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Abstract

On a two-dimensional circular domain, we analyze the formaibn of spatio-temporal patterns
for a class of coupled bulk-surface reaction-di usion modks for which a passive di usion process
occurring in the interior bulk domain is linearly coupled to a nonlinear reaction-di usion process
on the domain boundary. For this coupled PDE system we constuct a radially symmetric steady-
state solution and from a linearized stability analysis fomulate criteria for which this base-state
can undergo either a Hopf bifurcation, a symmetry-breakingpitchfork (or Turing) bifurcation, or
a codimension-two pitchfork-Hopf bifurcation. For each of these three types of bifurcations, a
multiple-time scale asymptotic analysis is used to derive nrmal form amplitude equations charac-
terizing the local branching behavior of spatio-temporal mtterns in the weakly nonlinear regime.
The novelty of this weakly nonlinear analysis is that the underlying spectral problem is nonstandard
since both the di erential operator and the boundary conditions involve the eigenvalue parameter.
This requires care in formulating the spectral adjoint operator and the solvability condition, which
are central to implementing the multiple time-scale expangon. The normal form theory is illus-
trated for both Schnakenberg and Brusselator reaction kinécs, and the weakly nonlinear results
are favorably compared with numerical bifurcation results and results from time-dependent PDE
simulations of the coupled bulk-surface system. Overall, he results show the existence of either
subcritical or supercritical Hopf and symmetry-breaking bifurcations, and mixed-mode oscillations
characteristic of codimension-two bifurcations. Finally, the formation of global structures such as
large amplitude rotating waves is brie y explored through PDE numerical simulations.
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1 Introduction

If a passive linear di usion process in a bounded domain is woled to a nonlinear reaction-di usion
process on the domain boundary, spatio-temporal patternsae occur that otherwise would not be
present without this bulk-surface coupling. Such a patterformation mechanism is relevant in a variety
of applications in which boundaries play an active role in th overall dynamics. For instance, in
some biological cell signalling contexts certain proteinsycle from an active cellular membrane to
a cytoplasmic bulk via adsorption and desorption processesApplications of this type include the
formation of surface-bound Turing patterns through symmaey-breaking instabilities (cf. [L9], [23], [24])
as well as the onset of Min-protein pole-to-pole oscillatis prior to cell division in E. Coli (cf. [15],
[16]). In many prior studies (eg. B3], [24], [19)), the coupled bulk-surface systems have mainly been
analyzed through either a linear stability analysis, whichypically involves nding the conditions for
a Turing-type di usion-driven instability, or from time-d ependent PDE numerical simulations (cf.Z1],
[20)).

In a simpli ed geometry consisting of a 1-D spatial bulk domia, these models become coupled
PDE-ODE models, and were studied ing], [10], [9] and [L2]. There, dynamically active units, modeled
by nonlinear ODEs, are spatially segregated and are coupl#dough a linear bulk di usion eld. This
setup serves as a modeling paradigm for the study of synchyaunder di usion sensing. In contrast to
the classical types of PDE-ODE models where the coupling acs in all of space (cf. 17]), the type of
coupling considered here, and irB[[12], is restricted to the boundaries, and is expressed in terna$
Robin-type boundary conditions. In BJ{[12], this class of 1-D coupled PDE-ODE systems was analyzed
through a combination of linear stability analysis, directhnumerical PDE simulations, and numerical
bifurcation software. The numerical bifurcation studies ave allowed for the computation of global
branches of synchronous and asynchronous periodic solagan terms of bulk di usion coe cients and
coupling rates. As an extension of the linear stability thegr in [10] a weakly nonlinear analysis was
developed to study the local branching behavior of synchrouos oscillations for the idealized case of a
single bulk species di using between two identical membras, each consisting of a single active species.

To extend this previous work, our goal in this paper is to prade a comprehensive weakly nonlinear,
or normal form, analysis, to study the various bifurcationassociated with a class of coupled bulk-surface
reaction-di usion systems for which the bulk domain conssts of a disk of radiusR,

= fx2 R?jkxk<Rg: (1.1)

To formulate the coupled bulk-surface reaction-di usion madel we rst suppose that two bulk species
U; V undergo passive di usion with linear decay in . This leads b PDEs in the bulk region, given by

@Uu @V

@t: Du U UU, @t: DV V VV ; X2 ; t> 0: (12)
HereD,; D, are the constant bulk di usion coe cients, and ;  are the constant bulk decay rates.
Since is the disk, the Laplacian in ( 1.2) is conveniently written in terms of polar coordinatesi{ )
as = @ +r '@+ r 2@ . Next, we suppose that the ux normal to the boundary is propdional
to the di erence between the surface-bound species dens#j denoted byu; v, and the bulk species
densities evaluated on the boundary. This yields linear Rabtype boundary conditions for (L.2):

@u @v

D
! @rrzR @rr=R

= Ky(u Uj=Rr); D, = Ky(v Vji=Rr); (1.3)



where K; K, are coupling rate constants, also known as Langmuir rate cstants. Finally, on the
domain boundary the dynamics of the two surface-bound spesiare assumed to be governed by a
system of reaction-di usion equations with periodic boundry conditions in the azimuthal coordinate:

@u_ d, @u @v_ d, @v

@t RZ@2 @t R2@?
Heref (u;Vv) and g(u; v) represent given reaction kinetics, whilel,; d, are surface di usion coe cients.
In the absence of surface di usion, this model reduces to tlteupled PDE-ODE system studied through
linear stability analysis in [L9] for a slightly di erent boundary condition and with Gierer-Meinhardt
kinetics on the circular membrane. As a remark, since a biolieglly-realistic membrane possesses some
width, the coupled bulk-surface model, de ned by 1.2){( 1.4), provides only an approximation to this
more complicated setting in the case where the width of the mmdrane is small in comparison with the
characteristic length scale of the bulk domain.

It is rather straightforward to derive conditions for the Iass of stability of some steady-state radially
symmetric solution of the coupled bulk-surface system, wdii we shall refer to here as théase-state
Determining these linear stability thresholds involves fiearizing the coupled system around the base-
state and deriving a a transcendental equation for the groWwtrate of each possible spatial perturbation.
Naturally, the only allowed perturbations of the radially synmetric base-state will consist of linear
combinations of the circular harmonic functions for each gen angular moden.

Our primary goal herein is to characterize the dynamics of thcoupled system in the weakly nonlinear
regime near either of three distinct bifurcations of the liearization; a Hopf bifurcation, for which
the spatial mode is trivial with a nonzero temporal frequeng a pitchfork bifurcation, for which the
spatial mode is nontrivial with a zero temporal frequency, rad nally a codimension-two pitchfork-
Hopf bifurcation, which occurs when the previous two bifurdeons coincide. By deriving amplitude,
or rather, normal form equations, we will characterize theranching behavior in the vicinity of these
three bifurcations. A key technical issue in our analysis ighat the spectral problem, which arises
after linearizing our coupled bulk-surface system, is atygal since both the di erential operator and
the boundary conditions involve the eigenvalue parameterHence, the appropriate de nition of an
extended linearized operator, and an associated inner-piect, with which the corresponding adjoint
linearized problem can be established, is at the core of parhing a weakly nonlinear analysis using
a multiple time-scales expansion method. Our approach hete deal with this technical issue relies
on the framework developed in7] for treating non self-adjoint spectral problems with eigavalue-
dependent boundary conditions. The use of weakly nonlineanalysis to study pattern formation in
reaction-di usion systems, convection processes, and diiows is well-established and ubiquitous in
the literature (cf. [3], [27]). We emphasize that the novelty of our weakly nonlinear amgsis lies in the
systematic treatment of three distinct instabilities for abitrary reaction kinetics on the surface, with
the underlying spectral problem being eigenvalue-depemden the boundary conditions.

In our formulation, we will suppose that when uncoupled fronthe bulk domain, the reaction-
di usion system on the surface {.4) possesses a unique spatially uniform steady state, whighlinearly
stable with respect to any spatial perturbation. Consequely, we will restrict the parameter space to
cases wherel, = d, in order to avoid the short-range activation combined with dng-range inhibition
paradigm, typical of Turing instabilities. Rather than ushg the surface di usion coe cients as bifur-
cation parameters, we will vary the bulk di usion coe cients and the coupling rates, so that the loss of
stability of the base-state results from the di usive couphg with the bulk domain. In terms of these
bifurcation parameters that are associated with the bounag conditions (1.3), in x2 we will show that
multi-scale expansion methods, as opposed to center matdfoeductions, are particularly convenient
for deriving amplitude equations characterizing the locabranching behavior.

Although arbitrary reaction kinetics are employed in our anlysis, we will apply our weakly nonlinear
theory to either the well-known Schnakenberg or Brusselatdinetics. In nondimensional forms, the
Schnakenberg kinetics are

Ku(u Uj=g) + f(u;v); Ky(v Viizr)*+ g(u;v):  (1.4)

f(uuv)=a u+ u?v; glu;v) = b udv; a;b>0; b a< (b+ a)’; (1.5)
while the Brusselator kinetics are given by
f(uv)=a (b+1)u+ u’v; g(u;v) = bu  u?v; a>0; O<b<a’+1: (1.6)
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To validate our weakly nonlinear theory, a combination of nmerical bifurcation analysis, for the compu-
tation of global bifurcation branches, and full time-depedent PDE numerical simulations are employed.
Classical values for the parametera and b are used. For the Schnakenberg kinetics, these ae 0:1
and b= 0:9 (cf. [21]). For the Brusselator kinetics,a = 3 will be taken, while di erent values of b, all
with b < a2 + 1, will be considered. For these parameters values, the wupled bulk-surface system
without surface di usion admits a unique stable steady sta and no patterns appear. In this way, the
patterns observed arise from the coupling between the bulka surface. We remark that a symmetry-
breaking bifurcation mechanism for particular forms of theonlinearities has also been explored i23]
and [2]] through full PDE simulations.

The outline of this paper is as follows. Inx2, for arbitrary reaction kinetics, we derive amplitude
equations (normal forms) near either a Hopf, a pitchfork, or gitchfork-Hopf, bifurcation point of the
linearization of the base-state. Inx3, we analyze these normal forms and interpret their equili in
terms of limit cycles or Turing-type patterns of the coupledriginal system. Subsection8.1 and 3.2,
respectively, treat separately the codimension-one anddftodimension-two cases. Numerical validation
of the weakly nonlinear theory with the classical Schnakeebgy and Brusselator reaction kinetics is
provided in x4. x5 is distinct from the previous sections in that, through PDE Bnulations, it gives
a glimpse into novel nonlinear patterns that can occur for ta coupled systemmaway from bifurcation
points. In particular, the dynamics and formation of rotathg waves is explored for a coupled bulk-
surface reaction-di usion system with a slightly more gemal boundary condition than (1.3). Finally,
in X6, we brie y summarize the paper and discuss a few open problsrthat warrant further study.

2 Weakly nonlinear theory

In this section, the method of multiple time-scales is useatderive amplitude equations describing the
branching behavior near three distinct bifurcations:

Trivial mode n = 0 undergoes a Hopf bifurcation, at which the bifurcating saition is invariant
under rotation and re ection symmetries.

Nontrivial mode fn; ng 2 Znf0Og loses stability through a pitchfork bifurcation, at which the
bifurcating solutions are equivariant under rotation and e ection symmetries.

Pitchfork-Hopf (Turing-Hopf), when the previous two bifurcdions occur simultaneously.

From the linear stability analysis, curves of codimensionne bifurcation points and their codimension-
two intersection have been computed in the plane of paramese(K,; D,) (see Fig.1 and Fig. 2). This
motivates introducing a two-parameter bifurcation analys.

2.1 Preliminaries

Before formulating the multiple time-scale asymptotic exgnsion, the coupled bulk-surface system (1{
(1.4) is rewritten as an evolution equation, which then facilitées below the introduction of an extended
linear operator and its adjoint:
0 1
D, U wU

_ _ D, V. WV § .
W_F(W)_%%u Ko(u U)+ f(uv)A -
2V Ky (v V) + g(u;v)

(2.1)

HereF is a nonlinear functional acting orW , de ned as a space of vector functions whose components
satisfy the appropriate Langmuir boundary conditions:

8 0 1 9
3 u(r, ) 3
_ _BV(( ) D,@Uj,-r = Ky (u Uj=r) .
W= W0 u) & Dy@Vir= Ky (v Virr)z - (2.2)
' v( ) ’



The radially symmetric steady-state (i.e. the base-statefpr (2.1) is given by

0 1
An(0)00u) o ( P Kulo(! uR
_ % O( )I|%((!Iu$)) _::'_ € . !U = ﬁ’ AO(O) = Du!u|0(!uRO§+Ku)|O(!uR) .
We = @Bo(0) 75 ry2UeA lo=F . = Kulo(lvR) ’ (2-3)
ou; v o— Dy BO(O) - D! V|g(! vR)+ Kylo(! vR)

whereu, = (Ug; Ve)" is the surface steady-state vector satisfying the nonlinealgebraic equation

( Dy! yl90 uR
Kupo(Q)ue f(ue;ve) =0 ) po(0) = Du!u|8(!.uR0'f.Ku|)o(!uR)

R : (2.4)
chb(O)Ve g(Ue; Ve) =0 OD(O) = by v|§(\;.VVRI)O+(.KVVR|)O(! vR)

Here I,(z) for n 2 Z are the usual modi ed Bessel functions. Next, by expanding ¢ nonlinear
functional about the base-state, we get

W = r({\évei+L(W We)+ B(W  WW W)+ CW W, W W, W W)+ :i:; (2.5)
=0
wherelL is the linearized operator de ned by
0 1
D, U LU
_ D, V. WV § .
L(w) = %duu Ku(u U)+ fSu+ fevA (2.6)
K

u (
v(v V)+ giu+ giv

while B and C are, respectively, bilinear and trilinear forms. For each 2 Z, the eigenfunctions for the
linearized operator are given by

0 1 8
q
An( )Iln( Wr) eT pt 3 N ) _ Kuln( uR)
n( vR)T1 N . u— L An( )_ ]
Wy = @B, ()Del K" q @D
n . v Dy Bn( )_ Dv vIf( vR)*Kvln( vR)

The eigenvector , =( ,; ,)' satis es a homogeneous linear system

n2d n2d
[ W()] o= Jeo | Kupn( )+ RZU E:  Kyh( )+ RZV E, ,=0; (2.8)
with Je; E1;E2;pn( ), and ¢h( ) de ned as
( D. 10
e e — Ou u n( uR) — 1 A
= B Ecegarez PO Togtma o=t A() (2.9
% 9 %()= 5 wiRr ko 1 Bn()

Here, the vectorse; and e, form the standard orthonormal basis in the phase space de deby the
speciesu and v. A nontrivial solution to system (2.8) will exist when the following transcendental

equation is satis ed:
Fo( )=det[ o()]=0: (2.10)

In the multi-scale analysis below, an application of the sebility condition requires the formulation
of an adjoint linear operatorL?, de ned by
0 1

? ?\ — VV? § .
L(W?) = %au ? )+ feu?+ vk (2.11)
+



For the special case of Langmuir boundary conditions, the duspace satisesW ° = W, which
means that both the boundary conditions and their adjoint ae identical. Furthermore, the adjoint
eigenfunctions yield 0

eT
n( 1 .
W? = F@Bn( )'n( vf)e; ;X en (2.12)

It is then readily veri ed that W, and W form an orthogonal set of eigenfunctions, satisfying
hW2;W,i =0; ifmé n; (2.13)

where the inner-product in .13 is de ned by
Z 2 Z R Z 2
HW?; Wi = U?U+ V?V rdrd + [U7u+ VV]Rd : (2.14)
0 0 0

The set of eigenfunctions can be normalized so thaW?; W, i = 1 for all n. Finally, using the previous
de nitions of linear operators, eigenfunctions and inneproduct, one may easily verify that the following
properties hold:

LW, = W,;; LW = W7, HW? LWi = hL’W?; Wi : (2.15)

Lastly, we de ne more precisely the bilinear and trilinear drms that arise in the expansion Z.5).
They are de ned by

0 1 0
0 0
BW;;W)=@ 0o A; Ccqw;wew)=@ o A (2.16)
B (uj;ux) C (uj;u;uy)

The rst two components of B and C vanish since the di usion process occurring in the bulk isrear.
The reduced bilinear and trilinear formsB and C are de ned by

B(uj;uy) = %(l Ug)HeU; ; C(uj;ui;u)) = é(l uN)Te(u;  Uk);
where is the Kronecker product andHe; Te are matrices involving the second and third order partial
derivatives 0 1 0
Fou T fow T Fow fow
o= BS 06 T DB T e TLE
gUU gUV gUUU gUUV gUUV gUVV
gSV g\?v gSUV gSVV gSVV g\(/evv

2.2 Multi-scale expansion

Let = (K,;D,)" denote the vector of bifurcation parameters. As usual, a slotime-scale = "?t,
with " 1, is introduced. Using the same scaling, the parameters al@gstly perturbed,
ot " 1 k (k=1: (2.17)

Here  is the bifurcation point and ; is a unit vector indicating the direction of the bifurcation The
full system is then expanded in a regular asymptotic power ises around the base-state as

W = We+ "W+ "Wo+ "W+ O " ; (2.18)



where the subscript here refers to the expansion order ratithan the mode of the eigenfunction. Next,

by inserting (2.17) and (2.18 into (2.5), and collecting powers of we obtain that
0 0

11
0
2 "
"@Wy + "P@N; + "H(@Ns+ @Wi) = LW + "2%sz+ B(Wy; Wy) + %! vVe(B)ez 1§§

0)vee!
0 0 pp BOvee (2.19)

0
@+ "
+ "S%LW3+ZB(W1;WZ)+ qwl:wl;w1)+% Do \(/)lez S R
(Vi Vajr=r)€] 1

where the vectorse; and e, are now the standard orthonormal basis in the parameter spacle ned by
Ky and D,. The perturbed boundary conditions satisfy

x

"T(D,@U + KU Kyu)+ O " =0; r=R:
o = (2.20)

"I (Dyo@V, + Ky, Kyovi)  "2gO)Ve+ "3(vi Vi) T 1+#0 " =0; r=R;

i=1
where the vector is de ned by
1

2.21
Kvo=Dvo ( )

2.3 Weakly nonlinear analysis of patterns

The leading order solution corresponds to the base-state ded by (2.3) evaluated at the bifurcation
point = (. Next, by collecting terms atO (") we get the linearized problem

Dy@U; = Ky(up  U)
Dvo@Vi = Kyo(vi Vi)

Here the notationL ( o; ) indicates that the linear operator is evaluated at the bifucation point. The
solution of the linearized system depends on the type of biftation and the spatial mode considered.
We will consider the following three cases:

@V = L( o;Wy); ; r=R: (2.22)

Hopf bifurcation . The critical eigenvalues and spatial mode are respectiyel = i ;, and
n = 0, which yields _ o _
W; = W()Ao( )el 1ty Wvo( )e bt ; (223)

where the eigenfunctiorWy is evaluated at cand | =i ;.

Pitchfork bifurcation . The critical eigenvalue is = 0 and because of the re ection symmetry,
if n 6 0 is a critical spatial mode, then so is n. Moreover, it is known that the center manifold
preserves the symmetries of the system. Therefore, the ceneigenspace and manifold are also
two-dimensional, and the solution in the linear regime hashe form

whereW |, are evaluated at o and =0.

Pitchfork-Hopf bifurcation . The critical spatial modes aref O;n; ng, with n 6 0, and the
bifurcating eigenvalues of the linearized problem are i ,;0g. This yields a four-dimensional
center eigenspace of the form

W1 = WoAo( )€ "+ WoAg( )e ' '+ WhAL( )+ W (A(): (2.25)

Again, all the eigenfunctions above are evaluated at the bifcation point and the critical set of
eigenvalues.



The goal of our analysis is to derive evolution equations fone complex amplitudesAy and A,, where
the subscript here indicates which spatial mode has exchawstability through the bifurcation.
By collecting terms of orderO( 2) in (2.19, we obtain

0 1
0
@, = L( o W)+ BOW, W + B Ne(l)e: 3°F (2.26)

B (0)vee] 1
together with the appropriate boundary conditions, as obtaed from (2.20:
D,@Uz = Ky(uz Uy
Dy o@V> = Kyo(v2 Vo) + p(0)ve T 1

The evaluation of the quadratic termsB(Wy; W;) will depend on whether we consider the bifurcations
(2.23, (2.29 or (2.295. Below, the nontrivial part of the bilinear form is stated eplicitly for each case.

r=R: (2.27)

Hopf bifurcation:
B(usuy) = AZB( o 0)€ "+ 2jAq?B( 0 o)+ Ao B( 0 o)e ? ' (2.28)
Pitchfork bifurcation:
B(Ui;Uy) = AZB( i )€™ +2JAni?B( n; o)+ A B( o e 2" (2.29)
Pitchfork-Hopf bifurcation:
B(u;us) = AZB( o; )€ ''+2}Ad*B( 0 o)+ Ao B( o o)e 2!
+AZB( 0 )" +2JA0B( n; )+ AB( np n)e

. _ . (2.30)
+2A0AB( o n)EM T ID+2AAB( o )l M TD
+2A0ANB( 0 )€ D +2AAB( o; n)e 7Y
Once again, because of the re ection symmetry, we have that, = . By examining these bilinear
forms, the following ansatz can be formulated for the soluwn of the system 2.26):
Hopf bifurcation:
W5 = Wogoo + A§Wa000€” ' + jA0j*Wiggo + Ao Wosgoe 2 1t (2.31)
Pitchfork bifurcation:
. . ——2
W5 = Wogoo + AiWoozo + jAnj*Woo11 + An Woooz : (2.32)

Pitchfork-Hopf bifurcation:
i . —} )
W = Woooo + A§Wa20006” ' + jA0j*Wi100 + Ao Wozooe ' '
L )
+ AiWoo20 + jAnj*Woo11 + An Woooz (2.33)
+ AoAnWig10€ "'+ AgA Wigoi€ '+ AgAnWorree ' '+ AgA Wogoe 't

Next, we brie y outline the computation of the term Wqogo. This term arises from the perturbation
of the bifurcation parameters within the base-state, and $ia es

0 1
0 (
L( o Woooo) + %! 2Ve(r)e 1§ -0 Dy @Uoooo = Ku(Uoooo  Uoooo) ) . r=R:
0 Dvo@Voooo = Kvo(Voooo  Voooo) + (O)ve ' 1

OD(O)VeeI 1



Solving for Uggog, ONE obtains the same expression as for the steady-state [@gogiven by
O( ur)
lo(! uR)

Since the equation foVyggo is forced by a multiple of the steady-state solution, the radtion of order
method is used to yield the following ansatz:

Uoooo = AO(O)

el U 0000 - (2.35)

lo(! vr) .
|O(! VR),

where 1(r) is found to satisfy the second-order di erential equation

Voooo =( o+ 1(r)) with  1(0)=0; (2.36)

HOlo(r) 4 26) 2 () + Ho(tur (Ol v Ve =0:  (237)

The ODE (2.37) is readily solved usingrl (! ,r) as an integrating factor. By integrating twice, we
obtain that " #

T Z Lyr 2
Dvo 0 lo )

Then, upon application of the perturbed boundary conditionwe determine the constant ¢ as

T @080, ) PuBold) gg). (2.39
vO vO

0 = Bo(0)Voooo +

Next, the evaluation of Uggoo and Voo ON the boundary leads to

Uoooo Ao(0)Uoooo
= X 2.40
Voooo  ,_g Bo(O)Voooo + ' 1 (2.40)
where the coe cient of the detuning vector is given explicity by
_ BB, HIKWRAFLR) E(RD2 LKoo WRIS(R) (2.41)
KvO (DVO! vI 1(I ) + KVOI 0(I R))

Finally, the substitution of (2.40 into the constraint (2.34) for the membrane components determines
Uoooo aS

o( 0;0)Ugooo= T 1EoUe ) Uoooo= ' 1[ o 0;0)] 'EzUe: (2.42)
Here the vector coe cient is de ned by

= p0)er Kyo
WK
(Dvo! vI1(! vR) + Kyolo(! vR))?

0WR)  15(LR) e
(2.43)

Lo(! vR)I1(!

= ((0))%e +

Many of the nontrivial Wju, can be found using the spatial and temporal re ection symmaes of the
reduced system. Here, the linear inhomogeneous problems ®dwlved are listed below.
Starting with the Hopf bifurcation, where Wy,00 = Waqqo, it is readily found that W, Satis es

0
Ao(2i |)||°( 2 quooo
L ( 0;Wa2000) 21 1Wao00= B (Wo;Wy) ) Waooo = %)BO(ZI |)||°( o G‘QT 2000g (2.44)
Uzooo
where ,, and ,, are de ned by

r— r—

3 ut2i 3 vt2i

w= T =



Next, solving for W10 leads to

lo(!
Ao(0); S((! . ,;)) el U1100

L ( 0;Wii00) =  2B(Wo; Wo) ) Wi100 = %BO(O) |I§((!! VV;))GQT u noog ; (2.45)

U1100

Finally, u,000 and u 1100 €ach satisfy the following two-dimensional linear systems

[ o 052 )]U2000= B( 0; 0); [ o( 0)Juti00= 2B( o) 0): (2.46)

With regards to the pitchfork bifurcation, re ection symmetry guarantees that Wooo, = Woozo.
Hence, the systems to be solved and their solutions are giveyn b

A2, (0) t2n (Lul) €] U020

|2n(! uR) .
L ( 0;Woo20) = B (Wn; W) ) Woozo = %BZn(O) Ilzzr':((!!vvé))‘.%‘;Uoozog en (2.47)
U o020
and o ar)
Ao(0) ol uR) €1 Uoo11
L ( 0sWoo11) = 2B(Wn; W ) ) Woo11 = %BO(O)%GZUOOHX : (2.48)
Uoo11
Here ugozo and ugp11 satisfy the reduced linear systems
[ 20( 00)JUgo20= B( n; n); [ o 00)]Uoo1z= 2B( n; n): (2.49)

The Wjym common to both the codimension-one and codimension-twouni€ations remain the same.
In addition to those terms, one needs to solve for the mixed eeients Wig10 and Wqg1 as follows:
0

An(i |)||:(( 5:;))e-]|_—u1010 _
L( 0;Wio10) | 1Wio0= 2B(Wo;W,) ) Wio10 = %Bn(i |)||:(( er))%Tulolo e ;  (2.50)
U 1010
and
0 i In( ur) AT 1
An(i 1) TRy€1 Uoos _
L ( 0;Wioo1) |1 1Wio1= 2B(Wo;W ) ) Wi = ?@Bn(i .)I':(( Vvé))ezulomge "y (25))
U 1001
whereu 910 = U001 (because |, = n), Which satis es the further two-dimensional linear systa
[ n( o )lUio0= 2B( o5 n): (2.52)

The remaining coe cients are found trivially using symmeties, and are

Woi01 = Wio10; Wo110 = Wagor : (2.53)

2.4 Solvability condition and amplitude equations

Upon collecting terms ofO ("3) in (2.19, we obtain that
0 1

0
T @+ v
@W; L ( ;W3)= @W;+2B(Wyi; W) + C(Wq; Wi W) + % %2 1 8“0 Vi § ;  (2.54)

el 1(vi Vijr=r)
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while the O ("3) terms in the boundary conditions ¢.20 yield

Dy Us _ Ku(us  Usji=Rr) + 0

= . : 2.55
DwoVs _r  Kuwl(vs Vzji=Rr) T 1(vi Vijr=g) (2.:35)

Next, suitable ansatzes are formulated based on the method wfidetermined coe cients. Nonlinear

evolution equations for the amplitudesAq( ) and A,( ) will arise from the application of a solvability
condition on (2.54 and (2.59.

Hopf bifurcation . Sincen = 0 is the unstable mode, the solution is radially symmetric fothe

form 0 1
Xq(r)
Wi = Xel '+ Xe "1t: X = %Xi(r) ; (2.56)
3
Xa
Pitchfork bifurcation . The bifurcating branch is stationary and spatially inhomgeneous
(i.e. angularly dependent) 0 1
yi(r; )
_ v v By )§.
Ws=Y; Y= : 2.57
s ys( ) ( )
ya( )
Pitchfork-Hopf bifurcation . With X and Y de ned as in the other cases, we have
W;= Xel "'+ Xe "1t+ Y (2.58)

When treating the Hopf bifurcation, equations 2.54 and (2.55 represent a forced oscillatory system.
Typically, the presence of forcing with resonant terms geredes secular growth of the solution. How-

ever, since boundedness of the solution is required on thestféime-scale, these secular terms must
be eliminated for self-consistency of the multiple time-ate asymptotic expansion. This elimination is

done using a solvability condition.

Upon substituting (2.56) into (2.54), and equating coe cients of € 't, we get

0 0 0 1 1
X L (oX)= W 0%"' %ZB(WO,WOOOO)"‘ %92 Ly O(I I)'IO( Vr)§ez o§ Ao (2.59)
el 1OD(| 1) |
+ 2B(Wo; W1100) + 2B Wo; Waooo +3C Wo; Wo; Wy jA0j*Ao;
where X satis es the perturbed boundary condition given by
D o o= i g o A (2.60)

Since its bifurcating solution is stationary, a di erent agument must be invoked when treating the
pitchfork bifurcation. Again, the substitution of (2.57) into (2.54) leads to

0 0 0 1
In(! Vr) )
L(aY)= W ndAn %ZB(Wn.Woooo)"‘ %ez 1B (O)' §el n€" §An
(2.61)
el 1%(0)

. 3
+ (2B(Wn; Woo11) + 2B (W n; Wooz0) + 3C(Wn; Wi W 1)) jANJPAn + O Ag AL A]
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whereY also satis es the nontrivial boundary condition

Duy1 Ku(ys VYilr=r) 0 in N
. = Ane" + O(Ay): 2.62
Dvoy2 . Kvo(Ya Yair=r) T 1h(0)e; n " (An) (2.62)
Because of their orthogonality property, the contributionfrom other circular modes will vanish when
taking the inner-product with the adjoint eigenfunctionW_?. Hence, these terms have not been explicitly
stated.
The same procedure is applied to the codimension-two caseerd a pitchfork bifurcation interacts
with a Hopf bifurcation. Equating coe cients of € '! leads to a linear inhomogeneous equation for the
coe cient X given by

0 0 0 1
. dA ot vl
X L (gX)=W 0_o+ %ZB(WO,WOOOO)"‘ %ez Ly O(I it §92T 0§Ao

el 1Cb(| |) (263)
+ 2B(Wo; Wiig0) + 2B Wo; Wageo +3C Wo; Wo; Wy jAGj%Ag
+ (2 B(Wo; Woo11) + 2 B(Wn; Wigor) + 2B(W ; Wig10) + 6 C(Wo; Wi W 1)) jAnj*Ag

+ 0 AAZ AR

which is subject to the same boundary condition as for the Hofiifurcation (see equation 2.60).

The term Y, which is constant on the fast time- scale satis es
1

In(!vr) ]
%ZB(WmWOOOO)"' %ez 4B (O)' (!VR)§E‘; n€" §An

el 1% (0) (2.64)
+ (2B (Wn; Woo11) + 2B (W n; Woo20) + 3C(Wi; Wis W ) jAnjzAn
+ 2B(Wp; Wiig0) + 2 B(Wo; Woi10) + 2B Wo; Wig1o +6C Wo; Wo; W, jAGj2A,

+0 AgAALAGA,

L(O;Y): Wn

and is subject to the same boundary as for the pitchfork bifgation (see equation 2.62).

The next two lemmas, involving our solvability conditionsprovide necessary conditions under which
systems 2.59), (2.61), (2.63 and (2.64), together with the appropriate boundary conditions 2.60 and
(2.62, admit a solution. Lemma?2.1is general, while Lemm&.2 is speci ¢ to each bifurcation.

Lemma 2.1. Let fW ,;W?’g be an orthogonal pair composed of an eigenfunction and itsjaidt, and
let . denote the critical eigenvalue at a given bifurcation point= o2 RP (p independent bifurcation
parameters). Then,

— | . n=0
L(C sWn)= Wp; L?( O;Wg): cWr?; c= 0 n6o0 : (2.65)

Consider the following linear inhomogeneous system,
X L (gX)=F (2.66)

whereX = (x1(r; );x2(r; ):xs( );xa( )" is subject to the inhomogeneous boundary condition

Dux1 KulXs  Xijr=r) _ () .
, = : 2.67
DXz =R Kv(X4 XZJr=R) ( ) ( )
Then, a necessary condition for(2.66 to have a solutionX subject to(2.67) is that
Z Z
hwiFi+ U?d + V?2d =0; (2.68)
@ @

whereU? and V.’ are the bulk components of the adjoint eigenfunction .

12



Proof. The result follows from a careful application of the Fredhaoh alternative, where the inhomoge-
neous boundary condition is taken into account. We take theaner-product with the adjoint eigenfunc-
tion on each side of 2.66) to get

hWZ X L (oiX)i= chWZXi hW ZiL( o X)i = hWZiFi : (2.69)

Next, by using the de nition of the inner-product given in (2.14), one can write

W2 L( o3 X)i = (2.70)
z U’ | D, x X z o ody X Ku(Xs Xi1)+ fexz+ f&x
ri u 1 unl dA+ n u sSA3 u 3 1 u 3 V2 4 d . (2 71)
V? D, X X v? dy xa Ky(Xs X))+ 08Xz + X ' '
| n v{’)Z 2 VA2 } | @ n v sA4 v£%4 2) gu 3 g\, 4 }

where is a disk of radiusR and = @ is the 1-D Laplace-Beltrami operator, with = R being
the arc-length parameterizing the boundary. Next, using Gen's second identity, the rst integral (?)
can be rewritten as follows:
Z T Z T T

D, U2 U7 X1 U? Ku(Xz X1)+ X1 Ky(u? U7

D, V2 V7 x, AT e V& Ku(xa xp)+ X2 Ky(vi V)

d:

(2.72)
In addition, the second integral can be treated using Lagrae's identity and the angular periodicity of
surface bound components, as

Z < 5T Z ——T
dy, su, Kyu,+ flui+ gv X3 4 4 Kuu X1

n n

2?7 =
H 2 2 ? ? ?
dy su; Ky, + féul + v/ X4 o Kwi X2

d: (2.73)
@

Next, upon adding .72 and (2.73, we obtain after some algebra the following expression wwiving
the adjoint linear operator:

s YRRV VR
?. . P u n uYn 1
hWn,L( O,X)l - DV Vn? y n? ) dA
Z T Z
+ o osUp Ku(ul U+ feul + gev? X3 d + 07 +V2 d
=hU( W)X+ U7 + V7 d
Z @
= W Xi + u? +V? d: (2.74)
@

The result (2.68 is readily obtained after the substitution of .74 back into (2.69.

Lemma 2.2. (Solvability condition ). The imposition of the solvability condition for each of th
three bifurcations leads to the following amplitude equatis:

Hopf bifurcation . A necessary condition for the inhomogeneous systef8.59 and (2.60 to
have a solutionX is that the amplitudeAq( ) satis es the following ODE:

. ) dA .
2RB o(i )(i 1) 38 o ' 1A= d—o"‘2hIWg;B(Wo;Woooo)'AoI
. R I.( JR) 2 . '
+2Rel Zel o (Boli )7 2n 1 R T g el L A
2 lo( vR)
+ W(; 2B (Wo; Wiggo) + 2B Wo; Wagoo +3C Wo; Wo; Wo  jAGj*Ap (2.75)
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Pitchfork bifurcation . A necessary condition for the inhomogeneous systgf2.61) and (2.62
to have a solutionY is that the amplitudeA,( ) satis es the following ODE:

” dA R .
2RB n(O)Ch(O)E‘QT h%T n 1AL = d 42 hW,;; B(Wn; Woooo)i An

- 1((!|\;z)\|/nR+)l)(2! il e 1 Gh(0)e] 1 Ag

+ hW; 2B (Wy; Woor1) + 2B (W ; Woozo) + 3C(Wo; Wi W 0)ij Anj?A, (2.76)

R
+2Re; ;€ o (Ba(O) 5 1

Pitchfork-Hopf bifurcation . A necessary condition for the inhomogeneous syste(@.59),
(2.67), (2.60, and (2.62 to have solutionsX and Y is that the amplitudesAqy( ) and A,( )
satisfy the following system of ODEs:

) ) dA 5 )
2RB o(i 1)p(i 1)€) 368 o ' 1Ag= d—0+2h|Wo;B(Wo;Woooo)| Aol
. R 1I( JR) 2 . '
+2Re) 36 o (Bo(i 1))? \Z/E 1 |zg VR; e 1 (i 1)el 1 A

+ Wg; 2B (Wo; Wii00) + 2B Wo; Wagoo +3C Wo; Wo; Wo  jA0j*Ag
+ hWG; 2B(Wo; Woo11) + 2 B(Wn; Wagor) + 2B(W 13 Wig10) + 6 A(Wo; Win; W n)ij Anj?Ao (2.77)
and

d(f” +2 hWZ; B(Wn; Woooo)i An

- 1((!|\;IZ)\I/E)1)(2! R) e 1 G(0e 1 A,

+ hW?; 2B (W Woo11) + 2B (W ; Woozo) + 3C(W; Wi W )i Anj?A,

+ W7 2B(Wp; Wiigo) + 2 B (Wo; Woi10) + 2B Wo; Wigig +6C Wo; Wo; W, jAG%Ap:
(2.78)

2RB 1(0)ch(0)e] 7€} o T 1A, =

. R
t2Re; 1& o (Ba(O)? (5 1

In each of these three case$V; and W are adjoint eigenfunctions associated with the adjoint lear
operator. Hence, they satisfy the following relations:

L7 W)= i/ Wg; L gW;)=0: (2.79)
Proof. The results stated above are obtained from a direct applicdain of LemmaZ2.1

The rearrangement of each of the di erential equations givein Lemma 2.2 provides a system of
amplitude equations describing the branching behavior inhe vicinity of the bifurcation point, in the

limit " ! 0. For each of the three bifurcations the amplitude equatiahave the following form:
Hopf bifurcation
% = Ofooo 1A0+ G2100/A0j*Ao: (2.80)
Pitchfork bifurcation A, - o
g~ Yoo 1An + Goo21JAn]“An (2.81)
Pitchfork-Hopf bifurcation . In this case, one shall analyze a system of two amplitude edions

similar to their codimension-one analog. In each equatiothe additional term corresponds to the
mixed-mode term (all the other terms remain the same as for ¢ir codimension-one counterpart).

dAg

q - Glooo 1A0 *+ G100/A0j Ao + Gro11jAni*Ao; (2.82a)
dA o o
5= owo 1An + Goo2afAnj*An + Gr10}Acl*An' (2.82b)
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Explicit expressions for the coe cients of the nonlinear tems in the amplitude equations are

G100 = W¢; 2B (Wo; Wiio0) + 2B Wo; Wageo +3C Wo; Wo; W ; (2.83a)
Q011 = hWJ; 2B(Wo; Wooi1) + 2 B(Wp; Wigo1) + 2B(W 1 Wig10) + 6 C(Wo; We; W )i ; (2.83b)
Qoozz = W5 2B (W Woo11) + 2B (W 1 Woozo) + 3C(Wi; Wi, W )i ; (2.83c)
Q0= W5 2B(Wn; Wigg) + 2B (Wo; Wo10) + 2B Wo; Wigyo +6C Wo; Wo; W, ; (2.83d)

where g100; G1011 2 C and goo21; 01110 2 R. The coe cients of the linear terms consist of the projectia
of the vectorsgigoo 2 C? and goo1o 2 R? onto the detuning unit vector ;. They are given by
! !

2
Goo=2 ReJ 3¢ o Bl )ai 1) +(Boli )2 25 1 AH e ali e
+4 R Z'B( o toooo) ; (2.84a)
Gon=2Re] 7¢] » B.OG©) +(BO)1F; 1 IR e g0
+4 R [TB( nitroooo) ; (2.84b)

where trgogo = [ o 0;0)] *E,u. appears in the expression fougg (See equation 2.42). The two
guantities are related to each other by

Uoooo = troooo ' 1° (2.85)

In x4 below, the solution behaviors in the weakly nonlinear regiey as predicted after the numeri-
cal evaluation of the coe cients in the amplitude equations will be compared with numerical PDE
simulations of the full coupled bulk-surface reaction-dusion model.

We remark that the generic form for the coe cients of the cubt terms of 2.80 - (2.82 is well-
known in the literature. Since the pitchfork bifurcation issimply a Hopf bifurcation with a zero-crossing
eigenvalue, these coe cients also arise from the weakly nlomear analysis of a codimension-two Hopf-
Hopf bifurcation, in which the pair of critical eigenfunctians is fully complex. We refer the reader to
the appendix of [L1], where a center manifold reduction was used to derive a tvddmensional system
of amplitude equations at a double-Hopf bifurcation.

The novelty of our analysis is that we have performed a systeatic derivation yielding explicit
formulae for the normal form coe cients for the three distinct instabilities of our coupled bulk-surface
model. These results can be used for any nonlinear surfacaatson kinetics speci ed on the circular
boundary. We remark that the bifurcation parameters emplogd here, being the bulk di usion coe cient
D, and the coupling rate constanK, are key to understanding the speci c role of bulk-surfaceoapling.
Our choice of performing an asymptotic multiple time-scalanalysis, as opposed to a center manifold
type-reduction, was partially motivated by the computational convenience and exibility of the method.
However, the main advantage of multi-scale theory concernsd nonstandard boundary conditions
(1.3 where the bifurcation parameters appear. In the computatn of the linear term coe cient, a
center manifold approach would require us to di erentiate lhe linearized operator 2.6) with respect
to bifurcation parameters that also appear in the boundary anditions. By simply keeping track of
the terms at each order within the boundary conditions, the mthod of multiple time-scales provides a
direct approach to compute the normal form without the needd explicitly di erentiate the function
space with respect to the bifurcation parameters.

3 Bifurcation analysis of amplitude equations
In this section, the equilibria of the amplitude equations drived in the preceding section are analyzed.

Under nondegeneracy conditions, the stability propertiesfdhe steady states in the normal form are
preserved in the full model. Bifurcations of codimensionae and two are treated separately below.
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3.1 Codimension-one: Hopf and pitchfork bifurcations

For a Hopf bifurcation, the substitution of Ag( ) = o )€ °() within (2.80 yields a coupled system of
ODEs for the magnitude o and the phase , given by

do d o

q - [< (G000)]" 1 0+ < (Q00) 3; e

When it exists, a steady state o, of (3.1) is given by
S

= [= (Gwo0)]” 1+ = (G100) 3 (3.1)

[< (91000)]T 1.,
i< (G0 52

where ; is a free two-dimensional unit vector. The transversality andition is violated when ; is

tangent to the Hopf stability boundary at 2 R?, for which ¢ from (3.2) vanishes. Consequently, it
can easily be argued that the vectok (gi000) is normal to the stability curve and that a natural choice
for the orientation of 4 is

Oe

<(%100) <(Y1000)

T - : 3.3

' J<(92100)] K< (G1000)K (3.3)
Such a choice provides the maximal magnitudey given by
s
k< k

0o = (Q1000) K (3.4)

< (Go100)

The nontrivial xed points ¢ in (3.2) correspond to limit cycle of the complex amplitudeAq( ). The
stability of the limit cycles is given by the sign of the real prt of the cubic term coe cient in ( 3.1).
Hence, one can distinguish between supercritical and sulimal bifurcations in the usual way:

<(02100) < O (Supercritical Hopf); <(Gz100) > O (Subcritical Hopf): (3.5)

Next, from substituting o into the equation for the phase in 8.1), the steady-state phasey is
o )= 00)+ o ; with o =1= (Goo0)]" 1+ = (G100) Z; (3.6)

where ((0) 2 R denotes the phase shift symmetry of periodic solutions.

The following lemma uses the nontrivial steady state from # amplitude equation associated with
the Hopf bifurcation to give approximate periodic solution®f the full coupled bulk-surface PDE model
in the weakly nonlinear regime:

Lemma 3.1. (Periodic solutions in the weakly nonlinear regime) . Let 9100 2 C be the cubic
term coe cient in (2.80, and assyyne that its real part is nonzero, hence excludinggdaerate cases.
Then, in the limit " ! Owith " = k ok denoting the square-root of the distance with the Hopf
bifurcation point, a leading-order approximate family of @riodic solutions is given by

W)= We+ " g Woe 1t o) 4+ \We (1t 0@) 4+ o "2 (3.7)

for any ((0) 2 R and with ¢, de ned by (3.4).
For the surface-bound activator species, let,n, denote the amplitude of the bifurcating limit cycle
near the Hopf bifurcation point. A leading-order approximi@on for Uamp IS

Uamp = MaX fiu(t) Uelg =2" oee] o+ O "* (3.8)

where the periodT, satis es
2
T,= —+0 "2 (3.9)
|
Finally, the periodic solution in (3.7) is asymptotically stable wher(g,100) < O (supercritical Hopf)

and it is unstable for<(gp100) > O (subcritical Hopf).
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Next, we consider the pitchfork bifurcation. Since the coe @nts goo10 and doo1 in (2.81) are real,
we setA,( )= ()€ () into (2.81) to obtain a decoupled system of ODEs for, and , given by

dn dn

d = Gooto 1 n+ Gooz1 5 ; d_:O: (3.10)
When they exist, xed points of (3.10 are
S
-
ne — M; n( ) n2R; (3.11)

Joo21

where the constant ,, accounts for the rotational equivariance of the pattern. Tl orientation of the
unit vector ; is chosen in a similar way as for the Hopf bifurcation, with thénatural choice" being

Ooo21  Qooio .

= . : 3.12
J90021] KQoo10k (3.12)
This yields the following expression for pe:
S
KGoo10K
= — 3.13
" iGoozil 519

Again, the pitchfork bifurcation is classi ed according to he stability of the nontrivial steady state
of the amplitude equation. It readily follows that

Ooo21 < O (Supercritical pitchfork); Qo021 > O (Subcritical pitchfork) : (3.14)

Finally, this section is concluded with the analog of Lemma&.1 for Turing-type patterns arising from
pitchfork bifurcations in the full coupled bulk-surface PIE model.

Lemma 3.2. (Spatially inhomogeneous equilibria in the weakly nonlinear reg ime) . Let
Ooo21 2 R be the cubic term coe cient in (2.8)), ﬁnd assume that it is nonzero, hence excluding de-
generate cases. Then, in the limit ! Owith " = k ok denoting the square-root of the distance

from the pitchfork bifurcation point, a leading-order approximate family of gatially inhomogeneous
equilibria is given by _ _
W=We+" e Wee"+W el +0 "2 (3.15)

for any , 2 R and with . de ned by (3.13.
For the surface-bound activator species, lai,m, be the amplitude of the bifurcating Turing-type
pattern near the pitchfork bifurcation point. A leading-oder approximation for uamp is

Uamp = Max fju( ) Uejg=2" neje nj+ O " : (3.16)

Finally, the patterned solution given by3.15 is asymptotically stable whegyy; < O (supercritical
pitchfork), and it is unstable forgyg,; > 0 (subcritical pitchfork).

3.2 Codimension-two: Pitchfork-Hopf bifurcation

In this subsection, the equilibria of the coupled amplitudeequations @.82 are analyzed for general

values of its coe cients. For this purpose, it is appropriae to rescale the time variable into the

original fast time-scalet. Hence, lettingzy(t) = "Ao("?t)€ '* and z,(t) = "A,("?t), and recalling that
o= "? 4, the following Poincae normal form can readily be obtaine:

Zp= 1+ QIooo( 0) Zo+ U100jZ0j°Zo + G1011jZn}?Z0; (3.174q)
Zp = Gosol 0)Zn * G1110120j°Zn + Go021jZnj’Zn : (3.17b)
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Sincegyi00; Gio11 are complex-valued, whileggs; Oi110 Are real-valued, cylindrical polar coordinates are
appropriate for this normal form. Lettingzo = e',z,=w 0,and = ( we obtain a system of
ODEs for the magnitudesw;r and the phase , given by

W = Qoo2t W+ Qr110Wr?; = <(Guo11)W?r + <(Qooa1)r®; = 1+ =(G2100)r *+ = (Gro1)W?: (3.18)

Since the third equation above is decoupled from the others,need not be considered. The rst two
ODEs in (3.18 can then be conveniently written as

W= puW? + powr?; = ppWAr + por®; (3.19)

wherepi: = oozt Pr2 = Gi110; Po1 = <(Gio11) @and po2 = <(Gp100)- It is assumed that these coe cients are
nonzero and thatp;1p>  p12P21 6 0, which is a necessary condition for the existence of the xeid-mode
steady-state.

To relate our results with those in 4], we augment @8.19 with linear terms to obtain

w=w( i+ p11W2 + p12r2); r=r(.+ ple2 + p22r2); (3.20)

where ; and , are generic unfolding parameters. This recovers the welkdwn canonical truncated
system of amplitude equations at a codimension-two pitchfic-Hopf and double-Hopf bifurcations. We
refer the reader to 4] and [18], where the phase portraits of .20 is classi ed. In the discussion
below, the approach and classi cation from14] is followed. p__ P
We rst reduce the number of parameters in 8.20 by settingw = jppijjw andr = = jpajr. After
a possible time rescaling ip;; < 0, and further dropping the bars to simplify the notation, ths change
of variable yields
w=w( 1+ W+ r?)); r=r(,+ w?+dr?:; (3.21)

where ; andd are given by

=Pz Pa g P2, (3.22)
P22 P11 1P22)
Depending on the signs of the four quantities; ; andd , it is possible to distinguish between

12 topologically di erent stability diagrams in the plane d generic parameters (;; ») (see [L4]). In
addition to the trivial equilibrium Eq = (0;0), (3.21) possesses up to three additional steady states.
Two of those equilibria are located on the coordinate axes @mre given by

p

E,= ;0 for ;<0; and E;= O EZ for EZ < 0; (3.23)
while the last one corresponds to the mixed-mode equilibriude ned by
s S !
_ > doq, 12 2 di, 1 o .
E; = g g for g g > 0: (3.24)

With regards to the coupled bulk-surface model, these eqibitia have a precise meaning in terms of
oscillatory and patterned solutions. They are classi ed bew in Table 1.

Table 1: Classi cation of steady states of 3.21) and solution correspondence.

Amplitude solution Full model solution
Trivial steady state Eg Base-state solutionW,
First mode E, Spatially inhomogeneous steady state
Second modée, Periodic solution around the base-state solution
Mixed-modeE; Oscillations around a patterned solution (breather soludin)
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We now summarize the bifurcations arising in the truncatedystem of amplitude equations 8.21).
Firstly, the single mode equilibriaE; and E, bifurcate from the origin on the lines

Hi=1(1 2)j1=09; Ho=f( 1 2)j 2=00; (3.25)

and, respectively, exist for ; < 0 and for ,=d < 0. Next, the mixed-mode equilibriumEj bifurcates
from each of the single mode equilibria on the semi-in niteifchfork lines, given by

Ti=1(1 2)] 2=di1; 1>00r 1<0g; (3.26a)
To=f(1; 2)j 2= 1, 1>00r 1<0g; (3.26b)

whose orientations (whether for each case is positive or negative) are chosen such that; and T,
form the boundaries of the existence region &s.

Cases for whichd = 1 are known to be simple since the truncated system of amplitle equations
(3.21) does not possess any limit cycles. Such a situation corresgs to both pitchfork and Hopf
bifurcations being either subcritical or supercritical, wth no fth-order terms being needed in the
normal form. More intricate cases arise whed= 1 andd > 0, at which E3 bifurcates through
a degenerate Hopf bifurcation on the semi-in nite line givety

_dax )

C= (12 2= q v 1>0o0r ;<0 : (3.27)

The stability of the bifurcating limit cycle is typically determined by including one fth-order term to
the normal form. More details on this challenging computabin are found in the classic referencé].
In the next lemma, an a ne transformation mapping parameterspaces is de ned.

Lemma 3.3. (Mapping parameter spaces) . Let T be an ane transformation in R? that maps
the generic parameter space de ned by and , to the original bifurcation parameter space de ned by
K, and D,. Then, it must satisfy

T(1, 20= o+t R > Qoozo <(G1000) R >
h i
= o+ R > <(Gi000) R 5 Gooto L (3.28)

2

where o= (Kyo;Dyo)" is the codimension-two bifurcation point andR (' ) is the anti-clockwise rotation
matrix in the Euclidean plane de ned by

cos( ) sin(’ )

sin( ) cos() (3:29)

R( )=
Proof. The proof follows from the fact thatgye1o and <(gi000) are, respectively, normal to the pitchfork
n =1 and Hopf n = O stability boundaries.

This subsection concludes with Lemma&.4, where the mixed-mode solution in the weakly nonlinear
regime is de ned. Its stability will be discussed inx4.2 for two pitchfork-Hopf bifurcations involving
distinct reaction kinetics.

Lemma 3.4. (Mixed-mode solution in the weakly nonlinear regime) . Let p11 = Qoo21, P12 =
O1110, P21 = <(01011) and poo = <(Gr100) be the four cubic term coe cients of system(2.82).plf none of
these coe cients vanish, and ifpo;p11 Pi2P21 IS nonzero, then in the limit" ! 0, with " = k ok

denoting the square-root of the distance with thgitchfork-Hopf  bifurcation point, a leading-order
approximate family of spatio-temporal oscillatory solubns is given by

W(t)= We+ " e Wpe "+ cc. + oo W '™ o +cc. +0 "2 ; (3.30)
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for any ,; 0(0) 2 R, as a result of the azimuthal and temporal phase shift symmes. The pair
( ne; oe) corresponds to the mixed-mode equilibrium and is given by
Os S 1
(el 0)= @ P12 [<(Gi000)]" 1 P22 [Gooro]” 1. P2 [oto]” 1 Pul<(Gooo)]” 1 A
nes e) —

; ;o (3.31)
P22P11  P12P21 P22P11 P12P21

with the detuning vector ; chosen such that = o+ "2 4 is within the mixed-mode region of existence.
In particular, it can be taken to be parallel to the bisectorfdhis region.

For the surface-bound activator species, let,m, be the amplitude of the bifurcating spatio-temporal
pattern near the pitchfork-Hopf bifurcation point. A leadng-order approximation for it is given by

Uamp = MaxX fu(;t) Uejg=2" nej€] nj+ of€] of +O " : (3.32)
0 t<Ty

4  Validation of weakly nonlinear theory

In this section we validate the weakly nonlinear theory deV@ped in x2 and x3 by comparing predictions
of this theory with either numerical bifurcation results orfull numerical time-dependent PDE solutions.
In the comparisons we will consider both the Schnakenberdy.§) and Brusselator (L.6) boundary reac-
tion kinetics. Since the parameter space is large, the bullothain is restricted to the unit disk. For the
uncoupled case (withK, = K, = 0), the surface di usion coe cients and reaction kinetic parameters
are chosen to ensure that there is a unique stable patterndesolution for the reaction-di usion system
on the domain boundary. In addition, since typical surfaceidision coe cients are smaller than their
bulk di usion counterparts in applications, the condition d, D, and d, D, shall be imposed.
Ultimately, the bifurcation analysis will illustrate how varying the ratio of bulk di usivity and coupling
coe cients can destabilize the system and lead to novel spattemporal dynamics.

4.1 Codimension-one bifurcation

By numerically computing the roots of the eigenvalue relatn (2.10, we can readily determine a linear
stability diagram in the D, versusK, parameter space for the Schnakenberg and Brusselator boanyl
kinetics. For a circular harmonic mode with eithen = 0; 1; 2, the marginal stability curves inD, versus
K, parameter space, for a xed set of parameters, are shown ingil and Fig. 2 for the Schnakenberg
and Brusselator kinetics, respectively. In each phase diagn, the region of linear stability is located
to the left of all the curves. Our computations show that the ttivial mode n = 0 loses stability through
a Hopf bifurcation, while for the nontrivial modesn = 1;2, stability is lost via a Turing bifurcation
(zero-crossing eigenvalue).
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Figure 1. Linear stability diagram in the plane of parametes (K,;D,) with Schnakenberg reaction
kinetics. Other parameters areR =1;D,=1; ,= ,=0:0;K,=0:1,d,=d,=0:1;a=0:1, b=
0:9. In the right panel, the symbol "0" indicates supercritichwhile "+" indicates subcritical.
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Other parametersareR=1; D, =1; = =00 K,=0:1;d,=d,=0:5a=3;b=7:5. Inthe
right panel, the symbol "0" indicates supercritical while “+" indicates subcritical.

Some qualitative trends are suggested from these linearsilty phase diagrams. Firstly, when both
bulk di usion coe cients have the same order of magnitude, he Hopf bifurcation of the trivial mode
is the dominant instability. It occurs when the coupling of he inhibitor is much larger than that of
the activator, i.e. K,=K, 10?. Secondly, when this ratio decreases while the ratd,=D, increases,
the primary instability switches to the Turing bifurcation of the rst nontrivial mode (n = 1). This is
reminiscent of the classical Turing paradigm for pattern fonation, whereby the inhibitor is required
to di use faster than the activator in order for a pattern to form.

The redrawn phase diagrams in the right panels of Fid. and Fig. 2, indicating the local branching
behavior of the bifurcation, was obtained after numericall evaluating the cubic term coe cients in the
normal forms 2.80 and (2.81). For both reaction kinetics, supercritical Hopf and subctical Turing
bifurcations are predicted to occur as the stability curveassociated with the modea = 0;1 are crossed.
Although the transversal crossing of the rightmost curve assiated with the moden = 2 is predicted
to correspond to a supercritical Turing bifurcation, little attention is given to it in the subsequent
discussion since it corresponds to a secondary instability

We emphasize that our conclusions only hold for the currenesof xed parameters given in the
captions of Fig.1 and Fig. 2. In x4.1.2we show that a conclusion of super- or subcriticality can depd
on the speci c choices of reaction kinetic parameters and réace di usion coe cients.

4.1.1 Periodic solutions arising from Hopf bifurcations

In this subsection the loss of stability through the superdical Hopf bifurcation, as predicted by
our weakly nonlinear analysis in Fig.l and Fig. 2, is investigated. Numerical continuation methods
combined with PDE simulations are used to study the dynamics the weakly nonlinear regime. As
a result of azimuthal invariance, a simple 1-D nite di ererce method-of-lines approach is used to
spatially discretize the coupled bulk-surface system, viitthe mean value theorem applied to derive an
ODE for the bulk species at the origin which avoids the singaitity inherent to the Laplacian in polar
coordinates. Details of the discretization process are givin Appendix A.

We rst study the loss of stability on the vertical line K, = 5 from Fig. 1 which intersects the
n = 0 Hopf curve at D, 2:17. Plots of global periodic solution branches using eithét, or D, as
the bifurcation parameter are displayed in Fig3. These numerical bifurcation diagrams con rm the
prediction of the weakly nonlinear theory of a loss of stality through a supercritical Hopf bifurcation.

Next, in the vicinity of the bifurcation point, ( 3.8) of Lemma3.1is used to predict the amplitude of
the limit cycle. A graphical comparison between this predied amplitude and corresponding numerical
results computed with AUTO is shown in Fig.4. In the left panel of Fig. 4 a slight shift in the
bifurcation point caused by spatial discretization errorss observed. As the mesh is re ned, the gap
between the bifurcation points computed from the spatiallydiscretized system and directly from the
transcendental equation 2.10 by solving for pure imaginary roots is expected to shrink. Ris shift is
not as apparent in the right panel of Fig.4 since the bulk di usivity D, was used to locate the Hopf
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is correctly approximated by the weakly nonlinear theory.
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bifurcation point. From Fig. 5, the two branches essentially coincide after translatiorotthe origin.

As a further validation of the weakly nonlinear theory, we nowcompare the predicted period of
oscillations near the Hopf point with corresponding numeréad results extracted from PDE simulations.
As shown in the right panel of Fig.6 for a particular choice of detuning vector ; normal to the stability
boundary (see the left panel of Fig6), the numerically computed period of oscillations i§,  7:65.
This value agrees well with the result§.9) from the weakly nonlinear theory.

Similar numerical experiments can be performed with the Baselator reaction kinetics for the pa-
rameter set in the caption of Fig2. The results are qualitatively similar, with both the numeical results
and the weakly nonlinear analysis predicting a loss of staity through a supercritical Hopf bifurcation.
The periodic solution branches are displayed in Figl. for the membrane-bound activator. Despite the
slight shift in the bifurcation point, we observe a good agement between the curvature of the branches
computed with AUTO and from the weakly nonlinear theory 8.8). Moreover, at the bifurcation point,
the magnitude of the eigenvalues is larger for the Brussetaitthan for the Schnakenberg model. This
leads to a smaller oscillation period, 2:7719 for the Brusselator. The corresponding full numerical
simulation of the reduced PDE-ODE model is given in Figd for " =0:1 and ;=(0;1)".

219 | e=Hopf n = O-e-p19 + €241, 1.015 |- ‘- =WNA —u, —Numerics‘
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Figure 6: Full numerical simulation of the reduced PDE-ODE radel with Schnakenberg kinetics. The
right panel shows the membrane-bound activatou(t) (red curve) which oscillates around the equilib-
rium solution (blue line). Notice here the good agreement witthe solution in the weakly nonlinear
regime (black dashed coinciding curve). Implicit-explicitime-stepping (SBDF2) [25] is employed from
an initial condition given by (3.7) with t = 0, o(0) = 5 and" = 0:1. The bifurcation point and

detuning vector respectively satisfy ¢ = (5;2:17)" and , = (0:6;0:8)". The parameter values for the
simulation are indicated in the left panel by a red dot.
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Figure 7: Periodic solution branches past a supercritical fbbifurcation with the Brusselator reaction
kinetics. N = 200 equidistant meshpoints discretize the radial direabn for the radially symmetric
reduced PDE-ODE model. Left panel: plot of the norm of the glmal solution branches computed with
AUTO. Middle and right panels: local branching behavior pretted from the weakly nonlinear theory
and from the bifurcation software AUTO are favorably compare.

As a result of the slight discrepancy between the bifurcatiopoints computed in the spatially
discretized system as compared to the weakly nonlinear thgoit is misleading to compare the result of
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Figure 8: Full numerical simulation of the reduced PDE-ODE madel with Brusselator kinetics. The
same numerical method and initial condition used in Fig6 are employed here. The parameters are
"=0:1, ¢=(5;232)" and ;= (0;1)". The red dot in the left panel indicates o+ "2 1, where the
simulation is performed.

a simulation with the analytical solution at a xed paramete value. Therefore, a numerical convergence
study as the mesh sizé = R=(N 1) decreases, witiN being the number of nodes used to discretize
the radial direction (assuming azimuthal symmetry), is preided in Fig. 9. Since second-order centered
di erences are used, a quadratic rate of convergence is egfmel. Letting '™ and {"® denote,
respectively, the bifurcation points in the spatially discetized versus continuous systems, we expect
that

k pum w0 (h2); (4.1)

ash tends to zero. This (roughly) quadratic convergence is commed in Fig. 9 where we computed the
slope of the two curves, characterizing the convergence rates, as

Schnakenberg (left): 2:078; Brusselator (right): 2:008: (4.2)
102 T . 102
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= 1073 j
i 5 e
:’% 10°° %
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Figure 9: Convergence of numerically computed Hopf bifurdan points D, as the step size decreases
for the Schnakenberg (left panel) and Brusselator (right peel) reaction kinetics withK, =5 and all the
other parameters being the same as in Fid.and Fig. 2. Horizontal and vertical axis are displayed in a
log scale. The computation of the bifurcation point in the satially discretized system is performed with
the softwarecoco [4]. The reference bifurcation point is obtained directly byalving the transcendental
equation (2.10 for a pair of purely imaginary roots i |, and, therefore, is more accurate.

Next, we illustrate a delayed bifurcation behavior for the oset of oscillations. It is well-known
that a slow sweep of a parameter through a Hopf bifurcation pati can cause delayed transitions to
oscillatory dynamics in systems of ODESL]. In order to observe such a delayed Hopf bifurcation e ect
in our PDE setting, the following numerical experiment was @rformed: We let 1 be a second
small parameter and (t) 2 R? be a time-dependent vector of bifurcation parameters suchat

()= o+ t)? o (4.3)
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Here, the parameter' does not need to be particularly small because the weakly nimear results from
x2 and x3 do not apply to time-dependent bifurcation parameters. Fllnumerical results of the delayed
bifurcation are shown in Fig.10. The initial vector of bifurcation parametersis (0)= o "2 4, for
which the solution decays exponentially. The \static" bifucation point is reached whert = 1, after
which the instability region is entered and sustained ostlions are expected. However, because of the
slow parameter sweep, the transition to oscillations is dsled; an e ect clearly observed in Figl0.
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Figure 10: Delayed Hopf bifurcation for the Brusselator kirtees with =10 3," =0:5, = (5;2:32)"
and ;, = (0:630:78)" (see @.3). The left panel shows the path of the time-dependent paraater
sweep, with the initial and nal points being in the stability (bottom left) and instability (up right)
regions, respectively. Numerical results for the membrarmund activator u(t) are shown in the right
panel. The \static" bifurcation point is reached whent = 1000, but the transition to a periodic solution
is delayed. The reduced PDE-ODE model (because of azimuthalariance) is discretized using the
method of lines. The sti ODE MATLAB solver ode23sis used for the numerical time integration.

Next, we show that with Brusselator kinetics, there is a paraster regime where the Hopf bifurca-
tion switches from supercritical to subcritical. A new linar stability phase diagram illustrating this
transition is shown in Fig. 11 For this parameter set, the Hopf locus, provided by the trival n = 0
mode (black curve), is the primary instability. The same paameter values as given in the caption of
Fig. 2 are used here, with the only di erence being that the Brussator kinetic parameter b has been
increased fromb=7:5to b= 8:7. For this parameter set, we conclude that ratios of bulk dusivity and
coupling given byD,=D, 1 andK,=K, 1 are su cient for the Hopf bifurcation to be subcritical.
Alternatively, when D,=D, 1 andK,=K, 1, the Hopf bifurcation is supercritical. This criticality
change is also shown in Figl2, where we clearly observe that the real part of the cubic termoe cient
in (2.80 changes sign at some point along the Hopf locus.
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Figure 11: Stability curves associated with the modas=0; 1; 2 in the plane of parametersK,;D,)
for the Brusselator kinetics. Other parameter values ar& = 1;D, = 1; , = = 0.0} K, =
0:1,d, =d,=0:5 a=3 and b= 8:7. The region of linear stability is located to the left of then =0
stability boundary, which corresponds to a locus of Hopf bifgations. In the right panel, the symbol
'0" indicates a supercritical bifurcation while '+' indicates a subcritical bifurcation. In the right panel,

notice the transition from sub to super-criticality along he n = 0 Hopf locus (black curve).
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Figure 12: Transition from a supercritical to a subcriticalHopf bifurcation bifurcation for the Brus-
selator kinetics. The plot shows that the real part of the coelent @100 in (2.80, when numerically

evaluated along the Hopf stability curve in Fig.11, exhibits a sign-change.

To con rm this transition to a subcritical Hopf bifurcation as predicted from our weakly nonlinear
theory, we perform numerical simulations near the interséon point of the Hopf locus in Fig. 11 and
the horizontal line D, = 9. The global bifurcating branch computed with AUTO is shownin the left
panel of Fig.13. In the right panel of Fig. 13 we plot the corresponding numerically computed period
of oscillations. These numerical results con rm the predied loss of stability through a subcritical
Hopf bifurcation. The results also suggest bistability beteen a large amplitude limit cycle and the
steady-state solution in a small parameter window prior tohe bifurcation point. From the left panel
of Fig. 13, the stable and unstable branches of periodic solution mergt a fold point aroundK, 0:8.
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Figure 13: The left panel shows the global bifurcating braihcfor the membrane-bound activator
species. The right panel shows the numerically-computednped as a function of the couplingK, when
D, = 9 (other parameters as in the caption of Figl1). Notice that the initial point matches the linear
period predicted by the asymptotic theory, indicated by a ldck "x". The computation is performed
with AUTO using N = 200 radial grid points in the bulk.

In Fig. 14, we compare the numerically computed amplitude of oscill@ns against results from our
weakly nonlinear theory for" = 0:025. Despite the slight shift between the bifurcation poirst, good
agreement is once again obtained. However, we notice that th@nge over which the two branches
coincide is much more narrow than for their supercritical amterparts. This is likely due to the real
part of the cubic term coe cient in ( 2.80 having a rather small magnitude wherD, =9 (see Fig.12),
which suggests that the unresolved quintic term in the normidorm may be quantitatively signi cant.

Finally, in Fig. 15 we show numerical PDE results of large amplitude relaxationscillations that
can occur on the horizontal lineD, = 9 in Fig. 11 These oscillations, characterized by sharp varia-
tions followed by a rest period, are often observed in simpl©DE models having a subcritical Hopf
bifurcation. They are qualitatively distinct from the harmonic-type oscillations in Fig.6 and Fig. 8.
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Figure 14: Local unstable periodic solution branch past a baritical Hopf bifurcation for the Brusse-
lator kinetics with D, = 9 (other parameters as in the caption of Fig.l1). The red curve is obtained
through numerical continuation using AUTO, while the black arve is the amplitude u,y, as predicted
by the weakly nonlinear theory in @.8) with " =2:5 10 2.
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Figure 15: Highly nonlinear relaxation-type oscillations ear a subcritical Hopf bifurcation for the
Brusselator kinetics. As shown in the left panel, the simulan is performed on the horizontal line
D, =9 with " =0:1. In the middle panel, the numerically computed spatio-teporal bulk oscillations
are plotted for the activator speciedJ(r;t), with the radius r on the vertical axis and timet on the
horizontal axis. The right panel shows the corresponding Iexation oscillations for the membrane-
bound activator species. The initial condition corresporgito the unstable periodic solution in the

weakly nonlinear regime as given by3(7) with ¢(0) = 5;t=0;" =0:1.

4.1.2 Turing patterns arising from pitchfork bifurcations

In this subsection the formation of spatially inhomogene@usteady states close to a pitchfork (or Turing)
bifurcation is investigated numerically. Since there is nazimuthal invariance near such bifurcations,
one cannot use 1-D nite di erences to spatially discretizéhe system as inx4.1.1 Hence, the full
spatial structure of the model must be considered, and its stiretization is done with the nite element
method as implemented by the PDE Toolbox of MATLAB P2]. To be more precise, linear triangular
elements are used to discretize the bulk domain, while thel{aplace-Beltrami boundary di usion
operators is handled with second-order centered di ereng@ising the nodes attached to the boundary.
As mentioned in P], the computation of general equilibria to system of ellipt PDEs posed on
arbitrary 2-D or 3-D domains is a challenging task. For thesdomains, the spatial discretization
yields large and sparse systems of nonlinear equations fdrieh traditional software like AUTO [6] and
MATCONT [ 5] are of limited use. It is to address these issues that a numizd new MATLAB packages
such aspde2path[26] and Computational Continuation Core €oco ) [4] have emerged in the research
community. While pde2pathhas been speci cally designed for systems of elliptic PDEscannot handle
nonstandard boundary conditions like those encountered bulk-surface coupled models. The base-state
can been computed using th&quilibrium Point toolbox from coco , but our attempt to compute the
global bifurcating branch at a pitchfork bifurcation point has been unsuccessful. From a numerical
bifurcation analysis perspective, the situation is rathedegenerate since rotational symmetry results in
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two critical eigenfunctions at the pitchfork bifurcation point. Consequently, the results exhibited in this
section mostly rely on full numerical time-dependent simations using Implicit-Explicit time stepping;
an approach that unfortunately only reveals stable steadytaes (either patterned or patternless). In
practice, the simulation is stopped when the relative distece between the current and the previous
time-step becomes smaller than some given tolerance. Mowalls regarding the spatial discretization
and the numerical methods are given in AppendiR.

First, the loss of stability of the modesn = 1 through subcritical pitchfork bifurcations as the
coupling rate K, increases is investigated numerically. The reader is refed to Fig. 1 and Fig. 2,
where we consider the horizontal lin®, =5 and its intersection with the n = 1 pitchfork curve. In
the right panel of Fig. 16 the amplitude of the membrane-bound activator species foh¢ Schnakenberg
kinetics is shown. The black curve is the unstable bifurcatg branch and is only valid locally. In
theory, the unstable (black) and the stable (red) brancheshsuld merge at a turning (or fold) point
near K, 2:7976. Such a feature cannot be detected with the weakly namiar analysis fromx2 or
with direct time-stepping numerical simulations. Instead numerical continuation methods must be
employed. Having discussed the challenges associated witictrsa task earlier in this subsection, the
computation of the full branch is an open problem. Nevertheds, the solution in the weakly nonlinear
regime can be used as an initial condition for a direct numeal simulation, with the anticipation that
it evolves to the stable branch. The result of such an experant is shown in Fig.17 for " = 0:01.
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Figure 16: Subcritical pitchfork bifurcation with the Schrakenberg kinetics andD, = 5 (the other

parameters are given in the caption of Figl). The left panel is a magni ed version of the stability
diagram near the bifurcation point for" = 0:1. The stability region is located to the right of the
blue curve, while the red curve indicates the parameter pathThe right panel displays the maximal
amplitude of the membrane-bound activator, with the black erve obtained from the weakly nonlinear
theory (2.81) while the red curve is computed through successive numexisimulations. The boundary
of the circular bulk domain is discretized withN = 200 nodes.

The results of similar experiments using the Brusselatorketics with D, = 5 (see the phase diagram
in Fig. 2) are shown in Fig.18 and Fig. 19. Notice here that the unstable branch goes farther backward
than in the Schnakenberg case before reaching a "turning ptiat around K, 2:66. The pitchfork
bifurcation pointis at K,  3:02. Again, this is an example of a hard loss of stability of thedse-state.

Despite being unable to compute bifurcating branches usingimerical continuation methods, the
packagecoco (cf. [4]) can be used to estimate the shift in bifurcation points b&teen the full model
and its nite element discretization. In Fig. 20 we show the results of such a convergence study, where
hmax IS the maximal distance between two nodes on the mesh. LetilN be the number of equidistant
nodes on the circular boundary, therh . is chosen afnax = 2 R=N . As hp tends to zero, the
discrepancy between the bifurcation points is expected t@uverge like

ko™ 0"ka O (Nhax); (4.4)

for some positive power . Estimating the slope of the curve in the right panel of Fig20yields 1:97.
Similar quadratic convergence rate was obtained for bifurtion points of systems with radial symmetry
discretized with simple nite di erences (seex4.1.]).
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Figure 17: A numerically computed stable pattern fot 45452 in the vicinity of a subcritical pitchfork
bifurcation under Schnakenberg kinetics. The black dashexzlirves in the right panel correspond to
the unstable membrane-bound patterns, while the red curverrespond to the stable patterns. The
solution in the weakly nonlinear regime, as given by3(15 with " =0:01,n=1and , =0, is used
as an initial condition. Because the critical eigenvalues@very small near the bifurcation point, the
numerical solution only very slowly reaches the stable patned state.
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Figure 18: Subcritical pitchfork bifurcation with the Brusselator kinetics,D, = 5, and " = 0:75 (the
other parameters are given in the caption of Fig2). Again, the unstable branch goes backward, under

which the base-state solution is linearly stable. The bourdy of the circular bulk domain is discretized
with N = 200 nodes.
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Figure 19: A numerically computed stable pattern at = 1000 (red curve), near the steady state, as
evolved from the unstable branch near a subcritical pitchf& bifurcation with the Brusselator kinetics
and" = 0:1. The left panel shows the corresponding solution in the bal
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Figure 20: Convergence of pitchfork bifurcation points bateen the continuous versus the spatially
discretized system on the vertical lind, =5 for the Brusselator kinetics (see the plots in Fig2). The
right panel plots on a logarithmic scale the distance betwaehe bifurcation points in the discrete versus
continuous systems a$in.x tends to zero. The left panel shows the standard Euclidean mo of the
base-state solution as the parametdf, increases past the pitchfork bifurcation point wherN = 128
nodes are used on the boundary, yielding a maximal distancéhg,., 4.9 10 2.

In a di erent parameter regime, we now show that under Brussator kinetics the branching behavior
at the pitchfork point can be supercritical instead of subgtical. For the parameter set in Fig.21a new
pitchfork bifurcation locus is plotted in the D, versusK, parameter plane. By numerically evaluating
the cubic coe cient of the normal form (2.81), the weakly nonlinear theory fromx2 now predicts a
supercritical pitchfork bifurcation (see the right panel 6 Fig. 21). In comparison with the parameter
set used for the subcritical case in Fig2, we took a slightly di erent value for b in the Brusselator
kinetics, while the surface di usion coe cients were incrased tod, = d, = 1.

To validate the prediction of supercriticality, numericalbifurcation results and full PDE simulations
are undertaken near a bifurcation point on the stability boadary. In the right panel of Fig. 22 the
amplitude of the patterned state for the membrane-bound aistator when K, increases on the horizontal
line D, = 15 is shown. Here, a rather close agreement betweeéhg1) from the weakly nonlinear theory
and the numerical bifurcation results is obtained becausée bifurcating branch is stable. Moreover, as
predicted by the theory, the amplitude of the patterned stag¢ scales as the square root of the distance
from the bifurcation point. The corresponding stable patten computed from full PDE simulations with
" =0:1 is shown in Fig.23 and favorably compared with results from the weakly nonliree theory.
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Figure 21: Left panel: the pitchfork bifurcation i = 1 mode) curve in the D, versusK, parameter
plane for Brusselator kinetics witha = 3 and b= 5. Other parameter values areR =1; D, =1; =
v=0:01 K, =0:1; dy = d, = 1. The region of linear stability is to the left of the curve. Right panel:
the corresponding coe cient go21 Of the cubic term in the normal form @.81), along the pitchfork
bifurcation locus. This coe cient is negative, indicatinga supercritical pitchfork bifurcation.

Next, we give a convergence study comparind/rgy , the numerical solution to the spatially dis-
cretized system, with the leading-order asymptotic solutn (3.15 in the weakly nonlinear regime, and
denoted byWyna . Such an experiment is only valid when testing a stable patteed solution arising
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Figure 22: Stable bifurcating branch past a supercritical ifchfork bifurcation for the Brusselator
kinetics, with the rightmost point corresponding to" = 0:2. The parameters are as given in FigL
The left panel shows the parameter path past the bifurcatiopoint. The right panel comparesuamp,
as obtained from the weakly nonlinear theory 4.81), with numerically computed results from PDE
simulations.
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Figure 23: Stable pattern near a supercritical pitchfork urcation of the n = 1 mode with " = 0:1,
corresponding to the point indicated by a blue triangle on ta bifurcation branch plotted in the right
panel of Fig.22. Left panel: contour plot of the activator concentration inthe bulk (U). Right panel:
membrane-bound patterns. A close agreement between the Wiganonlinear theory predicted by 3.15
(black dashed curve) and the (nearly coinciding) numeric&®DE results (red curve) is obtained. Here
the nonzero phase, in (3.15 was calculated from the numerical solution, whose initiatondition is
a linear combination of the base-state solution with the dical eigenvectors of the Jacobian of the
spatially discretized system.

from a supercritical pitchfork bifurcation. Referring to Hg. 23, the stable pattern for" = 0:1 is repeat-
edly computed while decreasindpmax On a uniform grid. For eachh,,x value, the error is estimated
using the weakly nonlinear asymptotic solution as a substite for the unknown exact solution.

A plot of the error as a function ofhn,,x is shown in Fig.24, where two di erent solution measures
are employed. Assuming su cient regularity of the exact soltion, and given that the mesh consists of
linear triangular elements, the error is expected to behavike

KW Wegy kit O hijloghmaj 5 as hpa ! O; (4.5)

using theL! norm (see remark 4.41 in13]). For the L2 norm, quadratic convergence rate is expected
(see Theorem 4.34 in13))

KW Weem k2 O (h3,,); as hmax ! O: (4.6)

The plots in Fig. 24 con rm the bounds given in @.5) and (4.6), with the error as measured with the_?
norm (right panel) converging slightly faster than expectg. The choice of a temporal discretization,
along with an associated stopping criteria for the solver, ay in uence the convergence of the numerical
solution. Although it should not a ect the speed of convergete, the error estimates are also biased
since we are using the leading-order asymptotic solutioB.(5 as a proxy for the exact solution.
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Figure 24: Convergence of the numerical solution &$,,x approaches zero. Left panel: error measured
with the L2 norm (red curve) is compared withh2_ . Right panel: the error in the L norm (black
curve) is compared withh? .jloghmaxj. The approximate weakly nonlinear solution is obtained fio
(3.15 with " = 0:1, n = 1 and the correct phase ,, (so that the numerical solution matches the solution
in the weakly nonlinear regime).

4.2 Codimension-two bifurcations

As shown in Fig.1 and Fig. 2 for the Schnakenberg and Brusselator kinetics, respectiyethe stability
curves associated with the Hopf moda = 0 and the pitchfork mode n = 1 intersect at a unique
codimension-two bifurcation point. In this subsection, weise the weakly nonlinear theory developed
in x3.2to explore the dynamics of the full model in the vicinity of sah a point.

Near a codimension-two bifurcation point, a linear approxim@tion of the intersecting stability curves
is obtained by using the leading-order resultZ.82 from the weakly nonlinear analysis. This is done by
applying Lemma3.3 to the generic single-mode stability boundary de ned in3.25. This yields,

1=T(H)= o+R 5 Y0010 2=T(H2)= o+R > <(G1000) ; (4.7)
where ; and , are, respectively, tangent to the pitchfork and Hopf stabity boundaries.

Next, the cubic term coe cients in (3.20 are evaluated numerically for the Brusselator and Schnake
berg models. These results are given in Tab& The dynamics of the truncated normal system3.20
are then classi ed in Table3 into two distinct cases. In this table, the reader is refergkto (3.22 for
the de nition of , andd.

Table 2: Numerical evaluation of the coe cientsp; in the normal form (3.20 for the codimension-two
bifurcation point for the Schnakenberg and Brusselator ketics. The parameter values are the same as
in the caption of either Fig. 1 (Schnakenberg) or Fig2 (Brusselator).

Schnakenberg Brusselator
o | (4:26,3:10)" | (4:25,3:38)"
P11 0:19096 1:3146
P12 1:2752 0:87043
P21 2:3796 0:52089
P22 0:48351 0:162

Table 3: Two speci c pitchfork-Hopf unfoldings (see Table 3.2 in [14])

Schnakenberg (case VIII) Brusselator (case Vla)
d -1 -1
<0 >0
<0 <0
d <0 >0
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Figure 25: Parametric portraits in the space of generic pamaeters (1; ) (left panel) and original
bifurcation parameters K,; D,) (right panel) for the Schnakenberg kinetics with parametevalues as
in Fig. 1. In the left panel, the lineH, is the vertical ,-axis (blue), while the lineH, is the horizontal
1-axis (black). The semi-in nite lines T, and T,, respectively, correspond to the red dashed and full
lines. Application of the map @.28 to the curves in the left panel yields the curves in the righpanel.
In particular, the lines Hy., are mapped to 1., (see @.7)), which are tangent to the pitchfork and Hopf

stability boundaries.
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Figure 26: Phase diagrams of the coupled system of amplitudgquations @.21) with unfolding of type
VIl (see [14]). The mixed-mode equilibriumE; from panels 4 and 5 is a hyperbolic saddle.

From Table 3, and based orx4.2, it follows that the case involving the Schnakenberg kinets is sim-
ple, whereas for the Brusselator kinetics the mixed-mode wlijprium E; undergoes a Hopf bifurcation
that is degenerate in the truncated cubic normal form. In th8 more di cult case, it is an open problem
to calculate the fth-order term in the normal form which, if nonzero, would eliminate this degeneracy.

Parametric portraits for the simple case are given in Fig25. The four linesHq;H,; T, and T,
divide the ( 1; ») parameter plane into six open regions, for which the corqgending phase portraits
are shown in Fig.26. In region 1, there is a unique unstable equilibriunk,. Stability is gained when
crossing into region 2, which also generates an unstable giguum E,. When entering region 3 from
region 2, a stable equilibrium E,) bifurcates from the origin while Eq becomes unstable again and
E, remains unstable. From regions 3 to 4, the mixed-mode eqgbilium E3z bifurcates fromE;. Next,
entering region 5 from region 4 causds; to vanish. When nally crossing the T, line into region 6,
the mixed-mode equilibrium collapses with the single modeguailibrium E,, causingE, to lose stability.
Moreover, when it exists in regions 4 and 5, the mixed-mode; is a hyperbolic saddle whose stable
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manifold forms the boundary between the basin of attractiomf the stable equilibrium E, and some
unknown dynamics with largew amplitude.

Restoring the angular variable to 8.20, some equilibria must be interpreted di erently. In Fig. 26,
the phase portraits may be viewed with the -axis rotating around the w-axis. Hence, bothE, and E;
now correspond to limit cycles, with their stability propeties remaining the same. The equilibrideg
and E; each remain steady states of the system. The lir¢, becomes a supercritical Hopf bifurcation,
H, remains a subcritical pitchfork bifurcation, whileT; and T, each remain a mixed-mode bifurcation.

Since for this simple case the nondegeneracy conditions aatis ed, the stability results associated
with the normal form can be interpreted in the context of the lilk-surface PDE model. The originEg
becomes the base-state2(3), E; corresponds to an unstable Turing-type pattern of the rst acular
harmonic, and E, to radially symmetric nonlinear oscillations. The mixed-rode E3 corresponds to
nonlinear oscillations around a spatially inhomogeneougqulibrium, which is a type of breather solution.
When mapped to the parameter space de ned b, and D, its area of existence becomes fairly narrow
(see regions 4 and 5 in the right panel of Figk5). Because the mixed-mode solution possesses the
stability property of a saddle, bistability between a radily symmetric periodic solution and a large
amplitude Turing pattern is expected in this region.

We remark that another equilibrium corresponding to a stale Turing pattern state must also exist
because of the dissipative nature of the system, which prews the solution from becoming unbounded.
In x4.1, numerical evidence for the existence of such a large amptie stable Turing pattern near a
subcritical pitchfork bifurcation was shown for both the Skenakenberg and Brusselator kinetics.

Although it is expected to be unstable, a numerical simulatio starting very near the mixed-mode
solution should stay near it for some time before drifting asty exponentially. PDE simulation results are
presented in Fig.27 for parameter values taken in region 5 and with the initial codition corresponding
to E;. Good agreement between the weakly nonlinear and numerigatomputed mixed-mode PDE
membrane-bound patterns is shown in the left panel of Fi28 This agreement is expected for early
simulation time. In the right panel of Fig. 28, we observe that the di erence between the PDE numerical
solution and the asymptotic mixed-mode solution in the wedk nonlinear regime grows in time.

As time increases, our full numerical results show a transim toward a spatially homogeneous peri-
odic solution. However, in this parameter region, bistabtly is expected and a di erent initial condition
may lead, instead, to a spatially inhomogeneous equilibriu Fig. 29 presents two simulation outcomes
performed in region 5, where di erent initial conditions hae led to either a spatially homogeneous
periodic solution or a stable Turing pattern.
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— Hopf n = 0

e 1)+ 62;,L1 il
=@= Mixed-mode boundary

3.103 R

3.102 -

3.101
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I I
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Figure 27: Interaction of a supercritical Hopf and subcritial pitchfork bifurcations for the Schnakenberg
kinetics. The simulation corresponds to region 5 (left patje Right panel: a space-time contour plot of
the membrane-bound activator species( ;t), showing oscillations around a spatial pattern. Equation
(3.30 with " =0:1,n =1 and phases ¢(0) = , =0 is used as an initial condition.
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Figure 28: Same simulation as in Fig27. Left panel: membrane-bound PDE numerically computed
solution (red curve) and the nearly coinciding weakly nontiear solution (black dashed curve) at time
t = 100. Right panel: di erence between these two solutions gited versus time using thel.? norm.

Figure 29: Bistability between a spatially homogeneous pedic solution (left panel) and a stable
Turing pattern (right panel) for the Schnakenberg kinetics with bifurcation parameters taken from

region 5 with " = 0:1. Left panel: the initial condition is the mixed-mode solubn in the weakly

nonlinear regime, with the space-time contour plot showinthe long-time oscillatory dynamics of the
simulation in the right panel of Fig. 27. Right panel: the initial condition is the base-state solubn

slightly perturbed with the critical eigenvectors of the Jaobian of the spatially discretized system.
Notice here that the oscillations become extinguished as témnncreases.

Next, we discuss the more intricate case that results from thBrusselator kinetics (see TableS).
Parametric portraits are given in Fig.30, with corresponding phase diagrams provided in FigL The
regions 1, 2, 3, and 7 yield the same phase diagrams as for timaple case analyzed above. Here,
region 7 of Fig.30 corresponds to region 6 of Figk5. When crossing the linel; from regions 3 to 4E3
bifurcates fromE,, with E, losing stability. In region 4,E; is a stable focus whildy, E;, and E, are all
unstable. On the lineC, the equilibrium E3 undergoes a Hopf bifurcation within the truncated system
of amplitude equations 8.21). Because only cubic terms are included, the bifurcation idegenerate
and the family of limit cycles persist only on the line itself Also, for this threshold value there is a
heteroclinic connection between the two single mode eqhbiiia. In region 5, the four equilibria are
unstable. Finally, between regions 5 and 7, the successivessing of the linesT, and H, causes the
mixed-mode equilibrium to collapse ork,, after which E; collapses at the origin.

Restoring the angular variable to the truncated system of aplitude equations, we expect torus
(Neimarck-Sacker) bifurcations for parameter values on a e tangent to C and an exponentially thin
(as (1; 2)! 0)region of parameters nea€ corresponding to some kind of chaotic behaviour (sekE]
and [28]). The possibility of such intricate dynamics is interestig, but it seems likely to be con ned to
an extremely small region of parameter space that would berttially undetectable in PDE simulations.
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Figure 30: Parametric portraits in the space of generic pamaeters (1; ) (left panel) and original
bifurcation parameters K,;D,) (right panel) with Brusselator kinetics. The linesHi., and Ty., are
described in the caption of Fig25, with the additional line C (equation (3.27) in cyan color in the left
panel. Applying the a ne transformation de ned in Lemma 3.3 yields the plot in the right panel.
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Phase diagrams of the truncated system of amplda equations 8.21) with unfolding

of type Vla (see Fig. 7.5.5 of J4]). The phase diagram corresponding to the lin€ in Fig. 30 is
structurally unstable, i.e. the retention of generic higheorder terms will remove the degeneracy of the
Hopf bifurcation and introduce a heteroclinic orbit (seel4] and [18] for more details).

In order to remove the degeneracy of the Hopf bifurcation, Higr-order terms should be added
to the normal form. Since this challenging computation, stédng from our coupled bulk-surface PDE
model, is left as an open problem, some bifurcation result®i regions 4, 5 and on the lin€ in Fig. 30
cannot be transferred to the original system. It is nevertHess possible to investigate numerically the
breather-type solutions within this narrow parameter regne (when considering the space de ned by
the original bifurcation parameters). Fig.32shows simulation results for short times, and for parameter
values taken in region 5, where the mixed-mode solution ispected to be unstable.

36



3.384

= Pitchfork n =1

— Hopf n = 0

—— o + €71
=@=Mixed-mode boundary

3.382 -

3.378

Diffusion D,

3.376

3.374

3.372 L L 1 L
4.246 4.248 4.25 4.252 4.254

Coupling K,

4.256 4.258

Figure 32: Interaction of a supercritical Hopf and subcritial pitchfork bifurcations for Brusselator
kinetics with " = 0:1. The simulation corresponds to region 5 (see left panel).igkt panel: a space-
time contour plot of the membrane-bound activator specieg( ;t), which exhibits oscillations around
some spatial pattern. The initial condition is the mixed-made solution in the weakly nonlinear regime.
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Figure 33: Same simulation as in Fig32 for the Brusselator kinetics, with" = 0:1. Left panel:

the membrane-bound numerical (red curve) and the nearly caiding weakly nonlinear (black dashed
curve) solutions at timet = 50. Right panel: di erence between these two solutions ptted over time
using the L? norm.

The right panel of Fig. 33 shows that the distance between the numerical solution andhé solution
in the weakly nonlinear regime grows over time. However, in ©vast to the previous case with the
Schnakenberg kinetics, the long time integration in Fig34 clearly reveals a transition towards a spatially
inhomogeneous steady-state and the absence of bistabiliggth the spatially homogeneous periodic
solution. This is consistent with the phase diagram for paraeters in region 5 in Fig.30 and Fig. 31

Finally, we remark that when applied to systems of PDEs, thearmal form analysis of codimension-
two bifurcations must be interpreted with care, especiallyvhen degenerate local bifurcations occur in
the system of amplitude equationsZ9]. Moreover, the parameter regime and phase space ranges rghe
the conclusions hold can be fairly narrow, making it very dicult for PDE direct numerical simulations
to reproduce delicate dynamical behaviors that occur in th©DE amplitude equations.

5 Global dynamics via full numerics: rotating waves

In this section, full numerical simulations are used to brig explore novel dynamical behaviors in the
highly nonlinear regime, away from bifurcation points, thaare due to the bulk-surface coupling. For
the Brusselator reaction kinetics, we study the formation forotating waves and show that they arise
when a nontrivial spatial mode undergoes a Hopf bifurcationAllowing for di erent adsorption and
desorption rates for each species seems to be a key condibehind the formation of such waves.
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Figure 34: Transition between the mixed-mode solution andstable Turing pattern for the Brusselator
kinetics for bifurcation parameters taken from region 5 ofif. 31 with " = 0:1. Left panel: a space-time
contour plot. Right panel: plot of the L2 norm of the numerical solution. The initial transient has ben

removed for both plots.

We consider here a modi ed coupled bulk-surface model for wh the rates of adsorption and
desorption are di erent for each species. Lat, and p, be the per capita activator and inhibitor rates of
adsorption. Similarly, letry and py be the per capita desorption rates. Then, the boundary cortéins
in (1.3) are reformulated as

Dy@Uj=r = rqu  r3Uj-r; Dy@Vji=r = P&V PaViji=r: (5.1)

Similar boundary conditions are considered inlp] and [21]. These new boundary conditions modify
the dynamics on the surface, so thatl(4) is replaced by

d . d i
Q= ;@u rqutrUjr+ f(UV); @ = o5@V PVt ViR +oUiv): (5.2)

After calculating the radially symmetric base-state for tht modi ed bulk-surface model, a linear sta-
bility analysis readily provides a transcendental equatio for the growth rate  associated with the
circular harmonic of moden. In place of 2.10), the growth rates are roots ofF,( ) = 0, where

! !

rg n2d, [of n2d,

—_ e e ene .

Fo( )= fo+ T4 (o) * Rz o+ T+ (R * Re fyos:  (5.3)
Du uld( uR) Dv vI§( vR)

Following a remark from [L9 on the conditions underlying the emergence of traveling wes, we
restrict the parameter space by setting the di usion coe cents to be equal for both species. More
speci cally, the following set of parameters is considered

R=1;,Dy=Dy=1; 4= v=05d,=d,=05,r,=0:1; rq=1; pa=1; pg=0:1, a=3:
(5.4)

By allowing the Brusselator kinetic parametetbin (1.6) to be free in equation .3), in Fig. 35we show
numerically that the system undergoes a series of Hopf bif@tions, each of which is associated with
a spatial moden. Notice in the left panel of Fig.35 that the trivial mode is the rst to lose stability.
Hence, we expect the waves to coexist with radially symmetrascillations in the fully nonlinear regime.

For b= 8, full PDE numerical computations of this modi ed bulk-surface model reveal three distinct
types of temporally oscillatory solutions depending on thaitial data. A clockwise rotating wave is
shown in Fig. 36, an anti-clockwise rotating wave is shown in Fig37, and nally a radially symmetric
oscillatory solution is shown in Fig.38. For each case, appropriate initial conditions favoring agsticular
mode have led to the desired dynamics. We have also tried tongpute a standing wave by stimulating
the modesn = 1, but our numerical results suggest such a solution to be uable.
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Figure 36: Clockwise rotating waves for the Brusselator katics (1.6) with b= 8 and for the parameter

set (5.4). The initial condition corresponds to a perturbation of the base-state solution favoring the
moden = 1. The left panel shows a space-time contour plot of the memdme-bound activator species.

In the right panel, the L? norm of the solution converges to some equilibrium valuestaf an initial

oscillatory transient.
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Figure 37: Anti-clockwise rotating waves with the Brusselatr kinetics (1.6) and the same parameter
values as in Fig.36. The initial condition corresponds to a perturbation of thebase-state solution
favoring the moden = 1. The left panel shows a space-time contour plot of the menare-bound
activator species. In the right panel, we see the? norm of the solution converging to some equilibrium
values in a similar fashion as for the clockwise waves.

39



N
w

N N
I N
—
—

[Wegallz2
5 B
—

[
[e2]
T

[
~
T

i
o

|

14

Time ¢
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bound activator species, which clearly exhibits spatiallpyniform oscillations. In the right panel, the
solution in L2 norm undergoes sustained oscillations.

These numerical results give only a glimpse of novel globallgtion structures for coupled bulk-
surface models that can occur away from bifurcation pointsA rigorous analysis of the existence of
such rotating traveling waves, including a precise determation of the parameter space involving the
adsorption and desorption rates where they occur, is beyotide scope of this paper.

6 Discussion

On a two-dimensional circular domain, we have introduced dranalyzed a class of coupled bulk-surface
reaction-di usion models for which a passive di usion proess occurring in the interior bulk domain is
linearly coupled to a nonlinear reaction-di usion processn the domain boundary. Inx2, a multiple
time-scale approach was employed to systematically derienplitude equations near three di erent
instabilities: the Hopf, the pitchfork (or Turing), and the pitchfork-Hopf bifurcations. In x3, we used
the normal form equations to determine the stability of bifucating branches in the weakly nonlinear
regime. The theory was illustrated using the classical SchAkenberg and Brusselator kinetics inx4,
where good agreement between numerical and analytical d@dns was observed. Our hybrid analytical-
numerical approach has shown that the linear coupling of a dsive bulk to an active membrane can
lead to either oscillatory dynamics or pattern formation. ally, the formation of rotating waves is
explored through numerical simulations irn5.

Several open problems related to coupled bulk-surface réan-di usion systems warrant further
investigation. One challenge concerns the computation ofo@pal bifurcating branches, a task amenable
to numerical bifurcation analysis. The classical softwarAUTO [ 6] has been successfully applied to the
reduced 1-D radially symmetric model with angular invariace (in the context of Hopf bifurcations),
but it cannot handle implicit systems of di erential equations such as those obtained after discretizing
the full 2-D model using nite elements (see AppendiA for details). A promising alternative to AUTO
that has been explored is the software packagmco (cf. [4]). The Equilibrium Point toolbox from
coco , combined with the PDE toolbox from MATLAB [22], has been used to compute base-state
solution families of the full model. Successive mesh re nemt has revealed quadratic convergence
between the bifurcation points predicted by the weakly nomear theory and as detected bycoco .
However, because of rotational symmetries, we have been uleaio numerically branch o at a pitchfork
bifurcation point. These bifurcations are characterizedybthe crossing of two nearly identical eigenvalues
(spatial discretization causes some loss of symmetry) thugh the origin, and thus there are two critical
eigenvectors at the branch point. Further work in this diretion is needed in order to numerically resolve
the bifurcating branch arising from this rather degeneratéifurcation point.

The weakly nonlinear analysis carried out in this work has wealed a rich bifurcation structure
consisting of both subcritical and supercritical codimemsn-one bifurcations, as well as codimension-
two pitchfork-Hopf bifurcations. On two occasions, the culsi normal forms derived inx2 were not
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su cient to capture the dynamical behavior of the original s/stem up to topological equivalence. The
rst situation, discussed in x4.1.1for the Brusselator membrane kinetics, concerns the traisin from
a supercritical to a subcritical Hopf bifurcation. There, paameter values at which the bifurcation
becomes a degenerate Hopf (Bautin) bifurcation were found.oiFthe same kinetics, the classi cation
of codimension-two bifurcations irx4.2 has also revealed some degeneracy in the phase portraitshef t
truncated system of amplitude equations, which resulteddm the mixed-mode equilibrium undergoing
a Hopf bifurcation. For those two cases, the computation of aadditional (nonzero) term is needed
to fully resolve the degeneracy in the normal forms. Furthedetails on this lengthy computation for
simpler ODE models can be found in1] and [14].

Through numerical simulations, our work has revealed the estence of clockwise and anti-clockwise
rotating waves coexisting with radially symmetric oscillaons. Hence, an open question amenable to
a more rigorous PDE theory approach consists of proving theistence and the stability of the waves.
Key to this problem is the appropriate reformulation of the nedel into a moving coordinate frame.
Also, it would be worthwhile to precisely delineate the regioin the adsorption-desorption parameter
space where rotating traveling waves can occur.

With their con ned geometry, and because of the clear distotion between the dynamics in the
domain and on its boundary, coupled bulk-surface reactiasi-usion models are ideal for investigating
intracellular pattern-forming systems. For instance, a bilt-surface model for the spatio-temporal Min
protein patterning within E. Coli was formulated in [L5 in a two-dimensional elliptical geometry. To
our knowledge, prior studies are often limited to linear stality analysis and full numerical simulations
(cf. [19, [21]). An open problem is to extend the weakly nonlinear theory deloped inx2 to some
biologically relevant bulk-surface models in more generadhsses of domains (cylinders, spheres, ellipses).

Appendix A Numerical methods

In this appendix, the various numerical techniques emploglein this paper are brie y explained. We
rst focus on the nite di erences discretization of the model with radial symmetry. Then, we present
the nite element discretization of the full bulk-surface eaction-di usion system. Finally, the specic
Implicit-Explicit time-stepping method used for most numeical simulations is discussed.

A.1 Finite di erences for the radially symmetric case

Assuming angular invariance of the coupled bulk-surface $gm, (1.2) and (1.4) become

@u_D, @ @U . @v_D,@ @V _ _
61:_ T@r r@r UU1 61:— T@r I’@r VV , 0<I’<R, (Al)
% = Ky(u Uj=g)+ f(uVv); %’ = Ky(v Vij=r) + g(u;v): (A.2)

The coupling between the PDEs in the bulk and the ODEs on the lmmdary occurs through the same
linear Robin-type boundary conditions as given in1.3).

We leth = R=(N 1) be the step size, wherBl is the number of mesh points. We then approximate
U () UG 1)t)andVi(t) V(h(G 1)t), forj =1;:::;N. Next, employing the method of

W = AW + F(W): (A.3)
Here, A 2 R@N*2) (2N+2) s the block diagonal matrix de ned by
0 241 \J 1
DL ol Ku(2+ Yeve], o) o)
A= @ O DL I Ky(Z2+ Yevel OA; (A.4)
O O O
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matrix of zeros. Also,L 2 RN N corresponds to the discrete radially symmetric Laplaciamie ned by

0 1
4 4 0 Dl 0
L % 2 g e 0
L:F T : : (A.5)
1 1
o ::: 0 2 2

Finally, the nonlinear function F (W ) : R?N*2 I R2N*2 s de ned by
0 1

Ky 2+ % uey
K

_ v Bt R Ve .
FW)= % Ky (u UNF§+ f(u;v)g' (A-6)
Kv(v W)+ g(u;v)

SINT N

A.2 Finite element discretization

Let be the two-dimensional circular bulk domain of radiusR. In order to derive the weak formulation
for equation (1.2) at eacht > 0, we multiply it by 2 H!() and integrate by parts using the boundary
conditions (1.3). This yields that
Z Z Z Z
Ui= K, (u U D, r ruU , U; 8 2HY) ; (A.73)
Z z@ Z z
V=K, (v V) D, r rV , V; 8 2HY) : (A.7b)
@
We then de ne an appropriate mesh on . First, we can parametize the boundary @ by the
arc-length as
@= X()2R?’0 < 2R : (A.8)

For simplicity, the nodes on the boundary are chosen to be ag spaced by an arc-length step size of
d =2 R=N, whereN is the number of nodes on the boundary. Leltl,, denote the total number of
mesh points in , which includes those on the boundary. A paition can then be de ned as follows:

b = X = X (1 )d )ji=1;::5;Ng[f xjjkxik<R fori =N +1;:::; Ny 9 ; (A.9)

where hnax is the maximal distance between two adjacent nodes, de neg/ b

Nmax = Max r_réi_n kx;  Xjk: (A.10)
i 6]

In Fig. 39, we plot two di erent meshes approximating the unit disk gien N = 200 boundary nodes.

Now, let Sy, () be the space of piecewise linear functions de ned on the esh . and de ne
a basisf ;g such that any elementU,, . 2 Sy, () can be uniquely written as
Nyotal
Unpa = Ui(x) (x): (A.11)
i=1
Hence, the weak formulation A.7) is approximated as
Z Z Z z
U= Ky i(u U D, r ;ru u U; fori=1;:::;Nota ; (A.12a)
Z 2@ Z Z
iVi = Ky iv. v) Dy, r ;ryVv v iV fori=1;:::; Nyt : (A.12b)
@
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Figure 39: Two di erent meshes approximating the unit disk ér N = 200, obtained with the PDE
Toolbox of MATLAB [ 22. In the left panel, the mesh is ner near the boundary than irthe center of
the bulk domain. In contrast, in the right panel, we have seh,,x d

onal approximation of the boundary, we can approximate theuk U; V and surfaceu; v concentrations
by

’\X)lal ’\Xnal )(\] )(\]
Unmax = U) i(X); Vi = Vi(t) i(X)5 Unpe = Ui(t) i(X)7 Vhpe = Vi) i(X):
i=1 i=1 i=1 =1
(A.13)
Then, substituting (A.13) into (A.12) we obtain the following linear system of ODESs:
MW= (K,Q+ DK+ MU+ K,QB"u; (A.14a)
ML= (K,Q+DK+ M)V +K,QB"v; (A.14b)
where the vectorsU; V 2 RNew andu; v 2 RN are de ned by
1 0 1 0 1 0 1
U (t) Va(t) us(t) vi(t)
U=@B : K v=0B : K:u=@ : K v=0: K (A5
UNtotaI (t) VNtotaI (t) UN (t) VN (t)
and the matricesM, K, and Q, all in RNwa  Nwa gre
Z Z Z
Mi;j = i Ki;j = rir j; Qi;j = i |,J :1;:::;Ntotal: (A16)
@
Finally, the rectangular matrix B 2 RN Nwa js de ned by
B=[In NION (New W] (A.17)

wherely y is the identity matrix and Oy (.., n) IS the appropriate matrix of zeros.
Simple nite di erences are used to approximate the reactio-di usion process on the boundary.
Using the same notation, {.4) is approximated by

X X
u=dDu Ky(u BU)+ f(u;v)e; v=dDyv K,(v BV)+ gu;v)e; (A.18)

i=1 i=1
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the discrete one-dimensional Laplacian with periodic bodary conditions, de ned as

0 1
2 1 o ::: 1
1 1 2 1 ::: 0
D, = o . : A.19
2= Gyl (A.19)
O ::: 1 2 1
1 ::: 0 1 2

Now, let W (t) 2 R2Nwa *2N phe the time-dependent solution of the spatially discretizebulk-surface

system, de ned as 0 1
U
W = %\Sg ; (A.20)
v

Combining the equations in A.14) with (A.18), we obtain an implicit system of di erential equations
for W, given by

CW = AW + F(W); (A.21)
whereC; A 2 R@Nwa #2N) (2Nwa +2N) gre plock diagonal matrices de ned by
0 1
M O O @)
- %o M O o &
T @0 O Iy n O '
O O O IN N
0 1 (A.22)
(KuQ+ DyK + M) O o) o)
A_% o) (K.Q+ DK+ M) O O}i-
- @) O d.D, O '
@) O O d,b,

where once again each instance @f is an appropriate matrix of zeros. Finally, the nonlinear tems in
(A.21) are de ned as 0 1

K.QB"u
K QBFT,V §
F(W)= % \ ;
W@ kyw BU)Y+ Y Fuive
KV(V BV)+ iN:1 g(ui;Vi)a
We conclude this appendix with the de nition of two di erent solution measures used in this paper.
First, we de ne the in nity norm as

(A.23)

KWk, = max jefWj; (A.24)
e

,,,,, total

where the setf e g forms the standard Euclidean basis ilR?Nwe= *2N - Then, we can approximate the
L2(W ) norm using quadratures as

P
where C is a mass matrix, de ned in terms ofM (see @A.16)), by
0 1
0 1 4 1 0 ::: 1
M O O O 1 4 1 0
BOoM o 0 £ oot TR
C—%O O My n o ; with My NT e R P ol (A.26)
O 0 O Myny 1 4 1
1 0O 1 4
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A.3 Implicit-explicit time-stepping

Two di erent implicit-explicit time-stepping schemes hawe been used in our PDE numerical simulations:
1-SBDF and 2-SBDF, where the acronym SBDF stands for Semi-piicit Backward Di erence Formula
[25]. The single-step method 1-SBDF is employed to obtain the ppopriate initial condition for the
multi-step method 2-SBDF. When applied to the systemA.21), the two methods yield

1-SBDF: (C tA)W"™ =Cw"+ tF(W"); (A.27)
2-SBDF: (3C 2 tA)\W™ =4CW"+4 tF(W") cw" ! 2 tF(wW" }); (A.28)

where t is the time-step andW" W (n t) is the approximate solution. Hence, given an initial
condition W °, we can compute the solution at the next time-stepV ! using 1-SBDF, after which both
W % and W ! are used as initial conditions in 2-SBDF.

The same time-stepping can also be applied to the spatiallysdretized radially symmetric system
(A.3), where one simply needs to replace the matri® with the appropriate identity matrix.

Finally, we remark that the time-step t used in our simulations never exceeded 10
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