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Abstract

The classical problem of slow, steady, two-dimensional flow of a viscous incompressible fluid around an
infinitely long straight cylinder is considered. The cylinder cross-section is symmetric about the direction
of the oncoming stream, but otherwise is arbitrary. For low Reynolds number, the well-known singular
perturbation analysis for this problem shows that the asymptotic expansions of the drag coefficient and of
the flow field start with infinite logarithmic series. We show that the entire infinite logarithmic expansions
of the flow field and of the drag coefficient are contained in the solution to a certain related problem that
does not involve the cross-sectional shape of the cylinder. The solution to this related problem is computed
numerically using a straightforward finite-difference scheme. The drag coefficient for a cylinder of a specific
cross-sectional shape, which is asymptotically correct to within all logarithmic terms, is given in terms of a
single shape-dependent constant that is determined by the solution to a canonical Stokes flow problem. The
resulting hybrid asymptotic-numerical method is illustrated for cylinders of various cross-sectional shapes.
For a circular cylinder, our results for the drag coefficient are compared with experimental results, with
the explicit three-term asymptotic theory of Kaplun, and with numerical results computed from the full
problem. A similar hybrid approach is used to sum infinite logarithmic expansions for a generalized version

of Lagerstrom’s ordinary differential equation model of slow viscous flow.
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1. Introduction

We consider the classical problem of slow, steady, two-dimensional flow of a viscous incompressible
fluid around an infinitely long straight cylinder. The cross-sectional shape of the cylinder is assumed to be
symmetric about the direction of the oncoming stream, but otherwise is arbitrary. By slow we mean that
the Reynolds number € = Uy, L/v is small, where U, is the velocity of the fluid at infinity, v is the kinematic
viscosity, and 2L is the diameter of the cross-section of the cylinder.

For € — 0, the method of matched asymptotic expansions was used systematically by Kaplun [5] and
by Proudman and Pearson [12] to resolve the well-known Stokes paradox, and to calculate asymptotically
the stream function in both the Stokes region, which is near the body, and in the Oseen region, which is
far from the body. These pioneering studies showed that, for ¢ — 0, the asymptotic expansion for the
drag coefficient Cp of a circular cylindrical body starts with Cp ~ 4we=1S(¢), where S(e) is an infinite
series in powers of 1/loge. The coefficients in this series are determined in terms of the solutions to certain
forced Oseen problems. For a cylinder of arbitrary cross-section, it was shown in [5] that Cp ~ 4me~1S(ed),
where d is an ‘effective’ radius of the cylinder. This result establishes a certain asymptotic equivalence
for Cp between cylinders of various cross-sectional shapes and is known as Kaplun’s equivalence principle.
An infinite logarithmic series for the stream function in the Oseen region, which has the same equivalence
property, was also obtained in [5].

In an effort to determine Cp quantitatively, analytical formulae for the first three coefficients in S(e)
were obtained in [5]. However, as a result of the slow decay of 1/loge with decreasing values of ¢, the
resulting three-term truncated series for C'p agrees rather poorly with the experimental results of Tritton
[16] unless € is very small (cf. Van Dyke [18]). Because of the complexity of the calculations required, it
is impractical to obtain a closer quantitative determination of the drag coefficient by calculating further
coefficients in S(e) analytically. As a result of these fundamental long-standing difficulties, the problem of
slow viscous flow around a cylinder has served as a paradigm for problems where the method of matched
asymptotic expansions fails to be of much practical use, unless € is very small.

Recently, infinite logarithmic expansions have been found in problems unrelated to fluid mechanics.
Such problems include the singularly perturbed linear and nonlinear eigenvalue problems that result from
the removal of a small subdomain of radius € from a two-dimensional domain (cf. [19] and [20]). For small
€, the asymptotic structure of the solutions to these eigenvalue problems is strikingly similar to that of the
slow viscous flow problem. In particular, the expansion of the eigenvalue parameter for these problems starts
with an infinite logarithmic series, and an analogue of Kaplun’s equivalence principle is found to hold. In
[19] (see also [20]) a hybrid asymptotic-numerical method requiring relatively simple numerical computations
was used to sum these logarithmic series, and the results compared favorably with corresponding exact and
numerical results over a rather large range of e.

Our goal is to formulate and implement a related hybrid asymptotic-numerical method to sum the

infinite logarithmic expansions that arise from the singular perturbation analysis of slow viscous flow around a
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cylinder. This approach differs from the hybrid method employed in [9], in which numerical methods are used
within the framework of the method of matched asymptotic expansions to calculate the first few coefficients
in the logarithmic expansions of the flow field and the drag coefficient. Instead, we show that these entire
infinite logarithmic series are contained in the solution to a certain related problem that does not involve the
cross-sectional shape of the cylinder. This related problem is solved numerically in a straightforward way
using a finite-difference scheme. To obtain the asymptotic drag coefficient for a cylinder of a specific cross-
sectional shape, we need only compute a single shape-dependent constant, which is defined in terms of the
solution to a canonical Stokes flow problem. In this sense, our method provides a numerical implementation
of Kaplun’s equivalence principle. For a circular cylinder, our hybrid results for the drag coefficient are
compared with experimental results, with the three-term asymptotic theory, and with the numerical results
for the full problem. The hybrid method is also used to calculate the asymptotic drag coefficient for cylinders
of other cross-sectional shapes.

Our hybrid method does not incorporate the effect of the transcendentally small inertial terms arising
from the Stokes region. Therefore, the upstream/downstream asymmetry in the flow field near the body,
which becomes more prominent as the Reynolds number is increased, is not captured by our analysis. For a
circular cylinder, the leading order effects of these inertial terms on the flow field and on the drag coefficient
were analyzed in [14].

Before discussing the slow viscous flow problem, we illustrate our method on a generalized version of
Lagerstrom’s ordinary differential equation model of slow viscous flow (cf. [7]). In this simpler setting, where
the key ideas are more easily introduced, the results obtained from the hybrid method are shown to agree
rather well with the full numerical results.

The outline of this paper is as follows. In §2 we sum logarithmic expansions for a generalized version
of Lagerstrom’s model viscous flow problem. In §3 we formulate a hybrid asymptotic-numerical method for
summing the infinite logarithmic expansions that arise from a singular perturbation analysis of slow viscous
flow around a cylinder of arbitrary cross-section. The numerical methods used to solve the resulting hybrid
problem and to solve the full problem for a circular cylinder are discussed in §4. Finally, in §5 we give
some examples of the theory and we compare results for C'p obtained from the hybrid method with the
corresponding experimental, asymptotic and full numerical results.

2. Logarithmic Expansions for a Generalization of Lagerstrom’s Model Problem

First we consider the following generalization of Lagerstrom’s model viscous flow problem:

1" 1 ’ ’
u +-u + flu)u =0, 0<e<r<oo, (2.1a)
T
ew —ku=0, on r=e, (2.1b)
u~1l, as r— 0. (2.1¢)

Here k > 0 and f(u) is an arbitrary smooth function satisfying f(1) = 1 and f(u) > 0 for u > 0. Lagerstrom’s

problem (cf. [7], [3] and the references therein), corresponds to the special case f(u) = v and £k = oo in (2.1).
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For e — 0, the solution to (2.1) is readily constructed using singular perturbation techniques. In the

outer region, where r = O(1), u has an infinite logarithmic expansion of the form
e .
u(r) =1+ v (2)u;(r) +--- . (2.2)
j=1

Here v(z) = —1/log z and z = ed, where d > 0 is a constant specified below. The justification of this form
for the outer expansion is shown below upon matching to the inner solution. The u;, for j > 1, satisfy

equations of the form
12 ]_ ’
Luj=wu; +(-+1)u; =Rj—1, 0<7r<o0; u; =0, as r— o0, (2.3)
r

where Ry =0 and R; = R;(uy,..,u;). The first two R; are

’

Ri=—f QO Ro=—1 (1) (urm) — 3 f" (O (24)

The behavior of u; as » — 0 is determined below.

Ly and w(p) = u(ep). Then, by writing w(p) =

In the inner region, where r = O(e), we define p = e~
Z;’il v (2)wj(p), we obtain from (2.1a,b) that w;(p) = ajw.(p), where a; is an undetermined constant.

Here w, is the canonical inner solution, which satisfies

" 1 / /

wc+;w6:0, 1<p<oo; w,(l)—rwe(l)=0; w.~log(p/d), as p— 0. (2.5)

Clearly, we(p) = log p —logle™*/*] and d = e~/*. In terms of r, the inner expansion is
u(r) = a —l—Zz/j(z) (ajlogr+aji1) +-- . (2.6)
j=1

By matching (2.6) to the outer expansion (2.2), we find that a; = 1 and that u;, for j > 1, has the following
singular behavior:

uj(r) ~ajlogr+a;ii1, as r—0. (2.7)

For each j > 1, u; satisfies (2.3) subject to (2.7). The constant a;41, which is independent of € and of , is
determined uniquely in terms of u;. Thus, starting with a; = 1, the a; for j > 1 are determined recursively
from the infinite sequence of problems (2.3), (2.7).

For € — 0, the ‘flux’ @ out of r = € is given in terms of the a; by

du

Q=]  =uled) (i aj 107 (ed) + - ) , (2.8)

Jj=0

rT—=€

where v(ed) = —1/log(ed) and d = e~'/*. Since, to within all logarithmic terms, Q depends only on the

product ed, the form (2.8) displays an analogue of Kaplun’s equivalence principle.
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When f(u) = u, explicit formulae for as, as, and a4 were given in [7]. (The formula for a4 quoted in [7]
is erroneous and was corrected in [3]). By extending the previous calculations to treat an arbitrary f(u), we

obtain ,
a2 =17, a3:72_2f(1)10g27

3

a=Sf I+ ()] (_610gz + Dlog3— I> 6yf (1)log2 417 (2.9)

Here « is Euler’s constant and I ~ 1.22856. Thus, a four-term expansion for @ results from setting a; = 1
and using (2.9) in (2.8). Formulae for the first few outer terms u; are given in Appendix A.

For Lagerstrom’s problem, where f(u) = u and £ = oo, it was shown in [3] that the four-term expansion
for @ agrees very poorly at moderate values of € with the corresponding numerical results computed from the
full problem (2.1). As is shown below, similar poor agreement is found for other choices of f(u) and . To
overcome this difficulty, we formulate and implement a hybrid asymptotic-numerical method for summing
the infinite logarithmic expansions (2.2), (2.6) and (2.8). This new method was introduced in [19] and [20].
It will be used in §3-5 to treat the slow viscous flow problem.

We begin by letting A*(z) denote a function asymptotic to the terms written in the brackets on the
right side of (2.8),

A*(2) ~ Y ajpari(z). (2.10)
J=0
Here v(z) is any function for which v(z) = —1/log z + o[(log z) ~™] for all m > 0 as z — 0. In particular, we
can choose v(z) = —1/log z. In terms of A*(z), the inner expansion (2.6) is asymptotic to
u=A*(2)[v(z)logr —v(z)logz] +--- . (2.11)

The hybrid formulation to determine A*(z) is to solve (2.1a,c¢) for r > 0 subject to the singular behavior
(2.11), which is to hold for »r — 0. Therefore, we obtain the following related problem for A*(z) and the

auxiliary function uy = ug(r; 2):

12 ]_ ’ ’
uH+;uH+f(uH)uH:0, 0<r<oo, (2.12a)

ug — 1, as r—o0; uyg=A"(2)v(z)[logr —logz]+o(l), as r—0. (2.120)
In terms of A* and d, the asymptotic formula for the flux @, valid to within all logarithmic terms, is

Q=Q%ed)+---, Q(2) =v(2)A(2), (2.13)

1/k

where d = e~ '/*. Thus the hybrid formulation has replaced the infinite sequence of problems (2.3), (2.7)

with the parameter-dependent problem (2.12). We anticipate that the asymptotic error estimate for (2.13)
isQ—Q*(2) =0(z/log2).

To solve (2.12) numerically, it is convenient to decompose uy as

un(rs2) =1 - Q" ()Eu(r) +w'(riz),  Eu(r) = / Ctenay. (2.14)



Then, using (2.14) and E;(r) = —logr — v+ o(1) as r — 0, we can write (2.12) as

Lu* = (1 - QU Ei(r) + u*}) (Q*r’le’r + u) . 0<r<oo, (2.15a

*

u"—0, as r— oo,
u'=—-Q"logz—1—Q*y+o(l), at r=0,

u*I:Q*, at r=20. (2.15d

Here L is defined in (2.3). The conditions (2.15¢, d) are obtained from (2.14) and (2.12b).

The computational scheme to determine Q* = Q*(z), and therefore A* = A*(z), is as follows. We first
truncate (2.15) to a finite domain by imposing the artificial boundary condition u* + (r~! + 1)u* = 0 at
some r = 1o, > 1. Then, the resulting problem is solved numerically using the collocation package COLSYS
(cf. [1]) for various values of @*. The condition (2.15¢) then yields z as a function of Q*. With a specific
choice of gauge v(z), such as v(z) = —1/logz, A*(z) is obtained from A*(z) = Q*(z)/v(z). To compare
with the hybrid results, COLSYS is also used to compute the curve Q(e) versus ¢, at various values of &,
from the full problem (2.1).

In Fig. 1 we compare the full numerical results for Q(e) with the corresponding hybrid results Q*(e),
for each of the two forms f(u) = w and f(u) = 2u3/(1 + u?), with k = co (d = 1). The hybrid method is
seen to determine accurately Q(e) up to € = 0.150, being somewhat better for f(u) = 2u®/(1 + u?) than for
f(u) = u. A similar comparison, but over a wider range of ¢, is shown in Fig. 2 for the parameter value
k=1 (d=e'). For f(u) = 2u®/(1 + u?) with kK = oo, in Fig. 3 we compare the hybrid results for Q(e)
with the two, three and four-term truncated series obtained from (2.8) and (2.9) with v(z) = —1/logz.
When f(u) = u and k = 1, similar results are given in Table 1. We have carried out similar comparisons
between the results from the hybrid method, the full problem, and the truncated asymptotic series for other
values of k. In almost all of the cases we have considered, the hybrid method provides a significantly better
determination of Q(¢) than does the truncated asymptotic series. However, for f(u) = u and k = oo, the
three-term asymptotic series for Q(¢) performs somewhat better than the hybrid method over the range
0.23 < € < 0.35, although this is probably fortuitous.

There are two advantages in solving the hybrid problem (2.15) instead of the full problem (2.1). Firstly,
(2.15) is not as stiff as (2.1) near z = 0. However, the primary advantage is that once the curve Q* = Q*(z)
is determined, it can be used for any x > 0 without any additional computations. A similar universality
feature will occur in §3 when calculating the drag coefficient for low Reynolds number flow around a cylinder.

A related hybrid approach can be used to sum logarithmic expansions that occur for other nonlinear

problems, including

" ]_/
u +-u + fu)=0, 0<e<r<l1, (2.16a)
T

eu () — ku(e) =0, u(l)=0. (2.16b)



In analogy with (2.12), the ‘flux’ Q(e) = eu'(€) for (2.16) is given asymptotically, to within all logarithmic
correction terms, by Q(e) = Q*(ed) + --- as € — 0. Here d = e~/ and Q*(z) is determined in terms of the

solution to the related problem
" 1 ’
uH—l—;uH—&—f(uH):O, 0<r<1, (2.17a)
upg(l) =0, ug = Q" (2) [logr —logz] +0(1), r—0. (2.17b)

In general, Q*(z) can only be obtained numerically. However, for the case of an exponential nonlinearity
where f(u) = e*, the asymptotic validity of the hybrid formulation (2.17) can be verified analytically by
calculating certain explicit solutions from (2.16) and (2.17) (see [19]).

In [3] a different method was used to solve Lagerstrom’s version of (2.1). The gauge function —1/loge
was replaced by 1/E;(e) and an iteration process was employed requiring that the outer corrections exactly
satisfy the boundary condition u(e) = 0. By satisfying the boundary condition exactly, such an iteration
approach provides a more accurate approximation of the solution to Lagerstrom’s problem than does the
hybrid method. For more general problems, such as flow past a cylinder, a numerical solution for each iterate
would be required where each iterate satisfies the exact boundary condition on the cylinder. However, this
would involve nearly the same amount of work as solving the full problem numerically. Moreover, when
the cross-sectional shape of the cylinder is changed, the iterative approach would require a complete re-
calculation of the flow field and the drag coefficient. We now show that with the hybrid approach results
are obtained that can be used for cylinders of different cross-sectional shapes with only a minimal amount
of extra computation.

3. The Logarithmic Expansion for Slow Viscous Flow

Now we consider steady, incompressible, viscous flow around a cylindrical body with a uniform stream
of velocity U, in the = direction at large distances from the body. We assume that the cross-section Dy of
the cylinder is star-shaped and, for simplicity, we assume that Dg is symmetric with respect to the oncoming
stream. Then, in terms of polar coordinates centered inside the body, it follows from the Navier-Stokes

equations that the dimensionless stream function v satisfies

VR + e [0, V3] =0, for r>ry(0), (3.1a)
Y =0, =0, on r=ryb), (3.1b)
Yy, as =22 +9y%)Y? 5 0. (3.1¢)

Here ¢ = U, L/v < 1 is the Reynolds number based on the radius L of Dy, lengths are in units of L, 9,
denotes the normal derivative, and J,. is the Jacobian defined by J, [a7b] = 771 (0,a 0pb — Fpa O,b). The
boundary of the scaled cross-section is denoted by r = 14(0) for —m < 6 < 7 and the symmetry condition
rp(0) = rp(—0) is assumed to hold. In terms of ¢, the dimensionless negative vorticity w and the z and y

components of the fluid velocity, v and v, are

cos@agw’ S xw:—c08987¢+sma

r r

u =0yt =sinb o,y + Ogh, w=V2. (3.2)



We now briefly outline the conventional singular perturbation analysis of (3.1) for e — 0 (cf. [5], [12]), and
we formulate the hybrid method for summing the infinite-order logarithmic expansions that arise from the
analysis.
3.1 The Stokes Expansion

In the Stokes region, defined by r = O(1), the stream function has an infinite logarithmic expansion of

the form

Ps(r,0) = Z v (2);(r,0) + - - . (3.3)

Here v(z) = —1/log(ze'/?) and z = ed, where d is specified below. Substituting (3.3) into (3.1a), we obtain
that ¢; = a;1., where the a; for j = 1,2, .. are undetermined constants and . = 1.(r, §) is the solution to

the following canonical problem:

v4'(/)c = 07 for r > 71b(9); wc(rv 9) = —1/%:(7“» _9)7 (340‘)
=0 and Optpe =0, upon r=ry(0). (3.4b)

The asymptotic form of 1. as r — oo involves linear combinations of {r3, rlogr,r, 1"’1} sinf. To match v,
with the Oseen expansion (see §3.2 below), the coefficient of 3 must vanish. Then, to specify 1. uniquely,
we impose that the coefficient of rlogr is unity. Thus, we define . as the unique solution to (3.4a,b) that
satisfies

e ~ (r logr — rlog[del/Q]) sinf, as r—o0. (3.4¢)

The form (3.4¢) relies on the assumption that the cylinder is symmetric with respect to the oncoming stream.
The constant d in (3.4c), which depends on the shape of the body, is determined uniquely by the solution
o0 (3.4). Substituting v; = a;1. into (3.3) gives the Stokes expansion

Zu] z)ajhe(r,0) + - -, (3.5a)
and (3.4c¢) shows that it has the following far-field behavior:
) ~ Z Vi (2)a; (r logr — rlog[del/Q]) sinf, as r— oo. (3.5b)

3.2 The Oseen Expansion
In the Oseen region, defined by r = O(e™!), we introduce new variables p and ¥ by p = er and

U(p,0) =ep(ep,0), and we expand U as

U(p,0) = psinb + v(z)T1(p, 0 +Zzﬂ )4 (3.6)



Substituting (3.6) into (3.1) and matching ¥ as p — 0 to the far-field form of the Stokes expansion given in
(3.5b), we find that a; = 1 and that ¥, and ¥}, for j = 2, 3.., satisfy the following equations on 0 < p < oo:

Lo ¥y = VAT, + (p_l sin 6 9y — coseﬁp) ViU, =0, (3.7a)

Uy ~ (logp+az)psingd, as p—0; 0,¥y =0, as p— oo, (3.7b)
j—1

Los Wy ==Y Jo[Wr, VU, 4], (3.8a)
k=1

U~ (ajlogp+aji1)psingd, as p—0; 0,¥; -0, as p—oo. (3.80)

Here L, is the linearized Oseen operator and ¥, is the linearized Oseen solution.
The constants a; for j = 2,3, .., which are independent of ¢ and of the shape of the body, are determined
recursively from (3.7) and (3.8). The first two coefficients are

ay=7v—logd—1~ —1.8091,
(3.9)

o0
az — a3 = —/ [r~'1(2r) + 1 — 4Ky (r) 11 ()] Ko(r) Ky (r) dr ~ —0.8669 .
0
Here K1, Kg, Iy and I; are modified Bessel functions, and v is Euler’s constant. This formula for as was
obtained in [5] and [12] and the expression for az was given in [5] (see Appendix B). Explicit analytical
formulae for a; when j > 4 are not available. For € — 0, the drag coefficient Cp for a cylinder of arbitrary

cross-section is given in terms of the a; by (see Appendix B)

Cp ~ dme ' v(ed) (D aj 17 (ed) + ). (3.10a)
§=0
Kaplun’s [5] approximation for Cp results from substituting a; = 1 and (3.9) into (3.10a). The three-term

expansion can be written as
Cp ~ 4dme” ' (ed) [1 — 0.8669 % (ed)] | 2(z) = [log (3.7027/2)] " . (3.100)

For a circular cylinder, the explicit form (3.10b) provides a poor determination of the experimental
drag coefficient unless e is rather small (cf. [18]). One way to overcome this difficulty would be to compute
numerically further coefficients a;, for j > 4, from the the infinite sequence of partial differential equations
(3.8). This would still require truncating the series (3.10a) at some finite j. As an alternative to series
truncation, we now formulate a hybrid asymptotic-numerical method that has the effect of summing all the
terms on the right side of (3.10a), but which avoids computing the a;.

3.3 The Hybrid Formulation
Let A*(z) denote a function which is asymptotic to the sum of the terms written explicitly in the

brackets on the right side of (3.10a),
A*(2) ~ Y N (2) a4 (3.11)
j=1
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Then, the Stokes expansion (3.5a) is asymptotic to
Ys(r,0) = v(ed)A* (ed)be(r,0) + -+ - . (3.12)

Substituting (3.4¢) into (3.12) and expressing the result in terms of the Oseen variable p = er, we obtain the

far-field form
s ~ e tpsin A*(2) [1 + v(2) logp] . (3.13)

To determine A*(z), we then solve (3.1a,c) for p > 0 (where p = er), subject to the singularity condition
(3.13), which is to hold as p — 0. Therefore, we obtain the following related problem for A*(z) and the

auxiliary function Uy = Uy (p,0; 2):

V4\IJH+JP[\I/H,V2\IIH] =0, p>0; Ur(p,0;2) =—Ug(p,—0;2), (3.14a)
Vg ~psinf, as p— oo, (3.14b)
Uy = psinb[1+v(z)logp] A*(z) +o(p), as p—0. (3.14¢)

Here v(z) = —1/log(ze/?). When z is sufficiently small, the problem (3.14a,b) with ¥z — A*vplog psin 6
as p — 0 is solvable for any A*. However, the extra condition in (3.14¢) that ¥y —A*vplog psinf — A*psind
as p — 0, provides an equation for A*. By expanding the solution to (3.14) in powers of v(z), we find that
Uy and A* are asymptotic to the sums of the terms written on the right hand sides of (3.6) and (3.11),
respectively. We also note that A* — 1 as z — 0.

The related problem (3.14) is a hybrid asymptotic-numerical formulation of the full problem (3.1).
More specifically, the cylinder in (3.1) is replaced by the singularity structure (3.14c¢) that was derived by
exploiting the far-field form of the infinite-order logarithmic expansion in the Stokes region. We then are
left with having to compute the solution to the parameter-dependent problem (3.14), rather than having to
compute the solutions to the infinite sequence of problems (3.7), (3.8). In terms of A* and d, the asymptotic

formula for the drag coefficient, valid to within all logarithmic correction terms, is given by
Cp =dne  u(ed)A*(ed) + -], v(ed) = —1/log(ede'/?). (3.15)

Kaplun’s equivalence principle follows from the fact that the curve A*(z) versus z can be used for a cylinder
of arbitrary cross-section. To determine A*(ed) for a body of a specific shape, we need only compute the
single constant d from the numerical solution to the canonical Stokes problem (3.4). This feature provides a
significant advantage over a direct numerical approach on the full problem (3.1).

For some special cross-sectional shapes, the constant d, defined from (3.4), can be determined analyti-

cally. For a circular cross-section with r,(0) = 1,

1
Y = (rlogr—;—i—%)sinﬁ, d=1. (3.16)
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Next we consider an elliptical domain defined by (x/a)?+ (y/b)? = 1 where max(a, b) = 1. In the case where

a =1 (the major axis is aligned parallel to the oncoming stream), the solution to (3.4) is

b2 b
1. = Bsinh € sinn <f — &+ @cothf — ;2> . (3.17)
Here &, 1, 8, and &, are defined by
x = fBcoshfcosn, y=pFsinhésinyg, = (a2 — b2)1/2 , &= %log <a+l;> . (3.18)
0 —

Thus d is given by

d= (T) exp {2&;2)] . (3.19)
This formula for d also holds for the case when b = 1 (the major axis is is aligned perpendicular to the
oncoming stream). A plot of d for various ellipses is shown in Fig. 4.
4. The Numerical Methods

We now discuss the numerical methods used to calculate the shape-dependent parameter d and to solve
the hybrid formulation (3.14). The method used to compute the flow around a circular cylinder from the
full problem (3.1) is also outlined.

4.1 The Calculation of the Shape-Dependent Parameter d

For the majority of cross-sectional profiles, analytical solutions to the inner (Stokes) problem (3.4)
are not available. We now compute the solution to (3.4) for a given profile C' by finite differences to find
the corresponding value of the constant d. We first determine a conformal mapping that takes the domain
exterior to C' to the interior of a unit disc, and we then transform (3.4) accordingly. This allows the boundary
conditions (3.4b) to be applied in a straightforward manner. Since the far-field form (3.4¢) is transformed to
a singularity at the origin of the mapped plane, we modify the stream function . by removing from it the
required singular behavior. A finite-difference scheme is then used to solve for this modified stream function.
Finally, the shape-dependent parameter d is found from matching the behaviour of the stream function near
the origin to (3.4c).

In (3.4), the profile C is given in terms of polar coordinates (r,8) by r = r(0) for —m < § < 7, where
maxg |1p(0)] = 1 and r4(0) = 7,(—6). Let z = re®. Then by Riemann’s mapping theorem, there exists a one-
to-one map z — ( such that the profile C' is transformed to the unit circle in the ¢ plane, and the two exterior
planes correspond. By a further mapping ¢ = 1/, the unbounded domain becomes the computationally
more tractable interior unit disc, given by ¢ = pexp(i) with p < 1. Under the transformation z — o,

(3.4a, b) becomes in the (p, ) variables
V?(B7?V*).) =0, 0<p<l;  B=B(pY) =|dz/do]|, (4.1a)
Ye=0p.=0, on p=1. (4.1d)

The far-field behavior r — oo in (3.4¢) corresponds to p — 0 in the o plane. For ¢ — 0, the conformal

mapping has the form z ~ fy/o + 51 + ---. This mapping is determined uniquely from the normalization
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maxg |r(0)] = 1, which fixes a value for the constant By. Thus, 7 ~ Bo/p, § ~ —¥, and B% ~ Byp~* as

o — 0. Therefore, (3.4c) transforms to
e ~ Bop~? [logp + log (delpﬁgl)] sind, as p—0. (4.1c)
To solve the transformed problem (4.1), it is convenient to decompose . as
e = Bop~log p sind + p~ 1" (4.2)

Then, from (4.1c), we have that ¢* is regular at the origin and satisfies 0,9* — 0 as p — 0. Substituting
(4.2) into (4.1) and exploiting the symmetry of the flow field, we can write the problem for 1*, defined in

the domain (p, ) € [0, 1] x [0, 7], in the following stream function-vorticity form:

0y (p_lapl/}*) + p 73 (W 4 Dg9™) = B2w + 2Bpp 3 sindd; V2w =0, (4.3a)
P* =0, 0" = —fosin?d, on p=1; 0" =0, as p—0. (4.30)
Y*(p,0) = w(p,0) =" (p,7) = w(p,m) =0. (4.3¢)

From (4.1¢) and (4.2), we find that the constant d is determined from the solution to (4.3) by
Y* ~ Bolog (del/gﬁal) sind, as p—0. (4.4)

Assume that the conformal map z = z(¢), and hence B(p,d) and Sy in (4.3), are known. (Finding
a suitable mapping is a nontrivial problem and is not considered here. The reader is referred to [10], [17]
for a discussion on methods for numerical conformal mapping). We now outline the finite-difference scheme
used for (4.3). A uniform polar grid is introduced, and the intersection of the grid lines are positioned at
(pi,¥) = ((i — 1/2)Ap, jAD), where Ap = 1/(N —1/2) and AY = n/M. Here N +1 and M + 1 are the
number of grid lines in the p and ¥ directions, respectively. Note also that the grid has been aligned so that
the grid points straddle the origin but otherwise lie on the boundary of the computational domain. Let the
unknown ¢ ; and w; ; approximate ¥*(p;, ;) and w(p;, ), respectively. Using a centered, second-order

accurate discretization, we obtain the following discrete forms for (4.3a):

1[ 1 Wi, =¥ 1 (W — zil,j)'+ilw_
Ap [ piv1y2 Ap Pi-1/2 Ap e
(VF i1 — 207 +F_4) 28
gt i T Vi1 2 _ 2B .
4td p3(A1;)2 J _Bi,jwi’j_p—ssmﬁj,
K i i (4.5a)
L1, (Wit1,5 — wiyj) ) (wi,j — wi—1,5)
Appz i+1/2 Ap i—1/2 Ap ]
L Wi — 2wiy ;rwi,jfl) o,
p;i(AD)

for1<i<N-—-1,1<j<M—1. The boundary conditions (4.3b, ¢) are discretized as
il)ij — wSJ = 1/)7\;] =0, 1/}7V+1,j — 7/’7\7—1,3' = —2080Ap sind;, 1<j<M-1, (4.50)
w;oz¢?7M:wi,0:wi7N[:O, ISZSN—Fl (450)
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Consistent boundary conditions for w at the origin and at p = 1, which are derived from (4.3a), are

wl,j—wo,j:m ].SjéM—].,

DD Y S S 4.5d
s &Zjﬁ et gang,,  1<jemo1 o)

2
By jwnN,; —

In matrix form, the discrete problem (4.5) is a sparse linear system for the unknowns ¢y ; and w; j, and
is solved using the sparse matrix solver of [6]. Once a numerical solution has been obtained, the constant d

is calculated by fitting the numerical solution to the form (4.4) as follows:

d=Bo exp [By %, —1/2] , where o, = d—_0J7 (4.6)

(The computations show that the agreement between the numerical solution and the asymptotic form (4.4)
is excellent. The typical range of values of (47 ; + 7 ;)/(2sind;) for 1 < j < M — 1 on a 40 x 40 mesh is
roughly 107%).

This computational method was first tested on ellipses of various aspect ratios, and the calculated values
of d were compared to the analytical formula (3.19). The numerical and analytical results were in excellent
agreement: on a 40 x 40 mesh, the error was on the order of 107%. An interesting example for which an
analytical conformal mapping is known is the family of symmetric Karman-Trefftz airfoils (cf. [11]). The
mapping function z = z(o) for these profiles is

(E+o*+(E—0)f
e (O I

z(0) = Boke E=1/o+c—1, (4.7a)

where o = pe’”. By fixing the length of the airfoil to be 2, we find that the mapping constant S, is given in
terms of k and ¢ by
[1-(1—c)]

Bo = - (4.7b)

A parametric representation for the airfoil profile is obtained by setting o = € in (4.7a). In (4.7), the
parameters k and ¢, where 1 < k < 2 and 0 < ¢ < 1, determine the thickness ratio ¢ of the airfoil and
the tail angle 01, given by 67 = (2 — k)7. Although the mapping is known analytically for these profiles,
the constant d must be calculated numerically from (4.5). As an example, when &k = 1.91 and ¢ = .954,
the airfoil characteristics are 6 = 0.12 and 67 = 16°. For this case, we calculate from (4.5) and (4.6) that
d = 0.364. The corresponding inner Stokes solution . and the vorticity w are shown in Fig. 5. Numerical
values for d for other Karman-Trefftz airfoils are given in Table 2.
4.2 The Numerical Solution of the Outer Hybrid Problem
We now discuss the numerical solution of the parameter-dependent problem (3.14). Because of the
unboundedness of Wy as p — oo and the singularity structure near p = 0, it is convenient to first decompose
the solution to (3.14) as
Uy(p,0;2) = psind + k(2)U1(p,0) + ¥ (p,0; 2) . (4.8)
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Here k(z) = A*(2)v(z) and ¥ satisfies (3.7). Substituting (4.8) into (3.14), we obtain that ¥* is regular as

p — 0 and satisfies

LosU* = —J, [k(2) 1 + U*, k(2) V2 + V2T p>0, (4.9a)
9,0* =0, as p— o0; U*(p,0;2) = —0*(p, —0;z2), (4.9b)
U* =p[A*(z) =1+ k(2) (logd+1—~)] sinf +o(p), as p—0. (4.9¢)

In (4.9¢), ~v is Euler’s constant. We solve (4.9) for various values of « to obtain A* as a function of k. Then,
by computing z from v(z) = k/A* and v(z) = —1/log(ze'/?), we obtain the curve A*(z) versus z. Finally,
setting z = ed, where the shape parameter d is computed as in §4.1, the curve Cp versus ¢ is found from
(3.15).

To solve (4.9), we first introduce a mapping function. Since the modified stream function ¥* on the
unbounded domain is expected to decay slowly as p — oo, it is not appropriate to map the unbounded domain
to a bounded domain as was done in §4.1; with such a mapping, the far-field stiffness would be difficult to
resolve numerically. Instead, a logarithmic radial stretching function, 7 = log(1 4 p), is introduced. This
stretching function is analogous to the change of coordinates used in [2] and [15] in their calculations on the
full incompressible Navier-Stokes equations for flow around a circular cylinder. In terms of this new radial

coordinate, the domain is now 7 > 0, 0 < 6 < 7, and (4.9) becomes

eT

Losw™ + 17'JT (mIll + 0%, KV, 4+ w*) =0; V20t = 2w, (4.10a)
eT —

U*(p,0) = U*(p,m) = w*(p,0) = w*(p,m) =0; 0,¥" =0, as T— o0, (4.100)

U* — (" —1)[A* =1+ k(logd +1—~)]sinf, as 7—0. (4.10¢)

Here Lo, and V2 are defined by
c o (croy (o VR
em—10r er Ot eT—1/) 0902’

Los=V%+e™ (eTe sin@g — (20598> .

@2

(4.10d)

-1 o0 or

The transformed problem (4.10) is now in a form suitable for solution by finite differences. Introducing
a finite outer limit 7., the computational grid is defined by the grid points (7;,6;) = (¢AT, jAH), where
AT = Too /(N +1/2) and Af = 7/M. On this grid, (4.10) is discretized in the same manner as (4.3), and
the resulting system of nonlinear equations is solved using Newton’s method. We will not discuss this in
detail. Instead, we focus on the numerical resolution of two potential difficulties: the singular behavior
of the coefficients in (4.10a) near the origin and the far-field behavior at the artificial boundary 7 = 7.
From (4.10c), the discrete unknowns Wg ; and wg ; at the origin are set to zero. The difference operators for
the governing equations are then applied to the interior grid points, starting at the first grid line 7 = Ar.

Although the derivatives of the Oseen solution in the Jacobian J; are unbounded at the origin, their forms
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are known analytically (see Appendix B) and therefore can be evaluated precisely at all needed points. This
discretization results in a well-behaved difference operator near the origin, even as the finite-difference mesh
is refined. The second difficulty is the choice of an appropriate artificial far-field boundary condition at
T = Too. Based on the work in [2], the approximate Neumann conditions Wi, ; =Wy =Wy j—wh; =0
are used to achieve the appropriate far-field decay.

Once a solution to the discrete system is obtained, its behavior is matched near the origin according to
(4.10¢). First note that at 7 = A7/2, 0 = §;, we have

ov* &

iy vl eAT/2 [A* — 1+ k(logd +1— 7)) siné;. (4.11)

This condition then gives a range of constants

. efAT/Z \I/’lk]
A} = e TT +1—k(logd+1—7). (4.12)
J
From v(z) = k/A* and v(z) = —1/log(ze'/?), we then obtain a range of corresponding z values. The

variation in this range is an indication of both the numerical resolution and the validity of the asymptotic
approximation (see §5 below).
4.3 The Numerical Solution of the Exact Problem for Flow Past a Cylinder

To compare the performance of our hybrid method, we solve the exact equations (3.1), defined on
r>1,0<86 <m, for the case of a circular cylinder. To solve (3.1) we decompose the stream function as
1 = rsin @ +¢* and we introduce the stretching function 7 = logr. Then, in the transformed domain 7 > 0,

0 <0 <m, (3.1) becomes

Leyw+erd (¥, w) =0; V3t =e¥w, (4.13a)
Y* = 09" = —sinf, on T=0; oY, O,w—0, as T— oo, (4.13b)
Y (1,0) =¢*(r,7) =w(r,0) =w(r,7) =0. (4.13¢)
Here
~ 0? 0? = ~ 0 0
2 __ Y . — 2 T : -~ e
Ve = 92 + 502 Lo, =V*+ee <sm989 605987_) . (4.13d)

To solve (4.13) numerically we use the same finite-difference grid and artificial far-field decay conditions
as was used for computing solutions to the hybrid formulation. Once a solution has been obtained for a
given e, the drag coefficient is calculated from (B.8). Using the trapezoid rule to approximate the integral

in (B.8) and replacing w, by a one-sided difference quotient, we obtain

N 4w 3w w
_ 1,j — 3Wo,j — W2 .
Cp=2¢" ]221 (wo’j — J QATJ 7> Afsinf; . (4.14)

5. Results and Discussion
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Using the numerical method of §4.2, the solution to the outer hybrid problem (4.10) is computed on
a 120 x 120 mesh with the artificial boundary condition imposed at 7., = 60. In the absence of any
discretization error, the asymptotic theory indicates that as z — 0 (k — 0) the constants A;f, forj=1,..,in
(4.12) should be independent of j. However, as a result of the discretization errors incurred in solving (4.10)
and the errors in the asymptotic theory resulting from using the hybrid formulation at finite values of x,

the computations yielded a narrow range of constants Aj. For each fixed r, let A}, and A7, .. denote the

min max

minimum and the maximum values of the A;f for j = 1,2,... The corresponding values of z are denoted by

log (zmmel/2) = —A*

min

/k and log (zmaeze'/?) = —A% .. /k. In this way, we obtain from (3.15) two hybrid

and the other to A* The difference between these two curves

max*®

drag curves: one corresponding to A% ..
gives a measure of the ‘error bounds’ for our hybrid asymptotic-numerical approach.

We now compare the hybrid results for the drag coefficient of a circular cylindrical body for which
d =1 and z = e. In Fig. 6 we plot the hybrid drag curves for Cp corresponding to A}, and to A, ..
In this figure we compare our hybrid results with the three-term expansion (3.10b) (with d = 1), with the
full numerical results computed using the method of §4.3, and with the experimental results of [16]. Notice
that the full numerical results for Cp lie within the error bounds associated with the hybrid drag curves.
Furthermore, from this figure it is clear that the hybrid method provides a significantly better determination
of Cp over the range 0.50 < € < 2.0 than does the three-term expansion (3.10b). The discrepancy between
the full numerical results for Cp and the corresponding experimental values can probably be attributed to
the fact that the experimental results were obtained for long but finite cylinders. As shown in [13], the
drag coefficient of a long but finite circular cylinder differs rather significantly from that of an infinitely long
circular cylinder unless the aspect ratio of the finite cylinder is very small.

In Fig. 7 we show contour plots, in the Stokes variable, of the stream function and the vorticity for the
full flow around a circular cylinder at € = 0.085. These results were computed using (4.13). The very slight
upstream/downstream asymmetry in the flow field indicates the relative insignificance, at this value of e,
of the inertial terms in the Navier-Stokes equations near the cylinder. In Fig. 8 we show contour plots, in
the Oseen variable, of the stream function and the vorticity computed from the hybrid problem (4.10) with
k= 0.25 (e ~ 0.085). This figure compares favorably with the contour plots shown in Fig. 9 of the stream
function and the vorticity for the full flow field at e = 0.085 computed using (4.13). In Fig. 10 contour plots
for the hybrid stream function and the vorticity are shown at x = 0.65 (e ~ 1.65). The corresponding results
computed from the full problem with ¢ = 1.65 are shown in Fig. 11. It is interesting that, although the
qualitative features of the hybrid and the full flow field become somewhat different as € increases, the hybrid
drag coefficient is still very close to the full numerical result even up to € = 2.0.

We now consider flow around other cylindrical bodies. At each fixed k, we define A% by A! =
(Ar .. + A

min max

)/2 and we define a corresponding value of z by log (zel/z) = —A* /k. Replacing A* by A%,
in (3.15) we then obtain a hybrid drag coefficient. By using the values of d given in (3.19) and Table 2,

in Fig. 12 we plot this hybrid drag coeflicient for flow around certain cylinders having either elliptical or
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Karman-Trefftz airfoil cross-sections. In Fig. 13 we compare, for an ellipse and an airfoil, the hybrid results
for Cp with the asymptotic result (3.100).

For each of the Karman-Trefftz airfoil examples given in Table 2, there is an equivalent ellipse with
a = 1 that has the same value of d. The values of b for these equivalent ellipses, which are computed
using (3.19), are given in the last column of Table 2. In particular, an airfoil with thickness ratio 6 = .20
and tail angle 67 = 25° has the same value of d as an ellipse with ¢ = 1.0 and b = .170. Each of these
equivalent ellipses has the same asymptotic drag coefficient, within all logarithmic correction terms, as the
corresponding Karman-Trefftz airfoil. However, it is clear that the transcendentally small terms in the
expansion of the drag coefficient, which were not taken into account in our analysis, will not satisfy the same
equivalence principle. Work is in progress to calculate these transcendentally small terms.
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Appendix A: Analytical Results for the Generalized Model Problem
For our generalization (2.1) of Lagerstrom’s model problem, the outer corrections u; and the constants

a; are determined recursively from (2.3) and (2.7). From them we obtain the following formulae for the first

few outer corrections:
ui(r) = —Eq(r)

uz(r) = £(1) (2B (2r) = (1 + e ") Ei(r)) —vEa(r)

) = 1 (0 (=5 Ea(3r) = 3100 = (B(0) = 267 ) Ea2r) 4 > E))
+IF ) (e; (2= 1) [Er(r)]? = 2¢ " By (r) + 4E1(2r)) Ay
—2vf (1) (e " Exi(r) — 2E1(2r)) + CEy(r)
+ 1) (‘;’1(7«) + By (r)Ey(2r) — e[y (7«)}2> .
Here Ey(r), I() and C are defined by
0= [ Emra. Bw= [, .

€= 5" (W)log2 ~ S[f (1] (2log2 + 1) +2(log2 — ) ' (1) =77,

and v is Euler’s constant. The constants a;, for j < 4, defined in (2.7) and given in (2.9) are obtained from
(A.1) by using the limiting behavior Ey(r) = —logr — v+ o(1) as r — 0. In (2.9), the constant I is defined
by I = I(0) ~ 1.22856.
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Appendix B: Some Analytical Results for Slow Viscous Flow
From [12], the solution to (3.7a), which satisfies ¥; ~ plogpsinf as p — 0 is

Ui(p,0) =Y C"(Z/ 2, sin(mh),  en(s) =2 [Kl(s)In(s) n Ko(s)f;(s)} . (B.1)
n=1

As p— 0, cu(p/2) = O(p"~ 1) for n > 1, and ¢;(p/2) ~ 1 —log(p/4) — 7, where 7 is Euler’s constant. Thus,
¥y — plog psiné — p(y —log4 — 1) sinf as p — 0, and hence, from (3.7b), as = v —log4 — 1.
To evaluate numerically the Jacobian in the hybrid formulation (4.11), we use the following analytical

formulae for various derivatives of Wy (p, 6):
20,V?0, = /2 sinf [K1(p/2) cos 0 — Ko(p/2) —2p ' K1(p/2)] .
20pV2, = /2Ky (p/2) [2cos6 — psin? 6] |
9,0, = —*/2Ky(p/2)sin b,
oW, = —pe®/? [K1(p/2) + Ko(p/2) cos 0] + 2.
Here x = pcos 6. In terms of x and y = psin @, the Oseen vorticity, denoted by —w;, and the components of
the Oseen velocity are given by (see [8])
up =0y ¥ = -2 e”/gKo(p/Q) +20, {ex/QKo(p/Q) + log p} ,
v = =0,V =20, [eI/QKO(p/Q) + logp} ) (B.3)
w) = V20, = —yp L e®2K 1 (p/2).

Kaplun’s method (see [5]) to determine a3 in (3.8b) is to first decompose o as Uy = as¥q + Yo, and

then introduce u, by ug, = (9, ¥y, —0,¥2,). It then follows from (3.8a) that
(VQ - a:c) Uy = —-VP; + F(l‘,y) ;
(B.4)
V'llgp:O, F= (Fl,FQ) :wl(vl,—ul),

where P, is an unknown pressure. The solution to (B.4) can be represented in terms of the Green’s matrix

of the homogeneous operator. From this representation, and by using the condition from (3.8b) that ug, —

(a3 — a3)i as p — 0, one can obtain the following equation for as:

1 o0 oo
w=ai- o= [ [ e i)Bi) + gul-a. -y Faoy) dedy. (B.50)
Here g11 and g2, which are elements of the Green’s matrix, are defined by
g11(z,y) = =" Ko(p/2) + 0, [eI/QKo(p/2)+logp] . gia(z,y) = 9, ex/QKo(p/Q)Hogp} . (B.5b)

From (B.3), (B.4) and (B.5b), a lengthy calculation shows that (B.5a) can be expressed in terms of polar

coordinates as
L[> , : .
as = a3 — %/ / Ko(p/2)K1(p/2) |1+ eP 38 — pele/? CObeKl(p/Q)] sin? 6 df dp . (B.6)
o Jo
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Finally, the result (3.9) for a3 follows from (B.6) by using the identity fo% e sin? 0 df = 2mp~'1,(p). We
obtained the numerical value for the integral in (3.9) from a careful numerical quadrature.
A formula for the drag coefficient Cp is given in [4] in terms of an arbitrary closed contour around the

body. From this formula and from the symmetry of the flow, it follows that

Cp = 7“/ {0089(1/)3 - *zwg) - SinWrwo] o — 27"/ w g sin 6 df
0 _ r r 0 (B.7)

- 26717'/ (rw, —w) sinfdo,
0

where 1) satisfies (3.1) and w = V2. Here 7 is the radius of an arbitrary circular contour that encloses the
body. The result (3.10a), which holds for € — 0 and for an arbitrarily shaped body, is obtained by evaluating
(B.7) on a large circle (i. e. r = ro > 1), where the far field form (3.5b) for the Stokes expansion can be
used. For a circular cylinder of radius one, we can evaluate (B.7) conveniently on 7 = 1 to obtain the exact

formula

Cp = 26_1/ (w—w,) sinfdb. (B.8)
0
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€ Q(e) Q*(ed) (4 term) (3 term) (2 term)
0.0104 0.1889 0.1892 0.1888 0.1923 0.1984
0.0517 0.2608 0.2620 0.2590 0.2722 0.2891
0.1089 0.3126 0.3140 0.3045 0.3349 0.3665
0.2409 0.3884 0.3868 0.3422 0.4369 0.5109
0.3399 0.4296 0.4232 0.3225 0.4974 0.6146
0.4759 0.4753 0.4596 0.2107 0.5649 0.7640
0.6430 0.5204 0.4908 -0.1364 0.6199 0.9715
0.7574 0.5465 0.5064 -0.5934 0.6314 0.1136
0.9703 0.5877 0.5272 -2.3490 0.5513 0.1515

Table 1: For s =1 (d = e™') and f(u) = u, the hybrid result Q*(ed)
is compared with the exact result Q(e) and with the

truncated series (2.8), (2.9).

0 Or k c d b
.050 0° 2.000 0.961 0.328 0.040
.080 5° 1.972 0.952 0.344 0.066

.100 13° 1.928 0.960 0.354 0.082
120 16° 1.910 0.954 0.364 0.098
120 20° 1.889 0.968 0.363 0.096
.200 25° 1.861 0.915 0.410 0.170

Table 2: Numerical values for d corresponding to the Karman
Trefftz airfoils (4.7). The tail angle (in degrees) is O
and the thickness ratio is . The last column gives the
value of b for an ellipse, with a = 1, that has the

same value of d as the corresponding airfoil.
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Fig. 1: For k = 0o (d = 1) and for two forms of f(u), @*(€) is compared with the full numerical result for Q(e).

The top two curves are for f(u) = u and the bottom two curves are for f(u) = 2u3/(1 + u?).
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Fig. 2: Same caption as for Fig. 1 except that the results are now compared at k = 1 (d = e™1).
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Fig. 3: For k = oo and f(u) = 2u®/(1 + u?), the hybrid result Q*(e) is compared with the exact result and

with the two, three, and four term expansions obtained from (2.8) and (2.9).
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Fig. 4: Plot of d, obtained from (3.19), for an ellipse where the semi-major axis is 1.
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Fig. 5: Contour plots of the stream function and the vorticity, computed from (4.5), for Stokes flow around the

Karman-Trefftz airfoil (4.7) with k = 1.91 and ¢ = 0.954.

26



20.0 —r———Fr—+——Fr———
L i
exact .
hybrid |
15.0 . Sterm 2
%, » experimental 1
s \
< 10.0 +
5.0
oo Lo o v b b b b b b
0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
e

Fig. 6: For a circular cylinder, the hybrid results for Cp versus the Reynolds number € are compared with

experimental results, with the three-term expansion (3.100), and with the full numerical results. The
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Fig. 7: Contour plots, in the Stokes variable, of the stream function and the vorticity for the full flow over a
circular cylinder computed from (4.13) with e = 0.085. Notice that the full flow field has a very slight

upstream/downstream asymmetry.
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Fig. 8: Contour plots, in the Oseen variable, of the stream function and the vorticity computed from the hybrid

problem (4.10) with x = 0.25 (e ~ 0.085).
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Fig. 9: Contour plots, in the Oseen variable, of the stream function and the vorticity computed from the full

problem (4.13) with € = 0.085.
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Fig. 10: Contour plots, in the Oseen variable, of the stream function and the vorticity computed from the hybrid

problem (4.10) with x = 0.65 (e ~ 1.65).
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Fig. 11: Contour plots, in the Oseen variable, of the stream function and the vorticity computed from the full

problem (4.13) with € = 1.65.
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Fig. 12: Plots of the hybrid drag coefficient for cylinders of various cross-sectional shapes.
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Fig. 13: The hybrid drag coefficient is compared with the three-term result (3.10b) for a cylindrical body with
either an elliptical or a Karman-Trefftz airfoil cross-section.
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