (05)

For a boundary patch, for which z; € Q8 then (C.3) holds in the wedge B; < arg(y) < fB; + may, for some §; and
0 < a; < 2. For this boundary case, the constants A;; are also given by (C.5).

The matching condition between the outer solution as  — z; and the inner solution as |y| = e~ |z — z;| — oo is
Go+vd1t- - ~ o +Ay+v <A1j log |z — ;] — Ayjlog p; + % + 1y + A?j) +1? (Agjlog |z — 2,1 + O(1)) . (C.6)
The leading-order matching condition from (C.6) yields
¢o = Yoj + A1, j=1,...,n. (C.7)
From the O(v) terms in (C.6), we obtain that ¢; has the following singular behavior as z — x;
o1 ~ Ajjlog|e — x| — Ayjlogp; + % + 1&1]» + A, as x—xj. (C.8)

Next, by using the divergence theorem on the solution ¢; to (C.1) with singular behavior (C.8) we obtain

pomp|Qgo = —m > a;As; . (C.9)

j=1

By combining (C.7) and (C.5) for Ay;, we obtain that

2¢0

B m;p fiodo
2—mjpiuo’

Ay = ——2ET0%0 C.10

Yo;

From (C.9), together with (C.10) for A;;, we obtain that the leading-order eigenvalue correction p is a root of the

nonlinear algebraic equation

mplQ o aym;p?
= . C.11
T Z Q,mjp?m) ( )

j=1
This yields a transcendental equation for the leading-order term po in the expansion of the eigenvalue, as given in
Principal Result 4.3.

The calculation of the higher-order term of order O(v?), as written in Principal Result 4.3, is more involved and

is given in §3 of [45].
Solution to Problem 4.2:
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To prove Qualitative Result I1I, we first impose the constraint (4.62), and then calculate from (4.53) that

B o 2mmyp Tagmgpy  2mmap?
Bl 6= Boidl®) = 5=y = )~ B o)
B (B . B (a L %%
= BB G T @ ews+ s (8 8] (C.12a)
- (2—461-)(;01%?;)(2—4&) {_5“2_45””(5’“_5“ “e- Cﬂﬂ)} e
where we have defined 3; = mipf7 B = mjp?7 and 8, = mkpﬁ. There are three parameter ranges of interest,

corresponding to the three statements in Qualitative Result III.

We first suppose that 3; > 0 and By > 5 ﬁj > 0. Then, from (4.62), it follows that §; > f;, and

(2 - Oék)
4

(a3 Qg
Bi < 5k+7ﬁk=5k—§<1—7>5k7

so that 3; < By since 0 < oy < 2. It then readily follows that the first vertical asymptote pheW and ;LOld for Bpew(¢)
and B 4(C), respectively, must satisfy pmy™ < u%lld. Furthermore, it follows from (C.12 a) that Bnew(¢) > Bgq(¢)
on 0 < ¢ < pheW. Consequently, Case I of the Lemma ensures that u§€%V < ,uOId This establishes the first statement
of Qualitative Result III.

Secondly, we suppose that 5, > 0 and 8; > fr > 0. Then, from (4.62), it follows that 5, > §;, and 5, >
B+ Br/2 > P since 0 < ap < 2. The condition that 8; > ; and 3; > B, ensures that the first vertical asymptotes
of Bnew (¢) and By q(¢) must satisfy g™ > ,u%d. Furthermore, it follows from (C.12 b) that Bnew(¢) < B1q(¢) on
0<(< ,uOld Consequently, Case II of the Lemma yields that uOId < V. This establishes the second statement
of Qualitative Result III.

Finally, we suppose that 8; < 0, B > 0, and 8; = 5; + axfir/2 < 0. Then, since §; < 0, it follows that the

first vertical asymptote u%d for B,1q(¢) cannot occur from the ith

patch. The condition B; > 0 then ensures
that pheW < /LOld, where phW is the vertical asymptote of Bpew(¢). Furthermore, it follows from (C.12a) that
Bnew(¢) > Byjq(¢) on 0 < ¢ < upy™. Consequently, Case I of the Lemma establishes that uOId < €W, which

proves the final statement of Qualitative Result III. |

As a remark, we now give an interpretation of the first statement of Qualitative Result III in terms of the areas
of the patches for the special case where m; = my = 1. Then, from (4.63) it follows that the fragmentation of a
favorable interior habitat is advantageous when the area e2A4; = me?p? /2 of a new favorable habitat centered at a
smooth point of the boundary is at least twice as large as the area e2A4; = ne? of the new smaller favorable interior
habitat. If the new boundary habit is located at a w/2 corner of the domain, for which ay = 1/2, then a sufficient

condition for this fragmentation to be advantageous is when the area ratio satisfies A /A; = pi/(4p3) > 2/3.
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