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Abstract

We present three examples of delayed bifurcations for spike solutfarsction-diffusion systems. The delay
effect results as the system passes slowly from a stable to an unstahie,ragd was previously analyzed in the
context of ODE’s in [P.Mandel and T.Erneux, J.Stat.Phys 48(pp6)059-1070, 1987]. It was found that the insta-
bility would not be fully realized until the system had entered well into the utestalgime. The bifurcation is said to
have been “delayed” relative to the threshold value computed directly &rtinear stability analysis. In contrast to
the study of Mandel and Erneux, we analyze the delay effect in sysiepastial differential equations (PDE’s). In
particular, for spike solutions of singularly perturbed generalized GMegnhardt and Gray-Scott models, we ana-
lyze three examples of delay resulting from slow passage into regimescititory and competition instability. In
the first example, for the Gierer-Meinhardt model on the infinite rea) eeanalyze the delay resulting from slowly
tuning a control parameter through a Hopf bifurcation. In the secoathple, we consider a Hopf bifurcation of
the Gierer-Meinhardt model on a finite one-dimensional domain. In teisario, as opposed to tleerinsic tuning
of a system parameter through a bifurcation value, we analyze the dedayifoircation triggered by slowntrinsic
dynamics of the PDE system. In the third example, we consider competistabitities triggered by the extrinsic
tuning of a feed rate parameter. In all three cases, we find that thersystist pass well into the unstable regime
before the onset of instability is fully observed, indicating delay. We algbtfiat delay has an important effect on
the eventual dynamics of the system in the unstable regime. We give amaBtiictions for the magnitude of the
delays as obtained through the analysis of certain explicitly solvable ném@igemvalue problems (NLEP’s). The
theory is confirmed by numerical solutions of the full PDE systems.

Key words: delayed bifurcations, explicitly solvable nonlocal eigalue problem, Hopf bifurcation, competition
instability, spike solutions, WKB, singular perturbatipnsaction-diffusion systems

1 Introduction

The stability and bifurcation analysis of differential egjons is one of the cornerstones of applied mathematics. In
many applications, the bifurcation parameter is slowlyngiag, either extrinsically (e.g. parameter is experiratyt
controlled) or intrinsically (e.g. the bifurcation parateeis actually a slowly-changing variable). In these gitrss,

the system can exhibit a significant delay in bifurcatiom itistability is observed only as the parameter is increased
well past the threshold predicted by the linear bifurcatfmaory, if at all. Often referred to as the slow passage tjinou

a bifurcation, and first analyzed in [1, 2], there is a growliteyature on this subject (see [3] for a recent overview of
the subject and references therein). Some applicationslayeld bifurcations include problems in laser dynamics [2]



delayed chemical reactions [4], bursting oscillations éumons [5], and noise-induced delay of the pupil light reflex
[6], and early-warning signals [7].

Delayed bifurcation phenomena is relatively well undesdtin the context of ODE’s. However much less is
known in the context of PDE’s. Motivated by the FitzHugh Nagu(FHN) ODE example of [2], a particular case of
the spatially extended FHN model was considered in [8]. Tieetetical work showed that delayed Hopf bifurcations
are possible also when the external stimulus, restrictéloetéorm(z,t) = ¢(x)i(t), is spatially non-homogeneous.

In [9], delayed Hopf bifurcations in an FHN PDE model were lgpad from a mainly numerical perspective by
approximating the PDE as a large system of ODE’s. In conttiastmain goal of this paper is to study in detail three
representative examples of delayed bifurcations in PD&®re explicit asymptotic results are obtainable which can
be verified by numerical computations.

In order to present our examples both analytically and nigaky, we focus on slight variants of the Gierer-
Meinhardt (GM) and the Gray-Scott (GS) reaction-diffus{&D) models. However, the phenomena that we present
in this paper is expected to be representative of a larges d&RD systems. The specific systems that we consider
are
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for certain choices of the exponentsg, 7, ands (see below). In the singular limit— 0, both of these models have
equilibria that consist of spike solutions, characterizgdnO (<) width localization ofv ass? becomes asymptotically
small. The component varies over a comparatively long spatial scale and is indeépet ofe. In all three of our
examples, we consider spike solutions that are qualitgtsimilar to that shown in Figure 1(a).

To illustrate the main complications when generalizingagiet! bifurcations to PDE’s, let us first review the fol-
lowing prototypical ODE example [2]‘.2—*; = (—1+et)u, u(0)=upwheres > 0is a small parameter. Here, the
equilibrium state is: = 0 and can be thought of having an “eigenvalu¢?t) = —1 + et which grows slowly in time,
and becomes positive ass increased pagt= 1/¢, at which point the steady state becomes “unstable”. Onttier o
hand, the exact solution is given by

2
u(t) = ug exp {(515—215)—1} ) (1.3)

which starts to grow rapidly only when the term inside thdycbrackets becomes positive, that istat 2/¢, well
after the bifurcation threshold of= 1/c. The difference betwee?/c and1/c is precisely the delay in bifurcation,
and is inversely proportional to the growth rate

We make two remarks on (1.3). First, note thét) remains of orde®(e~'/¢) when0 < ¢ < 2/¢, and returns
to its original amplitude., only whent = 2/e. We therefore say that the bifurcation is fully realizedhes fully set
in, whent = 2/¢, and in turn define the delay as the difference between this &éind the timeé = 1/< at which the
system just enters the unstable state. This definition isvatetl by the following imagined scenario. Suppose that
an experimenter in a laboratory setting attempts to find thedation point of a physical system obeying the above
ODE by perturbing the measured quantitgnd slowly increasing a control parameter correspondirlg to order to
maintain the system close to steady state, the initial peation is kept as small as possible, only slightly excegdin
the sensitivity threshold of the measuring device used toitoou. According to (1.3), the quantity of interestis
then expected to dip below the sensitivity threshold andaierhelow it untilu returns to approximately its original
valuewg. This occurs when = 2/¢, well after the theoretical bifurcation that occurredt at 1/=. The difference
between these two times is then of great importance, asiitdstty related to the amount by which the experimenter
will have missed the bifurcation.

Second, the solution (1.3) takes the foum= ce¥(=Y)/=. This motivates the analysis approach in a more general
setting. Suppose that is an equilibrium state of a system of ODE’s that changeslglowtime, so that the standard
linearizationu = u. + e*'n yields an eigenvalug = \(et) whose real part is slowly growing at a raf¥e) and
eventually crosses zero. One then replaces the lineanizhyi a WKB-type ansatz = u. + ei"’(mn which yields
'(et) = A(et) with 4/(0) = 0. The conditionyy = 0 with ¢ > 0 then yields an algebraic expression for the delay. This
WKB-type ansatz will also form the basis of our analysis befondelay in PDE systems.

There are several novel features present in RD systems vamepaced to ODE systems. First, the steady state we



consider is not constant, but rather a spike solution su¢hashown in Figure 1(a). The stability theory for spike
solutions is by now well-developed; see for example [10,121,13, 14, 15] and a recent book [16]. One of the key
ingredients is the analysis of the so-called nonlocal eigleie problem (NLEP), first studied in [10].

Second, although the instability thresholds= 0 are analytically computable, the location of the unstaidere
value \ itself is usually not known explicitly. However, recently,sub-family of RD systems has been identified in
[17] for which a simple asymptotic determination of thisexgalue is possible; this is the case whes 2r — 3,

r > 2in (1.1) or (1.2). For this class of RD systems, we show thatratytic prediction for the delay can be obtained
in ways similar to [1, 2].

Third, the bifurcation (and its delay) can be triggeretinsically by the motion of a spike in the system. That is,
a bifurcation may be triggered not by the extrinsic tuningabntrol parameter, but by dynamics intrinsic to the PDE
system.

We now summarize our main results.swe study the slow passage through a Hopf bifurcation. Itpragiously
shown for both the GM ([18, 19]) and GS models ([13, 14, 153 @ Hopf bifurcation occurs as the parametés
increased past some threshelgd > 0. As 7 is slowly tuned starting from a stable regime past the Hofufrbation
thresholdry into an unstable regime, the amplitude of the spike in Fidgd begins to oscillate periodically in time
while maintaining its shape. The temporal oscillationshef @amplitude are shown in Figure 1(b). However due to the
slow change of parameter, there is a significant delay umilascillations are fully realized. I§2 we compute the
delay associated with this bifurcation. This is illustchte Figure 2(a).
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Figure 1: (a) The asymptotic equilibrium solution of(solid) andu (dashed) for (2.1) with = 0.3. The width of the spike im. is
proportional taes, while u. is independent of. Bothv. andu. are independent af. (b) Typical example of amplitude oscillations
in time whenr > 75 ~ 2.114. The quantity plotted on the vertical axis is the heightof the spike in the left figure.

In §3, we consider a quasi-equilibrium one-spike solution ofM @odel centered at = z, on the domain
|z] < 1. For a spike not centered at= 0, the finite domain induces a slow drift of the spike toward digjin.
Because the drift occurs on an asymptotically slow timeesaadiile the characteristic time scale of a Hopf bifurcation
is O(1), stability analysis may proceed assuming that the spikairesitfrozen” atx,. As before, a Hopf bifurcation
thresholdry may be derived, but one that is dependent on the spike locagioThat is,7y = 7y (z0; D), whereD
is the inhibitor diffusivity. We show two typical curves iridure 3 forD = 4 (left) and D = 1 (right). The solution
is stable (unstable) below (above) the(x,) curve, while the arrows indicate the direction of spiketdris such,

a Hopf bifurcation may be triggered by dynamiogrinsic to the system and not by an extrinsic tuning of a control
parameter.

For a given value of, the scenario in Figure 3(a) indicates only one threshaldsing as the spike drifts toward
equilibrium. However, the scenario depicted in Figure 3ws the possibility of two threshold crossings for suffi-
ciently smallr. In particular, we find that, by selecting initial condit®to introduce sufficient delay into the system,
the spike may pass “safely” through the unstable zone wittlmiHopf bifurcation ever fully setting in. In doing so,
we show that delay has an important role in determining thredhyics of a system.

In §4 we consider a competition instability of a two-spike eitpuiim of a singularly perturbed generalized GS
model. Instead of interior spikes as in the previous exaseo half-spikes are centered at the boundaries+1.
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Figure 2: Delay in the Hopf bifurcation of (2.1). (a) Plot ef, () as defined in (2.18). The parameters are= 0.005 and

7 = 1.5+ et. The vertical dashed line indicates the Hopf bifurcation valyex 2.114. The amplitude first reaches a value of one
atr,, ~ 2.75 (thick solid line). The asymptotic prediction fei" is 7* ~ 2.828 (thick dashed line). (b) Magnification of (a) on a
small interval ofr surroundingr. The oscillations, having decayed wher< 74, begin growing as passes . Note the scale
of they-axis in the right figure as compared to that of the left.
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Figure 3: In both figures, the curve represents the Hopf bifurcation thresheidr plotted against the spike locatian for the

GM model. The region below (above) the curve is stable (unstable). Bivea value ofr, the arrows indicate the direction of
drift of the spike. Here(p, q,7, s) = (3,3,3,0). In the left figure, withD = 4, 7 (x¢) is monotonic, and once the spike enters
the unstable zone, < z, it remains in the unstable zone for all time. In the right figure, vlith= 1, 77 (z0) is non-monotonic.

For sufficiently smallr, the spike may pass one thresholds,, from a stable to unstable zone, then pass through another threshold
s from an unstable to stable zone. It then remains in a stable zone for aliihagsr.



A typical solution is shown in Figure 4(a). The solid line d#p two half-spikes in the activator centered at the
two boundaries. Note that the inhibitor component (dashed)been scaled by a factor of six to facilitate plotting.
The spike locations remain fixed at the boundaries for aletinin addition to time-oscillatory Hopf instabilities,
a solution containing two or more spikes may undergo a caitigetnstability, resulting from a zero-eigenvalue
crossing, leading to the collapse of one or more spikes. isnetkample we study the delay in competition instability
as a feed-rate parametéris decreased through the stability threshdld. In Figure 4(b), we show a typical result of
such an instability, as the amplitude of the left spike @ligblid) collapses to zero while that of the right (heavydpli
grows.
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Figure 4: In the left figure, we show a two boundary spike equilibrium solutionufiar) (solid) andu(x) (dashed) in (4.1). The
two spikes are of equal height. Tlkecomponent has been scaled by a factoé ¢d facilitate plotting. Hereg = 0.05, D = 3
andA = 4.1611. In the right figure, we show the amplitudes of the left (light solid) andtr{pkavy solid) spikes ad is slowly
decreased past the competition threshold. The inset shows that the iertiailgation decreases the amplitude of the left spike
relative to equilibrium, and increases that of the right. Wittstarting in the stable regime, the amplitudes initially grow closer
together. AsA passes the stability threshold, the spikes grow farther apart until thgileé& amplitude collapses to 0. The results
in the right figure are foe = 0.004 andD = 3.

A feature of spike solutions in the Gray-Scott model is that¢ exists a saddle node in the feed-rate parameter
which we denote by,,,. Thatiis, forA < A,, < A_, the solution being considered ceases to exist. We giveieatyp
bifurcation diagram in Figure 5 displaying such a saddleenotihe horizontal axis is the bifurcation parameter
while the vertical axis is the amplitude of the activator bdary spikes. We consider in this example only the upper
solution branch, since the lower branch is known to be uihstal all A. The arrow shows the direction of decrease
in A from a stable regime (heavy solid) to the regime unstabl&eocbmpetition mode (light solid). Note that the
competition threshold occurs before the saddlelatecreases. However, as Figure 5 suggests, with sufficiéay,de
the system may reach the saddle point without the competititability fully setting in. We find in this scenario that,
while the effect of the saddle is much weaker in comparisaihab of the competition instability, sufficient delay in
the onset of the instability may allow the saddle effect tmawte. As in the previous example, we thus find that delay
may be critical in determining the eventual fate the system.

In each of the following examples, we focus on three maincihjes. We first seek to demonstrate analytically why
a delay in the onset of an instability occurs when a systehowggtuned past a stability threshold. We then show that
an explicitly solvable nonlocal eigenvalue problem (NLBF)ws for an analytic prediction of the magnitude of delay.
Finally, we compare analytic predictions of delay to num@rresults obtained from solving the full PDE systems.
The construction of the spike equilibrium and quasi-efuillim solutions, as well as the subsequent stability arslys
leading to an explicitly solvable NLEP, follow from similgast problems. Since our emphasis is on illustrating the
delay effect, we include only enough of the analysis to meetstated objectives, and relegate the remaining to the
appendix.
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Figure 5: Bifurcation diagram for the two boundary spike solution of the GS modeinwh = 0.4. On the upper branch, the solid
segment indicates stable solutions, while the light solid segment indicatéi®sslunstable to the competition mode. The stability
transition occurs atl = A_ ~ 4.6351, while the saddle node occursAt= A,, ~ 4.6206. The arrow indicates the evolution of
the spike amplitude a4 is decreased. The lower branch is unstable for all values of

2 Example 1: Hopf bifurcation of a one-spike solution on the ifinite line

In the first example, we consider a Hopf bifurcation of a opiesequilibrium solution to a particular exponent set of
the GM system (1.1) on the infinite real line

3
v
vt:€2vww—v+7, —00 < T < 00, t>0, v—=0 as |z|]— oo, (2.18)
u
03
TU = Upy — U + — —o << oo, t>0, u—0 as |z| — oco. (2.1b)
€

The primary motivation for this choice of exponents is thayt satisfy the key relationshjp = 2r — 3 from [17].

This relationship allows for an explicit computation of thege eigenvalue of the NLEP problem associated with the
linearization around the spike equilibrium. Herg, < 1 is the diffusivity of the activator component while the
diffusivity of the inhibitor component is set to unity without loss of generality. We consider anildgyium solution

of (2.1) for which the activator takes the form of a singlekepof width O(¢) centered at: = 0 while the inhibitor
varies over arO(1) spatial scale. The parameteris taken to be the bifurcation parameter. Whers large, the
inhibitor responds sluggishly to small activator deviaidrom equilibrium, leading to oscillations in the heighttoe
activator spike. Whenm is below a certain threshold valug, the response is fast enough such that oscillations decay
in time. Whenr exceeds, a Hopf bifurcation occurs and oscillations grow in time this section, we analyze the
scenario where is slowly increased pasty starting fromr = 79 < 7.

2.1 Analytic calculation of delay

From [17], the one-spike equilibrium solution of (2.1) takbe form

U
-1 0 .
ve ~ Uow (e7'2) Ue G(O,O)G(I’O)’ (2.2)
wherew(y), G(z, o), andU, are defined by
o 1 1
— V2sechy: / Sdy=b=1v2, Gaizy) = e #@  Up=— (2.3
w(y) sechy Wy i (w;20) = e * T /bG(0:0) (23)

We plot the solutions for (solid) andu (dashed) in Figure 1(a) on a domain of lengthfor e = 0.3. Note that the
equilibrium solution (2.2) is independent of which only affects stability.



In Appendix A, we perform a linear stability analysis of tridibrium solution (2.2) by perturbing the equilibrium
solution as

v=0v.+eMp,  u=u.+eMn;  pn<1, (2.4)

where \ and (¢, n) are the associated eigenvalue and eigenfunctions, résgdgctFrom the resulting linearized
equation, we derive a nonlocal eigenvalue problem (NLERegung itsO(1) time scale stability to amplitude per-
turbations. Solving the NLEP explicitly, we obtain an exexpression for the eigenvaluen terms ofr as
_9

Vit

where we take the principal branch of the square root. Thetiom\(7) in (2.5) may be inverted for, yielding

AMT)=3- (2.5)

) = e % = F(N). 2.6)

23—\

To eliminate the spurious root foradmitted by (2.6), we impose the restrictifi\) < 3.
To analyze (2.5), we define the function

Then)\ is a root of the equation
VI+TA=G6()). (2.8)

The functionG () is positive (negative) foh < 3 (A > 3), and approachesoo asA — 37. WithG(0) = 3,5’ > 0
andG” > 0on0 < A < 3, we find that (2.8) has no positive real rootsrif< 1, and two positive real roots on
0 < A < 3if 7> 1. These two cases are illustrated schematically in Figurel@wb

Figure 6: The functionG()) in (2.7) is indicated by the solid curve on the inter{@l3]. The dashed curve depicts the function
V1 + 7 for 7 sufficiently small so that it does not intersghth). The dash-dotted curve depiotél + 7 for larger. In this
case, there are two intersections, representing two positive real fq@t8)p

The argument principle can be applied to show that the twditipeseal roots whenr > 1 are the only two
roots for\ in the right-half plane ([17]). Further, it can be shown ttiare are no roots in the right-half plane for
sufficiently small. Since\ = 0 is never a solution of (2.8) for finite, by continuity of the roots of (2.8) im, there
exists a critical value = 7 for which A = i\; for some positive reak;. From (2.8) the unique Hopf bifurcation

point is
13 1 2
= — 4+ —VI1T; Ar=3y/1— —. 2.9
TH= 5t gvin I=2\ 7 30y (2:9)

We thus conclude that(\) < 0 whenr < 77, andR(A) > 0 whent > 7.



To understand the phenomenon of delayed Hopf bifurcation as 7(ot), o < 1, is slowly increased from
T = 79 < Ty into the unstable regime > 757, we must track the decay of the perturbation in (2.4) durirggtime
interval thatr is belowry. The longer the system remains in the stable regime, the thengerturbation decays, and
therefore the more time it requires for the perturbationrtmgto its original amplitude when > 7. To analyze this
effect, we follow [2] and rewrite the perturbations in (2b4) applying the WKB ansatz

v=ve+ et O, u=u ey, f=ogt, o<l gn<l. (2.10)
Differentiating (2.10) with respect tg we calculate that
1 d 1 d
v= 1By, oy, = Ly Tedviony, (2.11)
o dt o dt

Noting thatd¢ /dt = o in (2.11), and upon replacingin (2.1) byt = 7(¢) and linearizing, we find that’ () satisfies
the same eigenvalue problem as does the stationary eigenval (2.5). That is, we obtain the ordinary differential
equation (ODE) for) (&)

9
"€ =, Wh(€) =3 — ————, 0)=0. 2.12
W(6) = Ual®) + i} (©) — ‘O (212)
The initial condition fory in (2.12) is set without loss of generality by noting that gmgfactors in the perturbation
may be absorbed into andy. In the following, we assume that¢) is a monotonically increasing function &fwith
7(0) =70 < TH.
The correspondence betweghwith X\ implies thatyr (ot) is a decreasing function of time as longragemains
below the threshol@t = 7. This is illustrated in Figure 7 below, a$, is negative for al- < 74 ~ 2.114, wherery
is computed from (2.9). During this period, the perturbati®cays to an amplitude of ordé(e—'/7), with o < 1.
The amplitude only begins to grow oneés ramped up pasty. The timet* > 0 at which the perturbation grows back
to its original amplitude occurs whepr = 0. The longer the system remains in the stable regime, the metg
must be ramped up past; before the perturbation amplitude is restored and thebilgtas fully realized. Motivated
by the physical example given in the introduction, we defireedelay to be the amount by whielot*) = 7* exceeds
7y, and refer to this as the delay effect.
To calculate the value af* analytically at which)r = 0, we begin by using for(¢) a linear ramping function

) =1+, Et=o<k1l, T<7TH. (2.13)
Integrating the relation’(£) = A with respect to slow timé&, we obtain
&1 T1
Y(m) = / AdE = / Adr, (2.14)
0 To

wherer; = 7(&), and where we have used (2.13) to change the variable ofraiieg tor. Using (2.6) to again
change the variable of integration of the third integraldriié) fromr to A\, we calculate

(1) = [Mf(M) = F(A)] = [ f(ho) — F(Xo)] s (2.15)
wherelg = A(79), f(A) is defined in (2.6)71 = f(A\1), and
F()\):/Af(s)ds:Slog)\—Qlog(?)—)\)—)\273. (2.16)

Setting the real part of the right-hand side of (2.15) to (hw#it \) defined in (2.16) yields an algebraic equation for
A1 = A*. We then calculate* = f(\*) using (2.6), where, in this procedure, we restittto be such thaf (\*)

is real. Note that* is independent ofr. That is, the delay in terms aof is independent of the rate at which it is
increased. However, the duration in time of the delay irseanonotonically with /o, as observed in [2].

Our analysis, confirmed by numerical computations, shoasttie fartherr starts below threshold in the stable
regime, the farther it must be increased above thresholthéinstability to fully set in. In Figure 8(a), we illusteat
the delay phenomenon for a range of valuesof Denotingr* as the value of at whichyr changes sign from
negative to positive, we find that the farther into the stabtgmer is, the farther into the unstable regimé must



be for oscillations resulting from the Hopf bifurcation tmg to the size of the original perturbation. The increasing
relationship between the “initial buffer’y, — 79 and the distance above threshold before onset 7 is typical in
all of our findings, regardless of the triggering parametenechanism.
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Figure 7: A plot of the real (heavy solid) and imaginary (dashed) parts of thetiealto the algebraic equation fgr in (2.12). At
T = T ~ 2.114 (solid vertical line) ®(x)") = 0, while R(z") < 0 (R(¢') > 0) whent < 7 (T > Tr).

2.2 Numerical validation

In this section, we compare the asymptotic results for detagined above with numerical results computed from the
GM model (2.1). We replacein (2.1b) with a slowly varying functiom = 7(st) according to (2.13), where we have
let o = . To solve (2.1) numerically, we used a semi-implicit secorder predictor-corrector method in time and
pseudo-spectral Fourier method in space. The followinglteslid not differ significantly when the number of grid
points was doubled while the time-step was decreased bytar fafcfour. To approximate the infinite line, we used a
computational domain length @f = 20. Doubling L did not alter the results significantly.

The initial conditions were taken as a perturbation of thie gquilibrium

E]

v(x,0) = vi(x) [1 + d cos (?) e ( )2} , u(z,0) = ul(x), (2.17)

with § small. The true equilibriunv, ) = (v, u*) was computed starting froifv., u.) in (2.2) and integrating in
time with fixedr = 7o until a steady state was reached. In this way, initial tremisoscillations resulting from the
error of the leading order equilibrium solution in (2.2) weemoved. To compare results of numerical computations

to the asymptotic results of Figure 8(a), we define the @wmih amplitude

_ v(0,1) = ve(0)
o) = 50,0~ wel0)

where the denominator in (2.18) acts to normalize resulés different values of so thatv,,(79) = 1. We found
thatv,,, (7) behaved rather consistently over a range of values.féiccording to (2.10), we defing’, to be the value
of 7 > 7y at which the value ofv,,(7)| first exceeds unity. In Figure 2(a), we plot a typical case,Qfr) with

79 = 1.5 < 7 ande = 0.005. The vertical dashed line indicates the critical Hopf kiftion valuery. We found

in this instance that, ~ 2.75, while the asymptotic result gives' ~ 2.828. These two values are indicated by the

m

thick solid and thick dashed lines in Figure 2(a), respetyivDefining the percentage error as

(2.18)

*

(T* — TH) — (Tm — TH) (219)

)
T —TH

error=

we calculate an error of approximately26%. Repeating the same run with double the value yielded an error of
approximatelyl0.86%. In most cases, we found the error to approximately doubtevess doubled.

It can be seen in Figure 2(a) that the oscillations only bexobservable well after has increased past the Hopf
bifurcation valuery. However, with sufficient enlargement as shown in Figure,2{ find that oscillations decay
up until 7 has increased toy, and then begin to grow thereafter. Sinceemains in the stable regime for an extended



time, the oscillation amplitude decays to ordex 10~° at its smallest value when= 74, thereby delaying the time
it takes for it to grow back to its original value.

Repeating the above procedure for variegiawve obtain the results presented in Figure 8(b). We obseilent
agreement between the asymptotic and numerical resultdteveange ofr, for which we were able to obtain data.
Numerical results for larger values off — 7, were generally difficult to obtain, especially for smallwas ofs. The
reason is that the smalles ande are, the more time the system spends in the stable regimeoati@ snore time
over which the perturbation decays. Once the oscillatioplénde decays to below machine precision, we observe
no ensuing instabilities even wherwas increased far past. In effect, the system loses the memory of its history
accounted for in the asymptotic analysis, which then wowoltbnger apply.

. 2.5 01 02 03 04 05 06 07
TH — T0 TH —T0

() (b)

Figure 8: (a) The delay phenomenon obtained by computing the vaiuat which¥ () changes from negative to positive, for
different values ofry. The figure shows that the smaller is, the largerr™ must be for the Hopf bifurcation to be fully realized.
Here,7u# ~ 2.114 is the Hopf bifurcation threshold so that; — 7o is the initial buffer whiler* — 7 is the distance above
threshold. (b) Numerical results of delay for= 0.01 (circles) ance = 0.005 (squares) compared against the asymptotic results
(solid curve) as in (a). The errors fer= 0.005, as defined in (2.19), for most values af are approximately half those for

e =0.01.

In this section, we considered a bifurcation triggered bydrinsic tuning of the control parametet In contrast,
the next section will consider the triggering of a Hopf bdation by dynamicsntrinsic to the system. On a finite
domain, we find the possibility of a non-monotonicity in theg bifurcation threshold, a feature not present in the
example just considered. By carefully setting initial cibioths to induce sufficient delay, we find that this feature
allows a spike to pass safely through a Hopf-unstable zdoeaistable zone with no subsequent instabilities.

3 Example 2: Hopf bifurcation of a one-spike solution on a finie domain

In this section, we consider the general GM system on a fimigedimensional domain

P

vt:52vm—v+v—q, —-l<zxz<1, v (£1,8) =0, t>0, (3.1a)
u
1 T
Tup = Dgy —u+ ——,  —l<az<l, uy(£l,t)=0, t>0, (3.1b)
eu’

where the exponents, ¢, r, s > 0, satisfy the relatioqr/(p — 1) — s — 1 > 0. To obtain an explicitly solvable NLEP
as in Section 2, we require the additional relation

p=2r—3, r>2. (3.2)

In the previous section, a Hopf bifurcation was triggere@dbyxtrinsic tuning of the parameterin contrast, the Hopf
bifurcation that we consider in this section is intrinsigatiggered by slow spike dynamics. That is, an initiallgisie
quasi-equilibrium profile centered at= x, > 0 undergoes a slow)(<2) drift towards its equilibrium location of
xo = 0 and triggers a Hopf bifurcation before reaching equilibritAt the Hopf bifurcation, the associated eigenvalue
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is of O(1) and imaginary. We emphasize that all parameters in (3.1ireconstant, with only the intrinsic motion of
the spike able to trigger a bifurcation.

Two scenarios are possible. The first is illustrated schiealbt in Figure 3(a) for(p, ¢,r,s) = (3,3,3,0) and
D = 4. The curve represents the Hopf bifurcation threshold 7 plotted against the spike locatio. The quasi-
equilibrium solution is stable (unstable) whers below (above) the threshold vatg . Alternatively, for a given value
of 7, the quasi-equilibrium solution is stable (unstable) whgn> z g (7) (zo < zg(7)). Starting atzo(0) > g,
Figure 3(a) illustrates schematically the intrinsic tegigg of a Hopf bifurcation due to the direction of drift, icdted
by the arrow. As in the case g2, oscillations are expected to decay while < x, beginning to grow only when
the spike enters the unstable zone. The amplitude of asaillawhenzy = zx must then be smaller than that of the
original perturbation aty = x¢(0). The delay refers to how far the spike must travel into theabis zone before the
oscillation amplitude is restored to that of the originaftpebation and the Hopf bifurcation is considered to beyfull
realized.

For the same exponent set, Figure 3(b) shows an example sktlund scenario where the function(zo) is
non-monotonic wherD = 1. For a givenr sufficiently small, there exists two Hopf-stability thredis. The first,
THsu, OCCUrS as the spike drifts from a stable to unstable zone s€eondy s, Occurs as the spike re-enters a
stable region from an unstable region. If the predictedydslaufficiently large, the spike may pass “safely” through
the unstable zone without the Hopf bifurcation ever beirlty fiealized. Both of these scenarios are demonstrated
numerically in the following section.

In Appendix B, we construct a quasi-equilibrium one-spik&ugon to (3.1) and derive an ODE describing the
slow drift of the spike profile. Assuming that the spike laoatremains frozen with respect to &11) time scale, we
perform a linear stability analysis to calculate the Hogtitgation threshold- (z(), examples of which are shown
in Figure 3. By similar arguments 2.1, we obtain a coupled system for the spike location andine-dependent
eigenvalue)(s2t), from which we compute the asymptotic prediction of delag.b&fore, we present only the results
of this analysis, and refer the reader to Appendix B for mataits.

3.1 Asymptotic prediction of delay
The one-spike quasi-equilibrium solution to (3.1), witlkspcentered at = xg, is given by

U

Vge = Ug/(pfl)w(s_l(x —20)), Uge = G—G(m; xo) - (3.3)
00
Here,w(y) is the solution of the equation
w' —w+wP =0, —00 <y <00, w(0) >0, w’(0) =0, w—0 as |y — oo, (3.4)
given by [13]
1 -1 1/(p—1) oo
w(y) = {p;— sech? <p2y>} ; b, = / w" dy . (3.5)
In (3.3),G(x; xp) is given by
cosh(0p(14+x))
cosh(On(lLtxzn)) ? < )
G(w;20) = Goo{ Cfiiif{’e“o%t?)))) e (3.6)
cosh(fo(i—m0)) * £ = %0,
while Goo andU, are given by
Goo = ! ; 0y = L 3.7)
o VD [tanh (6p(1 + 20)) + tanh (§o(1 — 20))] ' "= VD’ '
and
U—;~ M=2_ s 1 (3.8)
0_(erOO)1/M7 _pfl ) .

respectively, wheré,. is defined in (3.5).
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Whenz, # 0, the spike profile drifts on a slow time scale according togfeation

% = —m [tanh (0 (1 + 20)) — tanh (0(1 — x0))] = F(z0); o=¢e’t, (3.9)
whered, is defined in (3.7). Note thaf(zo) < 0 (F(xg) > 0) whenzy > 0 (zo < 0) with F/(0) = 0 so that the
dynamics of the spike are always monotonic toward the dxjuilin pointz = 0. The corresponding evolution of the
spike amplitude can be obtained from (3.3), (3.7), and (3BJFigure 9, we show the spike at three different times
during its evolution, beginning at,(0) = 0.7055. As time increase, the spike drifts toward the origin whiéeging
a constant profile, changing only in height. The parameter$aq, r,s) = (3,3,3,0), D = 4, andr = 0.01. By
Figure 3(a), this value of is well below threshold for all < zy < 1, and so no oscillations in spike amplitude are
present.

0.8~

0.61

Uge

0.4r

0.2r

Figure 9: Plots ofwv,. at various times during its evolution according to (3.9). The spike ineseasheight as it drifts toward
zo = 0. The parameters al@, ¢, r, s) = (3,3,3,0), ¢ = 0.05, D = 4, andr = 0.01. By Figure 3(a), this value of is well
below threshold for alko, and so no oscillations in spike amplitude are present. The times depicted-ade(dotted),t = 400
(dashed), and = 2800 (solid).

To find the Hopf bifurcation threshold, we perturb the queislibrium solution (3.3) by

V= Uge + Mo, U= Uge + e o< 1. (3.10)

Analysis of the resulting linearized equation witlsatisfying (3.2) leads to an explicitly solvable NLEP, frevhich
we obtain the equation for the eigenvalue

A:B—gX(A,xo), B=r2—2r>0, (3.11)
wherex (), z¢) is given by
Gxoo 1 Rr—s—1 /oo : q
= . L=Uf— rdy,  R=-—9_
x=rd Goo 1+ sGxool,’ 0 _Oow Y p—1

Here, G is given by (3.7), whileZ g is defined as

1
D(1+ 7A) [tanh (65 (1 + 20)) + tanh (05 (1 — x0))]

with 6, defined in (3.7). By setting = i\;, we may solve the real and imaginary parts of (3.11)X¥prc R and
the Hopf bifurcation thresholdy as functions ofcy. The relationry (z() for two different values oD is shown in
Figure 3.

To account for the slow dynamics and the dependenceaf z,, we proceed as if2.1 and replace (3.10) with
the WKB ansatz

G)\()o: ) 0)\590\/1+7'>\,

V= Vge + ef‘zw(”)gb, U= Uge + ez @)y, o=¢’t. (3.12)
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Substituting (3.12) into (3.1) and linearizing to identihe equivalence’ = A, we obtain for) (o)

o zo (o) 1
Y(o) /0 Ado /£0(0) /\(xO)F(CCO) dzg . (3.13)
In (3.13), we have takeh(0) = 0 without loss of generality, and used (3.9) to change theabieiof integration
from o to zy. The delay phenomenon may be understood in the same manime§2sBy settingzo(0) > zy in
the Hopf-stable regime so th&®(\) < 0, ¢/(o) will be negative and decreasing untj (o) reaches: ;. During this
time, the oscillations decay to am(e*l/gz) amplitude. The spike will then enter the unstable regim&ytath time
(o) will begin to increase towards Assuming the scenario depicted in Figure 3(&)r) will then reach 0 for some
o = o* for whichzy(c*) = z§ < xx. We define this as the time when the Hopf bifurcation is fullglized. That is,

/%(U*) (20) (3.14)
A To) V= —~ dl’o = O 314
x0(0) F(.’lﬁo)

Along with (3.11), (3.14) constitutes a set of algebraicatmns forz as a function ofty(0). As in §2.1, the delay

in terms ofx, is independent of. For (p, ¢, r, s) = (3, 3,3,0), we shown in Figure 10 the relation between the delay
xg — xf andzg(0) — x g, the “initial buffer,” or how far into the stable zone the lspiis located at = 0. The
increasing function indicates that the larger the initiaffér, the larger the delay. Qualitatively, the more time th
spike remains in the stable zone, the more its oscillatiopliémde decays, and so the more time it must spend in the
unstable zone for the oscillations to recover to their oagjamplitude.

0 0.b5 O‘.l O.i5 0.2
Zo (0) — Ty

Figure 10: A plot of delay,zn — x{, versus the “initial buffer,’zo(0) — x, wherez(0) is the initial location of the spikey zr
is the Hopf bifurcation value, and; is the spike location at which the oscillation amplitude recovers to the size ofitjiaa
perturbation. The exponent§(q,r, s) = (3, 3,3,0)) and value ofD (D = 4) correspond to the monotonig; (zo) depicted in
Figure 3(a), whiler is set a0.891.

For the scenario depicted in Figure 3(b), initial condisanay be chosen to induce sufficient delay so thatill
not increase pasi before it passes through the unstable zone. In this casesptke can pass safely through the
unstable zone without the Hopf bifurcation ever being fuglized. In the following section, we present numerical
examples of both scenarios. Due to the sensitive natureeofitimerical computations, we compare the numerical
results to asymptotic results only for the case wheréer,) is monotonic. Numerical results for the non-monotonic
case serve only to illustrate the qualitative aspect offtkerty.

3.2 Numerical validation

We illustrate the theory by numerically solving (3.1) forawxponent set&, ¢, r, s) = (3,2,3,0) and(p, g, r, s) =
(3,3,3,0). The time integration was performed using &TLAB pdepe() routine. The initial conditions were
taken as a perturbation of a “true quasi-equilibrium” statér, 0), u(z,0)) = (v, (z),u;,(z)), similar to that of
(2.17). To obtain(v;,(z), uz,(z)), we started from initial condition&v., u.,), the asymptotic result given in (3.3),
and integrated in time to allow for transient effects to gedde spike location ifv.,, ucq) Was set so that, after the
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initial integration,(v;, (), u;,(z)) had the desired spike location. All values for the initicdkegdocations stated below
are reflected ifv, (), u;,(z)). We first present results for the scenario in Figure 3(a) revhg () is monotonic.

The results below for = 0.007 were obtained witf2000 grid points, while those for = 0.005 were obtained
with 3000 grid points. Unlike the static problem of Section (2), weriduhat this problem displayed sensitivity to the
number of grid points used. In particular, we found that dasing mesh size tended to trigger the Hopf bifurcation
earlier than expected. We conjecture this may be due to iogrdrors associated with a large number of grid points.
Further, while the asymptotic results become more accasteis decreased, we found that smaltaused spike
oscillations to decay so much that the grid was unable tdvegsbe oscillations as the spike moved from one grid
location to the next. To compensate for smallve set initial spike locations close to threshold so thaillasions
remained of sufficient amplitude when the spike reachedttule.

A typical numerical result is shown in Figure 11. In Figurgd)lwe compare the asymptotic result for spike
location (3.9) (curve) to that found by numerically solvihng PDE system (3.1) (circles) with, ¢, 7, s) = (3,3, 3,0),

e = 0.005, D = 4, andr = 0.891. Beginning atr(0) = 0.7055, the spike drifts toward:;y = 0 on anO(£?) time
scale. We observe excellent agreement untitkc 0.6932, at which point the oscillations grow beyond the asymptotic
regime. Note that the asymptotic prediction for the spilaatmn remains valid well after the Hopf bifurcation takes
place (light vertical dashed line).

For the parameters of the simulation, a Hopf bifurcationuos@t approximately: z = 0.7. Figure 11(b) shows
that the amplitude of oscillations decays from the origgia¢ of the perturbation whery > 2, reaching a minimum
atzy ~ xy. Oncez, crosses into the unstable regimg < xy, the amplitude begins to grow. However, the Hopf-
bifurcation is not fully realized untity ~ 0.6944 < xy (heavy vertical solid line), when the oscillations retutos
their original amplitude. By solving (3.14) along with ()1 we find thatz§ ~ 0.6946 (heavy vertical dashed line),
indicating good agreement between asymptotic and nunhegsalts. The oscillations occur on an asymptotically
shorter time scale compared to that over which they driff, @ thus not visible in Figure 11(b).

140

3 ! ! - - ~Hopf threshold 1.2r - — ~Hopf threshold
120 A | numerical —— numerical
h : - - -asymptotic 11 - - -asymptotic
100 ! I o
d | 'E
1 I -
£ 1t
800 X ! =
hat 1 | %
600 : ! &@ 0.9
i | ‘A,
400 I ! @
\ } 0.8
200 X :
1 I 0.7,
O | 1 h s
0.69 0.695 0.7 0.705 0.71 0.695 0.7 0.705
Ty Zo
(a) zo versust (b) amplitude of oscillation versus

Figure 11: In the left figure, the curve represents the asymptotic prediction forgitie ocation given by (3.9), while the circles
were obtained by numerically solving the PDE system (3.1). The deviatigimbing neat = 1200 is due to oscillations growing
beyond the asymptotic regime. Note that the deviation occurs well afterdpeitifurcation (light vertical dashed line). In the right
figure, we show the corresponding oscillations in spike amplitude. The iditigdy in the amplitude reflects the initial stability
of the solution. Near, = 0.7 (light vertical dashed line), a Hopf bifurcation occurs, at which poietghike oscillations begin
to grow. Whenzo ~ 0.6944 (heavy vertical solid line), the oscillations grow to their original size. Themaotic prediction is
x5 ~ 0.6946 (heavy vertical dashed line). Herg, ¢, r, s) = (3, 3,3,0), e = 0.005, D = 4, andr = 0.891.

In Figure 12, we show a case with the same parameters excibpt wi 0.05. The time scale of the drift is much
faster in this case so that individual oscillations areblési Further, the starting point may be set farther in thblsta
regime @o(0) = 0.75) without danger of the oscillation amplitude becoming towaH at a later time. However, the
Hopf-bifurcation threshold is not as sharp due to largarausing oscillations to begin growingaf ~ 0.72 instead
of atzy ~ 0.7 as in Figure 11(b) for smaller. As such, the predicted value of ~ 0.6492 is rather far from the
numerical value 060.6923 (heavy solid). The delay in bifurcation is still evident,the spike must move well past the
(numerical) bifurcation point before the bifurcation idijuealized. This illustration shows the difficulty in baleing
the smalle required for asymptotic accuracy and the largeequired for numerical workability.
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0.95
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]
Figure 12: The same parameters as in Figure 11 except with 0.05. Due to largers, the Hopf bifurcation is triggered
atzo ~ 0.72 before the spike reaches the theoretical thresholdfa~ 0.7. The Hopf bifurcation is then fully realized at
xo ~ 0.6923 < 0.72 (heavy vertical line) when the oscillations return to their original amplitudee &symptotic result of
x5 = 0.6492 is not shown.

In Figure 13(a), we compile results fer= 0.007 (circles) and: = 0.005 (squares) for various starting locations
x0(0). The curve represents the asymptotic result show in Figlur&\k observe good agreement between asymptotic
and numerical results, with the results for= 0.005 appearing to yield closer agreement. In Figure 13(b), wevsho
similar results for(p, ¢,7,s) = (3,2,3,0) ande = 0.005. Because the character of oscillations at the beginning
appeared slightly different from that of Figure 11(b), wdinked the numerical result forj in a slightly different
manner. However, the delay effect, illustrated by the iasieg relation betweeny — z* andxy(0) — z g, is still
evident and agreeable with asymptotic results.

x10° x 10

2 4 6 8 10 12 2 25 3 35 4 4.5

0(0) — zr x10° w0(0) — g x10°
(@ (psq; 7, 8) = (3,3,3,0) (b) (p,a,7,8) = (3,2,3,0)

Figure 13: In the left figure, we compare the asymptotic prediction (solid line) for teleydwith the numerical results. The
circles (squares) indicate results for= 0.007 (¢ = 0.005). The Hopf bifurcation occurs whery = zx ~ 0.7. The spike
is stable (unstable) whery > zx (zo < zg). Oscillations return to their initial amplitude wheny = =5 < xx. While
results for both values of follow the trend of the asymptotic result, the results doe= 0.005 show better agreement. Here,
(p,q,m,8) = (3,3,3,0), D = 4, andT = 0.891. In the right figure, we show similar results fop, ¢,r,s) = (3,2,3,0),

e =0.005, D =4, andr = 0.5.

Finally, we give an example of a scenario whefgx,) is non-monotonic, as in Figure 3(b). Qualitatively, the
theory suggests that the largey(0) — =y is, the farther into the unstable zone the spike can pepdirdore the Hopf
bifurcation is fully realized. Figure 3(b) shows that, fapaopriater andz((0) sufficiently large, it is possible fap
never to reach 0 in the unstable zone. In such a case, nomofatiz{, of (3.14) would exist. That is, if the spike starts
far enough into the stable zone to the rightwgf,.,, it may pass safely through the unstable zoges (2 rrys, 2 Hsu)
without the Hopf bifurcation ever being fully realized.
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The theory is illustrated in Figure 14 f@p, q,r, s) = (3,3,3,0), ¢ = 0.005, D = 1, andT = 1.245. The three
colors differ only in the starting locatiar, (0). In the red plot, starting closest to the bifurcation tha#dhoscillations
initially decay while the spike is in the stable regime. Ummassingz s, into the unstable regime, the oscillations
grow to beyond their original value. In this case, the Hoftifmation has been fully realized before the spike has
passed through the unstable zone. Upon crossjng into the stable regime, the oscillations then decay. Thplpur
plot shows that starting farther into the stable zone resltltmmaximum oscillation amplitude attained in the unstabl
zone. However, the amplitude still exceeds its originalgalvhile in the unstable zone. The blue plot shows that
starting sufficiently far in the stable regime allows thekefio pass safely through the unstable zone without the Hopf
bifurcation being fully realized. This behavior may be @ipéd by noting in Figure 14 that the farther into the stable
regime the spike is initially set, the more the oscillationpditude has decayed by the time the Hopf bifurcation is
triggered, thus requiring more time in the unstable zonec¢over to its original value. We have shown in this scenario
that the phenomenon of delay makes it possible to pass ghfelygh an unstable regime into a stable zone.

0.05

spike amplitude
o

0085 0.55 0.6 0.65 0.7

o
Figure 14: Plots of spike amplitude versus with (p,q,r,s) = (3,3,3,0), ¢ = 0.005, D = 1, and7 = 1.245. The three
colors differ only in the starting locatiar, (0). In the red plot, starting closest to the bifurcation threshold, oscillations grthe
unstable regime to beyond their original value. In this case, the Hopfchifion is fully realized before the spike passes through
the unstable zone. The purple plot shows that starting farther into the g@iereduces the maximum oscillation amplitude
attained in the unstable zone. Starting even farther back, the blue plos shatithe spike may pass safely through the unstable
zone without the oscillation amplitude ever reaching its original value.

In the next section, we consider the delay of a monotonic atitign instability of a two boundary spike equilib-
rium solution in a generalized Gray-Scott model. Unlike @ model, the Gray-Scott model exhibits a saddle node
structure associated with weak dynamics just beyond th#iesa8lnalogous to the second scenario just considered, by
introducing sufficient delay into the system through cdrefwice of initial conditions, we find that the weak saddle
node dynamics may dominate the dynamics of the more domauempetition instability.

4 Example 3: Competition instability of a two boundary spike ®lution
For this example, we consider a two boundary spike solutidheogeneralized Gray-Scott (GS) model
vy = €204 — v+ Aur? | -l<z<1, v (£1,t) =0, t>0, (4.1a)
TutzDuw—F(l—u)—l-éuvg, -l<z<1, ugy (£1,8) =0, t>0. (4.1b)

As in the previous examples, the diffusivity of the activator component) is asymptotically small compared to
the diffusivity D of the inhibitor componentd). The uv® nonlinearity replaces the usuab? term, and leads to
an explicitly solvable NLEP. In this rescaled form of the G8dual, the parameted is referred to as the feed-rate
parameter, as it is a measure of how strongly the inhibitdedsinto the system from an external reservoir. In the
context of solutions characterized by spikes in the aaivabmponent, if the feed-raté is too small, the process
that fuels the activator spikes becomes insufficient, aredasrmore spikes collapse monotonically in time. In Figure
4(a), we show a two boundary spike equilibrium solution ofLf4or v(z) (solid) andu(x) (dashed, and scaled by
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a factor of6 to facilitate plotting). The two spikes are of equal ampuliy are stable to slow drift instabilities, and
remain centered at = +1 for all time. Figure 4(b) plots their amplitudes dsis decreased past a stability threshold
at which the feed-rate becomes insufficient to support tvikesp Note that the collapse of the left spike (light solid)
is monotonic in time.

This type of instability, referred to as a competition irliéy due the local conservation of spike amplitudes at
onset, occurs when a single eigenvalue crosses into thehadhplane through the origin. This is in contrast to the
Hopf-bifurcations studied in the previous sections, whgre complex conjugate eigenvalues crossed through the
imaginary axis, leading to an oscillatory instability. Ass decreased sufficiently past the competition threshild
the solution encounters a saddle node bifurcatiofh at A,,, < A_, past which point the two boundary spike solution
ceases to exist. An example of the saddle node structurevensim Figure 5. On the upper branch, the heavy solid
segment indicates stable solutions. The light solid segimeitates solutions unstable to the competition mode. The
stability transition occurs al = A_ = 4.6351, while the saddle node occurs &t= A,, ~ 4.6206. The arrow
indicates the evolution of the spike amplitude/ss decreased. The lower branch is always unstable, and otithé
considered.

As in the previous two sections, becausstarts in the stable regimé > A_, a delay is expected to occur such
that the competition instability is fully realized only wind has been decreased sufficiently pastto A = A* < A_.

This gives rise to the two scenario$? > A,, andA* < A,,. In the first scenario, the instability fully sets in before
the system reaches the saddle node so that the solutiondradidesn relatively far from equilibrium by the instabjlit

In the second scenario, the instability does not fully seldaving the solution still very close to equilibrium when i
reaches the saddle node. These two scenarios differ mgiiketieir response to amplitude perturbations slightlyt pas
the saddle node. We illustrate both of these scenarios nicaligrin later sections. We note that, since no two-spike
solution of the form shown in Figure 4(a) exists beldw= A,,, the statementi* < A,, only serves to state that the
instability is not expected to set in before the system reathe saddle node. No quantitative predictions of delay can
be made in this case.

In what follows, we takel to be the bifurcation parameter, and study the delay thatre@s it is slowly decreased
through the competition threshold. The parameferand remain constant. In the analysisjs set to0 while in
the numerical computations §#.2, 7 is taken to be a value much smaller than one. We begin by faiihgtthe
two boundary spike solution and deriving values foy,, A_, and the expected delay_ — A.. As in the previous
sections, we present only key steps of the analysis. Fullatens may be found in Appendix C.

4.1 Two boundary spike equilibrium and prediction of delay
For constant4, the two boundary spike equilibrium solution of (4.1) is

1 b

—1 ~1 .
Ve TU_'UJ (5 (‘T + 1)) + TU_w (5 (x — 1)) 9 Ue ™~ ]. — WG((L) s (42)
wherew(y) andG(z) are given by
w(y) = V2sechy; / wdy=b=7V2, G(x)zw.
oo sinh 6y
In (4.2),0 < U_ < 1/3is the smaller solution of the equation
b
HU)=VU1-U) = 57260 (4.3)

The upper branch in Figure 5 is a plot of the spike amplitwd?/(AU_) as a function of4, while the bottom is a
plot of /2/(AU,.), wherel/3 < U, < 1 is the larger solution of (4.3). To compute the valuedoét the saddle
point, we note thaf () in (4.3) has a global maximum &t = 1/3 whereH(1/3) = 2/(3+/3). For a solution to
(4.3) to exist,A must satisfyd > A,,,, whereA,, is the value at the saddle given by

2/3

p [M “.4)

2

Here,G(z) is defined in (4.2).
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To determine the stability of (4.2) for consta#f we perturb the equilibrium by

v =10+ e, U= ue+eMn; ¢, <KL 1. (4.5)

With 7 = 0, two modes of instability are possible corresponding to add even eigenfunctions and»n. The odd
competition mode satisfies(z) = —¢(—=z) andn(z) = —n(—=z). As described above, the competition instability
leads to the growth of one spike at the expense of the collapsiee other. The even mode, referred to as the
synchronous mode, satisfig¢s(0) = n’(0) = 0 with ¢(x) = ¢(—=x) andn(z) = n(—z). The synchronous mode
leads to the simultaneous collapse of both spikes. In ApgeDdwe show that the lower branch is always unstable
to both modes of instability, while the upper branch is alsvatable to the synchronous mode. We now obtain the
condition for which the upper branch is stable to the contipetmode.

For7 = 0, we obtain from the explicitly solvable NLEP

9
A=3-— o . . (4.6)
2 [1 + I coth” 0y
The condition\ = 0 yields that, at the competition instability threshold,
1 1
U.=1-— =U,._; C=——, 4.7
14+C 2 coth? 6, @1

with A < 0 (A > 0) whenU_ < U._ (U- > U._). We note that, withC' < 1/2 for all 6, > 0, we have that

0 < U.— < 1/3, corresponding to a solution on the upper branch of Figur@tse lower branch is thus always
unstable to the competition mode. &5 — 0, §y = 1/v/D — oo so thatU._ — 1/3. Thus, on an infinitely long
domain, the entire upper branch is always stable to both mofimstability. The stability to the competition mode
on an infinite domain may be interpreted as the lack of a “ciog/dut” effect between the spikes. That is, the larger
the domain size (or similarly, the smaller the valuel®f, the weaker is the interaction between the spikes, and the
greater the number of spikes that may co-exist. For thiorgake competition instability is sometimes referred to as
an “overcrowding” instability. WithA,,, defined in (4.4), we have from (4.3) that the valueAht the competition
threshold is given by

3v3H(U,_) e

A_=A,
2

(4.8)

)

with U._ given in (4.7). As the bifurcation diagram in Figure 5 sudges < 0 (A > 0)whenA > A_ (A < A_).

We note that, had we considered the case of two interior sdikev., andu., the spectrum of the linearized
equation for¢ andn would also contain small eigenvalues®fs?). The largest of these eigenvalues is associated
with a slow drift instability, with corresponding eigenfttions¢ andn being locally odd about the center of the spikes.
It can be shown that the drift instability threshold occura krger value ofd than does the competition threshold. As
A decreases past_, it must then first trigger the drift instability. By consiileg spikes located at the two boundaries
where we impose pure Neumann conditions, drift instabgitire eliminated. Doing so made the numerical validations
significantly less difficult.

To calculate the delay that results from slowly decreasinmastA_ according to,

A=Ay—¢&; Ag > A, E=c¢t, (4.9)
we replace (4.5) by the WKB ansatz

v =1+ e:?Ogp, u= e + ez, o<1,
As in the previous two examples, we draw the equivalefice ), from which we obtain
13 A
P(A) :/ AdE = —/ AA)dA, (4.10)
0 Ao

where we set)(0) = 0 and have used (4.9) to change the variable of integratian §¢o A. In (4.10),A(A) may
be obtained by explicitly solving (4.3) fdi (A), and usingU(A) in (4.6). Since\ < 0 whenA > A_, ¢ will be
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negative and decreasing untilis decreased tal . At A = A_, ¢ will begin to increase, reachingonly when
A= A* < A_. We defined* as the value ofl at which the competition instability has fully set in.

Settingy)(A*) = 0 in (4.10) and solving the resulting algebraic equation A6r < A_, we obtain a relation
between the delayl_ — A* and the “initial buffer’Ao — A_. An example of a typical relationship is shown in Figure
15(a) forD = 3. Note that, as ir§2.1 and§3.1, the delay in terms afl is independent of the rate at which it is
decreased. The increasing function shows that, the langenttial buffer, the larger the expected delay. The values
of Ay in Figure 15(a) are such that* > A,, so that the instability sets in before the system reachesdtiéle node.

In Figure 15(b) we plot, for variou®), A,, (solid), A_ (dashed), and the starting value 4§ = A{* (dash-dotted)
such thatd* = A,,,. For 4y < A{', the systems starts sufficiently close to threshold sudtthieadelay is expected to
be small and the instability sets in befadereaches its saddle valuk,,. This is illustrated schematically as scenario
1in Figure 15(b), where the arrow ending above thg curve indicates that the instability sets in befarg. When

Ay > Ay, the delay increases to the point where the instability cmgully set in by the timed = A,,. This is
illustrated as scenario 2 in Figure 15(b). Here, the arrotereds belowA,,,, with the dotted segment indicating the
delay that may have occurred in the absence of a saddle. hettiesection, we show that the asymptotic prediction
in Figure 15(a) agrees with results obtained by numericailying (4.1). We also highlight the differences between
scenarios 1 and 2.

0.7,

0 0.2 0.4 0.6 0.8
Ag—A_

(a) A- — A* versus4p — A_ (b) Af® versusD

Figure 15: In the left figure, we show the expected deldy — A* as a function of the initial buffed, — A_ for D = 3 and

7 = 0. The increasing function indicates that the larger the initial buffer, thetahe expected delay. In the right figure we plot,
as functions ofD, A,, (solid), A_ (dashed), andii* (dash-dotted), wherd® is the starting value ot for which A* = A,,.

If Ao < Ag" (scenario 1), the delay sets in befote,. If A9 > Ag" (scenario 2), the delay does not set in by the tihbas
decreased tal,,.

4.2 Numerical validation

In this section, we illustrate the theory $.1 by numerically solving the PDE system (4.1) withtaken to be the
slowly decreasing function of time given in (4.9). The paetenr was taken to be a small positive number much less
than one. The time integration was performed usingMNELAB pdepe() routine. The initial conditions were taken
as a perturbation of a true equilibrium stétéx, 0), u(x,0)) = (vi(x), ul(x)),

v(z,0) = v} (x) (1 — §sech(e ™' (z + 1)) + dsech(e ' (z — 1))) , u(z,0) = us(x); 0<ok1l. (411)

The equilibrium statév* (z), u(x)) was computed by integrating (4.1) to equilibrium startingni (4.2). The per-
turbation in (4.11) decreases the amplitude of the spikéecet atr = —1, and increases by an equal amount that of
the spike centered at= 1. We begin with an example of scenario 1 with < Af'.

In Figure 16(a), we show the same typical result with- 0.004 and D = 3 as in Figure 4(b) except witA(¢)
plotted on the horizontal axis. Note that, sinéés a decreasing function of time, the direction of time i@ is to
the left. AsA decreases, both amplitudes decrease as indicated by Eigiitee stability thresholdi~ is indicated
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by the vertical dotted line, the asymptotic predictionAf by the vertical dashed line, and the numerical valud bf

by the vertical solid line. We observe good agreement bettlee asymptotic prediction and numerical valuedst

As predicted, the amplitudes do not appear to diverge dntl A*, well after the instability has been triggered. This
illustrates the delay in competition instability. The imsility then leads to the eventual collapse of the left spikag
with the growth in amplitude of the right spike. The amplituaf the remaining spike continues to decrease with the
continued decrease df.

In Figure 16(b), we illustrate the phenomenon more cleaylplbtting the difference in amplitudes as a function
of A. The vertical lines correspond to those in Figure 16(a). When A_, the system is stable, causing the initial
perturbation to decay and the amplitudes to grow closerthegeWhenA = A_, the instability is triggered and the
amplitudes begin to diverge. However, since the amplituptess closer together on the intervd) > A > A_, A
must be decreased well beyoAd for the amplitude difference to grow back to its initial set¢ = 0. For D = 3, we
find from Figure 15(b) thatl = ~ 4.03, which matches almost exactly the location of the minimurkigure 16(b),
indicating again excellent agreement between betweengsyimand numerical results.
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A(t) A(t)
(a) spike amplitudes versus (b) amplitude difference versu$

Figure 16: In the left figure, we plot the amplitude of the left (light solid) and rightainesolid) spikes as a function af, with A
being decreased according to (4.9). Increasing time is to the left. ThiétgtdnresholdA_ is indicated by the vertical dotted line,
the asymptotic prediction od* by the vertical dashed line, and the numerical valugd bby the vertical solid line. The amplitude
difference is plotted in the right figure, with the vertical lines correspamttinthose in the left figure. Starting diy > A_, the
amplitudes grow closer together until the stability threshéle= A_ = 4.03 is reached. Hered_ is computed using (4.8). For
A < A_, the solution enters the unstable regime, causing the amplitudes to diféwmgelifference in amplitudes does not reach
their original value until well afted = A_, indicating delay.

We repeat the computations wifh = 3 and find the delay for various values of the initial buffer. eTiesults
are compiled in Figure 17, where we compare the results tmpyic result of Figure 15(a) far = 0.008 (circles)
ande = 0.004 (squares). We observe excellent agreement, with the noahedsults for= = 0.004 matching the
asymptotic result (solid curve) more closely for sméjl. The deviation of the squares from the curve for lardgiis
likely due to the smal©(e~'/¢) amplitude difference being obscured by numerical errors.

To illustrate the second scenario wheté < A,,, we first confirm numerically the location of the saddle. To do
S0, we solve (4.1) on the domain< = < 1 with pure Neumann boundary conditions for one boundaryespéntered
atx = 1. In this way, we eliminate the possibility of the odd competi instability and isolate the effects of the
saddle node. In Figure 18(a), we show the evolution of thieespimplitude as! is decreased starting from a true one
boundary spike equilibrium, analogous(tg (z), u;(x)), with D = 0.4 and no initial perturbations. The heavy solid
curve shows the case where the decreasé isfstopped atd = A,, + 0.004, slightly before it reaches its value at
the saddle. The value fot,, ~ 4.6206 may be computed from (4.4) and is indicated by the verticahdd line. As
shown in Figure 18(b), the spike amplitude settles to a emiston-zero value after the time that the decreasé of
has ceased (heavy dashed line). The light solid curves imr&sgl8(a) and 18(b) show the case whérie decreased
slightly past the saddle td = A,, — 0.004. Contrary to the first case, the spike collapses after theedse ofA
has ceased (light dashed line in Figure 18(b)). We thus odedhat the true location of the saddle is close to that
predicted by the asymptotic result (4.4), and that in a tpikesequilibrium, the dynamics beyond the saddle induce
the simultaneous collapse of both spikes. We emphasizehbatimultaneous collapse is due to the effect of the
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Figure 17: Comparison of numerical and asymptotic (solid) results/for= 3 ande = 0.008 (circles) and = 0.004 (squares).
The results foe = 0.004 match the asymptotic result (solid curve) more closely for small The deviation of the squares from
the curve for larger), is likely due to the smal(e~!/¢) amplitude difference being obscured by numerical errors.

saddle, not the synchronous instability describe¢yin..
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Figure 18: Evolution of the amplitude of a one boundary spike quasi-equilibrium solatsos is slowly decreased. In the left
figure, we plot the amplitude of the spike as a functiordofThe saddle valuel,, ~ 4.6206 is indicated by the vertical dashed
line. In the case thatl stops decreasing at = A,,, + 0.004 (heavy solid curve), the spike settles to a constant non-zero value. If
A is decreased past,, to A = A,, — 0.004, the spike collapses. The corresponding evolution as a function of tinh@wensin

the right figure. The heavy (light) dashed line indicates the timeAhagaches its terminal value of,,, + 0.004 (A,, — 0.004).

The starting value ofi in both instances iglp = 4.6701. Here,e = 0.001, andD = 0.4.

We now contrast the two scenarids < Aj* and Ay > Aj*. Recall that ifAy < A, the instability is expected
to set in befored reaches the saddle, whiledfy > A{*, the delay is sufficiently large so that the instability does
fully set in whenA reachesA,,,. When two spikes are present, two competing effects take [dightly beyond the
saddle node. The less dominant effect is that just descrileidh leads to the simultaneous collapse of both spikes.
The more dominant is the residual effect of the competitimtability, which leads to the collapse of one spike and
the growth of the other.

The relative dominance may be attributed to the zero eigeevaf the synchronous mode exactly at the saddle
node. Recall that the lower solution branch is always utestatthe even synchronous mode while the upper branch is
always stable to the even synchronous mode. Where they rheetigenvalue of the even mode must be zero. While
no spike solutions exist beyond the saddle, the dynamicxided with an even perturbation will be slow due to the
nearby presence of the zero eigenvalue. Similarly, themyjcsgassociated with an odd perturbation will be relatively
fast due to the nearby presence of the positive eigenvaltreeafompetition mode.

We therefore expect for a two spike solution that wheis decreased to below,,,, perturbing the solution with
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both an odd and even perturbation would result in dynamiconimg that of the dominant competition instability. One
spike would collapse while the other would survive. Thisépidted as scenario 1 in Figure 19(a), whdge< Af'.

On the left vertical axis, we plot the amplitude of the lefglit solid) and right (heavy solid) spikes dss decreased,
stopping atd = A,, — 0.004, slightly off the saddle. On the right vertical axis, we pibe amplitude difference
(dashed). The horizontal axis is time. The simultaneousedse in both amplitudes ats 25.4 is a result of an even
perturbation added wheA reaches its terminal value of = A,, — 0.004. As expected, because the competition
instability sets in beforel reachesd,,,, the dynamics of the competition mode dominate beyond ttdlsand only
one spike collapses.

If the size of the odd perturbation were to be sufficiently bmedative to that of the even, the slower growth of
the even mode would be compensated for by its larger initzal. sWe would then expect the resulting dynamics to
reflect that of the one spike solution, with both spikes @sliag almost simultaneously. This is depicted as scenario 2
in Figure 19(b), wherel, > Aj". As shown by the dashed curve, the instability has not fughyirs by the time thed
reachesd,, — 0.004 and the even perturbation is added. As a result, the even auutid at ~ 53.4 dominates, and
both spikes collapse. The presence of the competition madses the right spike to collapse slightly more slowly
than the left. This scenario illustrates that the dynamica comparatively weak mode may prevail over that of a
dominant mode due solely to the phenomenon of delay.
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(a) scenario 1Ay = 4.6451 < A" (b) scenario 249 = 4.6701 > A"

Figure 19: Plots of the amplitude of the left (light solid) and right (heavy solid) spikasws time asi is decreased froml, to

A — 0.004. For D = 0.4, we find from Figure 15(b) thatl - = 4.6351, A,,, = 4.6206, and A§" = 4.6534. The near-vertical
kinks att ~ 25.4 in the left figure and ~ 53.4 in the right are the result of the addition of an even perturbation whesgaches

A, — 0.004. The dashed curve, plotted against the right vertical axis, is a plot afitfegence in spike amplitudes. In the left
figure whered, < Ag', the competition mode sets in early and dominates the dynamics near the. sAda result, only one
spike collapses. In the right figure, the competition mode has not settimehiyme the even perturbation is added. The resulting
dynamics are near that of a simultaneous collapse of both spikes. &benge of the competition mode causes the right spike to
collapse slightly more slowly than the left.

5 Discussion

We have presented three examples of delayed bifurcatiorspfke solutions of reaction-diffusion systems. In the
first example with a single stationary spike, we consideneccase where a model parametevas extrinsically tuned
slowly past a Hopf bifurcation threshold. In the second gxenwith a slowly drifting single spike, we studied the case
where all model parameters were held constant and a Hopthifon withO(1) time scale oscillations was triggered
by intrinsic O(¢?) drift dynamics. A feature of this example not present in the fvas that of a non-monotonic Hopf
bifurcation threshold curve. Introducing sufficient delajo the system by careful selection of initial conditions,
we found that the non-monotonicity allowed the spike totdréfely through a Hopf-unstable zone without the Hopf
bifurcation fully setting in. In the third example with twéasionary boundary spikes, we considered the delay of a
competition instability as a feed rate parametewas tuned slowly past a stability threshold . In addition to the
competition threshold, there existed a saddle node bifiorcat A = A,, past which no two-spike solutions exist.
The presence of two critical values dfled to two competing effects near the saddle node. We fouaittiie delay
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played a critical role in determining which effect prevdilén particular, we showed that sufficient delay in the onset
of the competition instability allowed the effect of the d&node to dominate despite being comparatively weak.

In all three examples, linear stability analysis of the &qrium or quasi-equilibrium solutions led to an expligitl
solvable NLEP. By obtaining an explicit expression for tigeavalue, we were able to formulate an algebraic problem
for how far above a stability threshold the system must bedeiofor the instability to be fully realized. This delay
in terms of the parameter was independent of the rate at wihéchystem crossed the stability threshold. For all three
examples, we solved the full PDE system numerically andrebsieexcellent agreement with asymptotic predictions
for the magnitude of delay. A key numerical challenge inedobtaining results not obscured by numerical errors
when the system started far below threshold. For such catipos, more digits of precision may be beneficial.

The explicitly solvable NLEP’s arose from the particulaoide of exponents for the reaction terms in (2.1) and
(4.1), and it remains an open question as to whether the exp@have direct physical meaning. The combination of
exponents, however, allowed us to illustrate the phenomendelay in PDE’s not only numerically, but analytically.
The latter is imperative in revealing key properties of gielaPDE’s, such as establishing the reason for delay as the
initial decay of the perturbation to exponentially smallgitudes. We may then reasonably expect the phenomenon
of delayed bifurcations to be a generic consequence of skssgge through stability thresholds in PDE’s. As such,
while our particular models were chosen for their mathecasttharacteristics, we emphasize that the results they
yield apply in many scenarios where slow tuning is used tacketor bifurcation points in PDE’s, whether they
be numerically in scientific computation settings (e.g dlifig stability thresholds of a numerically computed spatia
pattern), or experimentally in laboratory settings (efupding stability thresholds of a spot pattern in a chemical
reaction). Our analysis yields intuition for those casesmtanalytic results are not available.

An interesting open problem in regards to Example 2 woulcbhentderstand the oscillations that occur well after
the Hopf bifurcation has set in. For example, a weakly naairtheory may be developed to determine whether the
bifurcation is subcritical or supercritical. In the casewh in Figure 11(b), we find that, well after the onset of the
Hopf bifurcation, the oscillations exhibit a repeatingtpat of series of five successively growing peaks, with peaks
in each subsequent series slightly larger than the cormekiipg peaks in the previous series. This is shown in Figure
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Figure 20: Nonlinear oscillations well after the intrinsically triggered Hopf bifurcatiohExample 2 have set in. The parameters
are the same as those of Figure 11(b). The oscillations exhibit a patteamie$ of five successively growing peaks, with peaks
in each subsequent series slightly larger than the corresponding ipeidfiesprevious series. The oscillations also appear to be
relaxational.

Another interesting problem would be to quantify the effefca periodic forcing function on the delay of a Hopf
bifurcation. For the ODE system considered in [2], it wasnthat a small amplitude sinusoidal forcing function
with frequency equal to that of the Hopf frequency reducedrtagnitude of the delay. For the example shown in
Figure 11(b), we added to the right-hand side of (3.1a) aldoraing function f (x, ¢t) of the form

f(x,t) = 0.001sin(wgt) w(e™ (z — 0(1))),

with w(y) given in (3.5). Herewy; is the resonant Hopf frequency, angl(t) is the center of the spike at tinte We
observed in this case a beat phenomenon in the amplitud&tsaois, with the low frequency envelope decaying in the
Hopf stable region. Unlike that observed in [2], the forciegulted in only a very slight decrease in the magnitude of
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delay. However, as part of a more detailed study of how dedaies with changes in forcing amplitude and frequency,
the above result may help identify methods for more acclyratetermining bifurcation thresholds in experimental
systems.

A related issue is the effect of noise on dynamics and bifigea. In the context of ODE’s, a number of works
elucidate the role that stochastic noise can play in pughiegystem through tipping points; see for ex. [20, 21, 3, 22]
and the references therein. Some recent papers also exglaréhe noise changes the dynamics in the context of
stochastic PDE’s [23, 24, 25]. However much work remainsealbne in this direction. In particular, the effect of
noise on the stability of spikes in RD systems remains lgrgeéxplored.

A Construction and stability of a one-spike equilibrium of the GM model on the infinite
line
Here, we construct a one-spike solution of (2.1) and derivexalicitly solvable nonlocal eigenvalue problem (NLEP)

governing its stability ta)(1) eigenvalues. Solving the NLEP, we derive (2.552f In the inner region of the spike
centered at: = 0, we transform to a stretched variable= =/c and let

u~Uy), v~V(y). (A1)
The equilibrium problem or-co0 < y < 0 is
V3 1 V3
V'—V+——==0 U -U+-—=0 A2
tmE=0 3 +— =0, (A.2)
with V' — 0 andU bounded a$y| — co. From (A.2) forU, we have to leading order thét = Uj is a constant and
wherew(y) is the homoclinic solution of

w’ —w+w? =0, —00 <y <00, w(0) >0, w'(0) =0, w—=0 as |y —oco. (A4)

Equation (A.4) may be solved explicitly, with the solutionen in (2.3).

In the outer region wherie:| = O(1), the terme~1»? in (2.1b) is exponentially small. As— 0, its mass becomes
concentrated in a@(¢) width region around: = 0 with heightO(s~1) atz = 0. In the sense of distributions, using
(A.1) and (A.3), we calculate™v? — (gs I vgw? dy) §(x) = bU3(x), whereb is defined in (2.3), and(z) is
the Dirac-delta function centeredat= 0. Substituting this expression into (2.1b), we find that theeosolution for
u satisfies

Uozz — Uup = bUSH(x), —00 < < 00, up — 0 as |z — oo, (A.5)

with the matching conditiom(0) = U,. The solution to (A.5) is written in terms of a Green’s fuoctiG(x; zo) as
up(x) = bUSG(x;0), where where (z; 0) satisfies
G — G =—6(2), —o0 < x < oo, G—0 as |z|— 0. (A.6)

The solution to (A.6) isG(z;0) = e~1*//2. Applying the matching conditiom(0) = Uy, we calculatel/, =
1/ (\/b G(O;O)). In this way, we obtain the results (2.2) and (2.3}2f

To derive the transcendental equation for the eigenval2.5), we linearize (2.1) by perturbing the equilibrium
solution as in (2.4). The linearized equation is then

2 3
3vg  2v;

X =y — P+ —00o < x <00, ¢»—0 as |z|— o0, (A.7a)

2 3 777
ue ue

3

2
ve¢, —oo <z <00, n—0 as |z|— 0. (A.7b)

TA) = Tgz — 1 + .

Here,v, andu, are given in (2.2). Since the coefficients/u? andv? /u? are localized near = 0, we seek solutions
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to (A.7a) whereg is localized near: = 0 andn varies over the same scale as dagér). With ¢ = &(y) and
n(xz) ~ n(0) asz — 0, we obtain the following equation fa(y),

Lo® — 2un(0) = \®, —00 <y < 00, -0 as |yl — oo, (A.8)

where the linear operatdr, is defined as
Loty =" — 1 + 3wy (A.9)

To determinen(0) in (A.8), we solve (A. 7b) forn( ). Since the term?2¢ is localized near = 0, we have in
the sense of distributions that 'v2¢ ~ U )dy} §(x), where we have used (2.2) fog in (A.7b). The
resulting equation fon(x) is then

Nez — (1 + 7N = —3U¢ [/ wz@dy} o(x), —00 < T < 00, n—0 as |z|— 0. (A.10)

— 00

We write the solution to (A.10) in terms of the Green’s funot  (x; 0) as

n(x) ~ 3U¢ [/ w?® dy} Ga(z;0), (A.12)
whereG (x; 0) satisfies
Grpz — (L+7ANGy = —6(2), —00 < < 00, Gx—0 as |z|— co. (A.12)
The solution of (A.12) is
1
Ga(z:0) = ————e =l 0y =V1+ A\r. A.13
)\(‘T ) 2me A T ( )
Using (A.11) to compute(0), and using/, = 1/ ( bG(0; 0)) , we obtain the nonlocal eigenvalue problem (NLEP)
S WP dy GA(0,0)
Lo® — yuw? =22 =\, =6 Ay A.14
0 xw’ o widy X G(0;0) ( )
with Ly is defined in (A.9). FronZ(0;0) = 1/2 and (A.13), we calculatg in (A.14) as
__ 0 (A.15)
X '

From [17], the specific choice of powers of the GM model in Y2llows the NLEP (A.14) to be solved explicitly.
We begin by noting that, in addition to the zero eigenvaluta wssociated eigenfunctiasi(y) that changes sign once
on—oo < y < 00, Loy = vy has a unique positive eigenvalug = 3 with eigenfunction), = w? of constant sign.
To show this, we first multiply (A.4) by’ and integrate to compute that’)? = w? — w*/2. We then calculate

Low? = 2(w')? 4+ 2ww” — w? + 3w? . (A.16)
Then, by using (A.4) forw” and the expression above fof, we find from (A.16) that indeed

Low? = 3w?. (A.17)
Next, we multiply (A.14) byw? and integrate over the real line to obtain
© < whdy [ w?dd 0
/ w?Lo®dy = Xf_oo ng_oo Y + /\/ w?ddy . (A.18)
oo o widy o

With @(y), ®'(y), w(y), andw’(y) all decaying exponentially to zero at infinity, Green's setadentity yields
75 @Low?dy = [ w?Lo®dy. With this identity, together with (A.17), we obtain for theft-hand side of (A.18)
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that [*_w?Lo®dy = 3 [~ ®w?dy. With this expression, the NLEP (A.18) then becomes

o0 > wod
/ @deyl J-ocundy A

3oy A\l =0. A.19
Xf_oow3dy (A.19)

Calculating [~ _w®dy/ [*_w3dy = 3/2, we conclude that any eigenvalue of (A.14) for which the efgection
satisfiesffooo@dey # 0 must satisfy the expression given in (2.5%@f where we use (A.15) foy in (A.19).
B One-spike quasi-equilibrium and slow dynamics of the GM mdel on a finite domain

Here, we construct the one-spike quasi-equilibrium sofutf (3.1) and derive the ODE (3.9) describing its slow
dynamics. For the inner solution of a one-spike quasi-dauiim solution centered at = x, we let

r — XoglO
unU) ) + v Vo) Vi) b, =D ey @)
to obtain
Vp
V”*V‘FWZO, V-0 as |y — oo, (B.2a)
1 1vr
—DU" — -—=0. B.2b
= U UJrEUS 0 ( )

The limiting conditions for (B.2b) come from matching cotiains with the outer solution. From (B.2b), we have that
U ~ Uy is a constant to leading order so thatsatisfies

VP
VO”—VO+U—%:0, V-0 as |y — . (B.3)

The solution of (B.3) can be written

Vo ~ U T w(y), (B.4)

wherew(y) is the solution of the equation in (3.4) with solution given(8.5) of§3.
To compute the outer solution far= uq(z) in (3.1b), we proceed as in Appendix A and represenbthie® term
as a weighted Dirac-delta function centered at x,. We then have

qr

Duggy —ug = —Ud™" b, O(x — xo), (B.5)
whereb, is defined in (3.5). The solution of (B.5) may be written imtsrof a Green’s functioty(z; z) as

qr

uo(x) = Uy~ b, Glas o), (B.6)

whereG (z; x() satisfies

DGpy — G = —6(x —x0),  Ga(El,20) =0. (B.7)

The solution of (B.7) is given by (3.6) ¢f3. The constanty, in (3.7) is found by imposing the jump condition
DG, (xd;20) — DGy (g ;00) = —1. Finally, by imposing the matching conditiarizo) = Uy in (B.6), we arrive at
(3.8) of§3. With (B.4), (3.5), (B.6), and (3.6), the one-spike quegtslibrium is then given by (3.3).

To derive (3.9) for the drift of the spike center, we consitter next order ire of (B.2) with (B.1). We calculate
thatdVy/dt = —e*~1V]x{, while dUy /dt = O(£?). To match orders, we must take= 2 so thatr = 2¢. We then
have at the next order

LR =V Vit oY v = Va4 g 0 (B.8a)
1=V 1 p Ug 1 — 0£0+qu+1a .
0
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! 1 T
DU = —U—S,V0 . (B.8b)
By differentiating (B.3) with respect tg, we find thatLVjj = 0, or equivalently,Lw’ = 0. The right-hand side of
(B.8a) must then satisfy the solvability condition

/ w’ [—ngé%w'—i—qUé?wpUl] dy =0; Rzp%l’ E]%—q—l. (B.9)

With R — Q = 1 andw'w? = (p + 1)~ 'dwP*! /dy, we have from (B.9)

— 00

o0 q oo ,

U dy = —— PN UL dy B.10
ToVo [m( ) Y= Pt ( ) 1ay ( )

Integrating by parts once on the right-hand side of (B.1@)@sing thatv — 0 as|y| — oo, we obtain
, o0 N2 _ q p+1 B.11
xoUo/_oo(w) dy = [ wrtuiay, (B.11)

Integrating by parts again on the right-hand side of (B.1it) lettlngv fy wPT! ds, we calculate

[e’e] 9 q S8 ] ,

zoUo [m(w/) dy = o Uiv N — .[valld (B.12)

Sincew?*! is an even function and(0) = 0, we find thaty(y) is an odd function. Also, sincg] is an even function,
we have by (B.8b) thal/”’ is an even function. The integral term on the right-hand sid@.12) therefore evaluates
to 0. Now withv(co) = —v(—00), we have from (B.12)

/ r(_ oo p+1 d
20+ 1) Uo 22 (w')
The quantitied/; (o0) may be calculated from the matching condition
Uj (00) = uox (a7 )
yielding from (B.13)
r_ 4 L +. -,
Ty = 3+ 1) Goy [G,E(xo 1xo) + Ga(xg ,:EO)] , (B.14)
where we have used (B.6) and (3.8) ferandUy, respectively. Using (3.6) and (3.7) in (B.14), we have
/ q
rg=————"——K [tanh (0y(1 4+ x()) — tanh (6o(1 — x . B.15
0 2(p—|—1)\/5 [tanh (6o ( 0)) (6o 0))] ( )

The quantityK in (B.15) is calculated in [17]. We include the calculatiaeréfor completeness. We first multiply
(3.4) in§3 by w’ and integrate to obtain

1,0 1, 1
- _Z I = B.1
2(w) 5 +p+1w C, (B.16)
whereC' = 0 sincew, w’ — 0 as|y| — co. Integrating (B.16) over the entire real line yields
2 w? d
- +——K=0. I = {g Y (B.17)
p+1 S @) dy

To obtain a second equation involvidgand K, we multiply (3.4) byw, integrate by parts once on thev” term and
apply the decay condition af to find

“1-L+K=0. (B.18)
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Solving (B.17) and (B.18) simultaneously, we find

2(p+1)
p—1 -

Substituting (B.19) into (B.15), we obtain result (3.9)§8f Because of the slo@(¢?) drift of the spike, analysis of

O(1) time scale instabilities may be performed assuming a “mbseike centered at = xy. The analysis leading to

an explicitly solvable NLEP then proceeds as in Appendix &4 aiill not be included here. The reader may refer to
[17] for details.

K — (B.19)

C Boundary spikes in the GS model and analysis of competitiomstability

Here, we construct the two boundary spike equilibrium (4f44.1) on the domain: € (—1,1). We then derive an
NLEP and solve it to obtain thresholds of competition (giire(d.7)) and synchronous instabilities. To do so, we first
construct a one-spike equilibrium centeredcat 1 onz € (0, 2), taking only the interva(0, 1). We then apply a
reflection to obtain the two boundary-spike solution on thigre interval.

We letx = £ + 1 sothat—1 < £ < 1. The spike is then centered@t= 0. The construction of the one-spike
equilibrium then follows closely to that given in Appendix k the inner region with stretched varialgle= £/ and
u(§) ~ Up(¢), v(§) ~ Vo(¢), we find thatl; is a constant whilé; (() = w(¢) /v AUy, with w({) given in (2.3). In
the outer regiony = wu(€) satisfies

O A3/2/T,

where the weight of the delta function is calculated in thealisvay. Herep is defined in (2.3). The conditions
ug(£1) = 0 are correspond to even symmetry about 0 in original coordinates. Note that the boundary conditions

u,(£1) = 0 are satisfied by the constant inner solutionfoil he solution of (C.1) may be writtem (£) = 1+u(&),,
whereu satisfies

Duge + (1 — uo) ©).  ue(x1) =0, (c.1)

b

U = —7(; ’0 5 C.Z
whereG(¢;0) satisfies
DG& -G = —5(5) 5 Gg(:l:l; O) =0. (C3)
The solution of (C.3) is
cosh(6o(£+1)) —1<£<0 1
G&0)=G coshfo .7 B Gop=————, c4
(&0) = Goo { cohlle1) | 0<e<1, %= 5D tanh 6, (C4)

wheref, is defined in (3.7). The matching conditiop(0) = U, determine$/y, yieldingUy = 1—-bG(0;0)/(A3/2\/T),
which is equivalent to (4.3) df4. The one spike equilibrium ahe (—1, 1) is thus given by

1
VAU,

vel(E) = w (5_15) ) uel(é-) =1 + aO(&)’ (C5)

with g given in (C.2).
Onz € (0,1), the two boundary-spike solution is given by the solutiorbj®n the intervat € (—1,0). That s,
onz € (0,1), w andv are given by
1 . b cosh (6gx)
V= ——w (e (x—1)), u=1- :
AUO ( ( )) A3/2\/ UO 2\/581111190
The solution on: € (—1,0) is an even reflection of (C.6) about= 0 so thatr — —z. Noting thatw(¢) andcosh =
are both even functions, we obtain (4.2) with replaced byl/y. Here,Uj is determined by the matching condition
(4.3) and takes on the valdé_ or U, depending on whether the top or bottom solution branch isgbednsidered.
To determine the stability of (4.2), we perturb the one-sm@Ruilibrium or¢ € (—1,1) as

(C.6)
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v = 'Uel(g) + ekt¢7 u = Uel(f) + ektn; ¢777 < 1. (C7)

Here,v.1 (§) andu.; (£) are the one-spike equilibrium solutions foandu oné € (—1, 1) given by (C.5). Substituting
(C.7)in (4.1a) and (4.1b), we obtain the linearized systéegaations

Ao = 2pee — ¢+ 3Auc1v2 ¢ + Avdin, (C.8a)

1
TAN = Dnjee —n — B [3u61v§1 + vgln] . (C.8b)

The boundary conditions i& for (C.8) depend on the mode of instability considered artlssussed below. In the
inner region with the stretched varialle= £/, we find from (C.8b) that) = 7 is a constant to leading order. Note
that this satisfies the no-flux conditionszat= +1 in the original coordinates. Writing = ®(¢), we find that®
satisfies

"o 3
Lo® 4+ ———w’ =\, (C.9)
VAU
where the operatat is defined in (A.9). In (C.9), we have used (C.5) for and the leading order behavioy; ~ Uy
for u.1 in the inner region. The quantity, must be obtained by solving the outer equationvfi).
In the outer region for (C.8b), we proceed as in Appendix A amtesent the localized terms involvingandwv,
as appropriately weighted delta functions. In this way, Wwiam the outer equation for

bno
- + J—
(AU)Y? A

The competition mode of instability, which leads to the gifowf one spike and the collapse of the other, is associated
with an odd eigenfunction. We thus impose thét1) = 0 for the competition mode, which correspondg)t6) = 0
in the originalz coordinate. The synchronous mode, which leads to the c@lapboth spikes, is associated with an
even eigenfunction. This leads to the symmetry conditiga:1) = 0, which corresponds t,(0) = 0 in the original
2 coordinate. In imposing the boundary conditiong at +1, we implicitly assume the presence of image spikes
centered af = £2.

For each mode, we define an associated Green’s function pyittopriate boundary conditions

Dnee — (L+7M\)n = w®d¢| 6(¢). (C.10)

DGigg — (1 + T)\)Gi = 75(5) , G+§(ﬂ:1;0) =0, G,(:lzl;()) =0, (C.ll)

whereG . (G_) corresponds to the synchronous (competition) mode. Theiso of (C.10) may then be written in
terms ofG 4 as

n(&) = - G£(£0). (C.12)

T /mw e

Finally, to findn, we apply the matching conditiof(0) = n in (C.12) and calculate

3% w2 dc¢
n = ——T—=——, (C.13)
G+oo0 + (AU,)3/?
whereG 199 = G+(0;0).
Now we may substitute (C.13) fax, into (C.9) to obtain

2<I)dC

Y

Lo® — 3w =" ATy E =)\D. (C.14)
G+o0

Using (4.3) in§4, we may writed®/2 = bGo/H (Uy) so that we obtain from (C.14) the NLEP

(oo}
Lo® — xiw?’/ w?®d¢ =\, (C.15)

— 00
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wherey is defined as

3
X+ = .
G Us/2
b (1 + Groo H(OUU>>

Here,G g is defined in (C.4). It was shown in Appendix A that the NLEP@1(5) is explicitly solvable, yielding

(C.16)

3
A=3-Txe. (C.17)

To complete the derivation of, we requireG.o in (C.16). The solutions fo&, (£;0) andG_(&;0) in (C.11)
are given by

cosh(0x(14€)) —1<f<0 1
G.(£0)=G cosh(0x) 7 T Gioo = , C.18
+&0) +00{ b6 <<, S DI o, )
and
sinh'(e,\(1+§)) 71<§<0 1
G (£0) =G 003 wunth ey "y G_po= : (C.19)
B, 0<g<l, 9/ DV + 7 coth 0y

whered,, is defined in (A.13). Note that the parameteappears in the expressions only7as Since we consider
only monotonic instabilities, which occur as a single eigdne crosses into the right half-plane through the origin,
any increase or decreasesircannot trigger such an instability. We may thus take- 0 for simplicity while also
ensuring that no Hopf instabilities are present. Witk 0, we have from (C.18) and (C.19)

Goo Goo 2
=1, = coth” f; . C.20
G100 G 0o 0 ( )

Finally, using (C.20) in (C.16) and (C.17), we have the esipbxpressions for the eigenvalues corresponding to the
synchronousX, ) and competition modes\( )
)\+=3—$ Ao =3-— ) . (C.21)

3/2 ’ 3/2
2{1—&—[]‘)] 2 |1+ 7055 coth® o

H(Uo)

Note that the expression for_ in (C.21) is the same as that given in (4.6%df Setting\_ = 0 yields the thresholds
given in (4.7). Setting\; = 0in (C.21), we find that the stability threshold for the syrarfwus mode i€/, = 1/3.
Recalling that the upper branch corresponds to U, < 1/3 while the lower branch correspondsi®3 < Uy < 1,

we find that the threshold for the synchronous mode occurseasaddle point, which was stated§. A simple
calculation shows that the upper branch is always stablee@ynchronous mode while the lower branch is always
unstable.
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