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Abstract. Steady state incompressible low Reynolds number fluid flow past a cylindrical body in an unbounded two-
dimensional domain is a singular perturbation problem involving an infinite logarithmic expansion in the Reynolds number ε
as ε → 0. The central difficulty with applying a conventional matched asymptotic approach to this problem is that only the
first few terms in the infinite logarithmic expansion of the drag coefficient and of the flow field can be calculated analytically.
To overcome this difficulty, a hybrid asymptotic-numerical method that incorporates all logarithmic correction terms is
implemented for three low Reynolds number flow problems. In particular, for a nanocylinder of circular cross-section with
surface roughness, modeled by a Navier boundary condition involving a sliplength parameter, a hybrid asymptotic-numerical
method is formulated and implemented to determine an approximation to the drag coefficient that is accurate to all powers of
−1/ log ε. A similar analysis is done to determine a corresponding approximation of the drag coefficient for a porous cylinder,
where the flow inside the cylinder is modeled by the Brinkman equation. For both the nano and porous cylinder problems, the
hybrid asymptotic-numerical method is extended to calculate the first transcendentally small correction term to the Stokes
flow near the body. This term, which governs weak upstream/downstream asymmetry in the Stokes flow, is extrapolated
to finite ε to predict the formation of any eddies near the body. Finally, the hybrid method is used to determine the drag
coefficient, valid to within all logarithmic terms, for two identical cylinders of circular cross-section in tandem alignment with
the free stream. An extension of the theoretical framework to more general slow viscous flow problems is discussed.
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1. Introduction

In this paper we consider several variants of the classical problem of slow, steady, two-dimensional flow of
a viscous incompressible fluid around an infinitely long straight cylinder of circular cross-section. By slow
we mean that the Reynolds number ε ≡ U∞Lρf/µ is small, where ρf is the density of the fluid, U∞ is the
velocity of the fluid at infinity, µ is the dynamic viscosity, and L is the radius of the cross-section of the
cylinder.

For a circular cylinder with no slip boundary condition, and in the limit ε→ 0, the method of matched
asymptotic expansions was used systematically in [Kaplun (1957)] and in [Proudman & Pearson (1957)]
to resolve the well-known Stokes paradox, and to calculate asymptotically the stream function in both the
Stokes region, which is near the body, and in the Oseen region, which is far from the body. These pioneering
studies showed that, for ε→ 0, the asymptotic expansion for the drag coefficient CD of a circular cylindrical
body starts with CD ∼ 4πε−1F(ε), where F(ε) is an infinite series in powers of −1/ log ε. The coefficients
in this series are determined in terms of the solutions to certain forced Oseen problems.

In an effort to determine CD quantitatively, analytical formulae for the first three coefficients in F(ε)
were derived in [Kaplun (1957)]. However, as a result of the slow decay of −1/ log ε with decreasing values
of ε, the resulting three-term truncated series for CD agrees rather poorly with the experimental results of
[Tritton (1959)] unless ε is very small. Owing to the complexity of the calculations required, it is impractical
to obtain a closer quantitative determination of the drag coefficient by calculating further coefficients in
F(ε) analytically. As a result of these fundamental long-standing difficulties, the problem of slow viscous
flow around a cylinder has served as a paradigm for problems where matched asymptotic analysis fails to
be of much practical use, unless ε is very small. The development and application of singular perturbation
methods to various problems in fluid mechanics is discussed in the classic text of [Van Dyke (1975)]. For a
recent survey of the history of singular perturbations applied to boundary layer problems in fluid mechanics
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see [O’Malley (2010)]. A comprehensive recent survey on asymptotic and renormalization group methods
applied to slow viscous flow problems is given in [Veysey & Goldenfeld (2007)].

In [Kropinski et al. (1995)] a hybrid asymptotic-numerical method was formulated and implemented
to effectively sum the infinite logarithmic expansions that arise from the singular perturbation analysis
of slow viscous flow around a cylinder that has a cross-section that is symmetric with respect to the free
stream. This approach differed from the hybrid method employed in [Lee & Leal (1986)] in which numerical
methods are used within the framework of the method of matched asymptotic expansions to calculate the
first few coefficients in the logarithmic expansions of the flow field and the drag coefficient. Instead, it was
shown in [Kropinski et al. (1995)] that the entire infinite logarithmic series is contained in the solution to a
certain related problem that does not involve the cross-sectional shape of the cylinder. The methodology of
[Kropinski et al. (1995)] to treat infinite logarithmic expansions was extended in [Titcombe et al. (2000)]
to allow for cylinders of arbitrary cross-section that are not necessarily symmetric with respect to the free
stream.

In two dimensional domains, infinite logarithmic expansions also arise in the analysis of singularly per-
turbed eigenvalue problems (cf. [Ward et al. (1993)], [Kolokolnikov et al. (2005)]), in calculating the mean
first passage time for a Brownian particle to leave a domain through a narrow gap (cf. [Pillay et al. (2010)]),
in nonlinear biharmonic problems of MEMS (cf. [Kropinski et al. (2011)]), and in the analysis of localized
spot patterns for reaction diffusion systems (cf. [Chen & Ward (2011)]). A unified theoretical framework
to treat such diverse problems with infinite logarithmic series is surveyed in [Ward & Kropinski (2010)].

The main goal of this paper is to extend this previous theoretical framework to study two different low
Reynolds number flows past a cylindrical body of circular cross-section. In §4 we consider slow viscous flow
past a nanocylinder of circular cross-section that has boundary surface roughness. This surface roughness
is modeled by a Navier boundary condition involving a dimensionless sliplength parameter. In §5 we study
slow viscous flow past a porous cylinder, where the fluid inside the cylinder is modeled by the Brinkman
equation. For the nanocylinder problem for a given sliplength, [Matthews & Hill (2006)] derived an explicit
three-term approximation to the infinite logarithmic series for the drag coefficient. A similar low-order
truncated series result for the drag coefficient of a porous cylinder at a fixed Darcy number was derived
in [Kohr et al. (2009)]. For these two problems we formulate a hybrid asymptotic-numerical method to
calculate an approximation C⋆

D for the drag coefficient that is accurate to all powers of −1/ log ε. Our
analysis show that C⋆

D is given by
C⋆
D = 4πε−1S(ν) , (1.1)

where S(ν) satisfies a nonlinear algebraic equation of the form

S

R(S)
= ν ≡ − 1

log(εec)
. (1.2)

In (1.2), the constant c is determined by the Stokes streamfunction solution ψc near the body, which
has the asymptotic behavior ψc ∼ r log r sin θ as r → ∞, where r is the distance from the center of the
cross-section of the cylinder. The constant c is identified from the next term in the far-field behavior of ψc

given by
ψc ∼ (r log r − cr + o(1)) sin θ , as r → ∞ . (1.3)

For the nanocylinder with surface roughness or the porous cylinder, the constant c can be calculated in
terms of the sliplength or the Darcy number, respectively. In contrast, in (1.2) the nonlinear function
R(S), with R(0) = 1, is calculated from the streamfunction solution ΨH(ρ, θ), with ρ = εr, associated
with the full Navier-Stokes equation. This streamfunction satisfies a nonlinear biharmonic problem subject
to the free stream condition ΨH ∼ ρ sin θ as ρ → ∞, and a parameter-dependent singularity condition
ΨH ∼ Sρ log ρ sin θ as ρ → 0. In terms of the solution ΨH , the nonlinear function R(S) is identified from
the next order term in the local behavior of ΨH as ρ→ 0 given by

ΨH ∼ Sρ log ρ sin θ +R(S)ρ sin θ , as ρ→ 0 . (1.4)
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Since R(S) is independent of the any details of the Stokes solution near the body, this “universal” function
can be accurately pre-computed numerically and then used for both the nano and porous cylinder problems.

We remark that c = 1/2 for the classical problem of an impermeable cylinder with circular cross-
section with no boundary slip. It follows from (1.2) that once c is identified from the appropriate Stokes
solution near the body for either of the problems in §4 or §5, the corresponding drag coefficient will be
the same to within all logarithmic terms as that of this classical problem at the new Reynolds number
εclass = εec−1/2. This observation is a simply another manifestation of the well-known Kaplun’s equivalence
principle [Kaplun (1957)]. In its original form this principle states that, corresponding to every cylinder of
arbitrary cross-section which is symmetric with respect to the free stream, there exists an equivalent cylinder
of circular cross-section of a certain radius that has the same drag coefficient to within all logarithmic
correction terms. Therefore, our theoretical framework for determining CD can be viewed as a hybrid
asymptotic-numerical method of implementing a related equivalence principle for the nano and porous
cylinder problems.

In addition to calculating the drag coefficient, in §4 and §5 we show how to calculate the first transcen-
dentally small in ε term in the Stokes flow field near the body. The calculation of this term, which involves
a further “universal” function C2(S) obtained from a more refined local behavior of ΨH than given in (1.4),
determines any weak upstream/downstream asymmetry in the flow field near the body. However, it does
not contribute to any transcendentally small correction term to the determination of the drag coefficient. In
§4 we evaluate this term at finite ε as a way to predict how the formation of an eddy near the body depends
on the sliplength parameter and the Reynolds number. This analysis of deriving and then utilizing the first
transcendentally small correction term in the Stokes region to predict eddy formation is an extension of
that in [Keller & Ward (1996)] where the corresponding problem with no boundary slip was investigated.

In §2 we give a brief outline of the conventional singular perturbation analysis of [Kaplun (1957)]
and [Proudman & Pearson (1957)] for determining the drag coefficient, and we summarize the hybrid
asymptotic-numerical framework of [Kropinski et al. (1995)] for effectively calculating all the logarithmic
terms in the expansion of CD. We then give a new result characterizing a refined local approximation for
ΨH as ρ → 0, which allows for the identification of the “universal” functions R(S) and C2(S). Numerical
results for these quantities are given and their best fit approximations to low degree polynomials in S are
obtained.

In §3 we introduce a new simple model problem that is used to illustrate the hybrid asymptotic-numerical
method for effectively “summing” infinite logarithmic series for singularly perturbed biharmonic problems.
Conventionally, the singular perturbation problem for u(r) given by u′′ + r−1u′ + uu′ = 0 on ε < r < ∞
with u(ε) = 0 and u → 1 as r → ∞ has been used as a crude model of low Reynolds number flow and
to illustrate the difficulty with treating logarithmic expansions (cf. [Hinch (1991)], [Lagerstrom (1988)],
[Veysey & Goldenfeld (2007)]). Our introduction and analysis of the model biharmonic problem in §3
provides an alternative to this classical model problem. By calculating both an exact solution and a term-
by-term infinite series approximate solution to our new model problem, we show clearly how the hybrid
method is able to capture all of the logarithmic terms in the expansion of the solution.

In §6 we briefly re-consider the classical problem of slow viscous flow past two identical cylinders of cir-
cular cross-section, with no boundary slip, that are aligned in tandem with the free-stream. A more general
problem, with no assumed symmetry of the cylinder cross-sections with the flow field, was considered in
[Umemura (1982)] and [Lee & Leal (1986)], where the first few logarithmic terms in the asymptotic expan-
sion of the drag coefficient were calculated. In [Dorrepaal §O’Neil (1979)] and [Miyazaki & Hasimoto (1980)],
the leading-order Stokes solution was shown to produce a rather intricate eddy structure between two
cylinders in tandem alignment with the free-stream when the distance between the cylinders is varied.
In §6 we extend this previous work by using our hybrid asymptotic-numerical method to calculate the
approximation C⋆

D in (1.1) to the drag coefficient for two tandem identical cylinders. For this problem, the
parameter c in (1.2) is calculated as a function of the distance between the centers of the cross-sections of
the cylinders by adapting the approach of [Umemura (1982)] where a bipolar coordinate transformation
was used to calculate the Stokes streamfunction. Since the leading-order Stokes solution already has a
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well-known eddy structure depending on the inter-cylinder distance (cf. [Dorrepaal §O’Neil (1979)] and
[Miyazaki & Hasimoto (1980)]), we do not see the need to extend the hybrid method to calculate the first
transcendentally small term in the Stokes region for the two-cylinder problem.

Finally, in §7 we list a few open problems and we outline how our theoretical framework for treating
infinite logarithmic expansions in low Reynolds number flow problems can be extended to more general
problems involving bodies of arbitrary cross-section where there is no symmetry with respect to the free
stream.

2. The Hybrid Formulation

We first outline the conventional singular perturbation analysis of (2.1)–(2.3) for ε→ 0 (cf. [Kaplun (1957)]
and [Proudman & Pearson (1957)]) for slow, steady, incompressible, viscous flow around a circular cylin-
drical body with a uniform stream of speed U∞ in the x direction at large distances from the body. We
then formulate the hybrid method of [Kropinski et al. (1995)] for summing the infinite-order logarithmic
expansions that arise from the analysis.

In terms of polar coordinates centred inside the body, it is well-known that the dimensionless stream
function ψ satisfies

∆2
rψ = −ε Jr [ψ,∆rψ] , for r > 1 , (2.1)

ψ = ∂rψ = 0 , on r = 1 , (2.2)

ψ ∼ r sin θ , as r → ∞ . (2.3)

Here ε ≡ U∞Lρf/µ ≪ 1 is the Reynolds number based on the radius L of the cylinder, µ is the dynamic
viscosity, ρf is the fluid density, ∆r and ∆2

r denote the Laplacian and biharmonic operators in terms of
the Stokes variable r, respectively, and Jr [a, b] ≡ r−1 (∂ra ∂θb− ∂θa ∂rb) is the Jacobian.

In the Stokes, or inner, region where r = O(1), the stream function has an infinite logarithmic expansion,
referred to as the Stokes expansion, of the form

ψs(r, θ) =
∞
∑

j=1

νjψj(r, θ) + · · · , (2.4)

where ν = ν(ε) ≡ −1/ log
(

εe1/2
)

. Upon substituting (2.4) into (2.1), we obtain that ψj = ajψc, where the
aj for j ≥ 1 are undetermined constants and ψc ≡ ψc(r, θ) is the unique solution to the canonical Stokes
problem

∆2
rψc = 0 , for r > 1 , (2.5)

ψc = ψcr = 0 , on r = 1 , (2.6)

ψc ∼ r log r sin θ , as r → ∞ , (2.7)

which has the solution

ψc =

(

r log r − r

2
+

1

2r

)

sin θ . (2.8)

Upon substituting ψj = ajψc and (2.8) into (2.4), the far-field behaviour of the Stokes expansion is

ψs(r, θ) ∼
∞
∑

j=1

νj aj

(

log r − log
[

e1/2
])

r sin θ , as r → ∞ . (2.9)

In terms of the Oseen, or outer, length-scale ρ, defined by ρ = εr, (2.9) becomes

ψs ∼
1

ε



a1ρ sin θ +
∞
∑

j=1

νj [ajρ log ρ+ aj+1ρ] sin θ



 . (2.10)
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This expression provides a singularity structure for the Oseen, or outer, solution as ρ→ 0.
The behaviour (2.10) suggests that in the Oseen region, where ρ = O(1), we introduce the new variable

Ψ by Ψ(ρ, θ) = εψ(ε−1ρ, θ), and that we expand Ψ as

Ψ(ρ, θ) = ρ sin θ + νΨ1(ρ, θ) +
∞
∑

j=2

νjΨj(ρ, θ) + · · · , (2.11)

in order to satisfy the free-stream condition as ρ → ∞ in (2.3). Upon substituting (2.11) into (2.1), and
matching Ψ as ρ→ 0 to the required singular behaviour (2.10), we find that a1 = 1 and that Ψj , for j ≥ 1,
satisfy the following forced Oseen problems on 0 < ρ <∞:

L0sΨ1 ≡ ∆2
ρΨ1 +

(

ρ−1 sin θ ∂θ − cos θ ∂ρ
)

∆ρΨ1 = 0 , (2.12)

Ψ1 ∼ (log ρ+ a2) ρ sin θ , as ρ→ 0 ; ∂ρΨ1 → 0 , as ρ→ ∞ , (2.13)

L0sΨj = −
j−1
∑

k=1

Jρ [Ψk,∆ρΨj−k] , (2.14)

Ψj ∼ (aj log ρ+ aj+1) ρ sin θ , as ρ→ 0 ; ∂ρΨj → 0 , as ρ→ ∞ . (2.15)

Here L0s is the linearized Oseen operator and Ψ1 is the linearized Oseen solution.
The forced Oseen problems in (2.12)–(2.15) recursively determine the coefficients aj for j ≥ 2. The first

two coefficients are well-known, and are given by (cf. [Kaplun (1957)], [Proudman & Pearson (1957)])

a2 = γe − log 4− 1 ≈ −1.8091 , (2.16)

a3 − a22 = −
∫

∞

0

[

r−1I1(2r) + 1− 4K1(r)I1(r)
]

K0(r)K1(r) dr ≈ −0.8669 . (2.17)

Here K1, K0, I0 and I1 are the usual modified Bessel functions, and γe is Euler’s constant. The expres-
sion for a2 was first obtained in [Proudman & Pearson (1957)], while the expression for a3 was given in
[Kaplun (1957)]. Explicit analytical formulae for aj when j ≥ 4 are not available.

In terms of the constants aj for j ≥ 2, the well-known drag coefficient CD is given by (cf. [Kaplun (1957)])

CD ∼ 4πε−1ν



1 +
∞
∑

j=2

ajν
j−1 + · · ·



 , ν ≡ − 1

log
[

εe1/2
] . (2.18)

However, as discussed in [Van Dyke (1975)] (see also [Veysey & Goldenfeld (2007)]), the truncated three-
term expansion for CD agrees rather poorly with the experimentally measured drag coefficient of [Tritton (1959)]
unless ε is very small (cf. [Van Dyke (1975)]).

In order to obtain a higher order approximation to the drag coefficient than afforded by the coefficients
a2 and a3, one can, in principle, compute numerically further coefficients aj , for j ≥ 4, from the the infinite
sequence of PDE’s (2.14) with singularity structures (2.15). This recursive determination of the coefficients
would still require truncating the series (2.18) at some finite j. As an alternative to series truncation,
in [Kropinski et al. (1995)] a hybrid asymptotic-numerical method was proposed that has the effect of
summing all the terms on the right-hand side of (2.18), but which avoids computing the coefficients aj for
j ≥ 1 individually.

In this hybrid approach of [Kropinski et al. (1995)], the Oseen solution is no longer expanded in powers
of ν as in (2.11). Instead, the full problem (2.1)–(2.3) for ρ > 0 is solved subject to a parameter-dependent
singularity structure, which is to hold as ρ→ 0. In this way, ΨH ≡ ΨH(ρ, θ;S) is defined to be the solution
to

∆2
ρΨH = −Jρ [ΨH ,∆ρΨH ] , ρ > 0 , (2.19)

ΨH ∼ ρ sin θ , as ρ→ ∞ , (2.20)

ΨH ∼ Sρ log ρ sin θ , as ρ→ 0 . (2.21)
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In [Kropinski et al. (1995)], this parameter-dependent problem is solved numerically for a range of S values,
and in terms of this solution we identify the regular part R = R(S) of the singularity structure at the
origin by the limiting process

ΨH − Sρ log ρ sin θ = R(S)ρ sin θ + o(ρ) , as ρ→ 0 . (2.22)

Upon introducing the Stokes variables r and ψ defined by r = ρ/ε and ψ = ψH/ε, (2.22) becomes

ψ ∼ [Sr log r + (S log ε+R) r] sin θ , (2.23)

which determines the required far-field behaviour of the Stokes solution. The Stokes, or inner, solution that
satisfies ψ ∼ Sr log r sin θ as r → ∞ is simply ψ = Sψc, where ψc is given in (2.8). Finally, upon matching
the O(r sin θ) terms in (2.23) and Sψc, we obtain that S = S(ν) satisfies the transcendental equation

S

R(S)
= ν ≡ − 1

log
[

εe1/2
] . (2.24)

In terms of S = S(ν), the drag coefficient accurate to all powers of ν is (see Appendix A)

CD ∼ 4πε−1S(ν) = 4πε−1νR [S(ν)] . (2.25)

This completes the summary of the hybrid method of [Kropinski et al. (1995)].
In the next section, we need the following higher order result for the local behaviour of ψH as ρ→ 0:

LEMMA 1. The solution to (2.19)–(2.22) has the following asymptotic behaviour as ρ→ 0:

ΨH ∼ [Sρ log ρ+Rρ+ o(ρ)] sin θ

+

[

S2

16
(ρ log ρ)2 +

1

8

(

SR+
S2

4

)

ρ2 log ρ+ C2ρ2 + o(ρ2)

]

sin(2θ) + · · · . (2.26)

Here R = R(S) and C2 = C2(S) must be computed from (2.19)–(2.22). To leading order as S → 0, we have

R = 1 + a2S +O(S2) , C2 =
S

8

(

a2 +
1

2

)

+O(S2) , (2.27)

where a2 is defined in (2.16). At one higher order, the curve R = R(S) for S → 0 is given parametrically
in terms of δ ≪ 1 by

S = δ + a2δ
2 + · · · , R ∼ 1 + a2δ + a3δ

2 + · · · , (2.28)

where a3 is defined in (2.17). This yields the three-term approximation for R(S)

R(S) ∼ 1 + a2S +
(

a3 − a22
)

S2 +O(S3) , for S ≪ 1 . (2.29)

Proof: To derive (2.26) regarding higher order terms for ΨH as ρ→ 0 we let ΨH = (S log ρ+R) ρ sin θ+Ψ̃,
where Ψ̃ ≪ 1, to obtain from (2.19) that

∆2
ρΨ̃ ∼ −Jρ (ΨH ,∆ρΨH) ∼ −

[

2S2 log ρ+ (S2 + 2RS)
] sin(2θ)

ρ2
. (2.30)

We write Ψ̃(ρ, θ) = e2tf(t) sin(2θ), where t = log ρ, to conclude that f(t) satisfies

f ′′′′ + 4f ′′′ − 4f ′′ − 16f ′ = −2S2t−
(

S2 + 2RS
)

. (2.31)

The particular solution is readily found and the homogeneous solution is a linear combination of the
elementary functions {1, e−2t, e2t, e−4t}. Therefore,

f(t) =
S2t2

16
+
t

8

(

RS +
S2

4

)

+ C0e−4t + C1e−2t + C2 + C3e2t , (2.32)
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Figure 1. (a) Plot of R = R(S) computed numerically from the hybrid formulation (2.19)–(2.22) (solid curve). The curve
R(S) = 0.9976− 1.8930S − 0.264S2 − 1.7131S3 + 0.9578S4 is the best least squares quartic polynomial to the numerical data
for R(S). The three-term approximation (2.29) is the dashed curve. (b) Plot of C2 = C2(S) computed numerically from the
hybrid formulation (2.19)–(2.22) (solid curve). The curve C2(S) = 0.0087−0.3131S+0.8171S2−1.8982S3+2.4997S4−1.0492S5

is the best quintic polynomial to the numerical data for C2(S). The one-term approximation (2.27) is the dashed curve, which
provides a rather poor approximation unless S is rather small.

where we must set C3 = 0 to eliminate exponential growth in f . Upon using (2.32), and recalling Ψ̃(ρ, θ) =
e2tf(t) sin(2θ) where t = log ρ, we obtain (2.26).

Next, the result (2.28) for S and R(S) as S → 0 follows immediately from the expansion (2.11) and the
singularity behaviours in (2.13) and in (2.15) for j = 2. Reversion of series then yields (2.29). Finally, to
establish (2.27) for C2(S) as S → 0, we need only determine the behaviour as ρ→ 0 of the linearized Oseen
solution Ψ1 satisfying (2.12) and (2.13). This solution is given by (cf. [Proudman & Pearson (1957)])

Ψ1 = −
∞
∑

n=1

βn (ρ/2)

n
ρ sin(nθ) , βn(ξ) ≡ 2

[

K1(ξ)In(ξ) +K0(ξ)I
′

n(ξ)
]

, (2.33)

where K0, K1, In, and I
′

n are the usual Bessel functions. In the limit ρ→ 0, we readily calculate that

Ψ1 ∼ (ρ log ρ+ a2ρ+ o(ρ)) sin θ +

[

ρ2

8

(

a2 +
1

2

)

+
ρ2

8
log ρ+ o(ρ2)

]

sin(2θ) + · · · . (2.34)

Since for S ≪ 1, we have ΨH ∼ ρ sin θ + SΨ1 + O(S2), it follows that the O(ρ2) term in (2.34) must be
C2/S, where C2 is defined in (2.26). This establishes (2.27) for C2, and completes the proof of Lemma 1. �

A plot of the numerically computed function R = R(S), together with its three-term approximation
from (2.29), is shown in Fig. 1(a). In Fig. 1(b) we also plot the numerically computed C2(S) versus S and
compare it with its leading-order approximation from (2.27). In the caption of this figure, the numerical
results for R(S) and C2(S) are then accurately fit in a least squares sense to low degree polynomials in S.

The numerical method used to calculate R(S) and Cs(S) from the solution ΨH to (2.19)–(2.22) is
described in Appendix A of [Keller & Ward (1996)] (see also §4.2 of [Kropinski et al. (1995)]). We only
briefly outline it here. The numerical approach is based on first decomposing ΨH as ΨH = ρ sin θ +
SΨ1 + Ψ⋆

H where Ψ1 is the linearized Oseen solution in (2.33). This solution has the correct singularity
SΨ1 ∼ Sρ log ρ sin θ as ρ → 0 and has the far-field behavior Ψ1 → 0 as ρ → ∞. Upon substituting this
decomposition for ΨH into (2.19)–(2.22), we obtain that Ψ⋆

H(ρ, θ;S) is C1 as ρ → 0 and satisfies the
nonlinear problem

L0sΨ
⋆
H = −Jρ [SΨ1 +Ψ⋆

H , S∆Ψ1 +∆ρΨ
⋆
H ] , ρ > 0 , 0 < θ < π ,

∂ρΨ
⋆
H → 0 , as ρ→ ∞ ; Ψ⋆

H(ρ, θ) = −Ψ⋆
H(ρ,−θ) ,
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where L0s is the linearized Oseen operator. As ρ → 0, Ψ⋆
H has the following local behavior in terms of

Fourier sine coefficients:

Ψ⋆
H ∼ Ψ⋆

H1(ρ;S) sin θ +Ψ⋆
H2(ρ;S) sin(2θ) + · · · ; Ψ⋆

Hj(ρ;S) ≡
2

π

∫ π

0
Ψ⋆

H(ρ, θ;S) sin(jθ) dθ , j = 1, 2 .

(2.35)
The function Ψ⋆

H is computed with a finite difference method (see §4.2 of [Kropinski et al. (1995)]) and
the Fourier sine coefficients Ψ⋆

Hj for ρ ≪ 1 are evaluated by a numerical quadrature (cf. Appendix A of

[Keller & Ward (1996)]).
To compute R = R(S), we simply equate for ρ≪ 1 the coefficients of sin θ in our decomposition of ΨH

with that of the required behavior for ΨH given in (2.22). This yields Sρ log ρ + Rρ ∼ ρ − Sρβ1 (ρ/2) +
Ψ⋆

H(ρ;S) as ρ → 0. Then, since β1 (ρ/2) ∼ 1− log ρ+ log 4− γ as ρ → 0, where γ is Euler’s constant, we
obtain that R = R(S) is given by

R = 1− S (1 + log 4− γ) + lim
ρ→0

Ψ⋆
H(ρ;S)

ρ
. (2.36)

In a similar way, by equating the coefficients of sin(2θ) as ρ → 0 between our decomposition of ΨH and
the required behavior in (2.26) we can identify and then compute C2(S). Further details of the method are
given in §4.2 of [Kropinski et al. (1995)] and Appendix A of [Keller & Ward (1996)].

3. An Exactly Solvable Model Problem

In this section we illustrate the approach for treating biharmonic problems with infinite logarithmic
expansions by considering the following simple singularly perturbed problem in an annulus:

∆2
ρu = 0 , ε < ρ < 1 , (3.1)

u = sin θ , uρ = 0 , on ρ = 1 , (3.2)

u = uρ = 0 , on ρ = ε . (3.3)

We first perform a direct infinite order logarithmic expansion of the solution to (3.1)–(3.3) for ε→ 0 by
using the method of matched asymptotic expansions. To leading order in the outer region where ρ≫ O(ε),
we obtain that u ∼ u0, where u0 is smooth as ρ → 0 and satisfies ∆2

ρu0 = 0 in 0 < ρ < 1 with u0 = sin θ
and u0ρ = 0 on ρ = 1. The solution is

u0 =

(

3ρ

2
− ρ3

2

)

sin θ . (3.4)

In terms of the inner variable r = ρ/ε, we obtain the matching condition for the inner solution that

u ∼ u0 ∼
3ε

2
r sin θ +O(ε3) . (3.5)

Now if in the inner region we pose u = εŨ , then we would conclude that ∆2
rŨ = 0 in r ≥ 1 with

Ũ = Ũr = 0 on r = 1 and with Ũ ∼ (3r/2) sin θ as r → ∞, as obtained from the matching condition (3.5).
However, it is readily verified that there is no solution to this problem. This is another manifestation of the
Stokes paradox (cf. [Proudman & Pearson (1957)]). Instead we must insert a logarithmic scale ν of order
O(−1/ log ε) to be found and pose u = ενŨ0 in the inner region where Ũ0 ∼ O(r log r sin θ) as r → ∞.
More specifically, our leading-order inner solution is

u ∼ ενB0ψc , (3.6)
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where B0 is an undetermined constant, and where ψc(r, θ) is the solution to the canonical Stokes problem
(2.5)–(2.6) given in (2.8). Upon writing the far-field behavior of ψc in terms of the outer variable ρ = εr,
we readily obtain that

u ∼ B0ρ sin θ + νB0ρ log ρ sin θ +O(ε2ν) , where ν ≡ −1/ log(εe1/2) . (3.7)

By asymptotically matching this expression with (3.4) when ρ ≪ 1, we conclude that B0 = 3/2 and that
we must add a term of order O(ν) in the outer region.

To proceed to higher order in powers of ν, we pose an infinite order logarithmic expansion in the inner
region of the form

u = εν
(

B0 +B1ν +B2ν
2 + · · ·

)

ψc , (3.8)

where ψc(r, θ) is given in (2.8). Upon writing the far-field behavior of this inner expansion in terms of the
outer variable ρ = εr, we obtain the matching condition

u = B0ρ sin θ +
∞
∑

j=1

νj [Bj +Bj−1 log ρ] ρ sin θ +O(ε2ν) , as ρ→ 0 , (3.9)

for the solution to the outer problem. Therefore, in the outer region, the outer expansion must have the
form

u = u0 +
∞
∑

j=1

νjuj + · · · , (3.10)

where u0 is given in (3.4). Upon substituting this expansion into (3.1) and (3.2), and by noting the matching
condition (3.9), we obtain that uj for j ≥ 1 satisfies

∆2
ρuj = 0 , 0 < ρ < 1 ; uj = ujρ = 0 , on ρ = 1 , (3.11)

with uj ∼ Bj−1ρ log ρ sin θ as ρ→ 0. The unique solution to this problem is

uj =

(

Bj−1ρ log ρ+
Bj−1

2
(ρ− ρ3)

)

sin θ . (3.12)

Then, from (3.9), the constant Bj is identified from the matching condition requirement that uj ∼
(Bj−1ρ log ρ+Bjρ) sin θ as ρ→ 0. Therefore, we conclude from (3.12) that the coefficients Bj for j ≥ 0 in
(3.8) satisfy the recursion relation

Bj =
1

2
Bj−1 , j ≥ 1 ; B0 =

3

2
. (3.13)

This shows that the infinite order logarithmic expansions are in fact convergent geometric series. Finally,
by summing these infinite order logarithmic expansions, we obtain for the inner region that

u ∼ ν
∞
∑

j=0

Bjν
jψc = Bψc , B = B(ν) ≡ 3ν

2− ν
, (3.14)

and for the outer region that

u ∼
(

3ρ

2
− ρ3

2

)

sin θ +
∞
∑

j=1

νjBj−1

(

ρ log ρ+
ρ

2
− ρ3

2

)

sin θ =

(

Bρ log ρ+
B

ν
ρ− 1

2
(1 +B)ρ3

)

sin θ .

(3.15)
We remark that (3.15) contains all of the logarithmic terms in powers of ν in the outer expansion of
the solution. However, it does not contain transcendentally small terms of algebraic, or mixed algebraic-
logarithmic, order in ε as ε→ 0.
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Next, in order to validate our infinite order logarithmic series result, we will determine the exact solution
of (3.1)–(3.3) and then expand it for ε → 0. Since the solutions to (3.1) proportional to sin θ are linear
combinations of {ρ3, ρ log ρ, ρ, ρ−1} sin θ, the solution to (3.1), which satisfies (3.2), is given in terms of two
constants A and B by

u =

(

Aρ3 +Bρ log ρ+

(

−2A+
1

2
− B

2

)

ρ+

(

1

2
+A+

B

2

)

1

ρ

)

sin θ . (3.16)

Upon imposing that u = uρ = 0 on ρ = ε, we obtain that A and B satisfy

Aε3 +Bε log ε+

(

−2A+
1

2
− B

2

)

ε+ κε = 0 , (3.17)

3Aε3 +Bε+Bε log ε+

(

−2A+
1

2
− B

2

)

ε− κε = 0 , (3.18)

where κ = O(1) is defined by

κε2 =
1

2
+A+

B

2
. (3.19)

We add (3.17) and (3.18) to eliminate κ, and neglect the higher order Aε3 terms. In addition, since
A ∼ −(1 +B)/2 from (3.19), we obtain the approximate system

B + 2B log ε ∼ 4A− 1 +B , A ∼ −(1 +B)/2 , (3.20)

for A and B, which has the solution

B ∼ 3ν

2− ν
, A = 1− 3

2− ν
, where ν ≡ −1

log
[

εe1/2
] . (3.21)

From (3.21) and (3.16), we obtain that the outer solution, valid for ρ≫ O(ε), is indeed precisely (3.15).
Finally, we show how to readily derive (3.15) by formulating an appropriate singularity structure for

the outer problem in terms of a free parameter S, representing the strength of the singularity. Then, S is
determined from matching the outer solution to an appropriate inner solution. To this end, we look for an
outer solution uH = uH(ρ, θ;S) that satisfies

∆2
ρuH = 0 , 0 < ρ < 1 , (3.22)

uH = sin θ , ∂ρuH = 0 , on ρ = 1 , (3.23)

uH ∼ Sρ log ρ sin θ , as ρ→ 0 . (3.24)

This problem has a unique solution since the singularity condition (3.24) eliminates the more singular term
of order O(ρ−1) as ρ → 0. Therefore, (3.24) provides the two required additional boundary conditions,
together with those in (3.23), for the fourth order problem (3.22)–(3.24).

In terms of the unique solution for uH , we define the regular part R of the singularity structure by

uH ∼ (Sρ log ρ+Rρ+ o(1)) sin θ , as ρ→ 0 . (3.25)

The exact solution to (3.22)–(3.24) is readily calculated as

uH =
(

Sρ log ρ+Rρ+ αρ3
)

sin θ , (3.26)

where R and α are determined explicitly in terms of S as

R =
S

2
+

3

2
, α = −S

2
− 1

2
. (3.27)
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In terms of the inner variable r = ρ/ε, the near-field behaviour of (3.26) for ρ→ 0 is

uH ∼ ε
[

Sr log r + r (S log ε+R) +O(ε2)
]

sin θ . (3.28)

The requirement that the far-field behaviour of the inner solution match with (3.28) is the condition that
determines S.

The condition (3.28) yields that the inner solution v is v(r, θ) = ε−1u(εr, θ), and must satisfy

∆2
rv = 0 , r > 1 , (3.29)

v = vr = 0 , on r = 1 , (3.30)

v ∼ Sr log r sin θ , as r → ∞ . (3.31)

The solution to (3.31) is unique since we have eliminated the possibility of O(r3) growth at infinity.
Therefore, (3.31) contains effectively two “boundary” conditions. The solution is

v = S

[

r log r − r

2
+

1

2r

]

sin θ . (3.32)

Upon requiring that the O(r) terms in (3.28) and εv agree, we obtain that S satisfies S log ε+R = −S/2.
Since R = S/2+ 3/2 from (3.27), we can readily solve for S. In this way, we obtain that the outer solution
uH from (3.26) is

uH ∼
(

Sρ log ρ+
S

ν
ρ− 1

2
(1 + S)ρ3

)

sin θ , (3.33)

where

S =
3ν

2− ν
, R =

S

2
+

3

2
=
S

ν
, ν ≡ −1

log
[

εe1/2
] . (3.34)

This expression, referred to as the hybrid result, agrees with that obtained in (3.15) from a direct infinite
order logarithmic expansion of the solution.

The careful examination of this very simple model problem has shown that by formulating an outer
problem with a parameter-dependent singularity structure, we are ultimately able to determine an ap-
proximate solution that contains all the logarithmic terms in powers of ν, while avoiding calculating each
individual term in an expansion of S in powers of ν as in

S ∼ 3ν

2 (1− ν/2)
=

3ν

2

∞
∑

j=0

(ν

2

)j
, for ε < e−1 ≈ 0.3679 . (3.35)

To highlight the performance of (3.33) at finite ε, we define f ′′(1) by uρρ = f ′′(1) sin θ at ρ = 1 and in
Fig. 2 we compare the exact, hybrid, and two-term result, for f ′′(1) as a function of ε. The hybrid and
two-term result for f ′′(1), as obtained from (3.33)–(3.34) and (3.35), is

f ′′H(1) = −2S − 3 , f ′′2T (1) = −3− 3ν . (3.36)

The corresponding exact result is f ′′E(1) = 4A− 1, where A satisfies (3.17)–(3.18).
We remark that for related nonlinear singularly perturbed biharmonic problems ∆2

ρu = F (u) in an
annulus, where exact solutions are unavailable, it is typically intractable to perform an infinite order
logarithmic expansion of the solution and then analytically calculate the coefficients in this expansion
one-by-one. Instead, by formulating an appropriate parameter-dependent singularity structure as in (3.24),
numerical methods can be used to compute the regular part R(S) of the singularity behavior in (3.25).
In terms of R(S), a transcendental equation can be derived for S = S(ν) that has the effect of summing
the infinite logarithmic expansion of the solution. This hybrid asymptotic-numerical methodology is the
approach we use to analyze the low Reynolds number flow problems in §4–§6.

low_hybrid_jem_final.tex; 4/03/2014; 12:13; p.11



12 Sarah Hormozi, Michael J. Ward

0.01 0.04 0.08 0.12 0.16 0.2
−8

−7

−6

−5

−4

−3

ε

f
′
′
(1

)

Figure 2. Plot of f ′′(1) where u = f(ρ) sin θ is either the exact or approximate solution to (3.1)–(3.3). The solid (−) curve is
the exact result from (3.16) and (3.17)–(3.18), while the (−.) and (−−) curves are the hybrid and 2-term results, respectively,
as obtained from (3.36).

4. Flow Past a Nanocylinder of Circular Cross-Section with a Rough Surface

Next, we study steady and incompressible flow of a Newtonian fluid around a nanocylinder of circular
cross-section of radius L. In the far field the flow is uniform with speed U∞ in the x-direction. We assume
that the nanocylinder has roughness on its boundary. Therefore, slip occurs at the boundary and we
replace the no-slip boundary condition by the Navier boundary condition. [Navier (1823)] proposed a slip
boundary condition and claimed that the component of the fluid velocity tangent to the surface, vθ, should
be proportional to the rate of strain at the surface, Drθ = 0.5(∂vθ/∂r − vθ/r + ∂vr/(r∂θ)). The degree of
proportionality is determined by a constant lc called the sliplength. With this modification of (2.1)–(2.3),
the streamfunction ψ now satisfies (cf. [Matthews & Hill (2006)])

∆2
rψ = −ε Jr [ψ,∆rψ] , for r > 1 , (4.1)

ψ = 0 , lψrr −
(

l

r
+ 1

)

ψr = 0 , on r = 1 , (4.2)

ψ ∼ r sin θ , as r → ∞ . (4.3)

Here ε ≡ U∞Lρf/µ≪ 1 is the Reynolds number and l = lc/L is the dimensionless sliplength.
We now use the hybrid approach of §2 to determine an asymptotic approximation to the solution of

(4.1)–(4.3) that is accurate to all powers in −1/ log ε. In the outer region, we again set ψ ∼ ε−1ΨH , where
ΨH satisfies (2.19)–(2.22) and has the local behaviour (2.26) as ρ → 0. In terms of the Stokes variable
r = ρ/ε, the local behaviour (2.26) yields

ψ ∼ [Sr log r + Sr log ε+Rr] sin θ +O(ε log2 ε) . (4.4)

The asymptotic matching condition is that the far-field behaviour as r → ∞ of the Stokes solution must
agree with (4.4).

In the Stokes region, where r = O(1), we set ψ = Sψc, where in place of (2.5)–(2.6), ψc now satisfies

∆2
rψc = 0 , for r > 1 , (4.5)

ψc = 0 , lψcrr −
(

l

r
+ 1

)

ψcr = 0 , on r = 1 , (4.6)

ψc ∼ r log r sin θ , as r → ∞ . (4.7)

The unique solution to (4.5)–(4.7) is

ψc =
(

r log r + cr − c

r

)

sin θ , where c ≡ − 1

2 + 4l
. (4.8)
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Figure 3. The drag coefficient CD versus the Reynolds number ε for a circular nanocylinder; solid curve: l = 0; dashed curve:
l → ∞; ◦: experimental results of [Tritton (1959)] for l = 0. (a) The results of hybrid model. (b) The asymptotic result of
[Matthews & Hill (2006)] (see (4.2) and (4.4) of [Matthews & Hill (2006)]).

Upon matching the O(r sin θ) terms in (4.4) and in the far-field behaviour of ψ = Sψc from (4.8), we
obtain that S satisfies

S

R(S)
= ν ≡ − 1

log [εe−c]
, c = − 1

4l + 2
. (4.9)

In terms of S = S(ν), the drag coefficient accurate to all powers of ν is

CD ∼ 4πε−1S(ν) = 4πε−1νR [S(ν)] . (4.10)

In Fig. 3 we show the hybrid result for the drag coefficient CD versus the Reynolds number ε, as obtained
from (4.9) and (4.10). As anticipated, the drag coefficient decreases with the presence of slip due to a reduced
resistance at the boundary of the body. For ε→ 0, [Matthews & Hill (2006)] derived analytically the first
three terms in the logarithmic expansion of the drag coefficient for flow over a nanocylinder with circular
cross-section. With this three term approximation, they concluded that, unlike the results of no-slip, the
results with complete slip (i.e. l = ∞) are in agreement with the low Reynolds number experimental data
of [Tritton (1959)]. However, it should be emphasized that the experimental and theoretical drag coefficient
for the case of no-slip are in good agreement only when we include all the logarithmic correction terms in
the asymptotic approximation. The hybrid formulation is able to account for all such terms. Therefore, the
discrepancy in the work of [Matthews & Hill (2006)] may arise not from the slip condition at the boundary,
but instead from not including all the logarithmic corrections to the drag coefficient. As evidence for this
claim, we remark that for l = 0 it was shown in Fig. 6 of [Kropinski et al. (1995)] that, on the range
0 < ε < 2, the hybrid drag coefficient in Fig. 3(a) compares extremely favorably with the corresponding
full numerical result for the drag coefficient as computed from the full problem (4.1)–(4.3). This suggests
that in the original experiments of [Tritton (1959)] it is probably safe to assume that there was negligible
slip on the boundary of the cylinder.

4.1. A Transcendentally Small Term

In [Keller & Ward (1996)] it was shown how to calculate a transcendentally small term in the asymptotic
expansion of the streamfunction in the Stokes region for the case of no-slip on the boundary of a cylinder of
circular cross-section. Here, we consider the analogous problem for the case of slip, and we then extrapolate
our result to finite ε to predict the value of the Reynolds number for which an eddy forms near the body.

In the Stokes region, we construct a higher order expansion of the solution in the form

ψ = Sψc + εψ1 + · · · , (4.11)
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where ψc is given by (4.8). Upon substituting (4.11) into (4.1) and (4.2), and using (4.8) to calculate the
Jacobian, we obtain that

∆2
rψ1 = −Jr [Sψc, S∆rψc] = −S2 [2 log r + (1 + 2c)]

sin(2θ)

r2
, for r > 1 , (4.12)

ψ1 = 0 , lψ1rr −
(

l

r
+ 1

)

ψ1 = 0 , on r = 1 . (4.13)

Imposing that ψ1 = O
[

(r log r)2
]

as r → ∞, the solution to (4.12) has the form

ψ1 = S2

[

1

16
(r log r)2 +

(

1

32
+
c

8

)

r2 log r

]

sin(2θ) +

(

d1r
2 + d2 +

d3
r2

)

sin(2θ) , (4.14)

for arbitrary constants d1, d2, and d3.
Upon satisfying the boundary conditions in (4.13), we obtain after a lengthy, but straightforward,

calculation that the solution to (4.12)–(4.13) in terms of one free parameter d1 is

ψ1 =
S2

32

[

2 (r log r)2 +

(

2l − 1

2l + 1

)

r2 log r +
γ0
2

(

1− 1

r2

)]

sin(2θ)

+d1

(

r2 −
(

2 + 4l

1 + 4l

)

+
1

r2(1 + 4l)

)

sin(2θ) , (4.15)

where γ0 is defined in terms of l by

γ0 =
12l2 + 1

(1 + 2l)(1 + 4l)
. (4.16)

The two-term Stokes expansion is ψ = Sψc + εψ1 + · · ·. From (4.8) and (4.15)–(4.16), we obtain that
the far-field behaviour for r ≫ 1 of the Stokes expansion is

ψ ∼ [Sr log r + Scr + o(1)] sin θ

+ε

[

S2

32

(

2(r log r)2 +

(

2l − 1

2l + 1

)

r2 log r

)

+ d1r
2 +O(1)

]

sin(2θ) + · · · . (4.17)

In contrast, the near-field behaviour as ρ→ 0 of the outer hybrid solution ψ ∼ ε−1ΨH is determined from
(2.26). Upon writing this result in terms of r = ε−1ρ we conclude that (4.17) must asymptotically match
with

ψ ∼ [Sr log r + r (S log ε+R)] sin θ +
εS2r2

16

(

log2 r + 2 log r log ε+ log2 ε
)

+
ε

8

(

SR+
S2

4

)

(

r2 log ε+ r2 log r
)

sin(2θ) + εr2C2 sin(2θ) . (4.18)

The r sin θ terms in (4.17) and (4.18) match when Sc = S log ε+R, which yields (4.9). It is readily seen
that the O((r log r)2) terms in (4.17) and (4.18) match identically. In addition, the O(r2 log r) terms also
match identically, since with R = Sc− S log ε, the matching condition for these terms, given by,

S2

8
log ε+

1

8

(

SR+
S2

4

)

=
S2

32

(

2l − 1

2l + 1

)

, (4.19)

reduces to 1 + 4c = (2l − 1)/(2l + 1). This yields c = −1/(2 + 4l) in agreement with (4.8).
Finally, upon matching the O(r2) terms in (4.17) and (4.18), we determine d1 in terms of C2 as

d1 =
S2

16
(log ε)2 +

1

8

(

SR+
S2

4

)

log ε+ C2 . (4.20)
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Figure 4. Plot of the asymmetry parameter λ versus ε for l = 0 (solid curve) and l → ∞ (dashed curve). (a) Computed from
the hybrid formulation (4.25) and (4.26). (b) The two-term approximation (4.29) for l = 0 (solid curve) and l → ∞ (dashed
curve).

With R = Sc− S log ε and log ε = c− 1/ν, (4.20) can be reduced to

d1 =
S2

16

(

c− 1

ν

)(

c+
1

2
+

1

ν

)

+ C2 , c =
−1

2 + 4l
ν = − 1

log (εe−c)
. (4.21)

Recall that C2 = C2(S), as computed numerically from the hybrid outer problem (2.19)–(2.22), is plotted
in Fig. 1(b). With d1 specified in terms of C2 = C2(S) from (4.21), the determination of the inner solution
ψ1 in (4.15)–(4.16) is complete. We then write the two-term inner expansion as

ψ ∼ ψ̂0 sin θ + εψ̂1 sin(2θ) ∼
(

ψ̂0 + 2εψ̂1 cos θ
)

sin θ , (4.22)

where ψ̂0 = ψ̂0(r) and ψ̂1 = ψ̂1(r) can be identified from (4.8) and (4.15)–(4.16).
Equation (4.22) determines the weak upstream/downstream asymmetry in the flow field near the

nanocylinder of circular cross-section. The streamline ψ = 0 consists of the circle r = 1, the rays θ = 0 and
θ = π, and the boundary of an eddy if there is one. From (4.22), the equation of this boundary is

sec θ = −2ε
ψ̂1

ψ̂0

. (4.23)

As ε increases, the eddy will first appear at the smallest ε for which the right-hand side of (4.23) attains
the value 1 at r = 1. As such, we define the asymmetry parameter λ(ε) by

λ(ε) = −2ε lim
r→1

ψ̂1

ψ̂0

. (4.24)

Extrapolating our ε ≪ 1 theory to finite ε, we predict that an eddy forms when λ(ε) crosses above 1.

Upon using L’Hopital’s rule we get λ(ε) = −2εψ̂′

1(1)/ψ̂
′

0(1) when l > 0. Finally, upon using (4.8) and
(4.15)–(4.16) to calculate this ratio, we obtain after a lengthy, but straightforward, calculation that

λ(ε) = − ε

1 + 4l

[

S

16
(10l − 1) +

8d1
S

(1 + 2l)

]

, (4.25)

where d1 is given in terms of C2 by (4.21).
In the special case of a no-slip boundary where l = 0, then c = −1/2 and (4.25) reduces to the result

λ(ε) =
εS

2ν2

(

1 +
ν

2
+
ν2

8
− 16ν2C2

S2

)

, (4.26)
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Figure 5. The critical value εc of the Reynolds number ε versus the sliplength l for which an eddy first forms near the cylinder.
This curve was obtained by enforcing λ [εc] = 1, where λ(ε) is the asymmetry parameter defined in (4.25).

which was derived in [Keller & Ward (1996)].
Next, we determine a two-term expansion in ν for λ(ε) for any l ≥ 0. We first obtain from (4.21) that

d1 ∼
S2

16

(

− 1

ν2
− 1

2ν
+O(1)

)

+ C2 , (4.27)

where the O(1) term depends on c, and hence the slip length. From (4.25), we obtain that

λ(ε) ∼ εS(1 + 2l)

2ν2(1 + 4l)

[

1 +
ν

2
+O(ν2)− 16C2ν2

S2

]

. (4.28)

Then, we use C2 ∼ S(a2 + 1/2)/8 from (2.27), and S ∼ ν(1 + a2ν) as obtained from (2.29) and (4.9). In
this way, (4.28) reduces to

λ(ε) ∼ ε(1 + 2l)

2ν(1 + 4l)

[

1− ν

(

a2 +
1

2

)

+O(ν2)

]

, (4.29)

where a2 is defined in (2.16).
Finally, for the case of no slip l = 0, it can readily be shown that (4.29) is asymptotically equivalent to

the result

λ ∼ ε

2δ

[

1− δ

2
+O(δ2)

]

, δ ≡ − 1
[

a2 + log
(

εe1/2
)] , (4.30)

as derived in [Skinner (1975)].
In summary, to calculate λ(ε) we first determine S = S(ν) from the transcendental relation (4.9). Then,

with C2(S) computed numerically from the local behaviour of ΨH in (2.26), we calculate C2 (S(ν)), which
yields d1 from (4.21). This determines λ(ε) from (4.25) when l > 0, and from (4.26) when l = 0. In Fig. 4(a)
we plot λ(ε) in (4.25) and (4.26) versus ε for the case l = 0 of a no-slip boundary and for the case l = ∞
corresponding to complete slip. In Fig. 4(b) we plot the corresponding two-term approximations for λ(ε),
as given in (4.29), for l = 0 and l = ∞. We conclude that the two-term approximations for λ(ε) are rather
inaccurate at finite ε, and since λ < 1 they do not predict the formation of an eddy. However, from the
results in Fig. 4(a) that are accurate to all logarithmic terms, we conclude that λ = 1 when ε = εc ≈ 1.2
and l = 0. This corresponds to the smallest Reynolds number ε for which an eddy first forms with no
boundary slip. In Table 1 of [Sen et al. (2009)] the existing literature regarding the onset of separation
(i.e., the generation of standing eddy) for low Re number flow past a circular cylinder is summarized.
Separation occurs at about Re = 2.5 when the Re number is based upon the radius of the cylinder. From
comparing the two curves in Fig. 4(a), we predict that the critical value of the Reynolds number ε for which
an eddy first forms increases as the sliplength l increases. An eddy forms when the fluid lacks sufficient
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Figure 6. Contour plots of the stream function computed from (4.22) with ε = 1.5. The plot shows the flow asymmetry. (a)
l = 0 (no slip). (b) l = ∞ (complete slip).

momentum to overcome the adverse pressure gradient at the rear of the cylinder. In the presence of slip,
the drag force is smaller and consequently the momentum reduction is smaller in the region of adverse
pressure gradient. This delays the separation of the boundary layer or the formation of any eddy. In Fig. 5
we plot the critical value εc of ε versus l at which an eddy first forms, as obtained from solving λ [εc] = 1
by Newton’s method. Indeed this critical value increases as l increases.

In Fig. 6(a) and Fig. 6(b) we show a contour plot of the two-term expansion (4.22) at the finite value
ε = 1.5 for l = 0 and l = ∞, respectively. This two-term expansion contains the transcendentally small effect
of upstream/downstream asymmetry in the flow field in the Stokes region for ε≪ 1. At ε = 1.5, Fig. 6(a)
shows the existence of an eddy for the no-slip case. At this value of ε, Fig. 6(b) shows that there is no
eddy for the complete slip case l = ∞. Finally, we remark that although the correction term ψ1 determines
upstream/downstream asymmetry of the flow field, it does not contribute to further transcendentally small
correction terms to the drag coefficient (cf. [Skinner (1975)], [Keller & Ward (1996)]).

5. Flow Past a Porous Circular Cylinder

Next, we study steady and incompressible low Reynolds number flow of a Newtonian fluid around a porous
cylinder of circular cross-section with cross-sectional radius L. At large distances from the body the speed
of the flow is U∞ in the x direction. We solve the Navier Stokes equation outside the cylinder and the
Brinkman equation inside the cylinder (i.e. in the porous region). The Brinkman equation is a governing
equation for flow through a porous medium in which a viscous term is added to the classical Darcy equation.
On the surface of the cylinder, we assume the continuity of velocity and stress.

We adopt a polar coordinate system located at the centre of the cylinder, similar to §4. In terms of dimen-
sionless variables, the governing system in terms of the Stokes (inner) variable r is (cf. [Kohr et al. (2009)])

∆2
rψ

e + εJr [ψ
e,∆rψ

e] = 0 , for r > 1 , (5.1)

∆r

(

∆r − χ2
)

ψi = 0 , for 0 ≤ r < 1 , (5.2)

ψe = ψi ,
∂ψe

∂r
=

∂ψi

∂r
, on r = 1 , (5.3)

∂2ψe

∂r2
=

∂2ψi

∂r2
, on r = 1 , (5.4)

∂3ψe

∂r3
− ∂3ψi

∂r3
= −χ2∂ψ

i

∂r
, on r = 1 , (5.5)

ψe ∼ r sin θ , as r → ∞ . (5.6)

The derivation of this system is given in Appendix B.
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Here we have chosen superscripts i and e, which denote internal flow (where r < 1) and external flow
(where r > 1), respectively. Equation (5.2) is the non-dimensional Brinkman equation in terms of the
stream function ψ defined inside the porous cylinder. The condition (5.3) specifies the continuity of the
normal and tangential velocity components on the boundary of cylinder. The continuity of the tangential
and normal stress are specified by (5.4) and (5.5). The two dimensionless parameters in this system are
the Reynolds number ε ≡ U∞Lρf/µ and the Darcy number Da, with the latter defined by

Da = 1/χ2 , χ ≡ L/
√
k . (5.7)

Here k is the permeability of the porous cylinder and L is the radius of the cylinder cross-section.
To determine the drag coefficient for this problem accurate to all orders in −1/ log ε we proceed as in

§4. In the outer region, we write ψ = ε−1ΨH , where ΨH satisfies (2.19)–(2.22). Therefore, the matching
condition for the far-field behaviour of the inner solution to (5.1)–(5.6) is that

ψ ∼ [Sr log r + Sr log ε+Rr] sin θ , (5.8)

where R = R(S) is determined from the hybrid outer problem (2.19)–(2.22) (cf. Fig. 1(a)).
Therefore, in the inner region we write ψ = Sψc + O(ε), where ψc ∼ r log r sin θ as r → ∞. From

(5.1)–(5.6), ψc satisfies

∆2
rψ

e
c = 0 , for r > 1 , (5.9)

∆r

(

∆r − χ2
)

ψi
c = 0 , for 0 ≤ r < 1 , (5.10)

ψe
c = ψi

c ,
∂ψe

c

∂r
=

∂ψi
c

∂r
, on r = 1 , (5.11)

∂2ψe
c

∂r2
=

∂2ψi
c

∂r2
, on r = 1 , (5.12)

∂3ψe
c

∂r3
− ∂3ψi

c

∂r3
= −χ2∂ψ

i
c

∂r
, on r = 1 , (5.13)

with ψe
c ∼ r log r sin θ as r → ∞.

The solution to this problem has the form

ψc =

{

(r log r + cr + b/r) sin θ , r > 1 ,
(e1r + e2I1(χr)) sin θ , 0 ≤ r < 1 ,

(5.14)

where I1(z) is the modified Bessel function of the first kind of order one. The conditions (5.11)-(5.13) yield
the four equations for c, b, e1, and e2, given by

c+ b = e1 + e2I1(χ) , 1 + c− b = e1 + e2χI
′

1(χ) , (5.15)

1 + 2b = e2χ
2I ′′1 (χ) , −1− 6b− e2χ

3I ′′′1 (χ) = −χ2
(

e1 + e2χI
′

1(χ)
)

. (5.16)

We solve (5.15) for c and b in terms of e1 and e2. Upon using the identities that χI ′1(χ) = χI0(χ)− I1(χ)
and I2(χ) = I0(χ)− 2I1(χ)/χ, we obtain that

c =
1

2
[2e1 − 1 + e2χI0(χ)] , b =

1

2
[1 + e2 (2I1(χ)− χI0(χ))] . (5.17)

Upon substituting b from (5.17) into the first of (5.16), we get e2
[

χ2I ′′1 + χI0 − 2I1
]

= 2. Then, since
χ2I ′′1 = −χI ′1 + (χ2 + 1)I1 and χI ′1 + I1 = χI0, we conclude that

e2 = 2/
[

χ2I1(χ)
]

. (5.18)

To determine e1, we substitute (5.18) and b from (5.17) into the second equation of (5.16). This yields

χ2e1 = −2 +
2

I1(χ)

[

χI ′′′1 + 3I ′′1 − χI ′1
]

. (5.19)

low_hybrid_jem_final.tex; 4/03/2014; 12:13; p.18



Hybrid Asymptotic Numerical Methods for Low Reynolds Number Flows 19

0.4 0.8 1.2 1.6 2
0

5

10

15

20

C
D

ε

Da = 0

Da = 0.1
Da = 0.3

Figure 7. Drag coefficient CD versus Reynolds number ε for a circular porous cylinder, as obtained from (5.22) and (5.23).
The solid lines are the hybrid results for Da = 0, Da = 0.1 and Da = 0.3. ◦ shows the experimental result of [Tritton (1959)]
for an impermeable cylinder of circular cross-section with no slip.

After using standard identities to express the derivatives of I1 in terms of I1 and I0, we obtain that

e1 = 2/χ2 . (5.20)

Finally, we substitute (5.18) and (5.20) into (5.17) to determine c and b as

c = −1

2
+

2

χ2
+

I0(χ)

χI1(χ)
, b =

1

2
+

2

χ2
− I0(χ)

χI1(χ)
. (5.21)

With c, b, e1, and e2 determined from (5.18), (5.20), and (5.21), the inner solution ψc is known from (5.14).
The matching condition between the far-field as r → ∞ of ψc and (5.8) is that the r sin θ terms in (5.8)

and in the expression (5.14) for r > 1 must agree. This yields that S = S(ν) satisfies the transcendental
relation

S

R(S)
= ν ≡ − 1

log [εe−c]
, c = −1

2
+

2

χ2
+

I0(χ)

χI1(χ)
. (5.22)

In terms of S = S(ν), the drag coefficient accurate to all powers of ν is given by

CD ∼ 4πε−1S(ν) = 4πε−1νR [S(ν)] . (5.23)

Therefore, the results (4.9) and (4.10) obtained in §4 for the nanocylinder with slip still apply provided
that we simply re-define c in (4.9) by the expression in (5.22).

In the limit χ → ∞, for which Da → 0, we use the large argument expansion of I0 and I1 in (5.22)
to get c = −1/2 + O(χ−1). Therefore, for a cylinder with very small permeability, the drag coefficient in
(5.23) reduces, as expected, to the drag coefficient in (4.10) with no slip (i.e. l = 0). In the limit χ → 0,
for which Da→ +∞, then c = 4/χ2 +O(1). Since c≫ 1 in this limit, it follows from (5.23) that the drag
coefficient for a very permeable cylinder is much lower than that for an impermeable cylinder.

In Fig. 7 we plot CD versus ε, as obtained from (5.22) and (5.23), for different values of the Darcy
number Da. We observe that the drag coefficient decreases as the Darcy number increases (i.e. as the
permeability increases). The increase in the permeability results in less resistance to the fluid flow around
the cylinder and, consequently, leads to a reduction in the drag force.

5.1. A Transcendentally Small Term

We now show how to calculate a transcendentally small term in the Stokes region. In the Stokes region,
we expand the solution as

ψ = Sψc + εψ1 + · · · , (5.24)
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where ψc is given by (5.14). Upon substituting (5.24) and (5.14) into (5.1)–(5.6), and calculating the
Jacobian, we obtain that

∆2
rψ

e
1 = −Jr [Scψe

c , Sc∆rψ
e
c ] = −S2 [2 log r + (1 + 2c)]

sin(2θ)

r2
, for r > 1 , (5.25)

∆r

(

∆r − χ2
)

ψi
1 = 0 , for 0 ≤ r < 1 , (5.26)

subject to the continuity conditions (5.3)–(5.5), and the far-field behavior ψe
1 = O

[

(r log r)2
]

sin(2θ) as
r → ∞. For r > 1, we note that the problem (5.25) for ψe

1 is the same as for the corresponding nanocylinder
problem (4.12), except that c is now given as in (5.22).

The solution for ψ1 is given in terms of the five constants d1, d2, d3, f1, and f2, by

ψ1 =

{

S2
[

1
16 (r log r)

2 +
(

1
32 + c

8

)

r2 log r
]

sin(2θ) +
(

d1r
2 + d2 +

d3
r2

)

sin(2θ) , r > 1 ,
(

f1r
2 + f2I2(χr)

)

sin(2θ) , 0 < r < 1 ,
(5.27)

where I2(z) is the modified Bessel function of the first kind of order two. As similar to the analysis in
§4.1, the far-field behavior as r → ∞ of Sψc + εψ1 must match with (4.18). It readily follows that the
r2 log2 r sin(2θ) and r2 log r sin(2θ) terms in this matching condition agree automatically when S satisfies
(5.22). In contrast, the r2 sin(2θ) terms agree when

d1 =
S2

16

(

c− 1

ν

)(

c+
1

2
+

1

ν

)

+ C2 , ν = − 1

log (εe−c)
, (5.28)

where c is given in (5.22), and C2(S) is to be computed from the hybrid problem (2.19)–(2.22) (cf. Fig. 1(b)).
To determine the remaining constants d2, d3, f1, and f2, in (5.27) in terms of the now known d1, we

simply impose the four continuity conditions in (5.3)–(5.5) for ψ1. This yields the four equations

d1 + d2 + d3 = f1 + f2I2(χ) , (5.29)

2d1 − 2d3 +
S2

32
(1 + 4c) = 2f1 + f2χI

′

2(χ) , (5.30)

2d1 + 6d3 +
3S2

32
(1 + 4c) = 2f1 + f2χ

2I ′′2 (χ) , (5.31)

S2

(

5

16
+
c

4

)

− 24d3 − f2χ
3I ′′′2 (χ) = −χ2

(

2f1 + f2χI
′

2(χ)
)

. (5.32)

From (5.29) and (5.30) we can isolate d2 and d3 in terms of f1 and f2. In this way, and by using the identity
2I2 + χI ′2 = χI1, we obtain that

d2 = −2d1 −
S2

64
(1 + 4c) + 2f1 +

f2χI1(χ)

2
, (5.33)

d3 = d1 +
S2

64
(1 + 4c)− f1 − f2

(

χI1(χ)

2
− I2(χ)

)

, (5.34)

where d1 is given in (5.28).
Finally, upon substituting (5.33) and (5.34) into (5.31) and (5.32), we can determine f1 and f2 in terms

of d1 given in (5.28). After a lengthy, but straightforward, calculation, we conclude

f1 = β

[

−I0(χ)
(

S2

32
+
cS2

16

)

− I2(χ)

(

d1 +
3S2

128
+

3cS2

32

)]

, (5.35)

f2 = β

[

d1 +
S2

4

(

3

32
+

1

χ2

)

+
cS2

2

(

3

16
+

1

χ2

)]

, (5.36)
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Figure 8. Contour plots of the stream function computed from the two term expansion obtained from (5.24), (5.14) and (5.27))
with ε = 1.5. The circular boundary of the porous cylinder is shown. The plot shows only a rather mild flow-field asymmetry
in the Stokes region. (a) Da = 0.1 (b) Da = 0.3.

where β is defined by

β ≡
(

I2(χ) +
χ2I0(χ)

8

)−1

, (5.37)

and c is defined in (5.21). Then, d2 and d3 can be calculated from (5.33) and (5.34). This completes the
determination of ψ1 in (5.27).

For ε = 0.15, in Fig. 8(a) and Fig. 8(b) we show a contour plot of the two-term expansion (5.24) for the
streamfunction when Da = 0.1 and Da = 0.3, respectively. As Da increases, corresponding to an increase
in the permeability of the cylinder, more fluid flows through the porous cylinder. The volume rate of flow
in the porous cylinder can be obtained by subtracting the values of the streamfunction surrounding the
cylinder. In contrast to the case of an impermeable cylinder with and without slip at the same Reynolds
number of ε = 1.5 shown in Fig. 6, we observe only a relatively weak upstream/downstream asymmetry in
the flow field for the porous cylinder when either Da = 0.1 or Da = 0.3.

6. Flow Past Two Identical Circular Cylinders

In this section we study steady incompressible low Reynolds number flow past two parallel identical
cylinders. The cross-section of each cylinder is assumed to be a circle of radius L, centered on the x-
axis, with a center-to-center separation distance of dL with d ≥ 2. We assume a no-slip condition on the
boundary of the two cylinders. In the far-field, the flow is assumed to be uniform in the x direction with
speed U∞. We non-dimensionalize lengths by L and the flow velocity by U∞ to obtain the Reynolds number
ε = U∞Lρf/µ, where ρf is the density and µ the dynamic viscosity.

In terms of the Stokes variable y, with r = |y|, the streamfunction ψ satisfies

∆2ψ = −ε J [ψ,∆ψ] , for y /∈ D , (6.1)

∂sψ = ∂nψ = 0 , y ∈ ∂D , (6.2)

ψ ∼ r sin θ , as r → ∞ . (6.3)

Here J [a, b] ≡ ay1by2 − ay2by1 , where y = (y1, y2)
t = r(cos θ, sin θ). In addition, D is the union of the

cross-sections of the two cylinders

D = D0 ∪D1 , D0 = {y | |y − d

2
e1| ≤ 1} D1 = {y | |y +

d

2
e1| ≤ 1} , (6.4)

where e1 = (1, 0)t. In (6.2), ∂sψc denotes the tangential derivative to ∂D. In this symmetric case, where
the cylinders have a common cross-sectional radius, we can replace ∂sψc = 0 on ∂D with the condition
ψc = 0 on ∂D.
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Figure 9. Plot of the parameter q versus the separation d between the centers of the circular cross-sections of the two cylinders.
The solid line is the infinite series result (6.12), while the dashed line is its large d approximation (6.18).

With this parallel arrangement of the two cylinders with respect to the free stream, the flow field is
symmetric in y2. As such, our asymptotic analysis of (6.1)–(6.4) proceeds as in §2. In the outer Oseen
region, the two cylinders are effectively replaced by a singularity at the origin. More specifically, we let
ψ = ε−1ΨH and introduce the Oseen variable x defined by x = εy. We obtain that ΨH satisfies the
parameter-dependent hybrid problem (2.19)–(2.22). This leads to the following matching condition for the
far-field behavior of the Stokes solution: ψ

ψ ∼ [Sr log r + (S log ε+R) r] sin θ . (6.5)

Here r = |y| is the Stokes variable and R = R(S) is computed from the hybrid outer problem (2.19)–(2.22)
(cf. Fig. 1(a)).

In order to match the Stokes solution to (6.5), we write ψ = Sψc, where ψc satisfies the Stokes problem

∆2ψc = 0 , y /∈ D , (6.6)

ψc = ∂nψc = 0 , y ∈ ∂D , (6.7)

ψc ∼ r log r sin θ , as r → ∞ . (6.8)

In terms of the unique solution to this problem, we must calculate a constant q, depending on the
distance d between the centers of the cross-sections of the cylinders, for which

ψc − r log r sin θ → −qr sin θ + o(1) , as r → ∞ . (6.9)

Then, by comparing (6.9) with the matching condition (6.5), and recalling that ψ = Sψc, we obtain in
terms of q that S = S(ν) satisfies the transcendental equation

S

R(S)
= ν ≡ −1

log [εeq]
. (6.10)

In terms of S = S(ν), the drag coefficient accurate to all powers of ν is

CD ∼ 4πε−1S(ν) . (6.11)

In [Umemura (1982)] an exact solution to (6.6)–(6.9) was obtained by first transforming the region using
bipolar coordinates. From this solution the parameter q can be identified as

q =
log 2

2
+

1

2
log

(

d2

4
− 1

)

+
1

2

∞
∑

m=1

(am + bm)m, (6.12)
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Figure 10. Drag coefficient CD versus Reynolds number ε for two parallel identical circular cylinders for several values of the
dimensionless distance d > 2 between the centers of the cylinders. The drag coefficient is computed from the hybrid formulation
(6.10), (6.11) and (6.12)–(6.16).

where the coefficients am and bm for m ≥ 1 are defined by

am =
1

m+ 1

[−(m+ 1) +me−2α + e−2mα

m sinh(2α) + sinh(2mα)

]

, m ≥ 2 , (6.13)

bm =
1

m− 1

[−(m− 1) +me2α − e−2mα

m sinh(2α) + sinh(2mα)

]

, m ≥ 2 , (6.14)

a1 =
−1

1 + e2α
, b1 = log 2− α− 1

2
e−2α +

cosh(2α)

1 + e2α
. (6.15)

Here α is related to d by

α = log

(

d

2
+

√

d2

4
− 1

)

, d ≥ 2 . (6.16)

For d≫ 1, we readily derive from (6.12) that

q ∼ 1

2
log 2 +

1

2
log

(

d2

4

)

+
b1
2
, (6.17)

where b1 ∼ − log d+ log 2 + 1/2. This yields that

q ∼ 1

2
log d+

1

4
, for d≫ 1 . (6.18)

In Fig. 9 we plot q versus d from (6.12) and compare it with the large d approximation (6.18). In Appendix
C we outline the derivation of (6.12)–(6.16) from the formulation in [Umemura (1982)].

In Fig. 10 we plot the drag coefficient CD, as obtained from (6.10), (6.11) and (6.12)–(6.16) for several
values of the inter-separation distance d > 2.

7. Discussion

In this paper we have studied a few steady-state low Reynolds number flow problems in two dimensions
with the goal of determining drag coefficients that are accurate to all orders in powers of −1/ log ε. In
addition, we have shown how to calculate transcendentally small terms of order O(ε) in the Stokes region
near the body, which predict the upstream/downstream asymmetry of the flow field near the body.

The analysis has revealed the central role of the solution ΨH of the hybrid problem (2.19)–(2.22) and
its local behaviour (2.26), as given in Lemma 1, in terms of two functions R(S) and C2(S), which must be
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computed numerically. Given that the hybrid problem is posed on ρ > 0, and has no length-scale, it is an
interesting open problem to investigate whether the class of exact solutions to the two-dimensional Navier
Stokes equations found using complex variable methods in [Ranger (1995)] can be used to determine these
two functions R(S) and C2(S) analytically.

Secondly, if one can prove using rigorous PDE methods that R(S) is analytic in some neighbourhood of
S = 0 then, since R(0) = 1 6= 0, the function G(S) ≡ S/R(S) must be analytic in some neighbourhood of
S = 0, and hence have a convergent power series (Taylor series) expansion near S = 0. Then, by a reversion
of series, it follows that S = S(ν), as obtained from the transcendental relation G(S) = ν of either (2.24),
(4.9), or (5.22), and consequently the associated drag coefficient, must have a convergent power series
expansion for ν sufficiently small. This shows that, under an analyticity assumption on R(S) for |S| ≪ 1,
a term-by-term expansion of the drag coefficient in powers of −1/ log ε must generate a convergent, and
not simply asymptotic, power series for −1/ log ε sufficiently small.

Another open issue is to compare our asymptotic theory with full numerical simulations of the underlying
PDE system to determine the accuracy of our prediction of critical values of the Reynolds number for the
initial formation of an Eddy near the surface of the nanoparticle of §4. The critical values εc of the
Reynolds number as a function of the sliplength were found to be O(1), and hence outside the range of
validity of our small ε theory. However, we remark that for a no-slip boundary condition, it was shown in
[Kropinski et al. (1995)] that the asymptotic drag coefficient as predicted by the hybrid theory compares
very favorably with that from full numerical simulations up to ε ≈ 2. It would be interesting to perform
detailed full numerical computations to determine whether our asymptotic theory can quantitatively predict
flow field asymmetry near the body at such O(1) values of ε.

Next, we discuss how our theoretical framework for treating infinite logarithmic expansions in low
Reynolds number flow problems for flow past a cylinder of circular cross-section can be extended to flow
past a cylinder of arbitrary cross-section. To treat such problems, where there is no symmetry with respect
to the free stream, instead of (2.19)–(2.22) we must solve the following parameter-dependent outer hybrid
problem where S = (S1, S2)

t:

∆2
ρΨH = −Jρ [ΨH ,∆ρΨH ] , ρ > 0 , (7.1)

ΨH ∼ ρ sin θ , as ρ→ ∞ , (7.2)

ΨH ∼ S · x log ρ , as ρ = |x| → 0 , (7.3)

where ρ = |x| and x = ρ(cos θ, sin θ)t. In terms of this solution we must numerically compute R(S) ≡
(R1(S1, S2), R2(S1, S2))

t, defined from the limiting behavior

ΨH − S · x log ρ = R (S) · x , as ρ→ 0 . (7.4)

In terms of the inner Stokes variable y = x/ε, where r = |y|, (7.4) yields the following matching condition
for the far-field behavior of the Stokes solution:

ΨH ∼ ε [S log |y|+R+ S log ε] · y . (7.5)

For concreteness, suppose that there is an impermeable cylinder of arbitrary cross-section with no slip
on its boundary. Then, in the Stokes region, we write ψ = εS · ψc, where ψc is the vector solution of

∆2ψc = 0 y 6∈ D0 , (7.6)

ψc =
∂ψc

∂n
= 0 , y ∈ ∂D0 , (7.7)

ψc ∼ y log |y| , as |y| → ∞ . (7.8)

where D0 is the cross-section of the cylinder written in terms of the Stokes variable. In terms of this
solution, we must numerically compute a 2× 2 matrix M , which depends on the shape of the body, and is
defined by the far-field condition

ψc − y log |y| → −My + o(1) , |y| → ∞ . (7.9)
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In this way, the far-field behavior of the Stokes solution is

ψ ∼ ε [S · y log |y| − S ·My] . (7.10)

The matching condition is that (7.10) must agree with (7.5), which yields that S = (S1, S2)
t must satisfy

the coupled nonlinear algebraic system

R(S) + S log ε = −M tS , (7.11)

where t denotes transpose.
We emphasize that R(S) = (R1(S1, S2), R2(S1, S2)) is independent of the shape of the body and can be

pre-computed from a numerical solution of the outer hybrid problem (7.1)–(7.4). In contrast, the matrixM
depends on the shape of the body and must be computed from the linear Stokes problem (7.6)–(7.8). For
certain cross-sectional shapes, such as an ellipse,M can be determined analytically. For more general shapes
M can be computed numerically from an application of fast multipole methods to a boundary integral
formulation (see §5.1 of [Titcombe et al. (2000)] and [Greengard et al. (1996)]). This approach was used in
[Titcombe et al. (2000)] to determine lift and drag coefficients, accurate to all powers of −1/ log ε, for flow
past a cylinder of arbitrary cross-section.

The extension of the theory in §4–§6 to determine the drag and lift coefficients for flow past a cylinder
of arbitrary cross-section is in principle straightforward. We again have that the far-field behavior of the
Stokes solution has the form (7.9), and so the nonlinear algebraic system (7.11) for S still applies. However,
for the nanocylinder problem, M depends on the body shape and on the sliplength l, while for the porous
cylinder problem M depends on the body shape and the Darcy number Da. The development of efficient
numerical algorithms to compute R(S) and M are beyond the scope of this paper. However, when these
two quantities are available, the numerical solution S to (7.11) will provide drag and lift coefficients for
flow that are accurate to all powers of −1/ log ε.
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Appendix

A. The Drag Coefficient

[Imai (1951)] gives an expression for the drag force in terms of an arbitrary closed circular contour of radius
r0 surrounding the circular cross-section of the cylinder. Converting this expression to polar coordinates,
and defining the Reynolds number as ε ≡ Re ≡ U∞Lρf/µ, we can express the drag coefficient, CD, as

CD =
r0
2

∫ 2π

0

[

cos θ

(

∂ψ

∂r

)2

− cos θ

r2

(

∂ψ

∂θ

)2

− 2 sin θ

r

∂ψ

∂r

∂ψ

∂θ

] ∣

∣

∣

∣

∣

r=r0

dθ

− r0

∫ 2π

0
(sin θ)ω

∂ψ

∂θ

∣

∣

∣

r=r0
dθ +

r20
ε

∫ 2π

0
(sin θ)

∂ω

∂r

∣

∣

∣

r=r0
dθ − r0

ε

∫ 2π

0
(sin θ)ω|r=r0 dθ . (A.1)

Here ψ satisfies (2.1)–(2.3) and the vorticity ω is ω = −∆ψ.
To evaluate the integrals in this expression for CD when ε→ 0, we use the far-field behavior

ψ ∼ S

(

r log r − r

2
+

1

2r

)

sin θ , (A.2)
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valid for r → ∞, of the Stokes solution. By symmetry, only the last two integrals in the expression for CD

are non-zero, and consequently

CD ∼ r20
ε

∫ 2π

0
(sin θ)

∂ω

∂r

∣

∣

∣

r=r0
dθ − r0

ε

∫ 2π

0
(sin θ)ω|r=r0 dθ . (A.3)

Since ω = −2Sr−1 sin θ, (A.3) becomes CD ∼ 4πε−1S, as given in (2.25).

Appendix

B. The Streamfunction for Flow Past a Porous Cylinder

In this appendix we derive (5.1)–(5.6) for the streamfunction for flow past a porous cylinder. Inside the
cylinder, we assume that the flow is governed by the Brinkman equation

∇P i = −µ
k
vi + µ̂∆vi . (B.1)

Here k is the permeability of the porous cylinder, µ is the dynamic viscosity of the fluid, µ̂ is the effective
viscosity of the porous medium, P i is the pressure, and vi = (vi

r,v
i

θ) is the fluid velocity in the porous
medium. The components of the fluid velocity in terms of streamfunction can be written as vi = (vi

r,v
i

θ) =
(∂ψi/(r∂θ),−∂ψi/∂r).

In general, the effective viscosity µ̂ is not expected to be the same as the viscosity of the fluid µ.
[Kim & Russel (1985)] obtained the dependency of the effective viscosity and permeability on the solid
volume fraction in a porous media by a renormalization of the Stokes equation. They showed that the
Brinkman equation is valid in the limit of dilute porous media. In this limit, the effective viscosity µ̂ can
be well approximated by the fluid viscosity µ. Hence, in our derivation below, we assume that µ̂ = µ.

We adopt the following scalings for the equation (B.1)

P̄ i =
P i

µU∞/L
, v̄i =

vi

U∞

, r̄ =
r

L
.

Upon dropping the overbar, we write

∇P i = −χ2vi +∆vi . (B.2)

Note that in the case where µ̂ 6= µ, the equation above can be replaced by 1/m∇P i = −(χ2/m)vi+∆vi,
where m = µ̂/µ. Therefore, the scaling, governing equations and boundary conditions will not change. In
(B.2), the pressure can be eliminated by taking the curl of the Brinkman equation. Then, we obtain (5.2)
upon substituting the velocity components in terms of the streamfunction. Outside the porous cylinder, the
flow is governed by (5.1). Modelling the porous medium by the Brinkman equation rather than Darcy’s law
allows us to satisfy the the continuity of velocity and stresses at the interface between the fluid region and
porous cylinder. The validity of the interfacial boundary conditions is discussed in [Vafai & Kim (1995)].
We may write the boundary conditions at the interface as follows:

Continuity of velocity components:

vir = ver ⇒ ∂ψi

∂θ
=
∂ψe

∂θ
⇒ ψi = ψe , on r = 1 .

viθ = veθ ⇒ ∂ψi

∂r
=
∂ψe

∂r
, on r = 1 .
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Continuity of the traction:

normal stress balance: [[n.T.n]] = 0, across r = 1 .

tangential stress balance: [[n.T.t]] = 0, across r = 1 .

Where [[A]] = [A]i − [A]e denotes the jump in A across the surface of the porous cylinder. Here T is
the traction tensor, n = er and t = eθ are the unit normal and tangential vectors to the surface of porous
cylinder, respectively. We may write the traction tensor as follows:

T =

[

τrr − P τrθ
τrθ τθθ − P

]

=

[

2∂vr/∂r − P r−1∂vr/∂θ + r∂/∂r(vθ/r)
r−1∂vr/∂θ + r∂/∂r(vθ/r) 2r−1∂vθ/∂θ + 2vr/r − P

]

.

Upon writing the tangential and normal stress balance in terms of the streamfunction, we apply the
continuity of velocity across the interface r = 1 to obtain

[[τrθ]] = 0 ⇒ [[− 1

r2
∂2ψ

∂θ2
− 1

r

∂ψ

∂r
+
∂2ψ

∂r2
]] = 0 ⇒ [[∂2ψ/∂r2]] = 0

[[τrr − P ]] = 0 ⇒ [[
2

r2
∂ψ

∂θ
− 2

r

∂2ψ

∂r∂θ
− P ]] = 0 ⇒ [[P ]] = 0 ⇒ [[

∂P

∂θ
]] = 0 .

Then, upon using the Brinkman and Navier-Stokes equations inside and outside the porous cylinder,
we obtain

−1

r

∂P i

∂θ
= −(∇2 − χ2)viθ = −1

r

∂

∂r

(

r
∂viθ
∂r

)

− 1

r2
∂2viθ
∂θ2

− 2

r2
∂vir
∂θ

+
viθ
r2

+ χ2viθ ,

and

−1

r

∂P e

∂θ
= −1

r

∂

∂r

(

r
∂veθ
∂r

)

− 1

r2
∂2veθ
∂θ2

− 2

r2
∂ver
∂θ

+
veθ
r2
.

Upon equating these two expressions, and then applying the continuity of velocity and tangential stress,
we obtain that

−1

r

∂

∂r

(

r
∂viθ
∂r

)

+ χ2viθ = −1

r

∂

∂r

(

r
∂veθ
∂r

)

⇒ ∂3ψe

∂r3
− ∂3ψi

∂r3
= −χ2∂ψ

i

∂r
, on r = 1 .

This completes the derivation of (5.1)–(5.6).

Appendix

C. The Solution to the Stokes Problem for Flow Past Two Cylinders

In this appendix we outline the derivation of (6.12)–(6.16) using the formulation of [Umemura (1982)]. Let
y = (y1, y2)

t = r(cos θ, sin θ), and introduce the bipolar coordinate system (ξ, η) defined by

y1 = r cos θ =
c sinh ξ

cosh ξ − cos η
, y2 = r sin θ =

c sin η

cosh ξ − cos η
. (C.1)

Then lines of constant ξ map to the circles (y1 − c coth ξ)2 + y22 = c2csch2ξ. Therefore, if we choose α and
c by

c cothα = d/2 , c cschα = 1 , (C.2)

so that

α = log

(

d

2
+

√

d2

4
− 1

)

, c =

√

d2

4
− 1 , (C.3)
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it follows that the region R
2\D in (6.6) maps 1-1 to the rectangle Ω ≡ {(ξ, η) | |ξ| ≤ α , −π < η ≤ π}, and

that (ξ, η) → 0 corresponds to r → ∞. For r → ∞, we readily obtain the following local behavior of the
mapping (C.1):

ξ2 + η2 ∼ 4c2

r2
, ξ ∼ 2c cos θ

r
, η ∼ 2c sin θ

r
. (C.4)

In terms of these bipolar coordinates, (6.6)–(6.9) is transformed to a problem for Φ(ξ, η) given by
(cf. [Jeffrey (1922)])

[∂ξξξξ + 2∂ξξηη + ∂ηηηη − 2∂ξξ + 2∂ηη + 1]Φ = 0 , (ξ, η) ∈ Ω , (C.5)

Φ = Φξ = 0 , on ξ = ±α ; Φ is 2π periodic in η , (C.6)

with Φ having an appropriate singularity behavior as (ξ, η) → 0. In particular, Φ → 0 but is not C1 as
(ξ, η) → 0. In terms of Φ, the solution ψc to (6.6)–(6.9) is

ψc(y1, y2) = Ψ [ξ(y1, y2), η(y1, y2)] , where Ψ(ξ, η) = fΦ(ξ, η) , f ≡ c

cosh ξ − cos η
. (C.7)

The appropriate singularity behavior of Φ as (ξ, η) → 0 must be such that, in terms of polar coordinates,
it yields Ψ ∼ r log r sin θ as r → ∞. Since f ∼ 2c/(ξ2 + η2) = O(r2) as (ξ, η) → 0, or equivalently as r → ∞,
from (C.7), we conclude that Ψ has the required far-field behavior provided that

Φ → 0 , as (ξ, η) → 0 with local behavior Φ ∼ −1

2
η log(ξ2 + η2) . (C.8)

To verify this claim, we calculate for (ξ, η) → 0 using (C.4) that

Ψ = fΦ ∼ 2c

ξ2 + η2

(

−η
2
log(ξ2 + η2)

)

∼ 2cr2

4c2

(

−1

2

2c sin θ

r
log

(

4c2

r2

))

∼ r log r sin θ , (C.9)

as r → ∞. Therefore, the problem (6.6)–(6.9) is transformed to the problem of finding a solution to
(C.5)–(C.6) satisfying the local behavior in (C.8) as (ξ, η) → 0.

Next, we construct an exact solution of (C.5) with the local behavior (C.8). To determine such a solution,

we recall in terms of polar coordinates that ∆2
[

r2

2 log r
]

= 0. Upon differentiating with respect to y2, we

obtain that ∆2[y2 log r + y2/2] = 0, so that ∆2[y2 log r] = 0. To convert this exact biharmonic solution
having the correct behavior at infinity to bipolar coordinates, we first calculate log r from (C.1) as

log r = log

(

c
(

sinh2 ξ + sin2 η
)1/2

cosh ξ − cos η

)

= −1

2
log (cosh ξ − cos η) +

1

2
log (cosh ξ + cos η) + log c . (C.10)

Then, upon calculating y2 log r from using (C.1) for y2, it follows that an exact solution to (C.5) with the
local behavior (C.8) is

Φ̃0 = −1

2
sin η log (cosh ξ − cos η) +

1

2
sin η log (cosh ξ + cos η) . (C.11)

We remark that the second term in (C.11) is regular as (ξ, η) → 0 but is not C1 at (ξ, η) = (0,±π).
Moreover, by expanding this term in a Fourier sine series in η to generate a separation of variables type
solution, it is readily verified that it satisfies (C.5). As such, an exact solution to (C.5), which has the local
behavior (C.8) as (ξ, η) → 0, but is otherwise smooth in Ω, is simply the first term in (C.11), which we
label by

Φ0 ≡ −1

2
sin η log (cosh ξ − cos η) . (C.12)
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We then must add to Φ0 a smooth solution Φs, constructed by using separation of variables applied to
(C.5), in order to satisfy the boundary conditions in (C.6) at ξ = ±α. Since Φ0 is even in ξ, we need only
choose Φs to be an even function of ξ with Φs = −Φ0 and ∂ξΦs = −∂ξΦ0 on ξ = α.

To expand Φ0 as a Fourier sine series in η, we first define z = e−ξ+iη and derive the identity

∞
∑

m=1

e−mξ

m
cos(mη) = Re

[

∞
∑

m=1

zm

m

]

= − log |1− z| = ξ

2
− log 2

2
− 1

2
log (cosh ξ − cos η) . (C.13)

From this identity, and by using trigonometric addition formulas, we obtain for ξ > 0 that Φ0 has the
Fourier sine series

Φ0 = −sin η

2

[

ξ − log 2− 2

∞
∑

m=1

e−mξ

m
cos(mη)

]

,

= −1

2

(

ξ − log 2 +
1

2
e−2ξ

)

sin(η) +
1

2

∞
∑

k=2

(

e−(k−1)ξ

k − 1
− e−(k+1)ξ

k + 1

)

sin(kη) . (C.14)

Then, since the Fourier sine series separation of variables solution Φs for (C.5), which is even in ξ, is a
linear combination of cosh[(k+1)ξ] sin(kη) and cosh[(k−1)ξ)] sin(kη) for k ≥ 1, it follows that the solution
Φ = Φ0 +Φs to (C.5)–(C.7) with (C.8) has the form

Φ = h1(ξ) sin(η) +
∞
∑

k=1

hk(ξ) sin(kη) , (C.15)

where

h1(ξ) ≡ −ξ
2
+

ln 2

2
− e−2ξ

4
− a1

2
cosh(2ξ)− b1

2
, (C.16)

hk(ξ) ≡ 1

2

(

e−(k−1)ξ

k − 1
− e−(k+1)ξ

k + 1

)

− ak
2

cosh[(k + 1)ξ]− bk
2
cosh[(k − 1)ξ] , k ≥ 2 . (C.17)

Upon setting hk = h′k = 0 at ξ = α for k ≥ 1, we obtain that ak and bk for k ≥ 1 satisfy the linear system

a1 cosh(2ξ) + b1 = −α+ ln 2− 1

2
e−2α , 2a1 sinh(2α) = −1 + e−2α , (C.18)

ak cosh [(k + 1)α] + bk cosh [(k − 1)α] =
e−(k−1)α

k − 1
− e−(k+1)α

k + 1
, k ≥ 2 , (C.19)

ak(k + 1) sinh [(k + 1)α] + bk(k − 1) sinh [(k − 1)α] = e−(k+1)α − e−(k−1)α , k ≥ 2 . (C.20)

The solution of this system is given in (6.12)–(6.16).
Finally, we calculate the correction to the local behavior of Φ as (ξ, η) → 0. We obtain from (C.15)–(C.17)

that

Φ ∼ −η
2
log

(

ξ2 + η2

2

)

− η

2

∞
∑

m=1

m(am + bm) as (ξ, η) → 0 . (C.21)

Recalling that Ψ = fΦ, we use the local behavior (C.4) to obtain that ψc has the form (6.9) where q is
defined in (6.12). This completes the derivation of (6.12)–(6.16).

References

Chen & Ward (2011). Chen, W., & Ward, M.J. 2011 The stability and dynamics of localized spot patterns in the two-
dimensional Gray-Scott model, SIAM J. Appl. Dyn. Sys., 10(2) 582–666.

low_hybrid_jem_final.tex; 4/03/2014; 12:13; p.29



30 Sarah Hormozi, Michael J. Ward

Dorrepaal §O’Neil (1979). Dorrepaal J.M., & O’Neil, M.E. 1979 The existence of free eddies in a streaming Stokes flow,
Q. J. Mech. Appl. Math., 32, 95–107.

Greengard et al. (1996). Greengard, L., Kropinski, M.C., & Mayo A. 1996 Integral equation methods for Stokes flow
and isotropic elasticity in the plane, J. Comput. Physics, 125(2), 403–414.

Hinch (1991). Hinch, J. 1991, Perturbation methods, Cambridge Texts in Applied Mathematics, Cambridge U. Press,

Cambridge U.K.

Imai (1951). Imai, I. 1951 On the asymptotic behaviour of viscous fluid flow at a great distance from a cylindrical body,
with special reference to Filon’s paradox, Proc. Roy. Soc. A., 208, 487–516.

Jeffrey (1922). Jeffrey, G.B. 1922 The rotation of two circular cylinders in a viscous fluid, Proc. Roy. Soc. A, 101, 169–174.
Kaplun (1957). Kaplun, S. 1957 Low Reynolds number flow past a circular cylinder, J. Math. Mech., 6(5), 52–60.
Keller & Ward (1996). Keller, J.B., & Ward, M.J. 1996 Asymptotics beyond all orders for a low Reynolds number flow,

J. Eng Math., 30, 253–265.
Kevorkian & Cole (1996). Kevorkian, J., & Cole, J. 1996 Multiple scale and singular perturbation methods, Applied

Mathematical Sciences Vol. 114, Springer, New York

Kim & Russel (1985). Kim, S., & Russel, W.B. 1985 Modelling of porous media by renormalization of the Stokes equations,
J. Fluid Mech., 154, 269–286.

Kohr et al. (2009). Kohr, M., Prakash, J., Sekhar, G.P.R., & Wendland, W.L. 2009 Expansions at small Reynolds
numbers for the flow past a porous circular cylinder, Applicable Analysis, 88(7), 1093–1114.

Kolokolnikov et al. (2005). Kolokolnikov, T., Titcombe, M., & Ward, M.J. 2005 Optimizing the fundamental Neumann
eigenvalue for the laplacian in a domain with small traps, European J. Appl. Math., 16(2) 161–200.

Kropinski et al. (1995). Kropinski, M.C., Ward, M.J., & Keller, J.B. 1995 A hybrid asymptotic-numerical method for
low Reynolds number flows past a cylindrical body, SIAM J. Appl. Math., 55(6), 1484–1510.

Kropinski et al. (2011). Kropinski, M.C., Lindsay, A., & Ward, M.J. 2011 Asymptotic analysis of localized solutions to
some linear and nonlinear biharmonic eigenvalue problems, Studies Appl. Math., 126(4), 347–408.

Lagerstrom (1988). Lagerstrom, P.A. 1988 Matched Asymptotic Expansions, Applied Mathematical Sciences Vol. 76,

Springer-Verlag, New York.

Lee & Leal (1986). Lee, S.H., & Leal, L.G. 1986 Low Reynolds number flow past cylindrical bodies of arbitrary cross-
sectional shape, J. Fluid Mech., 164, 401–427.

Matthews & Hill (2006). Matthews, M.T, & Hill, J.M. 2006 Flow around nanospheres and nanocylinders, Quarterly

J. Mechanics Appl Math., 59(2), 191–210.
Miyazaki & Hasimoto (1980). Miyazaki, T., & Hasimoto, H. 1980 Separation of creeping flow past two circular cylinders,

J. Phys. Soc. of Japan, 49(4), 1611-1618.
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