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Abstract

Low Reynolds number fluid flow past a cylindrical body of arbitrary shape in an
unbounded, two-dimensional domain is a singular perturbation problem involving an
infinite logarithmic expansion in the small parameter €, representing the Reynolds num-
ber. We apply a hybrid asymptotic-numerical method to compute the drag coefficient,
Cp, and lift coefficient, C, to within all logarithmic terms. The hybrid method solution
involves a matrix M, depending only on the shape of the body, which we compute us-
ing a boundary integral method. We illustrate the hybrid method results on an elliptic
object and on a more complicated profile.

1 Introduction

We consider two-dimensional, steady, incompressible, viscous fluid flow at low Reynolds
number past one cylindrical body that is asymmetric with respect to the direction of the
uniform free-stream. We apply a hybrid asymptotic-numerical method (the hybrid method)
to calculate the lift and drag coefficients, that are correct to all logarithmic terms. This is an
extension of the analysis of Kropinski, Ward & Keller [10], who applied the hybrid method
to determine an asymptotic expression for the drag coefficient of a cylindrical body that is
symmetric about the direction of the free-stream. We will refer to this as the symmetric
case. Low Reynolds number fluid flow can model the locomotion of micro-organisms (see
Lighthill [12]) with a Reynolds number in the range of 1073 to 1. In measuring the force that
the fluid exerts on the cylinder, the dimensionless lift and drag coefficients are of particular
interest.

In terms of dimensional variables, the Navier-Stokes equations for the velocity u =

(u1,u9) and pressure p of the fluid flow are
1
(u-V)u=—--Vp+rvAu, (1.1a)
p
V-u=0, (1.1b)

with boundary conditions u = 0 on 9D, the closed boundary of the body, and u — (Ux,0)

as |x| — oo. Here, u and p are functions of the spatial variable, x = (z1, z3), p is the density,
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v is the kinematic viscosity of the fluid, and Uy, is the magnitude of the uniform free-stream
velocity. After non-dimensionalizing, we identify the Reynolds number, Re = Uy L/v, where
L is a characteristic length scale of the body.

This problem is a singular perturbation problem, in which the Reynolds number is the
small perturbation parameter. The Stokes approximation to the Navier-Stokes equations,
which neglects inertial forces, is valid in a local (inner) region, close to the body, and the
Oseen approximation, a linearization of the Navier-Stokes equations, is valid in a global
(outer) region, far from the body.

In 1957, Kaplun [8] and Proudman & Pearson [16] used the method of matched asymp-
totic expansions to resolve the Stokes paradox in two-dimensional, steady, viscous flow past
a circular cylinder. Proudman & Pearson formulated the problem in terms of the dimen-
sionless stream function, whereas Kaplun used velocity and pressure in his formulation. In
their separate studies, each were able to determine analytically the first two terms in an
asymptotic expansion for the drag coefficient and, with some difficulty, Kaplun was able to
determine the third term. Also, Kaplun remarked on how to obtain the form of an expan-
sion for a cylinder of arbitrary cross-sectional geometry. This is known as the equivalence
principle of Kaplun, which asymptotically links the drag coefficients of cylinders of any
cross-sectional shape, to within all logarithmic terms.

Twenty-five years later, Shintani, Umemura & Takano [17] applied the method of
matched asymptotic expansions to determine the lift and drag coefficients of an elliptic
cylinder in low Reynolds number fluid flow. They were able to obtain terms up to order
(logRe) 2 in the inner expansion for the lift and drag forces acting on the cylinder. How-
ever, the truncated series for the drag and lift coefficients are only accurate for moderately
small Reynolds number. Thus, further terms are necessary to provide reasonable accuracy
for a wider range of low Reynolds numbers. For the special case of an elliptic cross-section,
we will compare the leading-order form of our lift coefficient result to theirs.

Shortly thereafter, in 1986, Lee & Leal [11] numerically implemented the method of
matched asymptotic expansions using velocity and pressure as variables in their study of
low Reynolds number flow past cylinders of arbitrary cross-sectional shape. Like Shintani
et al., they were able to determine expressions for the lift and drag force on the cylinders
that were correct up to order (log Re)~2.

In extending the work of Kropinski et al. [10], we allow the cylinder cross-section to
be asymmetric with respect to the free-stream and hence, the body could have a non-zero
lift force. For one cylindrical body, of arbitrary cross-sectional shape Dy and asymmetric
with respect to the free-stream, we construct an asymptotic solution for the lift and drag
coefficients in the limit of Re — 0. In the symmetric case, the solution involves a shape-
dependent parameter, d. In the asymmetric case, which we are presenting in this paper, the

solution involves a matrix, M, that depends on the cross-sectional shape, Dy. Changing



the shape of the body in the hybrid method solution is very easy, since we only need to
recompute the matrix, M. Also, applying the hybrid method enables us to sum all the
logarithmic terms appearing in the expansions for the lift and drag forces, resulting in an
error that is O(ReP) instead of O((log Re)™?) for some positive p and gq.

The dimensionless stream function, 1), satisfies

_ ¥
-5,

9
ox’

(% Uy =

where v = (v1,v3) is the fluid velocity. As is well-known, in terms of polar coordinates with

the origin at the centroid of the body, the stream function satisfies

A2¢ +edr (¢, Atp) =0, (r,0) & Do, (1.2a)
P = % =0, (r,8) € 0Dy, (1.2b)
Y ~ rsinb, r=(2? +22)"/? 5 . (1.2¢)

Here, ¢ = Re = Uy L/v < 1 is the Reynolds number based on the length scale L of the
cylinder cross-section Dy, and .J, is the Jacobian, J,.(f,g) =7 1 (frgs — grfs)-

In Sections 2 and 3, we outline the standard singular perturbation analysis of (1.2) in
the two regions of the solution domain; the “Stokes” (inner) and “Oseen” (outer) regions.
Using the asymptotic structure that unfolds in the standard analysis, we apply the hybrid
method to the original problem (1.2) in Section 4 and formulate a problem for the stream
function that is asymptotically related to the original. We will solve this related problem
numerically by extending the finite-difference code of Kropinski et al. [10]. The solution
of the related problem contains the entire infinite logarithmic expansion of the flow field
and the force coefficients. In Section 5, we describe the numerical methods for solving
the hybrid related problem, including the calculation of the body shape-dependent matrix
M and necessary modifications to the symmetric case finite-difference code. Finally, in
Section 6, we illustrate the hybrid method results for the lift and drag coefficients of various

objects, and discuss possible extensions to this work.

2 Asymptotic Expansion in the Stokes Region

In the Stokes (inner) region where r = O(1), the stream function satisfies (1.2a) with
e = 0 and (1.2b). We declare r and 1 to be the Stokes variables and expand the stream

function in the form

P(r,0;¢) = Zvj(f)wj(n 0)+---, (2.1)



where v(e) = —1/loge. Substituting (2.1) into (1.2a)—(1.2b), we find that ¢; for j = 1,2,...

satisfies

Az% = Oa (T’ 0) g DOa (22&)
’Lﬁj = % =0, (7“, 9) € 0Dy. (2.2b)

The asymptotic form of 1; as r — oo involves linear combinations of {r3, rlogr,r,r 1} cos @
and {r®,rlogr,r,7~1}sinf. To match with the Oseen expansion, the 7> terms must vanish.

Thus, we can write the far-field form of v; as
1 ~ a; - [(rlogrcosf,rlogrsing) + M(rcos,rsinf)] +--- , (2.3)

as r — oo. The far-field form of the stream function %; is motivated by the section on
viscous flow problems of Hsiao & MacCamy [6]. In (2.3), a; = (acj,as;), for j > 1, are
constant vectors that are independent of the Reynolds number, €. Also, M is a 2 X 2 matrix
that depends on the cross-sectional shape of the body and on its orientation with respect
to the free-stream. The matrix M is analogous to the body shape-dependent parameter d
of the symmetric case in [10].

Thus, the Stokes expansion has the far-field structure

o
P~ Z V() a; - [(rlogr cos 0,7 logrsin@) + M(r cos 6, rsin )], (2.4)
j=1

as r — 0o. We can also write the far-field structure of the Stokes expansion as

o

Y~ V(e)a; - [ylogly| + My], (2.5)
j=1

as r = |y| = oco. Here, y = (rcosé,rsinf). We compare this to the symmetric case that
Kropinski et al. [10] studied in which, due to the symmetry of the flow field, it was only

necessary to include sin @ terms in the stream function expansion.

3 Asymptotic Expansion in the Oseen Region

In the Oseen (outer) region of the solution domain, where r = O(¢™!), we introduce
new variables p = er, x = ey = (pcos 0, psinf) and ¥(p,0;¢) = e(pe*,0;¢), and expand
U as

T(p,0;¢) zpsine—l—ZVj(e)\Ilj(p,Q)—l—---. (3.1)

Again, v = —1/loge.



Substituting (3.1) into (1.2a) and (1.2c) and matching ¥ as p — 0 to the far-field form
of the Stokes expansion in (2.4), we find that a; = (0,1) so that ¥ satisfies

sinf 0 1o}
LysUq = A2\111 + ( 9 cos 08_p> AV, =0, p >0, (3.2a)
U — 0, p — 00, (3.2b)
Uy ~ (logp+ mag + ase)psind + (ma1 + ac2)pcos b, p— 0. (3.2¢)

We will elaborate later on the significance of the form of the first constant vector, a;. In
(3.2a), L,s is the linearized Oseen operator and ¥, is the linearized Oseen solution. In
(3-2c), my; is the entry in row ¢ and column j of the matrix M. For j = 2,3,..., the

functions ¥; satisfy

j—1
LosUj ==Y [0, AT; 4], p>0, (3.3a)
k=1
U; =0, p — 00, (3.3b)
U; ~a;-[xlog|x| +Mx]|+a;-x, p=|x| = 0. (3.3¢c)
Again, the constant vectors a; for j = 2,3,... are independent of the Reynolds number, «.

The solution to (3.3) recursively determines these constant vectors.

For the symmetric body case, all the a.; components of a; vanish. As well for this case,
we show in Appendix B that the off-diagonal entries of the matrix M are zero.

For ¢ — 0, the drag coefficient, Cp, and lift coefficient, C;, for a cylinder of arbitrary

cross-section are of the form (see Appendix A)

Cp ~ T iasjlfj_l"f‘“‘ L~ iacj’/j_lJr"' : (3.4)
© \i= © \i=2
We begin the infinite sum in the lift coefficient expression at 7 = 2 since a1 = 0 (recall that
a; = (0,1)). At this stage, we see that with v = —1/loge, where ¢ is the Reynolds number,
the coefficient of drag is O((cloge)™!) and the coefficient of lift is O(¢~(loge)~2).
Kaplun’s three-term expression for the drag coefficient provides a poor approximation
of the experimental values unless ¢ is very small (see Van Dyke [19]). Numerically, it is
possible to compute further coefficients in the series from the infinite sequence of partial
differential equations. However, one would still have to truncate the series at some finite j.
Instead of truncating the series for the lift and drag coefficients, we show that the hybrid
asymptotic-numerical method allows us to sum all the terms in the infinite logarithmic
series while avoiding the direct and tedious calculations of the individual coefficients in the

asymptotic expansions.



4 The Hybrid Method Formulation

We define the vector function A (e) as asymptotic to the infinite logarithmic series
e -
A() = (A(e), Ay(e) ~ D ai i),  e—o. (4.1)
j=1

As in the previous section, the a; = (acj,as;) for j > 1 are constant vectors, and v =
—1/loge where ¢ is the Reynolds number. To obtain these constant vectors, it would be
necessary to solve a recursive set of linearized, forced Oseen problems. In the symmetric
case, Kaplun [8] was able to determine ay; for j = 1,2,3. However, it is analytically
intractable to calculate any more of the ay;. For this reason, we will apply the hybrid method
in order to find A(e) directly. We define the vector function v.(p,0) = (¥Z(r,0),v%(r,0))

to be the canonical inner solution satisfying

A2¢c = Oa (T’ 9) € D07 (42&)
P, = a(;’ic =0, (r,0) € 0Dy, (4.2b)
Y.~ ylogly| + My, r=ly|— oo, (4-2¢)

where M is a 2x2 matrix that depends on the shape of the body. The solution of the
canonical inner problem for a specific cylinder cross-section provides the matrix M for that
shape. For certain cross-sectional shapes, such as an ellipse, it is possible to determine M
analytically. In Appendix B, we show how to determine M for an ellipse inclined at an
angle a to the free-stream. For a body of arbitrary shape, we provide a numerical method
in Section 5.1 to find the M for that shape. The canonical problem in (4.2) is a vector
analogue in terms of polar coordinates of the canonical local problem of the symmetric
case.
Using (4.1) and (4.2) together with (2.3), the Stokes expansion (2.1) is asymptotic to

P(r,0;e) =v(e)A(e) - (r,0) +--- . (4.3)

Substituting (4.2c) into (4.3) and writing the result in terms of the Oseen variable
x = gy, we get the far-field form

Y~ e TAe) - [x 4 v(e)xlog x| + v(e)Mx], ly| = oc. (4.4)

We now formulate the related problem for the stream function. The related problem for

A (g) and the auxiliary stream function ¥, = Uy (p,0;¢) is

ATy + J,(Ty, AT,) =0, p=|x|>0, (4.5a)
Uy ~ psind, p — 00, (4.5b)
Uy ~A(e) - [x+v(e)xlog|x| + v(e)Mx], p — 0. (4.5¢)



The solution to the related problem, using the method that we describe in Section 5.2, will
allow us to compute A(g).

The related problem is a hybrid asymptotic-numerical formulation of the original prob-
lem (1.2) but in terms of the Oseen (outer) variables. In the related problem, we have
replaced the boundary conditions on the cylindrical body in (1.2b) by the singularity struc-
ture (4.5c). We derived the form of the singularity through the far-field structure of the
logarithmic expansion in the Stokes region. Applying the hybrid method reduces the prob-
lem to computing the solution to the parameter-dependent problem (4.5) instead of com-
puting the solutions to the infinite sequence of outer problems in (3.3). In terms of A, the
asymptotic formula for the lift and drag coefficients (see Appendix A), valid to within all

logarithmic terms, is

4
(Cr,=COp) = =—[v()Ale) +---],  v(e) = —1/loge. (4.6)
We found that a; = (0,1), which we substitute into (4.1) to see that A, = O(v) and that
Ags = O(1). Thus, we see that the lift coefficient is smaller than the drag coefficient by a
factor of O((loge)™1).

5 Numerical Methods

We now describe our numerical methods for calculating the shape-dependent matrix M

and for solving the hybrid problem (4.5).

5.1 Calculation of the Shape-Dependent Matrix M

We seek the vector function v,(r,0) = (yZ(r, ), (r,0)) which satisfies the canonical
inner problem in (4.2). As we mentioned in the previous section, the solution of (4.2) for a
specific cylinder cross-sectional shape provides the matrix M for that shape. In Appendix B,
we discuss how to determine M analytically in the case of an ellipse. However, for an
arbitrary cross-section, numerical methods must be employed.

For the symmetric case, Kropinski et al. [10] found the canonical inner solution by first
conformally mapping dDg to the unit disk and then solving the mapped equations in the
interior of the disc using a finite-difference scheme. There are a number of limitations to
this approach. First, a conformal mapping must be found, and while one exists in theory,
it is often difficult and time-consuming to determine this mapping in practice. Second, the
numerical method is only second-order accurate and third, it is computationally expensive.
It is much more natural to formulate ¥Z(r, 8) and ¢ (r, 8) as solutions to integral equations,
and this is the approach we take here. This has the two-fold advantage that the numerical
solution requires only a boundary and not a volume discretization and that the far-field

behaviour given by (4.2c) is captured analytically by the kernels of the integral operator.



In this work, we employ the integral equation methods from Greengard, Kropinski &
Mayo [4] for solving problems in Stokes flow. These methods are computationally robust,
spectrally accurate and extremely efficient and we outline here the relevant details from
this paper. Following the discussion of Mikhlin and others [13, 14, 15], we note that W =

% (r,0) or 1¢(r,0) can be expressed by Goursat’s formula as

W(z,y) = Re(z¢(2) + x(2)),

where ¢ and y are analytic functions of the complex variable z = re®, and Re(f) denotes
the real part of the complex-valued function f. The functions ¢(z) and x(z) are known as

Goursat functions. A simple calculation leads to Muskhelishvili’s formula

%—Z]ﬂ%—zf = ¢(2) + 24/ (2) + X' (2), (5.1)
which provides an expression for the velocity field. Muskhelishvili’s formula reduces the
canonical inner problem to a problem in analytic function theory, namely that of finding ¢
and x'(z) which satisfy zero velocity on the boundary 0Dy and have the asymptotic far-field
behaviour given by (4.2c) as |z| — oo.

As in [4], the construction of functions ¢ and x' are

_ 1 w(§)
P(2) = i o0y & — 2 d§ + /6D0w(§)ds + Clog 2,

e = [ w(§)de +w(©dE 1 [ €0 4e 1+ 1 Tg).

(5.2)

2mi E—=2 2mi (& — 2)?
In the preceding expressions, w(¢) is an unknown density, b is a real constant determined
by
b—i / w(t)dE — w(t)dt.
0Do

and C is a complex constant which, as we discuss below, is fixed by the nature of the far-field
flow.

If we let z tend to a point ¢ on the contour 0D, and use the classical formulae for the
limiting values of Cauchy-type integrals, we obtain from (5.1) and the boundary condition

(4.2b) the Sherman-Lauricella integral equation
1 -1
w(t) +/ W(€)ds + —— w(f)d(ln §_)
8Dy 271 Jop, £—1
_I_

1 _ E—t
" omi am“"(@d(ﬁ)

We solve (5.3) numerically, using a Nystrom discretization based on the trapezoidal rule.

(5.3)

The resulting linear system is solved iteratively using GMRES coupled with the Fast Mul-
tipole Method (FMM) (see [1, 3, 5]) to compute matrix-vector products. The method has



N | # GMRES Iterations | CPU Time Error

256 29 6.2 0.50 109

512 30 12.5 0.25107!

1024 30 27.6 0.1210°7

2048 30 74.1 0.3010~ 1
Table 1: Error in computed M values for ¢ = 1, b = 1/10, @ = —n/3. The ex-
act values are my; = .3023824553010749, mio = moy = —.3542831197299977, moy =
—.1067084537898340.

super-algebraic convergence and the computational expense is O(N), where N is the num-
ber of discretization points on dDy. These are great savings compared with direct methods
(O(N3)), or iterative methods without FMM (O(N?)).

properties of the numerical methods, see [4].

For a further discussion on the

To compute the entries to the matrix M for a particular 0Dy, consider the expression for
the far-field velocity as given by the representations for the Goursat functions. Substituting
(5.2) into (5.1) and taking the limit as |z| — oo, we get the leading terms in the far field to
be

¢(2) + 29/ (2) + X'(2) ~ 2Clog 2| +

C

1
3 + /aDOw(f)ds.

Computing the gradients of 1/ and 7 in (4.2¢c) and comparing to the above, we see that

ISR

to determine mq; and mig, we first solve (5.3) with C' = 1/2. The matrix entries, m;;, are

then determined from the solution w(t) by the following

miy = Re (/BDO w({)ds) —5.  mp=Im (/6D0w(§)ds> .

To find the remaining two entries, we solve (5.3) with C = i/2 and

mot = Re (/aD w(g)ds> . mgy=1Im (/BDO w(E)ds) - %

Here, Re(f) and Im(f) represent the real and imaginary parts of the complex-valued function

f.

As a test for the numerical procedure, we compute Stokes flow past an ellipse of ratio
10:1 with a = 7/3 and compare the numerically determined matrix entries to those derived
in Appendix B. The results are shown in Table 1 and all timings reported are for a SPARC
Ultra 1.

Next, we compute M for a profile for which there are no analytic formulae. The example
profile is shown in Figure 1, together with contours of vorticity. The boundary is discretized

with 2048 points and the computed matrix entries are

—1.0019045557844 0.1550966443197

M= 0.1550966443197  —0.5484962829688 | -

(5.4)
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Figure 1: An example of the solution for a complicated profile 3Dy. The plot shows contours
of vorticity.

5.2 Numerical Solution of the Hybrid Method Related Problem

In numerically solving the parameter-dependent hybrid related problem in (4.5), we first

decompose the solution as
Uy (p,0;e) = psind + v(e)A(e) - (Yo, Yos) + ¥ (p, ). (5.5)

Using this expression, we will construct a problem to solve for ¥* that is regular as p — 0.
In (5.5), ¥, and ¥, correspond to the cosnf and sinné parts of the linearized Oseen

solution respectively. From the form of (3.2), we have that ¥,. and ¥, satisfy

Los(Toe, Tps) =0,  p>0, (5.62)
(Woe, Uos) — 0, p — 00, (5.6b)
Uoe ~ plogpcosh, T,s ~ plogpsind p— 0. (5.6¢)

Here, L,s is the linearized Oseen operator as defined in (3.2a).

The solution for ¥,, from Proudman & Pearson [16], is

0= 32 [86(8) (1s(2) 10 () # 26, (2) ()] o

In this expression, K, (z) and I,(z) are modified Bessel functions of order n of the first and

second kind. In a similar manner (see Appendix C for details), we determine ¥,.(p, ) to

10



be
o0
_ p P
Tou(p, 0) = 4;:1: Ko( 2) I, ( 2) cos nf). (5.8)

For small z = p/2, the asymptotic forms as z — 0 of the modified Bessel functions are

Ko(2) ~ —og (5) =+, Kl(z)~§+---, (5.92)
Io(z) ~ 14+, Il(z)~§+---. (5.9b)

In (5.9a), v = 0.5772... is Euler’s constant. Using (5.9) in (5.7) and (5.8), we obtain that

the asymptotic structures, as p — 0, of ¥, and ¥, are

Woe ~ plog pcos @ + (v —log4)pcos, (5.10a)
Uos ~ plog psin® + (v —log4 — 1)psin6, p— 0. (5.10b)

Substituting (5.5) into (4.5), and using (5.10), we have that U* is regular as p — 0 and

satisfies

Lo 0" = —J,[VA - (U, W) + U5, VA - (AT, AT, ) + ATT], p>0, (5.11a)
U* — 0, p — 00, (5.11b)

U* ~ [Ae + v(mpActmigAs — Ac(y — log4))]pcos 0 +
[As + v(mo1Ac + mog Ay — Ag(y —logd — 1)) — 1]psinf + - - -, p—0. (5.11¢)
Again, A = (A, A,) and my; is the ijth entry of the matrix M. In Appendix C, we provide
the linearized Oseen solution, ¥,., and analytical formulae for its various derivatives that
we require to evaluate numerically the Jacobian J, in (5.11a). The corresponding formulae

for U,s are in the paper of Kropinski et al. [10] for the symmetric case.

We can also write (5.11c) in the form
T = 0 (p)cos + T (p)sinf + -+, p— 0. (5.12)

In (5.12), ¥(©) and U(®) are the Fourier cosine and sine coefficients respectively, given by

2

le) = %/ T*(p, 6) cos 6 db, (5.13a)
0
27

wl®) = % / T*(p, 6) sin 0 d6. (5.13b)
0

Here, ¥(©) and U(®) depend on p < 1 and on the vector parameter k = (Ke, ks) = VA.
We now outline the procedure to determine the vector A(e), where ¢ is the Reynolds

number. Comparison of the two expressions for U* as p — 0 in (5.11¢) and (5.12) results

11



in a 2 X 2 non-linear system for k of the form
T (ke, kg)

moy v+ mgy — (v —log4 — 1)] [n‘c] 1+ 1m0

vt my — (v —log4) mi2 Ks - . \Ij(c)(’fca Ks)
lim, ,g ——

(5.14)
For various k, we compute the solution ¥* from the parameter-dependent problem (5.11a)
and (5.11b), noting that A, = vk, and As = v~ 1k,s. We fix p = § < 1 and using (5.13),
we compute a “table of values” for the right-hand side of the non-linear system involving
the Fourier sine and cosine coefficients. In the specific case of low Reynolds number fluid
flow past an elliptic cylinder, we can find the m;; entries of the matrix M analytically
(see Appendix B). For a general cross-sectional shape, we employ the numerical method of
Section 5.1 to determine numerically the m;;. For a given Reynolds number, &, we have the
value of v = —1/loge. We can then solve the 2 x 2 non-linear system in (5.14) for k(e).
We use a bi-cubic spline to interpolate values of the right-hand side of (5.14) at arbitrary
K from our “table of values” of the Fourier sine and cosine coefficients. To solve (5.14), we
employ Newton’s method in which we compute the Jacobian with centred finite differences.
Finally, A(e) = v~ 'k(¢). With A(g) in hand, we calculate the coefficients of lift and drag
from the asymptotic expression in (4.6).

To compute the solution ¥* from (5.11), we extend the finite difference code of Kropinski
et al. [10]. They based their code for the symmetric case on a stream function/vorticity
formulation of the problem and solved the resulting non-linear system of equations for the
unknowns ¥*(p, 0) and w*(p,0) = AT*(p, ) using Newton’s iterations. They stretched the
radial variable according to 7 = log(1+ p) and applied a second-order centred discretization
on a uniform polar grid to the equations in terms of the variables (7,60). Exploiting the
symmetry of the flow field, they solved for the unknowns ¥* and w* on the domain 0 < 7 <
Too, 0 < 8 < 7, where T4 is an artificial far-field boundary.

The main modifications to the symmetric version of the code were: to expand the
solution domain to 0 < 7 < 7,0 < 8 < 27 since the flow field is no longer symmetric in
general; to determine the solution for various input vector parameters kK = (kc, ks) instead of
the scalar parameter x in the symmetric case; and using a Fourier cosine and sine expansion
to produce a 2 X 2 non-linear system to solve for the vector A(e).

In the symmetric case, Kropinski et al. [10] could exploit the symmetry of the flow field
to restrict the solution domain to the upper half plane. The corresponding computational
domain was then 0 < 7 < 75,0 < 0 < 7. For flow past an arbitrarily shaped cylinder, the
flow field is, in general, asymmetric. Thus, we extend the code to solve for ¥* and w* on
0 <7 < 70,0 < 0 < 27 and impose the periodicity conditions, ¥*(7,0) = U*(1,27) and
w*(1,0) = w*(7,27). We enforce periodicity in the computations through the addition of

an artificial grid line in the #-direction.
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We add cosf terms to the linearized Oseen solution in the Jacobian term in (5.11a),
which were not present in the symmetric case version of that equation, and compute the
solution for various input vector parameters kK = (K., ks) using n values of . and m values
of ks. This is in contrast to the symmetric case where the parameter dependence was on
a scalar k, corresponding to our x,. For a given k., for i = 1,... ,n, we compute ¥* for
a range of kg ;, for j = 1,... ,m, and at each stage, use the solution of the previous stage
where K = (K., Ks,j—1) as the initial guess. When we step to the next value of k., we use
the solution from the stage where k = (k¢;,ks,1) as the initial guess for the stage where
K = (Keit1, Ks,1)-

Kropinski et al. [10] matched the computed solution to its asymptotic structure near the
origin in terms of its derivative, 0¥* /97, which gave them a narrow range for the constants
A(g). In contrast, we follow the technique in Keller & Ward [9] of comparing the form of
the solution at the origin to an expansion in terms of its Fourier cosine and sine coefficients.
This technique provides us with a 2 x 2 non-linear system to solve for kK = vA, and in turn,
to find A.

6 Results and Discussion

We present the results of our study through various examples using the cross-sectional
shapes of an inclined ellipse and the profile in Figure 1. The shape of the cylinder cross-
section enters into the hybrid method solution through the matrix M, which we can deter-
mine analytically for an ellipse from (B.1). We use the numerical procedure of Section 5.2
to solve the hybrid related problem in (5.11) for the stream function ¥* on a 100 x 100 grid
with an artificial boundary condition corresponding to a radial variable of value po, = 60.
We use the solution for ¥* to compute the Fourier sine and cosine coefficients in (5.13),
which we require for solving the 2 x 2 non-linear system in (5.14) for A(¢) = k(e)r!(e). We
then use A(e) in (4.6) to obtain the coefficients of lift and drag, correct to all logarithmic

terms.

6.1 An Elliptic Object

In examining the leading-order form of the asymptotic expansions for the lift and drag
coefficients in (3.4), we find that the drag coefficient is O(v/¢) and that the lift is O(v?/e),
where v = —1/loge. For an elliptic cylinder with major semi-axis a and minor semi-axis b
inclined at an angle a to the free-stream at Reynolds number ¢, the leading-order form of

our expression for the lift coefficient, Cp, is

4t a-—b

Cu = e(loge)?a+b

sin a cos a. (6.1)
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To obtain this leading-order form from (3.4), we need the first non-zero a.-component of
the constant vectors, a;. In Section 3, we found that the first constant vector is a; = (0,1).
We continue the matching procedure between the Stokes and Oseen regions to determine
that the component a.o of the second constant vector, as, is aco = —msa1, where mgp is an
entry of the body shape-dependent matrix M. Substituting the matrix M for an inclined
ellipse in (B.1) and the form of a9 into (3.4), we obtain our leading-order form for the lift
coefficient of an inclined ellipse.
20 T

C,, (hybrid)

C_ (Kaplun)|
C, (hybrid)
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Figure 2: Drag coefficient, Cp, from the hybrid results and from Kaplun’s three-term ex-
pansion, and the lift coefficient, C,, from the hybrid results, versus Reynolds number, ¢, of
a circular cylinder (an ellipse with equal major and minor semi-axes a = b = 1).

We confirm the leading-order form of our result by comparing it with the leading-order
expression for the lift coefficient of Shintani et al. [17] in their study of low Reynolds
number flow past an elliptic cylinder. Their expression for the lift coefficient, correct to

O(e(loge)~2), can be written as

4T a—b
~ in 2 2
(Cr)s R(logR —t,)(logR—t_) (a-i—b) S e, (62)

where

1 a—>b a—b\?|’
= — 4log(2) — log[l +-q142—— 2 .
s v+ 4log(2) — log[1 + b/a] 2{ + (a—i—b) cos a+( +b> }

a

Here, R = 2¢ and v = 0.5772... is Euler’s constant. The leading-order expression of

Shintani et al. [17] in (6.2) is consistent with our leading-order form in (6.1). In their
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paper on flow past cylinders of arbitrary cross-sectional shape, Lee & Leal [11] numerically
calculated the lift force, correct to O((loge)~2), which corresponds to a lift coefficient of
O(e7(loge)™2). They showed that their numerically calculated values for the lift agree with
the analytical results of Shintani et al. [17] for an elliptic cross-section. Chester [2] examined
the motion of an inclined elliptic cylinder at low Reynolds number and obtained an analytic
expression for the lift force, correct to O(¢~1(loge)~2), that (once adjusted for the fluid in
motion past a stationary body) is also consistent with our leading-order form. These results
of previous researchers substantiate the form of the first term in our asymptotic expression
for the lift coefficient as an infinite expansion of reciprocal logarithms. With the numerical
solution of the hybrid related problem that we show in the following examples, we obtain
the lift coefficient correct to all logarithmic terms.
25 N

C, (hybrid)

C, (Shintani et al.)
CL (leading—order)

20 -

10 / i

Lift coefficient

-5 ! I I I I I
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

€ (Reynolds number)

Figure 3: Lift coefficient, C},, versus Reynolds number, ¢, of an elliptic cylinder with major
semi-axis ¢ = 1 and minor semi-axis b = 0.5 at an angle of inclination, a = 7/4, comparing
the hybrid results with the leading-order form in (6.1) and the results from Shintani et al.
in (6.2).

Varying the Reynolds Number. First, we use the curve for the coefficient of drag
as a check of the extended asymmetric code, to ensure that we compute the same solution
as the original symmetric code of Kropinski et al. [10]. For a circular cross-section of radius
1 (an ellipse with equal major and minor semi-axes, a = b = 1), Figure 2 displays the force
coefficients versus the Reynolds number, ¢, showing a constant zero lift coefficient and the
same coefficient of drag curve as produced in Kropinski et al. [10]. For the drag coefficient

curve in Figure 2, we compare with the three-term expansion of Kaplun [8], which we can
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write as

1
Cp) i ~ 41 — 0.866902 )= . 6.3
(Cp) i ~ 4] at Y log 3.7027 — log e (6:3)

In Figure 3, we plot the lift coefficient versus Reynolds number, ¢, for an elliptic cross-section
with major semi-axis ¢ = 1 and minor semi-axis b = 0.5 and at an angle of inclination of
a = m/4. The figure contains the C; () curves from the hybrid method result correct to all
logarithmic terms in (4.6), from the leading-order expression in (6.1), and from the result
of Shintani et al. in (6.2). The plot shows reasonable agreement with the result of Shintani
et al. [17], which is valid up to O(v?/¢). Figures 2 and 3 indicate that the three-term
expansion for Cp, in (6.3) and the leading-order expression for C, in (6.1) are valid only for
a narrow range of . Although the coefficient of lift from Shintani et al. is close to ours,
their result is only for an elliptic object. In Section 6.2, we show the hybrid method results

for the force coefficients on a more complicated object.

Drag Coefficient

34
b=1
321 ~
b=05_ _ -~ __—--—"~
0030* ___-4”/” //’// b
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28 - i
26 1 1 1
0 0.5 1 1.5
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Lift Coefficient
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Figure 4: Lift coefficient, C, and drag coefficient, C, versus angle of incline, «, of an
elliptic cylinder with major semi-axis ¢ = 1 and minor semi-axis b = {1.0,0.5,0.2} at
Reynolds number ¢ = 0.1.

Varying the Angle of Incline. In Figure 4, we fix the Reynolds number, £ = 0.1, and
vary the angle of incline, «, of the elliptic cylinder with major semi-axis ¢ = 1 and minor
semi-axis b = 1,0.5,0.2. In all cases, we see that at « = 0 and @ = 7/2, when the ellipse is
symmetric to the free-stream, the coefficient of lift is 0. For the case with minor semi-axis
b = 1, the cross-sectional shape is a circle, and as we expect, we see that the drag coefficient

is constant and non-zero, and that the lift coefficient is 0. The figure also displays that
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the drag coefficient increases as the angle of incline increases, and decreases as the minor
semi-axis b decreases.

The graphs in Figure 4 are qualitatively similar in nature to those of Lee & Leal [11], in
which they plotted the contributions to the force on an elliptic cylinder at O((1/loge)?),

where ¢ is the Reynolds number, as a function of the angle of inclination, a.

6.2 A More Complicated Object

We now demonstrate the hybrid method results on a more complicated object, whose profile
is in Figure 5. Here, we need only modify the matrix M, that depends on the body cross-

sectional shape, to compute the force coefficients, C, and C,.

Figure 5: A more complicated object, whose profile is given by the analytical expression in
(6.4).

Varying the Reynolds Number. In Figure 6, we plot the force coefficients versus
Reynolds number, ¢, for an object with a complicated cross-section. An analytical expres-

sion for a point (z,y) on the boundary of this object is

x =E&cosf3—mnsinf, y = £sin B + 7 cos 3, (6.4a)
where
acos B+ acosf b+asinf — (b+asinf) b
(acos0)? + (b+ asin®)?’ 1 (acos)? + (b+ asinh)? *3 cos(NV6), (6.4b)
and

B=-03,a=12b=0.3N=80<0<2r (6.4c)

To compute the matrix M for this complicated object, we employed the numerical method

of Section 5.1 and obtained the matrix entries in (5.4).
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Figure 6: Drag coefficient, Cp, and lift coefficient, C;, versus Reynolds number, ¢, of a
more complicated object, whose profile we show in Figure 5.

6.3 Possible Extensions

One possible extension to this work is to consider low Reynolds number fluid flow past
an array of N cylindrical bodies. In this case, we assume that the cross-sectional shapes
are arbitrary with respect to the free-stream and construct asymptotic expressions for the
drag coefficient of each body. The governing equations are the steady-state Navier-Stokes
equations in (1.1). For this case involving multiple bodies, we would be able to examine
the effect of the interaction between the bodies.

Two different limits in terms of the Stokes variables that we may consider are: a
“lumped-body” limit where the bodies of O(1) radii are separated by O(1) distances, and
an “unlumped-body” limit in which the radii of the bodies have magnitude of O(1) and are
separated by distances of O(1/¢) where ¢ < 1 is the Reynolds number.

In the first limit, we can lump the bodies together via one matrix M for the entire array
of cylinders and in such a way, reduce the problem to one considered above. The hybrid
method would allow us to sum all of the logarithmic terms in the determination of the flow
field. The lumped-body problem is analogous to the one-body problem in that one can
consider the Stokes region containing all of the bodies. This was the approach of Lee &
Leal [11] who used boundary integral methods to solve for low Reynolds number flow past
multiple cylinders, assuming that they were close enough together so that the Stokes flow

region encompassed both cylinders. Their method for determining the lift and drag forces,
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however, was only accurate up to terms of order O((log Re)2).

In the second limit, we cannot lump the array of cylinders together. This makes the
“unlumped-body” problem analogous to the multi-body convective heat transfer problem
of Titcombe & Ward [18], which included the effect of long range interaction of the bodies.
Each of the N cylinders in the array would have its own body-shape dependent parameter d;
associated with it, fori = 1,... , N. To treat the multi-body problem, it would be necessary
to formulate the related problem of the hybrid method in terms of the velocity and pressure,
instead of the stream function formulation that was possible in the one-cylinder case. As
in Greengard et al. [4], we could extend the numerical method in Section 5.1 to compute

M from the solution to Stokes flow in a multiply connected region.
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Calculating the Lift Coefficient C,

Imai [7] gives an expression for the drag force and lift force in terms of an arbitrary

closed contour of radius r surrounding the cylindrical body. Converting this expression to

polar coordinates and defining the Reynolds number as

E:ReEM, (A.1)
©
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we can express the lift coefficient, C', and the drag coefficient, Cp,, as

ro (2 (op\? sinf (0p\?  2cos Oy O
co= [sme(ﬁ) -5 (5) e

2 2 21 27
+7"/ wcos&a—de—r—/ cos@a—wd0+z/ wcos 8 db.
0 0 or 0

00 € €

ro [ oYp\?  cosh [(OP\:  2sinf Oy Oy
CD—§/(; [COSG(W> — ’)"2 (@) — , E% d9

2 2 2 27
—r/ wsing?? d9+r—/ sinea—“’de—f/ wsin 6 6.
0 80 g 0 8 0

r 9

(A.2)

(A.3)

Here, 1) satisfies (1.2) and the vorticity w is w = —A. We obtain the result (3.4), valid for
¢ — 0 and for an arbitrarily shaped body, by evaluating (A.2) and (A.3) on a large circle

(eg. r =19 > 1), and by using (4.2) and (4.3).

B Determining Matrix M for an Ellipse

Figure 7(a)) shows a uniform free-stream in the positive z-direction about an elliptic

cylinder (with major semi-axis ¢ and minor semi-axis b, where a > b) at an angle « to the

free-stream. Figure 7(b) displays the cylinder in a new (u,v) reference frame, rotated by a

(a) (b)

Figure 7: (a) Inclined ellipse in the (z, y) reference frame, with polar coordinates x = r cos 0,
y = rsinf. (b) Ellipse in the (u,v) reference frame, with polar coordinates u = r cos ¢,

v = rsin ¢.

positive angle « from the (z,y) reference frame.

We first convert (u,v) to elliptic coordinates (£,7) using u = ccoshécosn and v =

csinh £ sinn, where ¢ = (a2 —b%)/2. Then we solve (2.2) with Dy as an ellipse. To determine

the matrix M, we compare the far-field form of this solution in terms of polar coordinates,
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as r — oo, with (2.3), and obtain

(b—a)cos’a—b a+b
= —1 B.1
mi1 atb 0g 2 ) (B.1a)
(a —b)sinacos «
= = B.1b
mip = Moy " : (B.1b)
(a—b)cos’a—a a+b
= —1 . B.1
ma2 et b og 2 (B.1c)

Here, m;; is the ij-th entry of the matrix M. From (B.1), we see that for any angle of
incline a, the matrix M for an ellipse is symmetric. For « = 0 (no angle of incline), M is
diagonal and the mgy entry must be equal to — log(de!/?), where d is the shape-dependent

parameter of the symmetric case, from Kropinski et al. [10], given by

a+b b—a
d= — . B.2
g P (2(a+b)> (B:2)
For no angle of incline (a = 0),
a+b b
m22——log( 5 )_a+b' (B.3)

Indeed, this expression corresponds to — log(del/ 2) from the symmetric case.

C Linearized Oseen Solution, ¥,., and its Derivatives

To obtain the solution, ¥,., to (5.6) we first define the negative vorticity woe = AWy,
and let w,. be of the form w,, = e%pc"saBch(p) cosnf, where R.(p) satisfies the modified
Bessel equation of order n

Z2 82Rc + aRc

S (0 )R =0, (1)

where z = p/2. We choose R.(p) = K, (z) to allow us the proper behaviour in the far-field.

Therefore, in general
w :e%pcosaiB K (B) cos né (C.2)
oc « n n 2 . °
n=

Using the small-p structure from (5.6¢) in the definition wye = AWy, we get that wee ~
(2/p) cos @ as p — 0.
From the asymptotic structure of K, (z) for small z, and that we will need to integrate

wee twice in obtaining ¥,., we set B, = 0 for n > 1 in (C.2), and obtain that

AT, = 3pcost [BOKO (g) + BK, (g) cos 0] . (C.3)
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Next, we write ¥,.(p,#) in the form

Yoc p, Z yn COS nd.

(C.4)

Here, we have started the summation at n = 1 since a term that is #-independent cannot

satisfy Ly,sWo. = 0. From this form, we have that

o0
1 n?
Ao =3 |410) + 5940) = )| cosn,
n—=1 p P
where y,,(p) satisfies
1 n?
" !
Yn(P) + Zyn(P) = Z59n =
P\, (P p p
2808 (5) 1 (5) + B (5) [1oa(5) # Bea(5) ], m>0
0027124-112 n12+n+12 n>0

We let yn(p) = (p/n) fn(p/2) and z = p/2, and so f,(z) satisfies

1)+ A+ T hale) = B ()T 1(2) + T ()] + 2BoKo(2))

The solution to (C.7), or equivalently (C.6), determines the solution for ¥,,.

We follow Shintani et al. [17] and try f,(z) of the form

Fal2) = 2 Ko Ta(2).

(C.5)

(C.6)

(C.7)

(C.8)

Substituting this form into (C.7), we see that we require § = 2By and § = —2B;. We

accomplish this with B; =1, 8 = —2 and By = —1. Finally, we obtain that

Uoc(p, 0 ——4ZK0() ()cosne

(C.9)

Using (C.3) with By = —1 and B; = 1, and (C.9), we obtain analytical expressions for

certain derivatives of ¥,., which are

8y W = €%/ Kl(g) —COSHKo(g)] +K°<2) Il(z) Kl(z) 10(2)

0V = ew/QK(](g) psinf,

20,A¥,, = e*/? -—ZKO(g) cosf + K, (g) cos? 0 + K4 (g) — %Kl (g) cos 0] ,

200AT,. = —e‘”/z- sin 6 [—pKo(g) + pK; (g) cos + 2K, (g)] .

23

(C.10a)
(C.10Db)

(C.10c)

(C.10d)



Here, © = pcosf. The corresponding analytical formulae for various derivatives of W,

from Kropinski et al. [10], are

8,05 = —e‘”/QKO(g) sinf), (C.11a)
o5 = —pe? [ Ky (g) + K()(g) cos ] +2, (C.11b)
20,0, = lsind | K (§) eost— Ko(§) - 2ka ()], (€t
209 AT,s = "2, (g) [2cosf — psin? 4. (C.11d)

Again, x = pcosf. We require these expressions in numerically evaluating the Jacobian,

Jy, in (5.11a).
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