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Weakly Nonlinear Theory for Oscillatory Dynamics in a 1-D PDE-ODE Model of
Membrane Dynamics Coupled by a Bulk Diffusion Field

Frédéric Paquin-Lefebvre *, Wayne Nagata t and Michael J. Ward *

Abstract. We study the dynamics of systems consisting of two spatially segregated ODE compartments coupled
through a one-dimensional bulk diffusion field. For this coupled PDE-ODE system, we first employ
a multi-scale asymptotic expansion to derive amplitude equations near codimension-one Hopf bifur-
cation points for both in-phase and anti-phase synchronization modes. The resulting normal form
equations pertain to any vector nonlinearity restricted to the ODE compartments. In our first exam-
ple, we apply our weakly nonlinear theory to a coupled PDE-ODE system with Sel’kov membrane
kinetics, and show that the symmetric steady state undergoes supercritical Hopf bifurcations as the
coupling strength and the diffusivity vary. We then consider the PDE diffusive coupling of two
Lorenz oscillators. It is shown that this coupling mechanism can have a stabilizing effect, charac-
terized by a significant increase in the Rayleigh number required for a Hopf bifurcation. Within
the chaotic regime, we can distinguish between synchronous chaos, where both the left and right
oscillators are in-phase, and a state characterized by the absence of synchrony. Finally, we compute
the largest Lyapunov exponent associated with a linearization around the synchronous manifold that
only considers odd perturbations. This allows us to predict the transition to synchronous chaos as
the coupling strength and the diffusivity increase.

Key words. Hopf bifurcation, weakly nonlinear theory, multi-scale expansion, in-phase/anti-phase oscillations,
Lyapunov exponents, synchronous chaos.

AMS subject classifications. 37N30, 37N25, 65P30, 35B36, 35B35

1. Introduction. We investigate, through a weakly nonlinear analysis, the oscillatory dy-
namics in a class of one-dimensional coupled PDE-ODE models. The class of models consid-
ered allows us to study the collective synchronization of two dynamically active compartments,
modeled by systems of nonlinear ODEs, that are indirectly coupled via the diffusion of some
spatially extended variable in a 1-D bulk interval. In particular, this modeling paradigm has
been used in the study of intracellular polarization and oscillations in fission yeast, where
each compartment represents the opposite tips of an elongated rod-shaped cell (cf. [29], [28]).
Pattern formation behavior and linear stability analyses of coupled 1-D membrane-bulk PDE-
ODE systems have been analyzed in other specific contexts (cf. [6], [9], [L1], [7], [13]), and in
multi-dimensional domains in [10] and [19], where they have been employed to study intercel-
lular communication and the related concepts of quorum and diffusion sensing. Quasi-steady
versions of the coupled membrane-bulk models, whereby the membrane is at steady state and
contributes only nonlinear flux source terms, have been used to model spatial effects in gene
regulatory networks (cf. [2], [16], [17]) and cascades in biological signal transduction (cf. [14],
[15).

To formulate our 1-D model, we assume that some spatially extended bulk variable C(z,t)
undergoes linear diffusion and decay with rate constants D and k within an interval of length
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2L,
(1.1) Cy = DCyp — kC, 0<z<2L, t>0.

We impose the following linear Robin-type boundary conditions to model the exchange be-
tween the bulk and the compartments:

(1.2)  —DCy(0,1) = w(eTu(t) — C(0,1)), DCy(2L,t) = r(eTv(t) — C(2L, 1)),

where e; = (1,0,...,0)7 € R™. Here, u(t), v(t) € R denote the variables in the left and
right local compartments, of which only the first component is released within the 1-D bulk
region. In this model, the leakage parameter x controls the permeability of the compartments
at each endpoint. Furthermore, letting F(-) € R™ be the nonlinear vector function modeling
each oscillator, which we assume to be identical, and denoting £ as the coupling strength, we
impose that the ODE systems

du dv

(1.3) — = F(u) + B(C(0,t) — el u)ey 7

dt = F(v) + B(C(2L,t) — el v)ey,

govern the dynamics in each compartment. The coupled PDE-ODE system (1.1)—(1.3) given
here is in dimensionless form. The geometry for this 1-D model can be viewed as a long
rectangular strip separating two vertical 1-D membranes, where there is assumed to be no
transverse solution dependence.

There is a rather wide literature investigating the dynamics of diffusively coupled oscilla-
tors, where the coupling usually consists of the discrete Laplacian acting on a lattice of several
oscillators with periodic boundary conditions, or through some other discretely coupled net-
work. Examples of such coupled ODE systems include discrete chains of bistable kinetics, such
as the Lorenz or Fitzhugh-Nagumo systems, in which the formation of propagating fronts was
studied in [1], [21] and [12], and the well-known Kuramoto-type oscillator models as surveyed
in [25]. However, relatively few studies have considered spatially segregated oscillators that
are indirectly coupled via a PDE bulk diffusion field.

For our PDE-ODE coupled system, our primary goal is to derive amplitude equations, or
normal forms, near Hopf bifurcation points for either the in-phase or anti-phase synchroniza-
tion modes, while allowing for an arbitrary, but identical, vector nonlinearity in each ODE
compartment. This rather general framework will provide us with explicit formulae for the
normal form coefficients that can easily be evaluated numerically in order to classify whether
Hopf bifurcations are sub- or supercritical and also to detect possible criticality switches in-
dicated by sign changes. Our weakly nonlinear theory is given in §2, where for calculational
efficiency we employ a multi-scale asymptotic expansion to derive the two distinct normal
forms. The work presented here extends the weakly nonlinear stability analysis from §6 of
[9], which focused on synchronous oscillations in a class of coupled PDE-ODE models with
nonlinear boundary conditions and a single active species in each compartment.

In [7] it was shown that the coupling of two conditional biochemical oscillators, each of
them at a quiescent state when isolated, via a diffusive chemical signal could lead to robust
in-phase and anti-phase oscillatory dynamics. The study employed the two-component Sel’kov
kinetics, originally used to model glycolysis oscillations [26]. As an extension of this previous
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work, in §3 we apply our weakly nonlinear theory to a coupled PDE-ODE model with Sel’kov
kinetics and find a rather wide parameter regime for which the base-state can lose stability to
a supercritical Hopf bifurcation. Our weakly nonlinear results are validated against numerical
bifurcation results and time-dependent numerical simulations.

Then, in §4 we assume that the dynamics in each compartment is governed by identical
Lorenz ODE oscillators. For an isolated Lorenz ODE system, we recall that increasing the
Rayleigh number (the typical bifurcation parameter) causes a number of bifurcations including
pitchfork, homoclinic and Hopf, and ultimately chaotic oscillations [27]. Here, we would like
to determine how this cascade of bifurcations is affected by the PDE bulk diffusive coupling
of two identical Lorenz ODE systems. Our analysis will show that such a coupling mechanism
causes a significant increase in the critical Rayleigh number where the Hopf bifurcation occurs,
suggesting a delay in the appearance of chaotic oscillations. For this problem we also consider
the case where the bulk domain is well-mixed and spatially homogeneous, corresponding to
the infinite bulk diffusion limit and for which the coupled PDE-ODE system is reduced to a
single system of globally coupled ODEs, as shown in Appendix B.

Finally, for both finite and infinite diffusion cases, we predict in §4.3 the transition to
synchronous chaos as the diffusivity D and the coupling strength 5 are increased. Here, syn-
chronous chaos is defined as sensitivity to initial conditions along an invariant synchronous
manifold where both Lorenz oscillators are completely in phase. Our predictions are based
on the computation of the largest Lyapunov exponent of an appropriate non-autonomous lin-
earization of our coupled PDE-ODE system (1.1)—(1.3), obtained by only selecting transverse
perturbations to the synchronous manifold. We remark that the master stability functions,
for determining the stability of the synchronous state of a network of oscillators with an arbi-
trary discrete coupling function, are similarly obtained (cf. [22]). Furthermore, our results are
consistent with the discrete case in the sense that complete synchronization of two interacting
chaotic oscillators occurs when the coupling is strong enough to suppress chaotic instabilities
(cf. [5, 24, 23]).

In §5, we conclude by briefly summarizing our main results and by suggesting a few open
problems that warrant further investigation.

2. Weakly nonlinear theory for 1-D coupled PDE-ODE systems.

2.1. Symmetric steady state and linear stability analysis. We first rewrite the coupled
PDE-ODE system (1.1)-(1.3) as an evolution equation in the form

DCyy — kC
(2.1) W=FW)=| Fu)+ B(Cloeo — eTu)e
F(v) + B(Cly=ar — el v)es

Here, F' is a nonlinear functional acting on W, defined as the space of vector functions whose
components satisfy the appropriate linear Robin-type boundary conditions:

C@N | DCylomy =k (Fu— Claco)
DCyly—2r, = K (e v — Clo=21)

3

(2.2) W=_W=

This manuscript is for review purposes only.



115

116

118

119
120
121

126
127
128
129

130
131

132

133

135
136

137

A symmetric steady state for (2.1) is given by

(1- po)cosh(w(L —x))

erTu
h(wL) '°° k Dw tanh(wL)
9. W, = coS _ |k _
(23) U, YTV D 7 Dutanh(wl) +

Ue

where wu, is a solution of a nonlinear algebraic system of equations
(2.4) F(ue) — BpoEu. =0, E=ejel,

and where F is a n X n rank-one matrix.
Next, we consider the linear stability of a symmetric steady state by introducing a per-
turbation of the form

(2.5) W (z,t) = We(z) + W(xz)eM, W)= ¢

Substitution of (2.5) within (2.1) yields, after expanding and collecting coefficients of e, the
following nonstandard eigenvalue problem:

Dnmc - /WI
(2.6) AW =LW), with LOV)=| J.p+ B(n(0) — el p)es
Jep + B(n(2L) — e P)er

Here, J. is the Jacobian matrix of the nonlinear vector function evaluated at a steady state
U, while £ is the linearized operator acting on the function space defined in (2.2). The
eigenfunction W(x) therefore satisfies the same boundary conditions, given by

(2'7) - an(o) =K (6?(1) - 77(0)) ) an(QL) =k (6?’(/) - 77(2[’)) .

We can write the solution in the bulk as a linear combination of the even and odd eigenfunc-
tions in the form

@28) )= 2N rg g

cosh(L — ) | 1=p-(N) g, sinh(AL —2))
: .

cosh(Q2L) * 2 e1(®—¥)

Here, p4(A), p—(\) and € are each defined by

DQ tanh(QL) DQ coth(Q2L) k+ A
29 »+N = potam@n +7 N T Dacoth@D) + V™D
where we take the principal branch for Q if A is complex. The eigenvectors ¢ and 1) in (2.8)
satisfy the homogeneous linear system of equations given by

J. — M — g (- B g (=N
(2.10) B(M)E> Je>\f<5(i+()‘);2(/\)>E <¢>:(0).
4
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From symmetry considerations and since every perturbation can be written as the sum of
an even part with ¢ = 1, and an odd part with ¢ = —1), this system can be reduced to n
equations. Letting ¢4 and ¢_ denote the even and odd eigenvectors, we can readily establish
a reduced homogeneous linear system for each case as

(2.11) P (N)pt = [Je — M — Bpr (M) E] ¢+ = 0.
In this way, the eigenvalue parameter A must satisfy the transcendental equation
(2.12) det [®L(N\)] =0

in order for the system to admit a non-trivial solution ¢+ # 0. Finally, the eigenfunctions
W for both even and odd cases are defined by

(1— p_,_(A))% o+ (1 —p_()\))% 16—
(2.13) Wy = b+ » W-= -
D+ —¢-

2.2. Adjoint linear operator and inner product. The imposition of a solvability condition
in the multi-scale asymptotic expansion presented below requires the appropriate formulation
of an adjoint linear operator £* defined by

DC, — kC*
(2.14) LW = | JEu* + (kC*|z—0 — Belu*)er |,
JIv* + (kC*|pmar — Belv*)ey

which acts on the space W* of vector functions satisfying the adjoint boundary conditions,
(2.15) — DC%|p—o = Belu* — KC*|y—g, DC%|p—or = Belv* — KC*|p—ar.

For any W € W and W* € W*, we have

(2.16) (W* LW = (LW W),

where the inner product in (2.16) is defined by

2L
(2.17) W* W)= | C*Cdr+u* u+v" v
0
Next, upon calculating the even and the odd adjoint eigenfunctions we obtain
(2.18)

21— pr () =TT g 20— po ) e ¢
WJr = ¢:_ ) WX = (ﬁ: ’
¢ —¢*

where ¢ satisfies the conjugate transpose of the system (2.11),

T
(2.19) [@i(A)} oL = 0.
5
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From the definitions (2.13), (2.18) and (2.17), we can verify that the eigenfunctions and their
adjoints form an orthogonal set, which can be normalized for convenience as

(2.20) WL WD) = (WS W) =0, (WE W) = (W8 W) =
and that the following properties hold:
(2.21) LOVL) =Wy, LYWE) =IWL.

2.3. Multi-scale expansion. Let u = (3, D)T be a vector of bifurcation parameters. As
usual, a slow time-scale 7 = £2t, with ¢ < 1, is introduced. Using the same scaling, we perturb
the vector of bifurcation parameters to yield,

(2.22) p=po+e’u, where pg= bo and p; = s , with |ju1]]=1.
Do Dl

Here pg is the bifurcation point, while pq is a unit vector indicating the direction of the
bifurcation. We then expand the state variable in a regular asymptotic power series around a
symmetric steady state as

(2.23) Wz, t,7) = We(z) + eWi(2,t,7) + 2Wa(x, t,7) + EWa(2,t,7) + O (54) .
Next, by inserting (2.22) and (2.23) into (2.1), and collecting powers of €, we obtain that

O Wy + 20, W + 2(0,W3 + 8, W) =
w2CeD1
eL(po; W) + € | L(po; Wa) + BW1, W) + [ —poEucpy | | +
(2.24) —poEucfy
Dio(at + k)chl
e3 | L(po; W3) + 2B(W1, Wa) + C(Wy1, Wi, W1) + | (Ci|s—oer — Eu1)b: ,
(Cile=2re1 — Ev1)51

and that the perturbed boundary conditions satisfy

3
Zaj <8$Cj + Dig (elTuj - Cj)> = (€2poelTue +e (el u — (1)) D2 D1 x =0,
j=1

(2.25)

AMw

1 = (8 C; — Do (eipvj Cj)) = (—82])06?’1113 — &3 (el v — (1)) D2D1 x =2L.

J

Finally, we precisely define the multilinear forms B(-,-) and C(-,-,-) in (2.24) as

0 0
B(’Uj,’vk) C(’Uj,’Uk,’Ul)
6
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where the non-trivial components satisfy
1 T 1 T
(2.27) B(uj,uy) = 5([@ up )Heuj, C(uj,ug,v) = 6(I® u; )T (uj; @ uy).

Here, I € R™ ™ and the matrices H, and T, can be defined as

H(F1) m(sm) on ()
(2.28) Ho=| : |erR™ T,=| :+ - |er™
H(Fn) H(%Z) .. (%)

where (-) corresponds to the Hessian operator that acts on a scalar function of n variables
and returns a n X n matrix with all the possible second-order derivatives. As usual, all the
partial derivatives in (2.28) are evaluated at a steady state ue.

From (2.24) and (2.25), we can derive a sequence of problems for each power of €. By
collecting terms at O (), we obtain the linearized system evaluated at the bifurcation point,

8014—5 (61U1 Cl) 0, =0,

2.29 oW1 = L{ug; Wh),
( ) tVV1 (,UO 1) {801 (61111 Cl) xr =2L.

The solution to (2.29) depends on the spatial mode considered. In what follows, we treat the
even (+) and the odd (—) modes simultaneously, although we only consider codimension-one
Hopf bifurcations. We denote {i\F, —z')\?} as the set of critical eigenvalues and A4 (7) as an
unknown complex amplitude depending on the slow time-scale. Then, we can write W7 as

(2.30) Wi = Weds (r)eMt + WiAL (r)e ™,

where the eigenfunctions are evaluated at pg and A = i/\?. Our goal is to derive an evolution
equation for Ay (7).
Repeating a similar procedure at O (52), we obtain

w2CeD1
(2.31) oWy = £(u0; Wz) + B(Wl, Wl) + | —poEuef |
—poEuef

together with the appropriate boundary conditions

K K
83602 + FO (6{11,2 — 02) = ng elTueDl, r = 0,
(2.32) Ckpo g
0, CQ DO (61 Vg — CQ) = D2 €1 ueDl, x = 2L.
0

By inserting (2.30) within the bilinear form, we obtain the following quadratic terms,

(2.33) B(W1,W1) = ALB(Wa, Wa)e™ 1 4 |ALP2B(Wa, W) + AxBOVE, Wi )e 2,
7
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This expression justifies a decomposition for W3 in the form

(2:34) Wa = Woooo + A2 Waoooe® 1 + | A4 [*Wiioo + A1 Woggoe 217,
for the even mode, together with

(2.35) Wa = Woooo + A2 Woo20€2 1 £+ [A_|2Woor1 + A_ Woggae 27 t,

for the odd mode. Explicit solutions for the coefficients Wi, and a brief outline of their
computation are given in Appendix A.

2.4. Solvability condition and amplitude equations. Upon collecting terms of O (63) in
(2.24) and (2.25), we obtain that

(2.36)
8th+szl D1

0
ath; — ﬁ(,u(); W3) = —87W1 + QB(Wl, WQ) + C(Wl, Wl, Wl) + (Cl‘x:() — elTul)elﬁl 5
(Cilpzar, — el v1)e1 B

together with the following boundary conditions:

DoaxC:), + K (6{’&3 — 03) = (e{ul — Cl) DﬂDl, Tr = 0,

(2.37) 0

Doang)) — K (6{’03 — 03) = — (6,{’01 — Cl) FDl, x = 2L.
0

As usual when applying multi-scale expansion methods to oscillatory problems, we suppose
that the solution at O (53) is given by the harmonic oscillator as

- . Cy(z,T)
(2.38) Wa =Us(1)eM !t +UL(r)e 1t Ur(r) = | ux(r) |,
v (T)

where the temporal frequency corresponds to the imaginary part of the critical eigenvalue of
the spatial mode considered.

Upon inserting (2.38) in (2.36), and collecting the coefficients of eiA;Lt, we obtain that
2
4 dA, ()" 1+ (2)Ds
(2.39) ApUs = L{uo; Us) = =Wa— =+ | 2B(Wx, Woooo) + —P+(Z:)\}J:)E¢+ﬁ1 Ay
’ —p4(iIA] ) E¢ 4 fr

+ (2B(Wy, Winoo) + 2B(W5, Wagoo) + 3C(Wy, Wy, Wy)) A4 P AL,

for the even mode, with the boundary conditions given by

K .
Dy0,Cy + Kk (eipu+ -C4) = D—Op+(1)\f)ef¢+D1A+, x =0,
(2.40) )
Dyd,Cy — ki (ef vy — Cy) = —D—0p+(i/\}“)elT¢+D1A+, z =2L.
8

This manuscript is for review purposes only.



226

[\]
[\)
3

228
229

230
231

233
234

235

236

b
~J

238
239
240
241
242
243

244

246
247

249

Alternatively, for the odd mode, we obtain that
N2
N dA (Qj) n—(x)D1
A U- — L(po; U-) = _W_T + [ 2BONV-, Woooo) + —p_(i)\l_)E¢_ﬁ1 A_
T T\
p-(iA])E¢_p
+ (QB(W_, Wooi1) + 26(W7 Wooz0) + 3C(W_, W_7W)) |A_|2A_7

(2.41)

with the boundary conditions given by

D0, C_+ K (e{u_ — C’_) = Dip_ (i)\l_)edeDlA_, =0,
0

Diop, (iA7)el'¢p_DiA_, z=2L.

(2.42)
Dyo,C_ — kK (e{v, — C,)

We now derive a solvability condition for the systems (2.39) and (2.41) subject to the
boundary conditions (2.40) and (2.42), respectively.

Lemma 2.1 (Solvability condition). Let A € C be an eigenvalue of the linearized operator
L(-) defined in (2.6), and let us consider the linear inhomogeneous system

(2.43) AU—-L(U)=6,

where G is some generic right-hand side and U = (C(x),u,v)? satisfies the following inho-
mogeneous boundary conditions:

(2.44) — DO,Cly=0 — K (ef’u — C’|x:0) =7, DO0,C|y=2r — K (e{'v — C]ngL) =¢.

Then, a necessary and sufficient condition for (2.43) and (2.44) to have a solution U is that

(2.45) W*,G) +n*(0)y +n*(2L){ =0,

where W* = (n*(z), ¢*,¢*)T7is an eigenfunction of the adjoint linearized operator defined in
(2.14), satisfying L*(WV*) = V™.

Proof. The Fredholm alternative theorem guarantees the existence of a solution to (2.43)
and (2.44) if and only if the inhomogeneous terms are orthogonal to ker(Al — £*). Hence,
upon taking the inner product with the adjoint eigenfunction W*, we obtain that

(2.46) 0= (W*,G) — W* AU — L(U)) = (W*,G) — \(W*, U) + (W, L(U)).

Next, we integrate by parts using the definition of the inner product and further derive that

(247) W5 LU)) = (LW, U) +7*(0)y + 7+ (2L)§ = AW, U) + n*(0)y + 7 (2L)§ .

The result (2.45) is readily obtained after the substitution of (2.47) back into (2.46). [ ]

As a direct application of Lemma 2.1, we now obtain the desired amplitude equations.
For the even mode, we have that

dA.
dr 91T000M1A+ + 92100|A+\2A+ )

9

(2.48)
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while similarly for the odd mode we have
dA_
dr
The coefficients g2100, goo21 € C of the cubic terms in these amplitude equations are given by

(2.49) = goorot1 A~ + goozn |[A_PA_.

(2.50a) 92100 = (W_T_, 2B(Wy, Wiioo) + QB(WiJr, Waooo) + 3C(W4, Wy, m» ,
(2.50b) goo21 = (Wj, 2B(W_, Woo11) + QB(W, Woo20) + 3COWV_, W_, W» ,

while the vector coefficients gi000, gooto € C? satisfy
—T
(2.51a)  giooo = @5 B¢y (5 O(1 = py (iX]))2QF (tanh(QF L) + QF Lsech?(QF L)) &

— 2 (X + 25 (0 (N) = D (N))& ) + 46T (. [840)]  Bu)a

(2.51b)  gooto = ¢~ B¢ (50( — p_(iA7))2Q7 (coth(Q7 L) — Q7 Lcosech?(Q L)) &

Bo e - T _
~ 2 (N )6+ 25 (p- (A7) = 1p- (AT )62 ) + 467 B~ [8+(0) Buc)a
Finally, the following lemma summarizes our asymptotic approximations for the weakly non-
linear oscillations in the vicinity of a Hopf bifurcation point for our PDE-ODE system:

Lemma 2.2 (In-phase and anti-phase periodic solutions in the weakly nonlinear regime). Let
92100, goo21 € C be the cubic term coefficients in (2.48) and (2.49), and assume that their
real part is nonzero, hence excluding degenerate cases. Then, in the limit € — 0 with ¢ =
Ve — ol denoting the square-root of the distance from the bifurcation point, a leading-order
approximate family of in-phase and anti-phase periodic solutions is given by

(2.52) Wi(t) = We + pes [Wiei(AfiHei(o)) + Wiie*i()‘fitwi(o))} +0 (52) ,
for any 04(0) € R and with pe+ defined by

llg1000| _ llgoo10]|
\g2100] = "¢ | 90021

(2.53) per =

Furthermore, let Wqmp denote the amplitude of the bifurcating limit cycle near the Hopf bifur-
cation point, for both left and right local species. A leading-order approximation for wemp s
given by

(2.54) tamp = max {[Jus(t) — wel]} = 2epeslipell + O (7).
0<t<T;

where the period T;E of small-amplitude oscillations satisfies

2T

(2.55) Tr="7+0(?).

P A7
Finally, the periodic solution in (2.52) is asymptotically stable when R(g2100), R(goo21) < 0

(supercritical Hopf) and it is unstable for R(ga100), R(goo21) > 0 (subcritical Hopf).
10
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3. Diffusive coupling of two identical Sel’kov oscillators. We first recall the full coupled
PDE-ODE model, formulated as

Cy =DCypyp — kC', 0<x<2L, t>0,
31)  —DC(0.t) = k(efu(t) = C(0,1)), DCa(2L,t) = k(eq v(t) — C(2L, 1)),

d d

= F(u) + BO0,0) — fwer, T = F(v) + BC2LY) — el v)er
In this section we consider a two-dimensional nonlinear vector function F that corresponds
to the Sel’kov model, given by

_ Aug + UQU% — Uy A 2
(3.2) Flu) = <e (M — (Aug + ugui)] )’ 7w € R%

where A, M and e are three positive reaction parameters. Upon solving (2.4) for a symmetric
steady state, we find a unique solution given by

_ M M(1+ Bpo)? )T
(3:3) e <1+5P0 TA(L+ Bpo)? + M2 )

where pg is defined in (2.3). We assume that in the absence of coupling (5 = 0), each
isolated compartment is quiescent. This is guaranteed when the Sel’kov parameters satisfy
the inequality

M?— A
(3.4) €> YR
As a result, the spatio-temporal oscillations studied below are due to the coupling between
the two compartments and the 1-D bulk diffusion field.

To illustrate the theory developed in §2, we choose the parameter values M =2, A =0.9
and ¢ = 0.15 and numerically solve the eigenvalue relation (2.12) in the parameter plane
defined by the coupling strength 8 and the diffusion level D. The resulting stability dia-
gram is shown in the left panel of Fig. 1, with the black and dashed-blue curves, respectively,
corresponding to the in-phase and the anti-phase oscillatory modes. In the right panel, we
numerically evaluate the real part of the cubic normal form coefficients in (2.48) and (2.49).
Our numerical computations show that R(g2100) and R(goo21) are both negative, which indi-
cates that supercritical Hopf bifurcations can be expected while crossing either the even or
the odd Hopf stability boundaries. Hence, we predict the existence of stable weakly nonlinear
spatio-temporal oscillations when a single oscillatory mode becomes unstable. This prediction
may not hold when the two distinct instabilities coincide, which for instance occurs when D
is small.

We remark that the linear stability phase diagram in the left panel of Fig. 1 was previously
computed in [7], where the resulting oscillatory dynamics was studied numerically from PDE
simulations and global bifurcation software. The new weakly nonlinear theory developed
in this paper establishes that this Hopf bifurcation is supercritical. Finally, in [8] a center

11
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Figure 1: Stability diagrams in the plane of parameters (3, D) for the Sel’kov model (3.2).
The parameter regime of oscillatory dynamics is located inside the curves. In the right panel,
we numerically evaluate the real part of the cubic normal form coefficients in (2.48) and (2.49)
over the two stability boundaries. These coefficients are negative, indicating a supercritical
bifurcation. Parameters values are L=k=x=1, M =2, A=0.9 and ¢ = 0.15.

manifold analysis predicted the presence of unstable mixed-mode oscillations in the vicinity
of the codimension-two Hopf bifurcation point at py ~ (0.508, 0.556).

Next, we compare our weakly nonlinear theory against numerical bifurcation results ob-
tained with AUTO (cf. [4]) after spatially discretizing (1.1) with finite differences. In panels
(a-c) of Fig. 2, we compute the stable branch of in-phase periodic solutions along the hori-
zontal slice D = 1, as a function of the coupling strength 5. Near one of the supercritical
Hopf bifurcation points, we observe in panel (c¢) a good agreement between the amplitude of
the limit cycle computed numerically and as obtained from (2.54) with ¢ = 0.1. Qualitatively
similar results are shown in panels (d-f) of Fig. 2 for the vertical slice § = 0.5, which crosses
the boundary of anti-phase oscillations. Finally in Fig. 3, and for each oscillatory mode, we
give numerically computed time-courses as evolved directly from the solutions in the weakly
nonlinear regime (given by (2.52) with € = 0.1). Such an agreement between the two solutions
should also hold for random initial conditions given a sufficiently long integration time and
an adjustment of the temporal phase shift.

We conclude this section with numerical results illustrating the possible bistability between
the in-phase and anti-phase oscillations. In Fig. 4, we show in panel (a) the global bifurcation
diagram on the vertical slice § = 1, where we find an intermediate range of bulk diffusion
values (0.25 < D < 0.45) where both oscillatory modes are stable. This is confirmed in panels
(b-c), where numerically computed time-courses are seen to evolve either into in-phase or anti-
phase spatio-temporal oscillations, depending on the initial conditions. Here, the boundaries
of this bistability parameter range correspond to bifurcations of invariant tori, at which a
certain branch of limit cycles switches stability.

4. Diffusive coupling of two identical chaotic Lorenz oscillators. In this section, we
consider the diffusive coupling of two identical Lorenz oscillators. We define the nonlinear
12
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Figure 2: Stable branches of periodic solutions on the slice D = 1 (panels (a-c)) and on the
slice B = 0.5 (panels (d-f)) of the stability diagram in Fig. 1. Panels (a,d): Global branch
of periodic solutions. Panels (b,e): Oscillatory period. Panels (c,f): Near the first super-
critical Hopf bifurcation along each slice, we compare the numerically computed amplitude
(red curves) and the weakly nonlinear prediction as obtained from (2.54) with ¢ = 0.1 (black
curves). The 1-D bulk interval is spatially discretized with N = 200 grid points and other
parameter values are the same as in the caption of Fig. 1.

vector function F(u) for the Lorenz oscillator as

J(Ug — ul) Ul
(4.1) Fu)=|—-uwug+ruy—uz |, u=|uz| € R3,
Uiy — bug us

where r, o and b are the usual Lorenz constants. We take the classical values ¢ = 10 and b = %,

while keeping r, which is proportional to the Rayleigh number, as a bifurcation parameter.

The general form of the coupled PDE-ODE system remains the same as in Section 1, with

the exception of the leakage parameter x, which we here take to be identical to the coupling
13
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Figure 3: In-phase (panel (a)) and anti-phase (panel (b)) oscillations near supercritical Hopf
bifurcations, with the red and black-dashed curves respectively corresponding to numerical
simulations and to weakly nonlinear periodic solutions (formula (2.52) with ¢ = 0.1). The
initial conditions for the simulations are given by the weakly nonlinear periodic solutions. The
same discretization as in Fig. 2 is employed.
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Figure 4: Interaction of in-phase and anti-phase periodic solutions on the vertical slice 8 = 1.
In panel (a), unstable limit cycles are indicated by open circles while the black dots indicate
stable limit cycle. Inner (outer) loops are in-phase (anti-phase) periodic solution branches.
Panels (b-c): Bistability between in-phase and anti-phase spatio-temporal oscillations, with
the spatial variable on the vertical axis and the temporal variable on the horizontal axis.
Other parameter values are as in the caption of Fig. 1. Once again, N = 200 grid points are
employed to discretize the 1-D bulk diffusion field.

strength 5. In this way, the full coupled PDE-ODE model is formulated as
Cy=DCyp — kC, 0<z<2L, t>0,

(12)  —DC(0.0) = B(elult) ~ C(0.1), DC,(2L.1) = Belu(t) ~ CRL.1)).

W = F(o) +HOOL1) ~ v)er,

14

— = F(u) + (C(0,t) — eTu)ey

This manuscript is for review purposes only.



344
345
346
347
348

349

w
|

w
(O SNG; SENG
co

W W

360
361
362

363

364

365

366

367

368

369

With this choice of boundary conditions, the outward flux at each endpoint is identical to the
local feedback within the ODEs.

We will also investigate in this section the infinite bulk diffusion limit (D = o), corre-
sponding to the well-mixed regime. In this regime, the coupled PDE-ODE system can be
reduced to the following globally coupled system of ODEs (see Appendix B):

. (Co el (u+v) — (k:+5)00
(4.3) al¥ )= F@+5(Co- L Tujer |-
v (’U) 5(00 — € v)el

where Cy(¢) is the spatially uniform bulk variable.

4.1. Linear stability analysis. Next, we solve for the symmetric steady states of the two
coupled Lorenz oscillators, for either a finite or an infinite bulk diffusivity. We find two
non-trivial solutions satisfying the steady state equation (2.4), given by

b(r—1-2
(44)  ur= [+ (r gpo)vi\/b@“—l—ﬁm) <1+ﬁp0>=7“—1—ﬁpo :
g g g

1+ Zpo

that branch from the origin in a pitchfork bifurcation at the critical value

(4.5) r=1+ gpo, with po = {Dw’:amh(wL)w ) - (1)
FFO/T = o0

By linearity of the diffusive coupling and its Robin boundary conditions, the coupled PDE-
ODE formulation preserves the reflection symmetry of the Lorenz system and stability results
will be the same for both non-trivial steady states. Hence, we restrict our analysis to the
positive non-trivial steady state u., where the superscript + has been dropped to simplify
notations. To determine the linear stability of this steady state, we recall from (2.12) that
the growth rate A\ of in-phase and anti-phase perturbations satisfies

(4.6) det [J. — A — Bpe(ME] =0,

where

DQ tanh(Q2L) _ DS coth(QL) _

(4 7) p+()\) _ {Dthaih(QL)—l-ﬂ , D= O(l) p ()\) — {DQ coth(QL)+8 D= 0(1)

. v B ,  D— .
FFA+B]L D =00 L, D =oco

In the absence of coupling (5 = 0), we recover the usual steady state structure of the Lorenz

ODE system. In particular, the non-trivial steady states are well-known to lose stability in a

subcritical Hopf bifurcation when the Rayleigh number reaches the following critical value:

o(c+b+3)
c—b-1
15

(4.8) ro = ~ 24.74.
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Figure 5: For a single Lorenz system with o = 10 and b = 8/3, the non-trivial steady states
undergo a subcritical Hopf bifurcation at r &~ 24.74. Unstable branches of periodic solutions
collide with the origin at r ~ 13.926 in a homoclinic bifurcation, with the period approaching
infinity as shown in the right panel.

The corresponding critical frequency is given by A\; = /b(c + rg) =~ 9.62.

The succession of bifurcations as the parameter r increases for a single Lorenz ODE is
graphically summarized in Fig. 5. We recall from [27] that the appearance of transient chaos
coincides with the homoclinic bifurcation in r ~ 13.926, while the onset of attracting chaos is
near r & 24.06, which is slightly before the subcritical Hopf bifurcation point. Hence, there is
a small window where chaotic oscillations coexist with the stable non-trivial steady states.

4.2. Weakly nonlinear theory near Hopf stability boundaries. In contrast to section 2,
where the coupling strength and the bulk diffusivity were employed within the multiple time-
scale expansion, here we choose the Rayleigh number as the bifurcation parameter and, so we
set 4 = r in (2.22). Because this parameter does not arise in the boundary conditions, this
particular choice simplifies the computation of the linear terms within the amplitude equations
(2.48) and (2.49), which are now defined as

e _1 OF . 0L
(4.9a) gio00 = 447 B <¢+, (@ (0] 5 ) + <W+, B >,
" lroue) " lrowy)
e _1 0F . 0L
(4.9b) 90010 = 4¢*7TB <¢7 (@ (0)] " or ) + <W_, o > )
" (rosue) r (ro;W-)

We do not perform a separate detailed weakly nonlinear analysis of the PDE-ODE system in
the well-mixed regime (4.3). In fact, the formulae derived in Section 2 still apply, provided
that we take the appropriate limiting expressions of py () for D = oo.

In Fig. 6, we investigate the effects of increasing the bulk diffusion level on stability
boundaries in the parameter plane defined by the coupling strength g and the Rayleigh number
r. We distinguish between the even (panel (a)) and the odd (panel (b)) modes, with the two
diagrams showing a significant increase in the critical Rayleigh number for Hopf bifurcations.
Our linear stability results therefore suggest that a much higher r value would be necessary
for the emergence of chaotic dynamics when two identical Lorenz oscillators are coupled via a
1-D bulk diffusion field. This has been confirmed numerically, with simulations showing the
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stability of the symmetric steady states and giving no evidences of attracting chaos, when
r = 28 for a sufficiently large coupling strength (details not shown). Hence, in contrast to
the preceding section, this special type of PDE-ODE coupling can also provide a stabilizing
mechanism. We also remark that for small D values, the two modes lose stability almost
simultaneously. This is not surprising, since upon rescaling the spatial variable, a small
diffusivity is equivalent to having the two oscillators located far from each other.
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Figure 6: Numerically computed Hopf stability boundaries in the r versus § parameter plane
for D=1, D =10 and D = co. The computation was performed with the software package
CcOCO [3]. Other parameters are given by L=1, k=1, 0 =10, b =8/3.

We then investigate the possible switch from a subcritical to a supercritical Hopf bifurca-
tion as the strength of the coupling increases. This is shown in Fig. 7, where the branching
behavior near each Hopf stability boundary is deduced from a numerical evaluation of the
cubic normal form coefficients in (2.48) and (2.49). As seen in this figure, our computations
show that go100 and ggo21 each have positive real parts, which indicates that the bifurcation
remains subcritical over the range of 5 and the values of D considered, for both even and odd
modes.

For the finite bulk diffusion regime, in Fig. 8 we show global and local bifurcation diagrams
as a function of the Rayleigh number on the vertical slice 5 = 20. Both cases D = 1 (panels
(a)-(c)) and D = 10 (panels (d)-(f)) are qualitatively similar, but most importantly they
preserve the key features of the Lorenz ODE system, such as the symmetry of solutions and
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remain subcritical.

the destruction of the limit cycles via homoclinic bifurcations when the unstable periodic
solution branches collide with the origin. However, we do remark a significant increase in
the size of the bistability parameter regime, suggesting that the minimal Rayleigh number
required for attracting chaos is much higher. In the weakly nonlinear regime (panels (c) and
(f)), the amplitude of the unstable limit cycles as predicted by the weakly nonlinear theory
is favorably compared with numerical bifurcation results. Note also that we only computed
the branch of periodic solutions emerging from the primary Hopf bifurcation, corresponding
to the anti-phase mode when D = 1 and to the in-phase mode when D = 10.

Finally, in Fig. 9 we show numerical results of similar experiments performed in the infinite
bulk diffusion case, as obtained with AUTO (cf. [4]) using the ODE system (4.3). They are
consistent and qualitatively similar to their finite diffusion counterparts. Here also, attracting
chaos likely occurs for significantly higher values of the Rayleigh number. In panel (f), the
rather poor agreement between numerical and weakly nonlinear results at larger amplitudes
is likely a result of the Hopf bifurcation being almost degenerate when 8 becomes large.

4.3. Synchronous chaos. We now investigate the onset of synchronous chaos as the
strength of the coupling S and the bulk diffusion rate D increase. For this purpose, we
fix the Rayleigh number to be such that the symmetric steady states are linearly unstable for
all values of 5 and D. Hence, we choose r = 70, which is above the linear stability boundary
for the even mode in the well-mixed regime (see Fig. 6), where the dynamics is governed by
(4.3). The stability of synchronous solutions is then determined from a computation of the
largest Lyapunov exponent of a linearization of (4.2) around the synchronous manifold, where
only transverse, or odd, perturbations are considered. The main result of this section is a
phase diagram in the D versus § parameter plane that predicts the stability boundary for
synchronous chaotic solutions.

We recall from §1 that synchronous chaos is the sensitivity to initial conditions on an
invariant synchronous manifold W;, here defined as the subspace of solutions to (4.2) invariant
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Figure 8: Finite bulk diffusion. Global and local bifurcation diagrams as a function of
the Rayleigh number r, corresponding to the 8 = 20 vertical slice through the linear stability
diagrams shown in Fig. 6 for D = 1 (panels (a)-(c)) and D = 10 (panels (d)-(f)). The sudden
increase of the period seen in panels (b) and (e) suggests the presence of homoclinic orbits as
the unstable branch collides with the origin. In panels (¢) and (f), we observe a very small
discrepancy between the bifurcation points as predicted by AUTO and as directly computed
using the transcendental equation (4.6). This results from discretization errors. Here, N = 200
grid points were employed to spatially discretize the coupled PDE-ODE system.

under the action of reflection with respect to the midpoint z = L,

(4.10) We={W,=| u,

Reflection symmetry is readily obtained by imposing a no-flux boundary condition at the
domain midpoint. In this way, Cs(x,t) and us(t) in (4.10) satisfy the following reduced
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system:
(4.11)
0C, 9%C, .
ot =D 8{[;2 — sz N O<z< L7 —DamCs‘x:O - /6(61 Us — 03’1:0) , 8ICS‘;U:L — 0’
dug
dt = ‘7:(”8) + 5(05‘1:0 - 6{’&3)61 .

Next, we introduce the following deviations from the synchronous manifold:
(4.12) n(xz,t) = C(x,t) — Cs(z,t), @(t) =u(t) —us(t).

Upon substituting this expression into the coupled PDE-ODE system and after linearizing,
we obtain that n(x,t) and ¢(t) satisfy the non-autonomous linear system

on 0%n T

o =Do5—kn, 0<z<L; —DOile—o=PB(e1¢—1ls=0), n(L,t)=0,
(4.13) C‘Z; O

= Js(+ Blls=0 — e{ Per
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Here, Js(t) is the Jacobian matrix of the nonlinear kinetics F(u) evaluated on the synchronous
manifold. The central feature here is to impose an absorbing boundary condition at the domain
midpoint in order to only select odd perturbations.

For the case of infinite bulk diffusion (system (4.3)), the solutions on the synchronous
manifold are spatially homogeneous. Therefore, we have that Cps = Cps(t) and us(t) satisfy

dCos dug
(4.14) df = ge{us - <k: - i) Cos,  —= = Flus) + B(Cos — elus)er
and the corresponding non-autonomous linearization reduces to
d
(4.15) 1=0, @ e sEs.

We now provide some details on Lyapunov exponents and their computation (see [18] for
a more in-depth coverage). Let Apax = Amax(Ws; 8, D) be the largest Lyapunov exponent of
the non-autonomous linear system (4.13) (or (4.15) if D = 00). If Apax < 0, then infinitesimal
perturbations from the synchronous manifold decay exponentially and complete synchroniza-
tion of both oscillators is expected. Conversely, when A, .x > 0 solutions on the synchronous
manifold are unstable to any transverse perturbations. In order to obtain a numerical
approximation to Apax, we must solve simultaneously the coupled PDE-ODE system (4.11)
and the odd linearization (4.13), and then compute the following quantity:

1w ()] _ (n(z,T)

(4.10) A7) % o oL i) = (T

where T is a sufficiently long integration time, chosen here to be 10*. Before implementing the
time integration scheme a spatial discretization of (4.11) and (4.13) must be performed, and
for this we use a method of lines approach with N = 100 equidistant grid points. Finally, our
algorithm to compute A ax follows Appendix A.3 of [18], where the essential role of regular
renormalization of tangent vectors, in order to preserve accuracy, is emphasized. Hence, we
select the renormalization step to be At = 1, often used to compute Lyapunov exponents for
a single Lorenz system [18].

Next, we compute the largest Lyapunov exponent in the D versus 8 parameter plane, with
the aim of approximating the level curve Apax = 0. The result is shown in the left panel of
Fig. 10, where we find that synchronous chaos, corresponding to where Ay a.x < 0, holds to the
right of the stability boundary. Not surprisingly, the critical diffusion level is approximately
inversely proportional to the coupling strength. This implies that a smaller diffusion level is
necessary for complete synchronization to occur if 8 gets larger. Moreover, as D tends to
infinity the stability boundary should approach an asymptote in 8 = 43, corresponding to
Amax = 0 as computed from (4.14) and (4.15). Lastly, examples of numerically computed
chaotic trajectories when D = 200 are shown in the two panels to the right of Fig. 10 for
random initial conditions. As expected from the stability diagram, complete synchronization
fails for 8 = 50 while it succeeds for = 70. However, a more appropriate synchrony measure
would be to compute the Euclidean distance ||u(t) — v(¢)||. This is done in Fig. 11 and 12.

We now briefly discuss the relationship between Ap.x and the spectrum of Lyapunov
exponents directly computed from the full system, with no symmetry reduction. To illustrate

21

This manuscript is for review purposes only.



[T, BN B,

(G2 SN2 NG B O

\V]

350

Right v (t)

Right v (t)

——D =00
——D = 400

2 20
0 5
eam oh 20
" 0
0 20 ) E) B 100
D =200
—D-1 @
2
Rali 2
0 0
10 2
20
20 40 60 80 100 "
0 20 & 00 0 20 e 0

o / o o £ 0 o w© £
{ o (.
3 Time ¢ Time ¢

D

Left u (t)
Left u (t)

Figure 10: Far left panel: Synchronous chaos stability boundary in the D versus § parameter
plane. The red-dashed curve indicates Apax = 0 when D = oo. Middle left panel: Plot of
Amax as a function of the coupling strength 5 for D = 1, 200, 400 and oo, indicating that
D must be large enough for Ap.x to become negative. Middle right panel: Numerically
computed chaotic trajectories, with no synchronization, for § = 50 and D = 200 (indicated
by a square in the far left panel). Far right panel: Synchronous chaotic oscillations for
g = 70 and D = 200 (indicated by a star in the far left panel). Other parameters are
L=1,k=1,0=10,b=8/3, r ="170.

this relationship, and since the size of the spectrum equals the dimension of the dynamical
system, we focus on the infinite D case, for which there are only 7 Lyapunov exponents (3
for each Lorenz oscillator and 1 for the coupling variable, see equation 4.3). In Fig. 11,
the largest four exponents (denoted as Aj, A2, Ag and A4) are shown as a function of the
coupling strength 3, where we conclude that synchronous chaos is characterized by a single
exponent being positive. In contrast, chaos without synchronization corresponds to having
two exponents being positive. We also remark that As exactly corresponds to Apax, thus
allowing us to recover the stability threshold 8 & 43 previously obtained for the infinite bulk
diffusion case. This threshold is confirmed from numerical simulations in the middle and right
panels of Fig. 11. Thus, we claim that our computational approach, which is to compute the
largest exponent of an odd linearization around the synchronous manifold, is more accurate
and efficient (especially when D is finite) than if we were to consider the full spectrum of
Lyapunov exponents.

We conclude this section with Fig. 12, which illustrates a transition to synchronous chaos
as the diffusivity D increases while the coupling strength [ is kept fixed. As the system goes
further into the synchronous chaos stability regime, faster convergence onto the synchronous
manifold is observed.

5. Discussion. In this paper, we have developed a comprehensive weakly nonlinear theory
for a class of PDE-ODE systems that couple 1-D bulk diffusion with arbitrary nonlinear ki-
netics at the two endpoints of the interval. From a multi-scale asymptotic expansion, in §2 we
derived amplitude equations characterizing the weakly nonlinear oscillations of in-phase and
anti-phase spatio-temporal oscillations. In §3, our analysis was shown to compare favorably
with numerical bifurcation results for a coupled PDE-ODE model with Sel’kov kinetics. Our
second example is given in §4, where we considered the diffusive coupling of two Lorenz oscil-
lators. There we showed how this coupling mechanism can provide a stabilizing mechanism
and suppress chaotic oscillations at parameter values that are well-known to yield chaos in
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Figure 11: Transition to synchronous chaos in the infinite D case. Panel (a): Largest
four Lyapunov exponents numerically computed from the ODE (4.3) and its linearization as a
function of 8. We observe that As agrees with A ax, the largest Lyapunov exponent computed
when considering transverse perturbations to the synchronous manifold. At least one positive
A; indicates chaos, while a negative A4, indicates the synchronous manifold is attracting.
Panels (b)-(c): Two simulation results, with random initial conditions. Synchronization is
obtained in panel (c) for § = 45, where we expect the distance ||u(t) — v(t)|| to decay to zero
as time increases. Other parameters are the same as in Fig. 10.
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Figure 12: Onset of synchronous chaos in the finite bulk diffusion regime on the vertical slice
B =100, with other parameters the same as in Fig. 10. Each plot gives the Euclidean distance
between the two oscillators as a function of time, starting from random initial conditions.

the isolated Lorenz ODE. We also considered the well-mixed regime, defined as the infinite
bulk diffusion limit, for which the coupled PDE-ODE system is replaced by two globally cou-
pled ODE systems. Finally, in §4.3 we predicted the transition to synchronous chaos as the
coupling strength and the diffusivity increase, from a numerical computation of the largest
Lyapunov exponent of an appropriate non-autonomous linearization around the synchronous
manifold, where only odd (or transverse) perturbations are considered.
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In the formulation of our PDE-ODE model we have assumed a scalar coupling, so that
only one variable from each of the two compartments is coupled with the bulk diffusion field.
Qualitatively different dynamics is to be expected for other coupling schemes than the one
considered here, that are obtained by replacing the basis vector e; with e;, j # 1 in equations
(1.2) and (1.3). Our choice for the Sel’kov kinetics was partly motivated by earlier studies
(cf. [7, 8]) and by our own numerical experiments which concluded that there are no oscillatory
dynamics for a scalar coupling via the inhibitor species uy. Different coupling schemes were
also explored for the Lorenz example. Although we have observed a similar stabilizing effect
for each of the three possible coupling schemes, with a larger Rayleigh number necessary for
the system to undergo a Hopf bifurcation, results from non-exhaustive numerical simulations
suggested that synchronous chaos is possible only for the specific coupling considered here in
84.

Finally, results from §3 and §4 shed light on some of the key differences between the finite
and infinite bulk diffusion regimes. From a modeling point of view, one effect of the finite
spatial diffusion of a signaling chemical consists in introducing time delays into the spatially
segregated system, which are well-known to cause oscillatory dynamics. This mechanism is at
play here for the example with Sel’kov kinetics, as we observe from the stability diagram in
Fig. 1 that no oscillations are possible as the bulk diffusivity gets too large, hence effectively
suppressing time delays between the two localized ODE compartments. The role of diffusion
induced delays on oscillations is discussed in a number of references, including [20] and §5 of
[8]. However, for our second example based on the Lorenz model, both diffusion regimes yield
qualitatively similar dynamics. Not surprisingly, we found the minimal coupling strength for
synchronous chaos to be smaller in the infinite versus finite diffusion cases.

Among the open problems related to bulk coupled PDE-ODE systems that warrant further
investigation, it would be interesting to use global bifurcation software to numerically path-
follow the solution branch originating from the torus bifurcation points detected in §3 for the
Sel’kov model (see Fig. 4). This would allow us to determine whether this model can provide
a bifurcation cascade leading to spatio-temporal chaos.

It would also be interesting to extend our weakly nonlinear theory to analyze periodic ring
spatio-temporal patterns in systems composed of several oscillators spatially segregated on a 1-
D interval with periodic boundary conditions. The derivation of this novel class of models was
given in [7], where it was also shown how Floquet theory can be employed to study the linear
stability of symmetric steady states. Moreover, it would be interesting to perform a weakly
nonlinear analysis for the quasi-steady state version of this modeling paradigm, whereby each
ODE compartment acts as a localized source term within the diffusion equation. A model of
this type is given in [20], as well as in [16] and [17] with applications to the study of spatial
effects in gene regulatory systems. A weakly nonlinear analysis for a specific such system was
given in [2].
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Appendix A. Exact solution of the inhomogeneous linear systems arising at second
order. In this appendix we briefly outline the computation of the coefficients Wy, at O (52)
of the multi-scale expansion. First, we have that Wygog, which arises from the perturbation of
the bifurcation parameters within the symmetric steady state, satisfies a linear inhomogeneous

equation,
CUZCeDl

(A1) L(po; Woooo) + | —poEucpi | =0,
—poEueS

subject to inhomogeneous boundary conditions,

KPo
Do Coooo + (€] toooo — Coooo) = D70€1TUeD1 , =0,
KPo

Do Coooo — £ (€1 voooo — Coooo) = —D70€1TueD1 , z=2L.

It is readily seen that the solution must be even and that wgogo = voogo. As a result, a suitable

(A.2)

ansatz to Cyooo(z) is given by

cosh(w(L — x)))
cosh(wL)

sinh(w(L — z))
cosh(wL)

(A3) Coooo(z) = K1 + Ka(x — L)

By inserting (A.3) within (A.1) and (A.2), we can readily establish that the unknown constants
are given by
kw (tanh(wL) (kL — Dy) + kDow)

) elT'ueDl,
2D (Dow tanh(wL) + k)

(A.4) K1 = (1— po)et uoooo +

KW

A5 Ky =
(A.5) > 2Dy (Dow tanh(wL) + k)

eTu.D;.

Next, the evaluation of Cyggg at the endpoints leads to

rw?Lsech?(wL) — kw tanh(wL)
2(Dow tanh(wlL) + k)2

(A.6)  Coooole=02r = (1 — po)e] woooo + €] uedDy, &=
Finally, the substitution of (A.G) within (A.1) leads to a n x n linear system for ugpgp given
by,

(A7) [‘I’+(O)] Up000 = OzTulE’u,e = U000 = aT,u1 [‘I)_,_(O)]il Fu,.

Here, « is a two-dimensional vector defined by

1 0
(A.8) o =po&1 — Bod&e, & = <O> ;&= <1> :
The linear inhomogeneous systems satisfied by the other Wjy,, are listed as

L (p10; Wagoo) — 2iA] Wagoo = —BW4, W4), L (po; Woozo) — 2iA; Woozo = —BOWV-_, W_),
L (p10; Woz00) + 2iX] Wagoo = —BOW4, W4), L (03 Wooo2) + 2iA7 Wooo2 = —BOV-_, W_),
L (po; Wiioo) = —2B0W1, Wy ), L (po; Woor1) = —2B(W-_,W_),
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from which it follows that Woago = Waooo and Wogo2 = Wooao. Explicit solutions for Waggg,
Wnoo, WOOQO and W0011 are given by

. cosh(QF, (L—=)
(1-— p+(2z)\}'))cogh(2’éLL))e{u2000

Waooo = %2000 , uz000 = —[R4(20A7)] 7 B, ¢1),
U2000
(1- po)%we?unoo -
Wit00 = w1100 ;w00 = —2[®4(0)] ' B(oy, 1),
1100

N — h(Q,;(L—x)
(1 = pe (207 ))“’iogh(%;[ ) )T ugon

Woo20 = 0020 ;w020 = —[®4(20A))] ' B(¢-, b ),
U020
(1- po)%&fjg))e{uuoo o
Wooi1 = w011 . ugory = —2[®4(0)] B¢, d_),
U011

where Q3 is defined by

k + 2i\F
(A.9) Q;:\L—jiin

Appendix B. Derivation of well-mixed ODE system.

In this appendix, we derive the ODE system (4.3) governing the dynamics in the D = co
case. For this purpose, we consider the intermediate case of a large (but finite) diffusivity
D > 1 and expand the bulk variable C(z,t) in a regular asymptotic power series of % <1,

1
(B.1) CZC()-FBCH-F...,
and upon inserting within
1 k
—Cy = Cpp — =C, 0<xz<2L, t>0,
B2 P ;) p
— C(0,t) = B(elTu(t) - C(0,t)), Ci(2L,t) = B(G{U(t) - C(2L,1)),

we find, at leading-order, that Cy satisfies Cy,, = 0 subject to Cp, = 0 in x = 0, 2L. Hence,
we effectively have that Cy = Cy(t) is spatially uniform. At the next order, we have

dCy
B. Tr — T3, k )
(B.3) Gy 7 Co
and upon integrating from x = 0 to x = 2L and using the boundary conditions
(B.4) — Cigla—o = B(efu — Cp),  Ciala—zr = Ble] v — Co),
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we obtain the following ODE for Cy(t):

(B.5)

(10]
(11]
(12]
(13]
(14]
(15]
(16]
(17]
(18]
(19]
(20]

(21]

dCo_ﬂT B é
W—2L81 (u+v) <k+L>C()
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