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Abstract

We analyze the existence and linear stability of steady-state localized hotspot patterns for a 1-D three-component
singularly perturbed reaction-diffusion (RD) system modeling urban crime in the presence of police intervention. Our
three-component RD model augments the two-component system for an attractiveness field and a criminal density, as
introduced by Short et. al. [Math. Models. Meth. Appl. Sci., 18 , Suppl. (2008), pp. 12491267], by including the effect
of a police deployment that exhibits a biased random walk towards maxima of the attractiveness field. In our model,
the rate at which criminals are introduced is decreased by the total level of police deployment, and the strength of the
bias in the police random walk towards the maxima of the attractiveness field is modeled by a patrol focus parameter
q > 0. For our three-component model, hotspot steady-state patterns are constructed asymptotically and, from a detailed
derivation and analysis of certain nonlocal eigenvalue problems (NLEPs), phase diagrams in parameter space are obtained
that characterize regions of linear stability of the steady-state pattern. In certain parameter regimes, we show that the
police intervention leads to a rapid annihilation of some hotspots, whereas in other parameter regimes, notably when
the police diffusivity is below a threshold value, the police intervention only displaces crime periodically to neighboring
spatial regions (at least on short time-scales). Mathematically, we show that this crime displacement effect arises due to
a Hopf bifurcation in the NLEP associated with certain asynchronous modes of instability of the steady-state hotspot
pattern. Such robust asynchronous temporal oscillations of the hotspot amplitudes in our three-component system is
a new phenomenon, which does not typically occur in two-component RD systems. The effect of a “cops-on-the-dots”
patrol strategy, corresponding to ¢ = 2, in which the police mimic the bias of the criminals toward spatial maxima
of the attractiveness, is examined through a combination of rigorous spectral results and a numerical parameterization
of any Hopf bifurcation threshold. For the special choice ¢ = 3, we show that explicit linear stability results can be
readily obtained from the NLEP. Our linear stability results are validated through full numerical PDE simulations of the
three-component RD system.
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1 Introduction

The development of some novel mathematical approaches to quantify and predict spatial patterns of urban crime originates
from the pioneering studies in [25-27]. A primary motivation for this effort is the increased availability of residential
burglary data, which clearly show that spatial patterns of urban crime are often concentrated in certain spatial regions,
known as hotspots [4]. It is believed that these hotspots are due to a repeat or near-repeat victimization effect, which
suggests that crime in a certain region induces more crime in that and nearby regions (cf. [10], [32]). The goal of this paper
is to analyze 1-D hotspot patterns in a three-component reaction-diffusion (RD) system modeling urban crime that consists

of augmenting the two-component system of [25] with a further PDE modeling the effect of a police deployment.

*Dept. of Mathematics, UBC, Vancouver, Canada
TDept. of Mathematics, UBC, Vancouver, Canada. (corresponding author ward@math.ubc.ca)



Two distinct approaches that have used to model police intervention are agent-based modeling (cf. [11], [5]), and
continuum PDE-based RD systems (cf. [11], [21], [22], [33]). Although agent-based models are ideal for investigating the
effect of real-world policing strategies on crime hotspots, such as beat patrols [5], it is difficult owing to complexity of these
models to isolate the role of the specific parameters. With regards to PDE-based models, [33] introduced a model whereby
the police adapt dynamically to changing crime patterns, and a optimal control strategy to minimize the overall crime
rate was formulated and analyzed. Our PDE-based approach is motivated by [11] and [22] where the police intervention is
modeled by a drift-diffusion PDE, with the police deployment biased towards maxima of the attractiveness field for burglary.
With this three-component RD system for the attractiveness field and the criminal and police densities, we will investigate
how hotspot patterns are affected by a patrol strategy in which the police mimic the bias of the criminals toward spatial
maxima of the attractiveness. In certain parameter regimes, we will show that this strategy leads to a rapid annihilation
of some hotspots, whereas in other parameter regimes it only temporally displaces crime to neighboring spatial regions (at
least on short time-scales). This specific qualitative conclusion from our specific three-component RD system is consistent
with some field observations reported in [3].

Motivated by [22] and [11], our simple police interaction model on the 1-D domain 0 < < S is formulated as

A=Ay, — A+ pA+a, (1.1a)
pt =D (pz —2pAz/A), —pA+y—a-U, (1.1b)
TuUy = D (Up — qUAL/A),, , (1.1c)

where A, = p, = U, = 0 at x = 0,5. Here A is the attractiveness field, while p and U are the density of criminals and
police, respectively. The constants o and v — « are the baseline attractiveness and the rate at which new criminals are
introduced in the absence of police, respectively.

For more details about our augmented model (1.1), and the derivation of (1.1c), we refer the reader to Appendix A.

From (1.1c), we obtain that the total level Uy of police deployment is conserved in time, so that

Uy = /S U(x,t)de. (1.2)
0

In (1.1¢), we have introduced the parameter ¢ > 0 to measure the degree of focus in the police patrol toward maxima of the
attractiveness A. We will assume below that ¢ > 1. We refer to the choice ¢ = 2 as the “cops-on-the-dots” strategy (cf. [11],
[22], [33]) whereby the police have the same degree of focus as do the criminals towards maxima of A. When ¢ is above
or below 2, the police force drift in a less or more focused manner, respectively, as compared to the criminals. In (1.1) the
constant diffusivities of the criminals and the police is D and D, = D/r,, respectively. The police are more mobile than
the criminals when 7, < 1, while when 7, > 1 the police are comparatively more “sluggish” in their movements.

The corresponding two-component system, where Uy = 0 and (1.1c) is omitted, which we refer to as the basic crime
model, was derived in [25] and [27] from the continuum limit of an agent-based model that accounts for the effect of repeat
or near-repeat victimization. This two-component RD system has been well-studied. When D = O(1), a formal weakly
nonlinear analysis was developed in [26] to study the development of small amplitude spatial patterns of crime near a
Turing bifurcation point associated with a spatially homogeneous steady-state solution. In [6] this local branching behavior
near the Turing point was characterized rigorously (see also [8]). In [23] the local existence of solutions to the basic crime
model in multi-dimensional domains was established. On the infinite line, and with D = 1, an intricate snaking-type
bifurcation structure of hotspot equilibria was computed numerically in [16] in the singular limit e — 0, for the subcritical

regime a < v < 7. ~ 3a/2. On a finite domain with D = O(1), and for v > 3a/2, in [28] the slow dynamics of hotspot



quasi-equilibria, together with a nucleation process through which new hotspots can be created, was revealed. For the
parameter regime D > 1, hotspot equilibria and their linear stability properties were analyzed in [12]. The existence of
these hotspot equilibria for the regime D > 1 was established rigorously in [1] by using a Lyapunov-Schmidt reduction.
Following [12] for the basic crime model, we will analyze the three-component system (1.1) for € — 0 when D = O(e~2).
On the D = O(e?) regime, steady-state hotspot patterns for the basic crime model have a stability threshold [12]. Since

A= O(e!) in a hotspot region, it is convenient, as in [12], to introduce the new variables v and u by
_ 242 _ ., Aq _ -2
p=€vA*, U=uA?, D=¢"Dy. (1.3)

In terms of v, u, and Dy = O(1), and where the police diffusivity is D, = Dy/(e?7.,), (1.1) becomes

Ay = €Ay — A+ €0A% + a, (1.4a)
€ (AQ’U)t =Dy (szx)z — A3+ v — o —uAl, (1.4b)
7€ (A%u), = Doy (A%u,), . (1.4c)

In the limit € — 0, we will analyze the existence and linear stability of hotspot steady-state solutions to (1.4), in which
the attractiveness field is spatially localized. We will construct phase diagrams in parameter space where such patterns are
linearly stable, and show these regions of stability depend on the parameters ¢, Uy, and D,, (or equivalently 7).

For ¢ < 1, in §2 we use the method of matched asymptotic expansions to construct hotspot steady-state solutions to
(1.4) that have a common hotspot amplitude. In Proposition 2.1 below, we show that such patterns exist for (1.1) only
when Uy < Upmax = S(yv — ). For ¢ > 1, Proposition 2.1 also shows that the total police deployment Uy has an indirect
effect on crime, in that it reduces the maxima, referred to here as “amplitudes”, of the attractiveness field A.

To analyze the linear stability of a K-hotspot steady-state solution, in §3 we use a singular perturbation analysis to
derive the nonlocal eigenvalue problem (NLEP), characterizing O(1) time-scale instabilities of the pattern. The approach
to deriving this NLEP involves using a reference domain |z| < ¢ containing a single hotspot centered at « = 0, and then
imposing Floquet-type boundary conditions at = 4. In terms of this reference problem, the NLEP for the finite-domain
problem 0 < z < S with Neumann conditions at = 0,5 can then readily be extracted, as similar to that done in [12]
for the basic two-component crime model. Such a Floquet-based approach to study the linear stability of multi-spike
steady-states was first introduced in [20] in the context of 1-D spatially-periodic spike patterns for a class of two-component
reaction-diffusion systems. It has subsequently been extended to study the linear stability of 1-D mesa patterns [13], of 1-D
spikes for a competition model with cross-diffusion effects [15], and 1-D hotspot patterns for the basic crime model [12].

There are two novel features in the derivation of the NLEP for our three-component RD system. Firstly, in our
asymptotic analysis, we must carefully derive rather intricate jump conditions across the hotspot region. Secondly, the
resulting NLEP that we obtain has two nonlocal terms, instead of the usual one. As a result, its analysis is seemingly
beyond the general NLEP stability theory with a single nonlocal term, as surveyed in [31]. However, by using a key identity
that is specific to our three-component RD crime model, we show how to reformulate the NLEP more conveniently in terms
of a single nonlocal term, which can then be more readily analyzed.

Our NLEP linear stability analysis reveals that a steady-state with a single hotspot is always linearly stable, and that a
steady-state with K > 2 hotspots is always linearly stable to synchronous perturbations of the amplitudes of the hotspots.
For K > 2 hotspots, and for a given Uy > 0 and fixed ¢ > 1, our NLEP analysis provides phase diagrams in the D,, versus

Dy parameter plane characterizing the linear stability of the hotspot steady-states to asynchronous perturbations in the



hotspot amplitudes. For the special case ¢ = 3, and for K > 2, for which the discrete spectrum of the NLEP can be reduced
to the study of a family of K — 1 quadratic equations in the eigenvalue parameter, these phase diagrams can be constructed
explicitly. Such “explicitly solvable” NLEPs have been analyzed in other contexts [12, 17, 18]. For general ¢ > 1, in §6 the
phase diagrams are determined by combining some rigorous spectral results obtained from the argument principle together
with numerical results obtained from a parameterization of the Hopf bifurcation threshold, as derived from the NLEP.
This analysis shows that steady-state multiple hotspot patterns are unconditionally unstable if Dy > Dy ., and are always
linearly stable if 0 < Dy < Dy /(1 + qUp/w), where w = S(y — a) — Uy and Dy . is the competition instability threshold
given below in (4.9). Some technical results required for the analysis of the NLEP, together with a qualitative discussion

on how the competition threshold Dy . depends on the patrol focus ¢ and the police deployment, are given in §4.

Figure 1:  Left panel: The steady-state two-hotspot solution for S =6, v=2, a=1, Uy =2, Dy = 0.5, ¢ = 0.075, and ¢ = 3. Right
panel: the shaded region of linear stability in the (scaled) police diffusivity 62Dp = Do /7u versus Do parameter plane. The thin vertical
line is the competition stability threshold Do,. given in Proposition 5.2, while the leftmost edge of the instability region (at D, = 0)
is Do,/ (1 + 3Up/w) where w = S(y — a) — Up. For Dy > Doc the hotspot solution is unstable due to a competition instability, while
in the unshaded region for Do < Dy, the hotspot steady-state is unstable to an asynchronous oscillatory instability of the hotspot
amplitudes. The full PDE simulations in Fig. 2 are done at the marked points.

On the intermediate range Dy /(1 + qUy/w) < Dy < Dy, one of our main results is that when the police diffusivity D,
decreases below a Dyp-dependent threshold, an asynchronous temporal oscillatory instability in the hotspot amplitudes will
occur from a Hopf bifurcation of the NLEP. These asynchronous, anti-phase, oscillations of the hotspot amplitudes have
the qualitative interpretation that, at least for short time, the police intervention has the effect of only displacing crime
between different spatial regions. Qualitatively, this result is consistent with observations in [3] that a “cops-on-the-dots”
policing strategy will sometimes only displace crime to surrounding areas. Our full numerical computations of the PDE
system (1.4) suggest that these asynchronous oscillations arising from the Hopf bifurcation are subcritical, and that over a
longer time-scale they trigger a nonlinear process whereby hotspots are annihilated.

To illustrate our results, we take S =6, v =2, a =1, ¢ = 3, Uy = 2, and ¢ = 0.075, and we consider a steady-state
with exactly two hotspots, as shown in the left panel of Fig. 1. For this two-hotspot steady-state the linear stability phase
diagram in the €2Dp versus Dy parameter plane is shown in the right panel of Fig. 1. For the three marked points in
the phase diagram in Fig. 1, where qualitative distinct solution behavior occurs, in Fig. 2 we validate our linear stability
predictions by showing full numerical results for the maxima, or amplitudes, of A, as computed from the PDE system (1.4).
The numerical methodology and initial conditions used in the simulations are discussed in §5.2. Observe from the left panel
in Fig. 2 that the asynchronous oscillation of the hotspot amplitudes eventually leads to the annihilation of one of the two
hotspots. Further detailed validations of our linear stability phase diagrams with full PDE simulations of (1.4) are given in

§5.2 for ¢ = 3 and in §6.3 for the “cops-on-the-dots” policing strategy q = 2.
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Figure 2: Plot of the spot amplitudes computed numerically from the full PDE system (1.4) for a two-spot pattern with S =6, v = 2,
a=1,Uy =2, e =0.075, and q = 3, at the marked points in the right panel of Fig. 1. Left panel: 7, = 2.5 and Dy = 0.5, so
that 62Dp = 0.2. Spot amplitudes are unstable to asynchronous oscillations, which leads to the collapse of one hotspot. Middle panel:
Tu = 2.5 and Dy = 0.8, so that €D, = 0.32. Spot amplitudes are unstable to a competition instability. Right panel: T, = 1.25 and
Do = 0.5, so that €D, = 0.4. Spot amplitudes are stable to asynchronous oscillations and there is no competition instability. These
results are consistent with the linear stability predictions in the right panel of Fig. 1 (see also the left panel of Fig. 7 below).

We emphasize that the interval in Dy for the existence of asynchronous oscillations vanishes when Uy = 0. In other
words, it is the third component of the PDE system (1.4), modeling the police interaction, that is essential for the existence
of these oscillations, with the basic two-component RD crime model [12] being incapable of supporting such oscillations.
Robust asynchronous oscillations of localized spikes in 1-D does not occur for many classical two-component RD systems
in the large diffusivity ratio limit, such as the Gray-Scott and Gierer-Meinhardt models (cf. [7], [9], [20], [30], [14]). For
these two-component systems, the stability threshold for spike amplitude oscillations arising from a Hopf bifurcation in the
NLEP is set by the synchronous mode. It is only for more non-traditional RD systems, such as the 1-D Brusselator model
with influx boundary conditions [29], or the Gierer-Meinhardt model with anomalous diffusion [19], that asynchronous
oscillations have been shown to be the dominant oscillatory instability in rather small parameter regimes.

Finally, in §7 we discuss a few open problems motivated by our study.

2 Asymptotic Construction of a Multiple Hotspot Steady-State

In this section we construct a steady-state solution to (1.4) on 0 < z < S with K > 1 interior hotspots.

To construct a steady-state with K interior hotspots to (1.4) on 0 < x < S, where the hotspots have a common
amplitude, we will first construct a one-hotspot solution to (1.4) on |z| < [ centered at z = 0. Then, by using the
translation-invariance property of (1.4), we obtain a K interior hotspot steady-state solution on the original domain of

length S = (2¢)K. In terms of this reference domain |z| < ¢, (1.2) yields that
¢
UO:K/ Udz. (2.1)
—¢

In this way, we need only construct a one-hotspot steady-state solution to (1.4) centered at = 0 and impose A, = v, =
u, = 0 at © = +f. We refer to this as the canonical hotspot problem.

From the steady-state of (1.4c), together with U = uA? and (2.1), it follows that « is spatially constant and given by

U

u=—0 (2.2)
K [*, Adde



By using (2.2) in (1.4), the three-component steady-state system reduces to the nonlocal BVP problem

Ay — A+ e2vA +a =0, x| <45 A, =0 o =40, (2.3a)
U, A1
DO(AQUI)QC—6211143—1—’;/—&——057207 lz| < 45 v, =0 x==+L. (2.3b)
K 7, A1dx

We now construct the solution to (2.3) with a single hotspot centered at x = 0. In the outer region we have A ~ a+O(e?),

while in the inner region we put y = ¢ 'z and A ~ Ag/e to obtain on —oo < y < oo that
Agyy — Ao +vAS +ea =0, Doe* (A%vy)y +0(H=0.

Therefore, to leading order it follows that v ~ vy is a constant, and that

4o~ 20 (2.4)
Vo
where w(y) = v/2sechy is the homoclinic solution of
w’ —w+wd=0, —00 <y < 00; w(0) >0, w(0)=0, w—0 as y— +oo. (2.5)

The integrals of w(y) that are needed below are
> > > > 16 [ wdy 3
_ 3 _ 2 9 _ 49 00 _
More generally, we can readily calculate in terms of the usual Gamma function I'(z) that
= L [Ta/2))
I, E/ w? dy = 239/? 1[7. 2.7
R I'(q) 27
We return to (2.2), and for ¢ > 1 we estimate the key integral

£ oo
/ Aldx ~ 20a + el_qvaqm/ widy = O0(e'79) > 1.
—t

— 00

From (2.2), we have u = O(e971) < 1 since ¢ > 1. With our assumption ¢ > 1, the integral ffz A% dz, and thus u, depend

to leading-order only on the inner region contribution from A%. For ¢ > 1, we obtain to leading-order from (2.2) that

q/2
q—1~ h ~ UOUO
u~ el i, , where Ue =
K1,

(2.8)
Next, we determine vy by integrating (2.3b) on —¢ < z < ¢ and imposing v, (+¢) = 0. This yields that
¢
62/ vA dr =20 (y — ) — Uy/K .
—¢

Therefore, since A ~ a = O(1) in the outer region, while A = O(¢~!) in the inner region, it follows that, when ¢ > 1, the

dominant contribution to the integral arises from the inner region where v ~ vy. In this way, we estimate

[ wtdy

o ~2(y—a)—Uy/K. (2.9)



From (2.9), a steady-state hotspot solution exists only when the total level Uy of police deployment is below the threshold
UO < UO,maaL‘ =20K (ry - Oé) = S(’}/ - O[) . (210)

Here S = 2(K is the original domain length. We will assume that (2.10) holds, so that a K-hotspot steady-state exists.
Upon solving (2.9) for v, and using (2.6) for ffooo w? dy, we get

vo =212 20 (y — ) — Up /K] > = 212 K2 [S(y — ) — Up] * . (2.11)

Since vy increases when either K increases or the total level Uy of police increases, it follows from (2.4) that the maximum
Amax = A(0) > 1 of the attractiveness field, given by

6_1

Amax = A0) ~ e 1 44(0) = = [S(y— ) — Uyl , (2.12)

decreases with increasing K or increasing policing level Uy. However, Ay, .« is independent of the patrol focus parameter g.
To complete the asymptotic construction of the hotspot, we must determine v. In the outer region, we expand v ~
ve(x) + ... and recall that A ~ a + O(e?) so that A9/ ffe Aldz = O(e?7!) < 1 since ¢ > 1. In this way, from (2.3b), we

obtain to leading order that v.(z) satisfies

Doveys = —( 3 ) , =<z <l ve(0) = vg, Ver (££) = 0. (2.13)
The solution to (2.13) is
¢ 2 2 (v —a)
= 2 — — < p- = .
Ve () 9 (L —1z|) l } + v, 0<lz| <¥; ¢ = o2 (2.14)

where vg is given in (2.11). This is a uniformly valid leading order solution for v on |z| < /.

We summarize the results for our leading-order construction of a steady-state K-hotspot pattern as follows:

Proposition 2.1 Let ¢ — 0, ¢ > 1, and 0 < Uy < Upmax, as in (2.10). Then, (1.4) admits a steady-state solution on
(0,5) with K interior hotspots of a common amplitude. On each sub-domain of length 2¢ = S/K, and translated to (—¢, )

to contain exactly one hotspot at © = 0, the steady-state solution, to leading order, is given by

w(zx/e)

py if (€); a, if x=0(), (2.15a)
UV Ve = g [(@ — |z)* = 2| + v, where vy =22 K?[S(y —a) — U] %, (2.15b)
Uovg'? = [C(a/2))”
o a1 5 = 0% = qa gy — o3a/2-112 1
un~ e a0, where U = KI, I, _/_Oow dy =2 T (2.15¢)

Here w(y) = v/2sechy is the homoclinic of (2.5).
In terms of the criminal and police densities, given by p = e2vA? and U = uAY from (1.3), we have the following:

Corollary 2.2 Under the same conditions as in Proposition 2.1, (2.15) yields to leading-order that

A~ u;(:::\/?, if x=0(); Ar~va, if O <z <, (2.16a)
0
p~wl/a))]’, if z=0(); p~va®, if O < |z| <L, (2.16b)
Un U fowolr . i =0 U~eaat%% i o0 « el <t (2.16¢)
GKIq € s = €)] € KIq 5 € s .

where v, and vy are given in (2.15) and w(y) = v/2sechy.



From (2.16), we observe that the criminal density near a hotspot is independent of the police deployment Uy and patrol
focus q. However, the maximum of the attractiveness field is decreased by increasing Uy. For ¢ > 1, the police density is

small in the outer region, but is asymptoticaly large near a hotspot.

3 Derivation of the NLEP for a K-Hotspot Steady-State Pattern

To analyze the linear stability of a K-hotspot steady-state solution, we must use a singuler perturbation approach to derive
the corresponding nonlocal eigenvalue problem (NLEP). To do so, we first follow the methodology in [12] by deriving the
NLEP for a one-hotspot solution on the reference domain |z| < ¢, with Floquet-type boundary conditions imposed at
x = +/¢. In terms of this reference problem, the NLEP for the finite-domain problem 0 < z < S with Neumann conditions

at = 0,5 is then readily recovered, as similar to that done in [12] for the basic crime model.

3.1 Linearization with Floquet Boundary Conditions
To study the linear stability of a K-hotspot steady-state we introduce the perturbation
A=A, +eMo, v = v, + eMer), U= ue + eMeln, (3.1)

where (A, ve, ue) is the steady-state with a single hotspot centered at the origin in |z| < ¢. The orders of the perturbations
(O(1), O(e) and O(e?) for the A, v and u components, respectively) are chosen so that ¢, 1, and i are all O(1) in the inner
region. Upon substituting (3.1) into (1.4) and linearizing, we obtain that

Ebrr — ¢+ 3V A2P + E A3 = N\, (3.2a)
Dy (2Aevez¢ + eAiz/;z)m - 362A3Ue¢ — 63A21/J — que AT p — InAl = Ae? (ZAeved) + eAi@/}) , (3.2b)
Do (AL ' due, + qugnm)l_ =1, A (AL ue g + €1 Aln) | (3.2¢)

For K > 2, we will impose for the long-range components ¢ and 7 in (3.2b) and (3.2¢) the following Floquet-type boundary

(b )= ) (i) ==k ) .

where z is a complex-valued parameter. For the K = 1 case, considered separately in §3.3 below, we need only impose

conditions at z = +/:

Neumann conditions at x = =4[ for the perturbations. Here we treat the K > 2 case.
For K > 2, the NLEP associated with a K-hotspot pattern on [, (2K — 1)I] with periodic boundary conditions, on a
domain of length 2K1, is obtained by setting 2% = 1, which yields

zj=e2m/K =0, K —1. (3.4)

By using these values of z; in (3.3) we obtain the spectral problem for the linear stability of a K-hotspot solution on a
domain of length 2K subject to periodic boundary conditions. The next step is then to relate the spectra of the periodic
problem to the Neumann problem in such a way that the Neumann problem is still posed on a domain of length S (cf. [12]).
As discussed in §3 of [12] for K > 2, this involves simply replacing 2K with K in (3.4). As such, our Floquet parameter in
(3.3) for a hotspot steady-state on a domain of length S = 2{K, having K > 2 interior hotspots and Neumann boundary
wij ) K

conditions at x =0 and z = S is z = ¢™/K_ For z = ¢ , we calculate the following identity, which is needed below:

—1)2 ]
(ZQZ):RG(Z)—1=COS<7;§>—17 Jj=0,...,K-1. (3.5)



We now begin our derivation of the NLEP. For (3.2a), in the inner region where A, ~ e_lw/w/vo7 Ve ~ g, and

1 ~ 1(0) = 1y, we obtain that the leading-order term ®(y) = ¢(ey) in the inner expansion of ¢ satisfies

" — & 4 3w + %uﬁ =\P. (3.6)
Yo

In contrast, in the outer region, we obtain to leading order from (3.2) that
b~ EPY/IN+1 - 32, = O(e®), Yoz =0, Nea = 0. (3.7)

To determine ¥ (0), which from (3.6) will yield the NLEP, we must first carefully derive appropriate jump conditions for 1,

and n, across the hotspot region centered at x = 0. This is done in the next sub-section.

3.2 Jump Conditions and the Derivation of the NLEP for K > 2

To derive the appropriate jump condition for ¢, across the hotspot region, we integrate (3.2b) over an intermediate domain
—§ <z < § with e < § < 1. We use the facts that A, ~ e tw/\/vg, ¢ ~ ®(y), Ac(£) ~ a, and u, = €914, as given in
(2.15), to obtain, upon letting d/¢ — +o00, that

o0 0 o0
eDya’ [Wa]y + 2Doax [Verd], = 36/ w?d dy + 677[}3(/2) / w3 dy
—00 UO —0o0
eqie [T en(0) [ 2
1}(111)/2/_ wq @dy-’- ,U‘1/2 - wqdy—i—(’)(e )\),
0 o0 0 ©

where we have introduced the notation [a]o = a(0") — a(07) to indicate that the evaluation is to be done with the outer
solution. In addition, below we will use the convenient shorthand notation that [ (...) = [ _(...) dy. Since ¢ = O(€®) in

the outer region from (3.7), we can neglect the second term on the left-hand side of the expression above. For eigenvalues
for which A < O(e™1), we obtain that

(0 f qlc _ n(0
Do [¢.]o = 3/?112(1’ + §/2) w® + a7z | W "o+ % w. (3.8)
Vo Vo Yo

Now from (3.2b), we use ¢ = O(e?) in the outer region, together the fact e7nA4 < O(e) since ¢ > 1. In this way, from

(3.2b) and (3.8), we obtain the following leading-order BVP problem for ¢ with a jump condition for ¢, across = = 0:
Yoz =0, |£C‘ </t €0 ['(bx}o = 611/)(0) + 6277(0) +es3, w(g) = Z¢(_£) ) 1%(@) = wa(_g) ) (393’)

where we have defined e;, for j =0,...,3, by

1 1 Ue _
eo = Do, e =575 w?, &= —7m5 /wq, e = 3/w2<I> + (qqfl)/z /wq 1o (3.9b)
Yo Yo Yo

This BVP (3.9) is defined in terms of 1(0), which itself must be calculated from a separate BVP. To formulate this
additional BVP, we integrate (3.2¢c) over — < z < §, with ¢ < § < 1, and let §/¢ — oo to obtain

i 0
Doela? 1], + Doqa?rO(e72) = 37, A gu wi e + n(0) w?| . (3.10)
WP o7

To achieve a distinguished balance in (3.10), we introduce 7, defined by

Fu=€797, . (3.11)



With this scaling, the police diffusivity D, = e 2>Dg /7y, is simply
D, = €7Dy /7, . (3.12)

In this way, (3.10) yields the following jump condition for the outer solution for n(x):

Doa? [12]y = TuX L(;]?S/Q /wqfltb + Z[E(/)g /wq] ) (3.13)
0 0
Now in the outer region we obtain from (3.2c) that
Doela?n,, + O(e97?) = 1, [O(e11?) + elaln)] . (3.14)
We will consider the range of 7, and consequently 7, where

Tu < O(e7?), for which 7, < O(¢'77). (3.15)

We will assume in our theory below that 7, = O(1), so that (3.15) for 7, holds for all ¢ > 1.
For this range, (3.14) reduces to 7., ~ 0 to leading order. In this way, we obtain using (3.13), the following BVP for

the leading-order outer solution for 1 with a jump condition for 7, across x = O:

New =0, x| <5 donelg = din(0) +dza, () = 2n(—£), nu(l) = 2n:(—L). (3.16a)

Here the constants dy, dy, and ds, are defined by

Tu TuAqU _
do = D()qu, dl = vq/2 /wq, d2 = U(uq—il)/z /wq 1‘1) . (316b)
0 0

To solve the BVPs (3.16) and (3.9), and in this way determine ¢(0) and 7(0), we need to establish a simple lemma.
Lemma 3.1 Consider the BVP fory = y(x) on —¢ < x < £ given by
Yoz =0, <z </l fO [yz]o = fly(o) + f2 ; y([) = Zy(_g) , yz(g) = Zyx(_e) , (317)

where fo, f1 and fa, are nonzero constants, and let z satisfy (3.5). Then, y(0) is given by

foz—1)° fo
l

2z _fll T fo(l—cos(mj/K)) S+ f1 (3.18)

y(0) = f2 [

Proof: Label yo = y(0). The solution of this BVP is continuous but not differentiable at « = 0, and has the form

(z) = Yo+ A f0<z</l,
yo+A_x if —l<az<O0.

Upon imposing the Floquet boundary conditions we obtain Ay = zA_ and yo + Al = z (yo — A_{) = zyo — AL, which
yields that A} = (z — 1)yo/(2¢). Then, upon imposing the jump condition across = 0 we get
foy 1
fvo+ f2 = folyslo = fo (Ay = A) = T2 (e =1 (1- ).

Upon solving for y(0), and recalling the identify (3.5), we obtain (3.18) for y(0). |
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Upon using Lemma 3.1 with fo = eg, f1 = e1, and fo = ean(0) + e3, we can determine +(0) from (3.9). Similarly, we
obtain 7(0) from (3.16) by applying Lemma 3.1 with fo = do, f1 = di, and fo = d2. This yields that
ean(0) +e d

v(0) = Ceo(1— cjsn(grj)/_;():; [l+er’ and — n(0) = Cdo(1— cos(ij/K)) Jl4di
The final step in the derivation of the NLEP is to combine the expressions in (3.19) so as to isolate ¢(0). This will yield
the key coefficient 1/1(0)/113/2
To do so, we first define D; by

(3.19)

in (3.6) in terms of the original parameters.

D ; S
Dj:;<1—cos(7;g>), j=0,.. K -1, where I=_. (3.20)

so that Dj < Djyq for any j =0,1,2,..., K — 2. Then, by calculating ey and dy from (3.9b) and (3.16b), we combine the

two expressions in (3.19) to get

1 62d2
_ _ . 21
v(0) Dja? + ¢, [63 Djat + dJ (8:21)

Then, by using (2.8) for ., we rewrite the expressions for ey, es, e3, di, and ds in (3.9b) and (3.16b), as

Jw? Jw? / ) Uoy/vo q [wi™'®
= — — e @ .22
€1 US/Q ) €2 Ug/2 ) €3 3 w + K qu ) (3 a’)
N qu . Uy+/vo qqufl‘ﬁ
dl = Tqu, d2 = T’u.)\ K qu . (322b)
0
Upon substituting (3.22) into (3.21), we obtain, after some algebra, that
() 1 3 [ w2 w2 Djat Uoy/To \ [q [ wi™'®
B\ =-—75 = 3 s 7 - % [ T (3.23)
v (1 + v DjGQ/fw3> vy’ " Djat + FuA [wd

We first consider the synchronous mode for which j = 0, and Dy = 0 from (3.20). In this case, upon substituting (3.23)
into (3.6) we obtain the following NLEP for the synchronous mode j = 0:

w?®
Sffw3 =)D, ®—0 as |yl — 0. (3.24)

From Lemma 3.2 of [12], any nonzero eigenvalue of (3.24) must satisfy Re(A) < 0. We summarize this result as follows:

Loq) — 3w

Proposition 3.2 For e — 0, K > 2, ¢ > 1, 0 < Uy < Uymax, Do = €D = O(1), and 7, < O(e72), a K-hotspot

steady-state for (1.4) is linearly stable on an O(1) time-scale to synchronous perturbations of the hotspot amplitudes.

Remark 3.3 In the large diffusivity ratio limit, for the two-component Gierer-Meinhardt and Gray-Scott RD systems in
1-D, the synchronous mode is always the dominant oscillatory temporal instability for the spike amplitudes (cf. [30], [14]).

However, for our three-component system (1.4), Proposition 3.2 shows that the synchronous mode is always linearly stable.

Therefore, in our linear stability analysis we need only consider the asynchronous modes j = 1,..., K — 1, for which

D; # 0. For these modes, (3.23) motivates the introduction of new quantities xo ;, x1,; and C4(\), defined by

1 <U0\/%> X0,j Tud [ wd
X0 = , X1 = L C,N)=1+—71=1—. (3.25)
Ty 0?D;a2) [ w? ! K [w3) Cq(N) ! 08 D; a0
Then, B(A) in (3.23) can be written compactly as
2@ q—l(I)
B<A)E_w<0>_ 3w qfw _

(3.26)

vg/z - XO,] fw?’ + Xl,jw

In this way, from (3.6) and (3.26), we obtain an NLEP with two nonlocal terms. The result is summarized as follows:
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Proposition 3.4 Fore — 0, K > 2, ¢ > 1, 0 < Uy < Upmax, Do = €D = O(1), and 7, < O(72), the linear stability
on an O(1) time-scale of a K-hotspot steady-state solution for (1.4), for the asynchronous modes j = 1,..., K — 1, is
characterized by the spectrum of the following NLEP for ®(y) with two nonlocal terms:

,3fw2<1> (qqu_ltb
3 3 —
LO@ — X()J'w W — Xlﬁjw W =

where ®(y) — 0 as |y| — oo. Here xo,; and x1,; are defined in (3.25), and w(y) = v/2sechy.

AP, where  Lo® = ®" — & + 3uw°®, (3.27)

Next, we express xo,; and x1,; in the NLEP (3.27) in terms of the original parameters. To do so, we first substitute

(2.11) for vy into (3.25) for xo,; and x1 ;. It is then convenient to introduce two new quantities x, and w defined by

_1 q
2raK
Kq = (/ uﬂ) (fﬂ-a ) , where w=S8(y—a)—=Uy=Upmax — Uo - (3.28)
w

In terms of these new variables, (3.25) becomes

—1 ~
/€3Dj Uo Tu)\
. = 1 = 4 L= : )\ =1 . 2
X0,j ( + o > ) X1,j qu()\)XO’]’ Cq(N) +Dqu (3.29)

Next, we proceed to reformulate (3.27) as an NLEP with a single nonlocal term. To do so, we use the special property
of the local operator Lg that Low? = 3w? (cf. [12]). Owing to the decay of ® and w as |y| — oo, and since Ly is self-adjoint,
we obtain from Green’s identity that [ (w2L0<I> — <I>L0w2) = 0. By using (3.27) for Ly®, together with Low? = 3w? and
the integral ratio [w®/ [w® = 3/2 from (2.6), we conclude from this Green’s identity that

(20) P23 (152)

There are several interesting limiting cases of the key identity (3.30) for any eigenpair of the NLEP (3.27) with two

nonlocal terms. Since x ; is proportional to Uy from (3.29), we first observe from (3.30) that for any eigenpair for which
Jw™® # 0 for any m > 0, we must have A = 3 — 9y, ;/2 if and only if Uy = 0. We remark that this recovers the
result in equation (3.17) of [12] that the unique discrete eigenvalue of the linearization of a K-hotspot steady-state of the

two-component “basic” crime model with no police is
9 .
A=3— % : (3.31)

where X ; is defined in (3.29). By setting A = 0 in this expression, the stability threshold in equation (3.19) of [12] is
recovered. This is discussed in more detail in §4.3 below.

A second special case of (3.30), which is examined in detail in §5, is when ¢ = 3, for which (3.30) becomes

(ffw:??) B (X0, +Xx1,5) +A=3| =0. (3.32)

Therefore, when ¢ = 3, and for any eigenpair ® and X of (3.27) with [ w?® # 0, we have that A must satisfy

9
3 (X0 +x15) +A=3=0. (3.33)
By using (3.29) for x1,;, we obtain that (3.33) reduces to a family of quadratic equations for A of the form

XN+ A+ =0, (3.34a)

12



where c¢g, ¢1, and cg, are defined for j =1,..., K — 1 by

Tu Tu 3 1 1 3Uy, 3 1
e = + P . 3.34b
3xo0,;Djks3 ' Djrs ( > 3Xo,; ’ 2 ( )

2 Xo,

C2 .
2w X0,5

In §5 we will analyze the implications of (3.34) for the possibility of Hopf bifurcations.
Since Uy > 0, and since we only consider eigenfunctions for which [w™® # 0 for any m > 0, we have A # 3 — 9xo,;/2.

Therefore, in (3.30) we can isolate [w?® as

3 [w?® -9 qfwil®
_ X1, qu .

Jw® " 9x0;+2(A—3)
Upon substituting this expression back into (3.26) for 3()\) we eliminate the nonlocal term [ w?®, and obtain that

f’w‘Fl(I)
Jws

Finally, by substituting (3.29) for xo ; and x1,; into (3.35) we obtain an NLEP with one nonlocal term:

B(N) = x(\) . where  x(\)=qx1, (M) . (3.35)

9X0,j + 2(/\ — 3)

Proposition 3.5 Fore — 0, K > 2, ¢ > 1,0 < Uy < Upmax, Do = €D = O(1), and 7, < O(e72), the linear stability
on an O(1) time-scale of a K-hotspot steady-state solution for (1.4), for the asynchronous modes j = 1,..., K — 1, is
characterized by the spectrum of the NLEP for ®(y) given by

-1
3fw7:)\<1>, ®—0 as |yl — oo, (3.36a)
Jwi

where Lo® = " — ® + 3w?®. Here the multiplier x(\) of the NLEP is defined by

Lo® — x(M)w

qUo (A = 3)x0,5 ) 1 k3D Tu
A= : , where —— =1+ , and C,(A) =1+ . 3.36b
W= (ooa e xou « W=D (3:360)

Here kq and w are defined in (3.28), D; is defined in (3.20), and 7, is related to T, by (3.11).

Remark 3.6 We observe that our NLEP (3.36) has the general form

ao + a1\ 3 Jwi™t®
Lo® — Y
0 <b0+b1)\—|—b2/\2>w Twe ’

where the coefficients ag, a1, by, by and by are independent of X. To our knowledge there have been no previous studies of

NLEPs in 1-D where the multiplier x of the NLEP is a proper rational function of degree two. Some results of this type are
given in [24] for the linear stability analysis of spot patterns on the sphere for the Brusselator RD system.

The key model parameters we will use to analyze the NLEP are 7,, ¢, Uy, Dy, and w > 0.

3.3 Derivation of the NLEP for a Single Hotspot: K =1 case

For K > 2, the NLEP (3.36) was derived by imposing Floquet boundary conditions at = +¢. For the case of a single
hotspot, we can impose the Neumann boundary conditions directly at z = 4/, as the Floquet analysis is not needed. With

the same procedure as that leading to (3.9) and (3.16) above, we now obtain for ¢ and 7 that

Voo =0, x| <5 egltha]y = e1(0) +e2m(0) +e3,  u(£l) =0, (3.37a)
New =0, |2 <€;  do[nelo=din(0) +d2,  m(£6) =0. (3.37b)
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Here the coefficients eq, e1, ea, e3 and dy, d; and da, are as defined in (3.9b) and (3.16b), respectively.
From (3.37) we obtain that n(x) = n(0) and ¢ (z) = ¢(0) on |z| < £, where n(0) = —d2/d; and

- 1 77i on — 62d2
Y(0) = *5(6277(0) +e3) = o ( 5T > ;

which is the same as that given in (3.21) with D; set to zero. Therefore, by proceeding in the same way as was done in the

Floquet analysis performed earlier for the K > 2 case, we simply set D, to zero in the expression (3.23), which yields

Vo) _3fue

03/2 a Jw?

B=— (3.38)

By substituting (3.38) into (3.6) we obtain that the NLEP for a single hotspot solution is given by (3.24). For this NLEP,
Lemma 3.2 of [12] proves that Re(\) < 0 for eigenfunctions for which [w?® # 0. Therefore, we conclude that a single

hotspot steady-state solution is unconditionally stable for any Dy when 7, < O(e~2).

3.4 Reformulation of the NLEP as Zeros of a Meromorphic Function

We now reformulate our NLEP (3.36) for a K > 2 hotspot steady-state so that its unstable discrete eigenvalues are the
zeros of a meromorphic function () in the right-half Re(\) > 0 of the complex plane. To do so, we first write (3.36) as

Jwi e

wi 1d _
(Lo —\) @ = X(A)w?’fqu . sothat @ = () T (Lo —A) "
We then multiply both sides of this expression by w?~! and integrate to get
_ wI™ (Lo — N) "t w?
(/ w? 1<1>> 1- X()\)f T =0. (3.39)

For eigenfunctions that satisfy [w? '® # 0, it follows that an eigenvalue A of the NLEP (3.36) must be a root of

_ ST (Lo = N’

cA)y=Cc\)—F(\) =0, where F(N) T (3.40a)
w
Here C(A) = [x(A\)] ™", and in terms of Xo,; and Cq(A), as defined in (3.36b), we have
wCy(N) ( 1 9 )
CN)=—"L=—+-—+—=. 3.40b
2 alUo \xo; 2(A—3) ( )

We will proceed to analyze the zeros of the meromorphic function ¢(\) = C(\) — F(A) in two cases: ¢ = 3 and ¢ > 1,
with the former being explicitly solvable, and the latter requiring the Nyquist criterion to count the number of zeros in
the unstable right half-plane Re(\) > 0. Moreover, we will also investigate the possibility of a Hopf bifurcation, by seeking
a pure imaginary root of the form A\ = +iA; to (3.40) with A\; > 0. Since j = 1,..., K — 1, such a Hopf bifurcation will

correspond to an asynchronous temporal oscillation of the hotspot amplitudes.

Remark 3.7 When [w9™'® = 0, the NLEP (3.36) reduces to the local eigenvalue problem Lo® = A® with the extra
condition qu_1<1> = 0. From Proposition 5.6 of [7], Lo has ezactly two discrete eigenvalues. One is ® = w? with A\ = 3,
arising from the identity Low? = 3w?, for which Jwi™t® £ 0, while the other is the odd eigenfunction ® = w' for which
A =0 and [w?'® = 0. Therefore, since there are no instabilities associated with modes for which [w?™'® = 0, the zeroes

of C(N), as defined in (3.40), in Re(\) > 0 will determine any instability of the K -hotspot steady-state with K > 2.
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4 Analysis of the NLEP: Competition Instability

In order to analyze zero-eigenvalue crossings for the NLEP (3.36), as well as the possibility of Hopf bifurcations, in §4.1 we
need to provide some global properties of F(\), as defined in (3.40a), on both the non-negative real axis A > 0 and on the
non-negative imaginary axis A\ = ¢A\; with A\; > 0. In §4.2 we apply the winding number criterion of complex analysis to
count the number of zeroes of ((A), defined in (3.40), in the unstable right half-plane Re(\) > 0. With these properties, in
4.3 we study the competition stability threshold characterized by zero-eigenvalue crossings of the NLEP (3.36). Oscillatory
instabilities for ¢ = 3 and for general ¢ > 1 due to a Hopf bifurcation are studied in detail in §5 and §6, respectively.

Before summarizing the global properties of F(\), we first show that F(\) can be found explicitly when ¢ = 3 by using
the identity Low? = 3w?. When ¢ = 3, we calculate the integral I in the numerator for F()), given in (3.40a), as

I= /w2 (Lo — N '’ = %/ (Low?) (Lo — \) ' w? = / [(Lo — Nw? + M?] (Lo — \) ' w®.

Upon integrating this last expression by parts, we get the algebraic equation [ = ( J w® + AT ) /3, which can be solved for
I to obtain I = [w®/(3 — \). Then, since F = I/ [w* and [w®/ [ w? = 3/2 from (2.6), we conclude that

FO) = 5

7(3 N when ¢ =3. (4.1)

4.1 Key Global and Asymptotic Properties of F(\)
We first recall some key properties of F()\), as defined in (3.40a), on the non-negative real axis A > 0.

Proposition 4.1 On the non-negative real axis X > 0, F(\) given in (3.40a) satisfies
(i) FO)~ 3+ (1-1)+002) as A0,

a
(it)) F(A) = 400 as A—37.

(1) F'(A) >0, for 0<A<3, whenq=2,34.

(iv) F(A\) <0, for X\>3.

Proof: The statements in (i), (ii), and (iv), as well as in (iii) for ¢ = 2 and g = 4, were proved in Proposition 3.5 of [30].

For ¢ = 3, the monotonicity result in (iii) is seen to hold by using the explicit form for F(\) given in (4.1). |

In addition to the results (i), (ii), and (iv), which hold for all ¢ > 1, we conjecture that the monotonicity result in (iii)
holds not just for ¢ = 2,3,4 but for all ¢ > 1. As additional support of this conjecture, in Fig. 3 we plot the numerically
computed function F(A) on 0 < A < 3 for ¢ = 2,3,4,5.

Conjecture 4.2 The monotonocity property (iii) of Proposition 4.1 that F'(X\) >0 on 0 < A < 3 holds for all ¢ > 1.

Next, in order to count the number of eigenvalues of the NLEP (3.36) in Re(\) > 0 below, we need some properties of
F(X), as defined in (3.40a), as restricted to the non-negative imaginary axis. By rewriting the operator as
(Lo —iAr) ™ = (Lo +ir) [(Bo +iAn) ™ (Lo = iA) 7| = Lo [E3 + A7) "+ in [L3+ 48] "
we readily obtain upon upon separating F(iA;) = [ w9 (Lo —i\;) " w3/ [ w? into real and imaginary parts that

a=17 [[2 1 )\2 -1 3
F(irr) = FrOAr) +iFr(\r); Fr(Ar) = fw 0 32};" 1] w )

We then recall some rigorous results of [30] for Fr(Ar) and Fr(A;) on Ar > 0.

A Jur T IR 408w

[

Fr(Ar) (4.2)
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Figure 3: Plot of F(\) on 0 < X\ < 3 for ¢ =2,3,4,5. Note that F(0) = 1/2 and that F(\) — +00 as A — 3 from below. We observe
that F(X) is rather insensitive to changes in q.

Proposition 4.3 For A = iA; with A\; > 0, we have that Fr(Ar) and Fr(\r) satisfy
(Z) .FR(A[) = (9()\1_2) as A — +oo, fR(O) = 1/2
(i1) Fr(Ar) <0, when ¢=2,3.
(iii) Fr(Ar) = O\;Y) as Ar — +oo.
(iv) Fr(Ar) ~ AL (1 - %) >0 as A —0%.

(v) Fr(A\r) >0, when ¢q=2,3,4.

Proof: The statements in (i), and in (ii) for ¢ = 2, were proved in Proposition 3.1 of [30]; Statements (iii), (iv), and (v)
for ¢ = 2,4, were proved in Proposition 3.2 of [30]. The results in (ii) and (v) for ¢ = 3 follow by using the explicit formula
in (4.1). For ¢ = 3, we have F(iA;) = 3/[2(3 — iAr)], so that

9 9Ar A7 3(9 — A2
AI) = ——~ ) = —"7 AI) = ———~ T(A\f) = L f =3. 4.
Fr(Ar) 2013 Fr(Ar) (9+)\%)2 . Fr(Ar) 20+ 3 Fr(Ar) GESVIER or ¢q=3 (4.3)
This clearly shows that properties (ii) and (v) also hold for ¢ = 3. [ |

Although we only have a rigorous proof that F(A;) < 0 when ¢ = 2,3 and that F;(A;) > 0 when ¢ = 2, 3,4, we now
conjecture that these key properties hold for all ¢ > 1. In Fig. 4 we plot the numerically computed functions Fr(A;) and
Fr(Ar) for various values of ¢, which give numerical evidence for this conjecture. From this figure we observe that Fr(\r)

is rather insensitive to changes in q.

Conjecture 4.4 Properties (i) and (v) in Proposition 4.3 that F(Ar) <0 and Fr(Ar) >0 on Ay > 0 hold for all g > 1.

4.2 A Winding Number Criterion for the Number of Unstable Eigenvalues of the NLEP

We now use the argument principle of complex analysis to count the number N of eigenvalues of the NLEP (3.36) in
Re(A) > 0. For each j = 1,..., K — 1, these discrete eigenvalues are the complex zeroes of the function (\) = C(\) — F()),
as defined in (3.40). Here F()) is defined in (3.40a), and from (3.40b) we have that C(\) has the explicit form

C(A) = a(l+7)) (1 - ?)b/\> : (4.4a)
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Figure 4: Plots of Fr(Ar) (left panel) and Fr(Ar) (right panel) for g = 2,3,4,5. Note that Fr(0) =1/2 and Fr(0) =0, and that the
mazimum of Fr occurs near A\; = 3. In fact, the mazimum does occur exactly at \f = 3 when q = 3.

XO,j 5 Tj = (44b)

Djkg " Xo;

Here w and k, are given in (3.28), while D; and 7, are defined in (3.20) and (3.11), respectively.
From (4.4a), C()) is a meromorphic function with a simple pole at A = 3. Moreover, F(A) is analytic in Re(\) > 0

except at the simple pole at A = 3. The simple poles of C(A) and F(A) do not cancel as A — 37, since when restricted to

the real line we get F(A) — +oo while C(\) — —oo as A — 37. Thus, ((A) = C(\) — F(A) has a simple pole at A = 3.

A Nyquist contour in the complex plane
10

Cr

Ty

Im

® 6 AN ONDOO®
i
Y

A
o
X

o 5 10
Re

Figure 5: Schematic plot of the Nyquist contour I' used for determining the number N of unstable eigenvalues of the NLEP (3.36).

To determine a formula for N, we calculate the winding of (()\) over the Nyquist contour T' traversed in the coun-
terclockwise direction that consists of the following segments in the complex A-plane (see the schematic in Fig. 5): I‘f:
(0 < Im(A) < iR, Re(A) =0), I';: (—iR <Im(X) <0, Re(A) =0), and Cg defined by |A\| = R > 0 for |arg(\)| < 7/2.

For each j = 1,...,K — 1, {(\) is analytic in Re(\) > 0 except at the simple pole A = 3 corresponding to the
unique positive eigenvalue of the local operator Lg. Therefore, for each j = 1,..., N — 1, and assuming that (()\) has
no zeroes on the imaginary axis, we have by the argument principle that N = 1 + (27) ! limg_,oo [arg (], where [arg (]
denotes the change in the argument of ¢ over I'. Since F(A) = O(|A|7!) on the semi-circle Cr as R = |\| — oo, we
have that limp_, [arg (]CR = limp_, [arg C]CR. From (4.4a) we calculate that limp_, [arg C]CR = 7 when 7, > 0, and

limp o [argCl,, = 0 when 7, = 0. For the contour I';', we use the identity C(\) = ¢()) so that [arg C]FI_ = [arg C]FT' In
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this way, for each j =1,..., K — 1, we conclude that

3 1 1
N:§+—[argg]ri , for 7, >0; N:l+—[arg§}rl+ , for 7,=0. (4.5)
™ T

Here [arg C]F? denotes the change in the argument of { as the imaginary axis A = i\ is traversed from A\; = 400 to A\; = 0.

We remark that (4.5) determines the number of unstable eigenvalues of the NLEP (3.36) for any specific asynchronous
mode j =1,..., K — 1. The total number of such unstable eigenvalues, for all asynchronous modes, is simply the union of
(4.5) over j = 1,..., K — 1. In this way, the problem of determining N for a particular mode j is reduced to calculating
the change of argument of ((A) = C(\) — F(X) as we traverse down the positive imaginary axis. To do so, we will need the

properties of F(i\r) given in Proposition 4.3, together with results for C(i\) to be obtained from (4.4).

4.3 The Competition Instability Threshold

We now determine the competition instability threshold value of the diffusivity Dy, which is characterized by a zero-
eigenvalue crossing of the NLEP (3.36). Since F(0) = 1/2 (see (i) of Proposition 4.1), we conclude that ((0) = 0 when
C(0) = 1/2. From using (3.40b) for C(X), or equivalently (4.4), we conclude that A = 0 when

W <1 ~ 3> _
qUo \ x0; 2

By using (4.4b) for o ;, together with (3.28) for k3, (4.6) yields that A = 0 when

1
5. =l K-l (4.6)

w? qUo :

Finally, by using D; = 2KDy(1 — cos(mj/K)) /S, as obtained from (3.20), we conclude that the NLEP has a zero-eigenvalue
crossing at the K — 1 distinct values Dy ; of Dy given by

W3S ( qUy

Dy = 1+ &0) o K1, 48
09 = 8202 KT (1 — cos (mj/K)) \' T w) J (48)

As we show in Proposition 4.6 below, the competition instability threshold Dy . corresponds to the smallest such Dy j,

which occurs when j = K — 1. This yields that

_ W3S qUy
Do =Pox-1 = g (1+ cos (7/K)) (1 * w) ' (4.9)

In terms of the unscaled diffusivity D = e 2Dy, the competition stability threshold occurs at D, = 6_2’1)0’0.

Remark 4.5 The zero-eigenvalue crossing condition (4.6) can also be obtained from the NLEP (8.27) with two nonlocal
terms by setting ® = w and A = 0 in (3.27). By using the identity Low = 2w?, this substitution yields 2 — 3x05—qx1,; =0,
where from (8.29) we have x1,; = Upxo,j/w at A= 0. Some simple algebra then recovers (4.6).

We now prove an instability result related to zero-eigenvalue crossings:

Proposition 4.6 Fore — 0, K > 2, ¢> 1,0 < Uy < Upmax, Do = €D = O(1), a K-hotspot steady-state solution for
(1.4) is unstable for all 7, > 0 when Dy > Dy ., where Dy is the competition stability threshold defined in (4.9). For
Dy < Dy,c, a K-hotspot steady-state is linearly stable when 7, =0 and q = 2,3, 4.
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Proof: We first prove that when Dy > Dy, then ((A) = 0 in (3.40) has a positive real root in 0 < A < 3 for each
j=1,..., K —1. This readily follows from the fact that C(0) > 1/2 for each j = 1,..., K — 1, that C(\) = —co as A — 37,
and from Proposition 4.1 where we have F(0) = 1/2 and F(\) — 400 as A — 37. Thus, by continuity, there is at least
one positive real root to ((A\) =0 on 0 < A <3 for each j =1,..., K — 1 and for any 7, > 0. Next, for Dy < Dy ., we show
that N = 0 by using the winding number criterion (4.5) and calculating [arg C]F;r explicitly. From (4.4a), we decompose
C(iAr) = Cr(Ar) +iCr(Ar), and for 7, = 0 calculate that

_ ab)\]
9+ A2

C]()\[): <0 for Ar>0.

Since Fr(A;) > 0 for \; > 0 for ¢ = 2,3,4 from property (v) of Proposition 4.3, we conclude that Im [((iA;)] < 0 for
Ar > 0. Then, since C(0) < 1/2 when Dy < Dy, and F(0) = 1/2 from (i) of Proposition 4.1, we have ¢(0) < 0 for each
j=1,...,K -1, and ((iA;) = w/(qUoxo,;) > 0 as A\; — +oo. It follows that [argC]F? = —m, and consequently N = 0

from the second statement in (4.5) for 7, = 0. [ |

We remark that if Conjecture 4.4 holds, then a K-hotspot steady-state is linearly stable when Dy < Dy . and 7,, = 0
for any ¢ > 1. Moreover, by continuity of eigenvalue paths in 7,, the stability result in Proposition 4.6 should hold for all
7y > 0 but sufficiently small. The possibility of Hopf bifurcations values of 7, for the range Dy < Dy . is examined in detail

for ¢ = 3 in §5 and for general ¢ > 1 in §6.

4.4 Qualitative Interpretation of the Competition Instability Threshold

Next, we discuss the qualitative behavior of the competition instability threshold Dy . with respect to the degree ¢ of patrol
focus and the total level Uy of police deployment. From (2.12), the maximum A, of the steady-state attractiveness field
is Amax ~ € tw/(K), which decreases as either w decreases or as K increases. However, from Corollary 2.2, the amplitude
of the steady-state criminal density p at the hotspot locations is pmax = [w(O)]2 = 2, which is independent of all model
parameters, while away from the maxima of A the criminal density is O(¢?) < 1. Therefore, it is the reduction of the
number of stable steady-state hotspots on a given domain length that is the primary factor in reducing the total crime
in the domain. As such, we seek to tune the police parameters ¢ and Uy so that the range of diffusivity Dy for which a
K-hotspot steady-state is unconditionally unstable, i.e. unstable for all 7,, > 0, is as large as possible. This corresponds to
minimizing the competition stability threshold Dy . in (4.9).

From (4.9), we observe that Dy . increases with ¢ in a linear fashion. Within the context of our RD model (1.4), this
predicts that if the police become increasingly focused on patrolling the more crime-attractive areas, then paradoxically
the range of Dy where a K-hotspot steady-state is unstable decreases. Therefore, for the goal of reducing the number of
stable crime hotspots, a police deployment with intense focus on crime-attractive areas does not offer an advantage over
that of a less focused patrol (assuming that ¢ > 1 for our analysis to hold). At a fixed level Uy of police deployment, and
for integer values of ¢ with ¢ > 1, the best patrol strategy is to take ¢ = 2, which corresponds to the “cops-on-the-dots”
strategy (cf. [11], [22], [33]) where the police mimic the movement of the criminals.

For a fixed ¢ > 1, we next examine how the competition stability threshold for a K-hotspot steady-state depends on

the total police deployment Uy. To this end, we substitute Uy = S(y — o) — w into (4.9), and write Dy . as

DOC o

= SR (1t cos (i) (U0 90 =W 1 —g) +aSl—a)ts w=Sy—a) =T (410)

To analyze the critical points of g(Up), we first observe that dw/dUy = —1 and that Uy — Uy max = S(y —a) as w — 0.

19



We then calculate that

j—(j]vo =-31—-qw(w—w.), where We = m

We conclude that w. < S(y — ), so that 0 < Uy < Up,max, iff ¢ > 3. Therefore, g(Up) has a unique maximum point on
0 < Uy < Up,max iff ¢ > 3. Alternatively, for ¢ < 3 we have dg/dUy < 0 for 0 < Uy < Up max-

Therefore, Dy . is monotonically decreasing in Uy when the patrol focus satisfies ¢ < 3. For ¢ < 3, increasing the level Uy
of police deployment leads to a larger range of Dy where the K-hotspot steady-state is unconditionally unstable. However,
if ¢ > 3, then initially as Uy is increased from zero, the range of Dy where the steady-state hotspot pattern is unstable is
decreased, until the critical value Up . = S(v — o) —w. = S(v — a)(¢ — 3)/[3(qg — 1)] is reached. For Uy > Uy, the hotspot
pattern becomes less stable when the policing level is increased. These qualitative results are displayed in Fig. 6.

Finally, we can interpret our competition stability threshold in terms of a critical threshold K. for which a steady-state
pattern of K > 2 hotspots is unconditionally unstable when K > K,.. This instability, which develops on an O(1) time
scale as € — 0, is due to a real positive eigenvalue of the NLEP, and as we show from full numerical simulations in §5.2
and in §6.3 it triggers the collapse of some of the hotspots in the pattern. By writing (4.10) in terms of K, this critical
threshold K, > 0 when D = Dy/e?, and where g(Up) is defined in (4.10), is the unique root of

e (/D)

= 2/ Jrea [9(Uo)]™* . (4.11)

K [1+ cos(n/K)]

Uy

Figure 6: Competition instability threshold nonlinearity g(Uy), as defined in (4.10), versus total police deployment Uy for patrol focus
parameters ¢ = 2,3,4,5. Other model parameters are S =6, v =2, a = 1, so that Up,max = 6 as shown in the right-most tick of the
figure. The competition instability threshold Do, is simply a positive scaling of g(Uo) according to (4.10).

5 Explicitly Solvable Case ¢ = 3: Asynchronous Hotspot Oscillations

For each j =1,..., K — 1, we now analyze the quadratic equation (3.34) in the eigenvalue parameter A characterizing the
discrete spectrum of the NLEP (3.36) for the special case where ¢ = 3. In terms of the coefficients of the quadratic (3.34a),
for each j = 1,..., K the eigenvalues A\; and A2 satisfy A\j Ao = ¢o/ca and A\ + A\g = —c¢q/ca, where ¢, ¢1, and ¢o > 0, are
given in (3.34b). For the j-th mode, we conclude that Re(\) < 0 when ¢o > 0 and ¢; > 0. We have instability of the j-th
mode if either ¢y < 0, or if ¢y > 0 and ¢; < 0. We have purely complex eigenvalues, corresponding to a Hopf bifurcation
point, when ¢ > 0 and ¢; = 0.

We first determine the signs of ¢y and ¢; in terms of D; and 7,. From (3.34b) we observe that ¢y = 0 when the

20



zero-eigenvalue crossing condition (4.6) holds, which yields (4.7) for D; when ¢ = 3, which we relabel as

* w3 3U0
Next, we set ¢; = 0 in (3.34b) to get, using (3.29) for Xa;, that
fu 2oy _ 1 (Dj+a/m) 52)
Diws  3(2x;) —3) 31D, —a/ry)]’ '
The denominator of this expression motivates introducing Dy, defined by
3
@ w
Df =2 =Y .
oW = 9ks  An2K3a2’ (5:3)
where we have used the expression (3.28) for k3. Upon using (5.3) in (5.2), we obtain that ¢; = 0 when 7, satisfies
Tu = Tum; = H(D;/Di,.) , j=1,...,K -1, (5.4a)
where the function H(5) is defined by
af 1
= — — . 5.4b
wm =5 (5+57) (5.4b)
Notice that 7,5 ; > 0 only when D; > D; . Some simple algebra then shows that we can write ¢; in (3.34b) as
Diow .
cl1 = o ( Dlj — 1) (Tu *TuH,j) . (55)

For the j-th mode, we have ¢; < 0 if D; > D and 7, > Tum,j, while ¢; > 0 if either D; < Dy, or D; > D} and

Tu < Tum,j. With these signs for ¢y and c;, we summarize our stability result for the j-th mode so far as follows:
e For D; > D}, (co <0), we have Re()\) > 0, and the instability is due to a positive real eigenvalue.
e For D; < Dy (co >0 and ¢; > 0), we have stability Re(\) < 0.

e On the range D < D; < D}, (co > 0), we have instability if 7, > 7, j (c1 < 0) and stability if 7, < Tz ; (c1 > 0).

On this range of D;, the Hopf bifurcation threshold, 7,z ; > 0, is given in (5.4).

Next, we must reformulate this result in terms of Dy rather than D;, by using D; = Dy (2K/S) (1 — cos (1j/K)) as

obtained from (3.20). The interval D} < D; < D}, where a Hopf bifurcation value of 7, exists, becomes

up’
SDf SD,

2K (1 —cos (mj/K)) — =Dos 2K (1 — cos (Wj/K))

(5.6)

where D} /Dy =1+ 3Up/w from (5.1) and (5.3). It is convenient to write (5.6) in terms of the competition stability
threshold Dy . defined by setting ¢ = 3 in (4.9). In this way, the interval in (5.6) becomes

1+ cos(m/K) _ Do.c 1+ cos(m/K)
D <Dy<Df: DI =Dy, (— "SR ) p- : , .
05 < F0<Fogs 0.7 0 (1—008(77]'/[() 0.7 7 (14 3Up/w) \ 1 — cos (1] /K) (5.7a)

where Dy . is given by

o w3S 3U0
Doe = 5202 KA (1 + cos (n/K)) (H " ) (5.7b)

When j = K — 1, we have D0 k-1 = Do,c. Now since D; /D5 = Dy/Dy ;, the Hopf bifurcation threshold in (5.4) becomes

low

fumr; = H (Do/Dy) on Dy, <D< Df;. (5.8)
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From this expression, we readily derive the following limiting behavior for 7,p ; at the two ends of the interval:

—1

N (0% DO — . R wo UO 3U0 ) +
TuH,j ™~ 5 [Dw_l] y as DO_>DO,]’7 7',qu N67U_0 <w+1> (UJ+1 s as D0—>D0’j. (59)
For each fixed j = 1,..., K — 1, we summarize the behavior of the roots of the quadratic (3.34), corresponding to the

discrete eigenvalues of the NLEP (3.36), as follows:

Proposition 5.1 For each fized j = 1,..., K — 1, let Ax and A_, with Re(Ay) > Re(A_), denote the two roots of the

quadratic equation (3.34). Then, their locations in the complex plane depend on Dy and 7, as follows:
e For Dy > Da"j, we have Ay >0 and A\ <0 for all 7, > 0.

e For Dy < Dy ;, we have Re(Ay) < 0 for all 7, > 0.

e For D7 . < Dy < D . we have Re(Ay) > 0 when 7y > Tum.; and Re(Ay) < 0 when 0 < Fup i < Tu.
0,7 0,J 3J 2J

Here Dy ; and D(‘{j are defined in (5.7a). The Hopf bifurcation threshold 7, j, which is defined on the interval D, ; <

Dy < D(J)F,Jv is given in (5.8).

Since Daf j / Dy ; = 1+ 3Up/w, we observe that the width of the interval D, ; < Dy < Daf ; where an asynchronous
oscillatory instability in the hotspot amplitudes occurs is nonzero only as a result of the simple coupling term —U in our
three-component RD system (1.1). In the absence of police, this interval disappears and the basic crime model does not
support oscillatory instabilities in this parameter regime (cf. [12]).

Next, we examine the monotonicity properties of the universal function H(8) characterizing Hopf bifurcations, as defined
in (5.4b), on the interval 1 < 8 < Df;/Dg; =1+ 3Up/w. We calculate H'(53) to get

m[(ﬂ—l) -3/,

so that H'(8) < 0if 1 < B < 1++/3 and H'(B) > 0if B > 1++/3. We conclude that H'(8) < 0on 1 < 8 < 1+ 3Uy/w only
when w > v/3Up. Since w = S(y — ) — Uy we conclude that

H(B) =

S(y—a)

H'(B) <0 1< p<3U/w, iff Uy< )
(:6) on B 0/ 0 1+\/§

(5.10)

If Sl(j_:/‘g) < Uy < Uy max, then H(j3) increases on 1+ /3 < < 1 + 3Up/w.

Next, we rewrite the coefficients cg, ¢1, and ¢g, in the quadratic (3.34) so as to readily calculate the Hopf bifurcation

eigenvalue A = iAry. After some algebra we obtain that

1 3Uy Dy 7um,j [ Do Tu Tum,j [ 2Do;
_ 1, 3% 1 = Turg ((Zog “1), = Tl (2700 4 ) (511
€0 2 < * w ) (DS'_J ) ’ “ (0% Do 7A'uH7j 2 3« Do + ( )

where 7,5 ; is defined in (5.8). The Hopf bifurcation eigenvalue A = iA;g with \;g > 0is A\rg = \/co/ca, which yields

D D
U S <1+3U0> 1- =0 ) (22 1), on Dy, <Dy<DF,. (5.12)
(2+Do/Dg ;) w Dyg; Dy ’ ’
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This shows that A;p vanishes at both endpoints. We use the asymptotic behaviors Dy / DJ ;= (143U /w)_1 as Dy — Dy ;
and Do/Dy, ; — (14 3Up/w) as Do — D(‘{ ;» so that from (5.12) we obtain the limiting asymptotic behavior

1 3Uy 3Uo Dy i 3Uo [ Do -
g~ ———— | — 1+ — ) [ 1 - — D Dy . Aig~ | — [ =— -1 D Dy ;.
IH 0+ Uo/)\| @ ( + " ) ( D+4> as Do — Dy ;; IH w \Dy as Do — Ly ;

For the special case K = 2, we now state our main result stability result related to Hopf bifurcations.

Proposition 5.2 For e — 0, ¢ =3, 0 < Uy < Uy max, 7u < O(e72), and Dy = 2D = O(1), the linear stability properties
of a two-hotspot steady-state solution of (1.4) are as follows:

e ForDy > Dajl = Dy,, the NLEP (3.36) has a positive real eigenvalue for all 7, > 0 and so the two-hotspot steady-state
is unstable. Here Dy . = Sw? (1 + 3Up/w) /[1287%a?] is the competition stability threshold with w = S(y — a) — Up.

e On the range Dy, = Do/ (1 +3Up/w) < Do < Dy, there is a Hopf bifurcation corresponding to an asynchronous
oscillatory instability of the hotspot amplitudes when

Tu = 7A'uH71 =H (DO/DO_,l) , on DO_,l <Dy < D(—)i_,l = ’D07c, (514)

where H(B) is defined in (5.4b). When Ty, > Tum i, the two-hotspot steady-state is unstable, while if 7, < Ty the
two-hotspot pattern is linearly stable.

e On the range 0 < Dy < Dy = Do/ (14 3Up/w), the two-hotspot steady-state is linearly stable for all 7, > 0.

In terms of a scaled police diffusivity defined by €2D,, = Dy /7, Proposition 5.2 implies the following:

[0} 0.2 0.4 0.6 0.8

Figure 7: The Hopf bifurcation threshold Tum, versus Do on the range Do,./(1+ 3Up/w) < Dy < Do for K =2, g =3, S =6,
v=2, a=1, for Uy = 2 (left panel) and Uy = 4 (right panel). The two-hotspot pattern is linearly stable in the shaded region. The
thin vertical line in each figure is the lower boundary Do,./(1 + 3Uo/w), while the right edge of the shaded region is the competition
stability threshold. The Hopf bifurcation curve in the right panel is not monotonic since Uy > S(y — a)/(1 + v/3) when Uy = 4.

Corollary 5.3 Under the conditions of Proposition 5.2 we have the following:

e For Dy > Dy = Sw? (1 + 3Up/w) /[1287%a?], the two-hotspot steady-state is unstable for all €D, > 0.

e On the range Do/ (1 + 3Uy/w) < Dy < Dy, the two hotspot steady-state is unstable to an asynchronous oscillatory
instability of the hotspot amplitudes if 0 < eZDp < Dy /Tum,, while the steady-state is linearly stable when 62Dp >
Do/Tur,- Here Tym is the Hopf bifurcation threshold in (5.14).
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e On the range 0 < Dy < Do,/ (1 + 3Up/w), the two-hotspot steady-state is linearly stable for all €D, > 0.

We now illustrate our main stability results for K = 2, S = 6, v = 2, and @« = 1. In Fig. 7 we plot the region of
linear stability in the 7, versus Dy parameter plane for Uy = 2 (left panel) and Uy = 4 (right panel). For Uy = 4, we have
w < v/3Uy, and so the Hopf bifurcation threshold 7, H,1 is not monotone in Dy, as seen in the right panel of Fig. 7. From
this figure, we observe that as Uy increases the region where the two-hotspot steady-state is linearly stable is smaller, as
expected. With regards to the scaled police diffusivity 62Dp = Dy /7y, in the right panels of Fig. 1 and Fig. 8 we plot the
corresponding region of linear stability in the €2D,, versus Dy plane for Uy = 2 and Uy = 4, respectively. For Uy = 2 and
Uy = 4, the corresponding steady-state two-hotspot solution is shown in the left panels of Fig. 1 and Fig. 8. For Uy = 2, the

predicted linear stability results were validated in Fig. 2 by performing full numerical solutions of the PDE system (1.4).
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Figure 8: Left panel: the steady-state two-hotspot solution for S = 6, v = 2, o = 1, Uy = 4, Do = 0.15, ¢ = 0.035, and
g = 3. Right panel: Plot of the Hopf bifurcation threshold for the scaled police diffusivity €D, = Do/Tum, versus Do on the range
Do,./(1+3Up/w) < Do < Doc. The thin vertical line is the competition stability threshold Do, given in Proposition 5.2. The
shaded region is where the steady-state two-hotspot pattern is linearly stable. For Dy > Dy. the hotspot solution is unstable due to a
competition instability, whereas in the small unshaded region for Dy < Do, the hotspot steady-state is unstable to an asynchronous
oscillatory instability of the hotspot amplitudes. The full PDE simulations in Fig. 14 and in Fig. 15 are done at the marked points.

5.1 The Stability Phase Diagram for ¢ = 3: K > 3 Hotspots

Next, we determine the parameter range of Dy and 7, for which a K-hotspot steady-state solution, with K > 3, is linearly
stable. To do so, we need to guarantee that Re(A) < 0 for each of the quadratics in (3.34), i.e. for each j =1,..., K — 1.
In this way, we will ensure that any discrete eigenvalue of the NLEP (3.36) satisfies Re(\) < 0.

By using (5.7a), we readily obtain the ordering principle that

D(:)l:vj+1<D(:)|fj7 and Dofj<D(J{,j, for j=1,...,K—2. (5.15)
We conclude that
Dis—y= _min {Di;}. Dogoy=_min {Dg;}. (5.16)

From Proposition 5.1, we conclude for each of the quadratics (3.34), i.e. for each j = 1,..., K — 1, that Re(\) < 0 for
any 7, > 0 when Dy < Dj ;.. Therefore, a K-hotspot steady-state pattern is linearly stable for all 7, > 0 on the range
0 <Dy < Dg jc_. For the range Dy > Daf x_1, we conclude from Proposition 5.1 that the K —1 mode must be unstable due
to a positive real eigenvalue for any 7, > 0. Therefore, for Dy > Dar, x_1, & K-hotspot steady-state solution is unstable for
all 7, > 0. Additional unstable eigenvalues due to Hopf bifurcations associated with the remaining modes j =1,..., K — 2

are possible depending on the value of 7.
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To complete the stability phase diagram in the 7,, versus Dy parameter plane, we focus on the interval Dy 1 <Dp <

DS:K_l where the sign-alternating K — 1 mode undergoes a Hopf bifurcation at 7, = 7, k-1, given from (5.8) by

D0+,K71:1+%

Tun k-1 =H(B) , on 1<p< where = . (5.17)

0,K—1 w

Here H(3) is defined in (5.4b). The K — 1 mode is linearly stable if and only if 7, < Tum x—1-
We now determine conditions for which the Hopf bifurcation threshold for the K —1 mode is smaller than any of the other
K — 2 possible Hopf bifurcation values 7, p,; for j = 1,..., K — 2 when restricted to the interval Dy ;. ; < Do < DS_,K—I'
From (5.8), these other Hopf bifurcation thresholds, for j = 1,..., K — 2, can be written in terms of § as
GRS (R (5.180)
& &
where f is defined in (5.17). Here, from (5.7), we have defined &; by

Do g1 1—cos(mj/K)

P = = =1,.... K —-2. 5.18b
5] DO_J 1 + cos (F/K) I ] I ) ( )

We observe from (5.18b) that the following ordering principle holds:
fj <§j+1 <1, j=1...,K -3, Er_o :j:1ma)l<(_2{§j}. (5186)

Comparing the intervals in (5.18a) and (5.17), we want to determine a specific parameter range of the total police
deployment Uy for which, for any j = 1,..., K—2, we have that 7,z x—1 < 7u#,; on the overlap domain 5]71 < B < 143U/ w.
If the overlap domain is the null-set for the j-th mode, i.e. if {; < 1/(1+ 3Up/w), then we can simply ignore the j-th
mode on Dg x; < Dy < DS_,K—I' As such, we need only consider values of j (if any) for which §j_1 < 1+ 3Uy/w,
so that an overlap domain exists. Since H(f) is monotone decreasing on 1 < B < 1 + /3, we readily obtain that
H(B) —H(E;B) = fgﬁ H'(y) dy < 0 on the interval Ej_l < B < 14 +/3. In this way, we conclude that

H(EB) < HB), on fj_l <B<1+ Swﬂ, when w > V30U, . (5.19)

Therefore, on the range for which H (/) is monotonically decreasing, it follows that the Hopf bifurcation threshold of 7,
for any mode j = 1,..., K — 2 cannot be smaller than that for the K — 1 mode. Although the monotonicity of (/)
on fj_l < B <1+430p/w for w > V/3U, provides a sufficient condition for the ordering principle TuH,K—1 < Tum,; for
j=1,..., K —2 to hold, we now show explicitly that the monotonicity of (/) is not strictly necessary.

B <1+ 3Up/w. Owing to the ordering principle &; < §;41 for j = 1,..., K — 3 from (5.18c), the first Hopf threshold to

We now determine a precise condition that ensures that 7,m k-1 < Tum,K—2 on an assumed overlap domain 5;(1_2 <

potentially decrease below that of the K — 1 mode must be the K — 2 mode, and so we focus only on a comparison with
the K — 2 mode. From (5.17) and (5.18a), and by using the explicit expression for H () in (5.4b), we calculate after some
algebra that H(Ex—08) > H(B) on {51, < B < 1+ 3Up/w, if and only if

KB)=(Ex—aB8-1)(B—-1)<3, on 1<&t,<B<1+3U/w. (5.20)
Since K'(3) > 0 on this interval, this inequality holds if and only if 1 + 3Uy/w < Bmax, where Bnax is defined implicitly by
K(Bmax) = 3. By setting K(f) = 3, and solving the quadratic for 8 = Bnax, we obtain that (5.20) holds if and only if

V3U, 1(1 1

< Z(Ek-2), where Z(£x o) = — —5+ T

w V3 [1 + \/5%(—2 + 106k —2 + 1]) : (5.21)
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Here w = S(y — a) — Uy and x5 can be found from (5.18b). On 0 < £ < 1, we have that Z() satisfies
Z(E) = +0 as £—0T, Z(1)=1, and Z'()<0 on 0<¢<1. (5.22)

It follows that Z(£) > 1 on 0 < & < 1. The key inequality (5.21) implies that w > v/3Uy/Z(£x_2), which yields a
larger range of w than the range w > v/3Uy where H (/) is monotonic. This inequality (5.21) can also be used to give a
precise upper bound on Uy for which the K — 1 mode determines the Hopf bifurcation threshold for 7,, on the entire range

D(;, x_1 <Dy < Daf x_1- In this way, for K > 3, we summarize our main stability result for K > 3 as follows:

Proposition 5.4 Fore — 0, ¢ =3, K >3, 0 < Uy < Uy max, 7u < O(e72), and Dy = €D = O(1), the linear stability
properties of a K-hotspot steady-state solution of (1.4) are as follows:

e For Dy > D(T’Kfl =Dy, the NLEP (3.36) has at least one positive real eigenvalue for all 7, > 0. Additional unstable
etgenvalues as a result of Hopf bifurcations associated with the other modes j = 1,..., K — 2 are possible depending

on the value of 7,. Here Dy . is the competition stability threshold given in (4.9) with ¢ = 3.
e On the range Dy ;x| = Do,/ (14 3Up/w) < Dy < Dy,., and when Uy satisfies

6D N gt 6y Lo 2/)
\/§+Z(§K—2)> Str-a), " $k-2= 1+ cos (7/K) '

and where Z(&) is defined in (5.21), the K — 1 sign-alternating mode sets the stability threshold on this entire range

UO < UO,swit = < (523)

of Dy. For 7, > Tym k-1, the K-hotspot pattern is unstable, while if 7, < Tym k-1 the K-hotspot pattern is linearly
stable. With H(B), as defined in (5.4b), the minimal Hopf bifurcation value of 7, is

DOC

Tub, k-1 =H (DO/D&K71) voon Dyp g = 1+ 3Uo/w

<Dy < Do, (5.24)
where Dy . is defined in (4.9) with ¢ = 3.
e On the range 0 < Dy < Dy = Do,c/ (1 +3Uy/w), the K-hotspot steady-state is linearly stable for all 7, > 0.
In terms of a scaled police diffusivity defined by €¢2D,, = Dg/#,, Proposition 5.4 implies the following:

Corollary 5.5 Under the conditions of Proposition 5.4, we have the following:
e For Dy > Dy, the K-hotspot steady-state is unstable for all scaled police diffusivities €>D,, > 0.

e On the range Dy ¢/ (1 4 3Up/w) < Dy < Dy, and when Uy < Up swit, as defined in (5.23), the K-hotspot steady-state
is unstable to a sign-alternating asynchronous oscillatory instability of the hotspot amplitudes if €2D,, < Do/Fum k-1

where 1 k1 is defined in (5.24). Alternatively, this steady-state is linearly stable when €D, > Do /Tum rc—1-

e On the range 0 < Dy < Dy ./ (1 + 3Uy/w), the K-hotspot steady-state is linearly stable for all €D, > 0.

We remark that the upper bound Up swit in (5.23) can be calculated explicitly when K = 3 and K = 4. When K = 3,
we calculate & = 1/3 and Z(&) = (14 /10) /v/3. We then obtain from (5.23) that the sign-alternating K — 1 mode sets
the Hopf bifurcation threshold when

3S(y — )
2 ++10

Up < Upswit = ~ (0.58114)S(y — ),  for K =3. (5.25)
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Similarly, for K = 4, we calculate & = 2 — v/2, and

1 |v2 1 V2
Z(&) = 7 [4 + <2 + 4> \/ 27 — 14\/51 ~ 1.5265.

From (5.23), the K — 1 mode sets the Hopf bifurcation threshold when

Uy < UO,swit = (046847)3(’)/ — Oé) s for K =4. (526)

8 ; 8 .
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Figure 9: Linear stability (shaded) region in the 7, versus Do plane for K = 3 when S =6, v =2, a =1, and q = 3, with Uy = 2
(left panel) and Uy = 4 (right panel), as characterized by Proposition 5.4. To the left of the thin vertical line the steady-state is
unconditionally stable. The solid and dot-dashed curves are the Hopf bifurcation boundaries for the (sign-alternating) j = 2 mode and
the 7 = 1 mode, respectively. For Uy = 2 (left panel) the Hopf boundary is determined by the j = 2 mode. For Up = 4 > Up,swit = 3.478
(right panel) the Hopf boundary consists of both the j = 2 and j = 1 mode. The three-hotspot steady-state is unstable to an oscillatory
instability above the solid or dotted curves. At the ends of the Hopf bifurcation curves the Hopf eigenvalue tends to zero.

We now illustrate our main stability results in Proposition 5.4 and Corollary 5.5 for S =6, v = 2, and o = 1. We take
K =3 or K =4, and either Uy = 2 and Uy = 4. For these parameters, (5.25) and (5.26) yield that U swiz =~ 3.487 for
K =3 and Up gwis = 2.811 for K = 4. Therefore, for both K = 3 and K = 4 it is only for the smaller value Uy = 2 that the
sign-alternating mode sets the Hopf bifurcation threshold.

For K = 3, the shaded region in Fig. 9 is the theoretically predicted region of linear stability in the 7, versus Dy
parameter plane for Uy = 2 (left panel) and for Uy = 4 (right panel). In this figure the dotted curve and solid curves are
the Hopf bifurcation thresholds for the j = 1 mode and the sign-alternating j = 2 mode. When Uy = 2 (left panel), the
sign-alternating mode sets the boundary of the region of stability, whereas for Uy = 4 (right panel) both the j = 1 and
4 = 2 Hopf bifurcation thresholds form the boundary of the region of stability. The corresponding region of stability in the
scaled police diffusivity €D, versus Dy parameter plane is shown in Fig. 10.

Similar results for K = 4 and for Uy = 2 and Uy = 4 are shown in Fig. 11 in the 7, versus Dy plane and in Fig. 12
in the €D, versus Dy plane. From the left panels of Fig. 11 and Fig. 12, the j = K — 1 = 3 sign-alternating mode
always sets the Hopf bifurcation boundary when Uy = 2. However, from the right panels of Fig. 11 and Fig. 12, where
Up = 4 > Up swit ~ 2.811, both the j = 3 and j = 2 modes determine the Hopf bifurcation boundary when Dy < Dy .

Remark 5.6 More generally, for K > 3 there can be K —2 distinct mode switches for the minimal Hopf bifurcation threshold
on the interval DOinl < Dy < DSF’K71 when Uy increases beyond Uy syir towards Uy max. Although we do not work out
precise conditions for this cascading behavior of the minimal Hopf bifurcation value here, we illustrate this phenomena in
Fig. 13 for K =4, S=6,v=2, a =1, and Uy = 5. From this figure, we observe two mode switches of the minimal Hopf

bifurcation threshold. This suggests that as Uy approaches the existence threshold Ug max, there is an interval of Dy where
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Figure 10: Same plot as Fig. 9 except in the scaled police diffusivity €D, = Do/#, versus Do plane for K =3, S =6,y =2, a =1,
and q = 3, with Uy = 2 (left panel) and Uy = 4 (right panel) (see Corollary 5.5). The three-hotspot steady-state is linearly stable in
the shaded region. This steady-state undergoes an oscillatory instability below the solid or dot-dashed curves. In the left panel the thin
vertical line is the competition threshold Do,.. The additional thin vertical line in the right panel is where the Hopf boundary switches

from j =2 to j = 1. This switch occurs since Uy = 4 > Ug swit = 3.478 (see (5.25) and the second statement of Corollary 5.5). The
full PDE simulations in Fig. 16 and in Fig. 17 are done at the marked points in the left and right panels, respectively.
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0.05 0.1 0.15 (e] 0.02 0.04 0.06
Do

Do
Linear stability (shaded) region in the 7, versus Do plane for K = 4 when S = 6, v = 2, a = 1, and q¢ = 3, with
Uo = 2 (left panel) and Uy = 4 (right panel). The solid, dot-dashed, and dashed curves are the Hopf bifurcation boundaries for the
(sign-alternating) j = 3 mode and the other j =2 and j = 1 modes. For Uy = 2 (left panel) the Hopf boundary is determined by the

sign-alternating j = 3 mode. For Uy = 4 > Up,swit = 2.811 (see (5.26)), the Hopf boundary consists of both the j = 3 and j = 2 mode.
Asynchronous oscillatory instabilities of the hotspot amplitudes occur above any of the Hopf bifurcation curves.

Figure 11:
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K — 2 distinct modes of oscillatory instability of the hotspot amplitudes can occur if 7, is large enough. This suggests the

possibility of intricate spatio-temporal dynamics in this parameter regime.

. >
": _,7 = 3 _,7 = 3
, ej=2 el j=2
4 s s
R el g=1 ---g =1
0.06 0.08 0.1 0.12 0.14 0.16 0.015 0.02 0.025 0.03
Dy Dy

Figure 12: Plot corresponding to Fig. 11 in the scaled police diffusivity €D, = Do /#. versus Doy plane for K =4, S = 6, v = 2,
a =1, and q = 3, with Uy = 2 (left panel) and Uy = 4 (right panel). The four-hotspot steady-state is linearly stable in the shaded
region. This steady-state undergoes an asynchronous oscillatory instability below either of the three Hopf bifurcation curves. In the
left panel the thin vertical line is the competition threshold Do .. The additional thin vertical line in the right panel is where the Hopf
boundary switches from j =3 to j = 2. The Hopf eigenvalue tends to zero at the ends of each of the Hopf bifurcation curves.
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Figure 13: Linear stability (shaded) region in the 7, versus Do plane for K =4 when S =6, v =2, a =1, and ¢ = 3, with Uy = 5.
The solid, dot-dashed, and dashed curves are the Hopf bifurcation boundaries for the (sign-alternating) j = 3 mode, the j = 2 mode,
and the j =1 mode, respectively. Notice that the minimal Hopf bifurcation threshold on Dy . ; < Do < Dg—,Kﬂ now consists of all
three modes. Asynchronous oscillatory instabilities of the hotspot amplitudes occur above either of the three Hopf bifurcation curves.

5.2 Comparison of Linear Stability Theory with PDE Simulations: ¢ = 3

For various points in the stability phase diagrams of 62Dp versus Dy, we now confirm our linear stability predictions by
performing full numerical simulations of the RD system (1.4) using the collocation-based 1-D VLUGR |[2] software, which
uses adaptive meshing and error-controlled time-stepping. For the initial condition for (1.4) we use a slightly smoothed

approximation to a K-hotspot steady-state solution, as given in Corollary 2.2, with the explicit form

K
1 -1 —(r—z, 2/a?
Az, U\/U_OZ 140.0la;)w o (z — ;)] + @ I—Ze (@==3)"/ , (5.27a)
j=1 j=1
K
2
Z e —x)))7, U(z,0) = JKI m—xj)])q . (5.27b)
j=1
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Here ¢ = 3 and the hotspot locations are at their steady-state values z; = S(2j —1)/(2K) for j = 1,..., K. The last
term in (5.27a) is used solely to subtract off the baseline attractiveness from the localized hotspot regions. In (5.27a), the
random coefficient a; of the 1% perturbation of the hotspot amplitudes is taken to be uniformly distributed in [—1,1]. In
addition, the smoothing parameter o, taken as o = 1.2¢, was introduced so as to allow the time-stepper to converge in the
PDE simulations with an initial uniformly-spaced of 1000 points on 0 < x < S. For all of the full PDE simulations reported

below, we will display the amplitudes of the maxima of A versus ¢ for the baseline parameter set S =6, v =2, and o = 1.

15 8.1
—spot 1
---spot 2| ...
——spot 1
---spot 2
(6] 2 4 6 8 1‘0 12 e) 5 1‘0 15

t t

Figure 14: The spot amplitudes computed numerically from the full PDE system (1.4) for a two-spot pattern with S =6, v =2, a = 1,
Uop =4, € = 0.035, and q = 3, al two of the marked points in the right panel of Fig. 8. Left panel: 7, = 1.8 and Dy = 0.3, so that
€2D, ~ 0.1667. Spot amplitudes are unstable to a competition instability. Right panel: #, = 1.0 and Do = 0.15, so that €D, = 0.15.
Spot amplitude asynchronous oscillations decay in time and there is no competition instability. These results are consistent with the
linear stability predictions in the right panel of Fig. 8 (see also the right panel of Fig. 7).

For a two-hotspot steady-state, in Fig. 2 of §1 we confirmed the predictions of the three marked points in the phase
diagram in Fig. 1 for Uy = 2 and € = 0.075. A similar validation of the linear stability phase diagram in the right panel of
Fig. 8 for Uy = 4, with the smaller value € = 0.035, is given in Fig. 14 and Fig. 15. Our choice of a smaller € here is due to
the fact that the steady-state hotspot amplitude is considerably smaller for Uy = 4 than when Uy = 2. Moreover, in Fig. 15
we show that for two nearby points in the phase diagram where an asynchronous oscillatory instability is predicted, the

long-time dynamics can be rather different in that either one, or both, of the hotspots are ultimately annihilated.
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Figure 15: The oscillatory instabilities of the spot amplitudes computed numerically from the full PDE system (1.4) for a two-spot
pattern with S =6, v =2, a =1, Uy =4, e = 0.035, and q = 3, at the marked points in the right panel of Fig. 8 where an oscillatory
instability occurs. Left panel: 7, = 2.6 and Dy = 0.15, so that 62Dp ~ 0.0577. Spot amplitudes are unstable to asynchronous
oscillations, which leads to the collapse of both hotspots. Right panel: 7, = 3.0 and Do = 0.15, so that €>D, = 0.05. Spot amplitudes
are unstable to asynchronous oscillations, but now only one of the two hotspots is annihilated.

For a three-hotspot pattern with ¢ = 0.05 and Uy = 2, in Fig. 16 we show full numerical results, as computed from (1.4),
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for the hotspot amplitudes at the three marked points in the left panel of Fig. 10. These results are completely consistent

with the linear stability predictions of our phase diagram. The middle panel of Fig. 16 shows that the asynchronous
oscillation is due to the sign-altering mode, as predicted theoretically.
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Figure 16:

The spot amplitudes computed numerically from the full PDE system (1.4) for a three-spot pattern with S = 6, v = 2,
a=1,Uy=2,e=005 and ¢ = 3. Left panel: #, = 1.3 and Dy = 0.07, so that €D, ~ 0.0538. Spot amplitudes are stable to
asynchronous oscillations and to the competition instability. Middle panel: 7, = 2.5 and Do = 0.07, so that 2D, = 0.028. Spot

amplitudes are unstable to asynchronous oscillations due to the sign-altering mode, which leads to the collapse of middle hotspot.
Right panel: 7, = 2.5 and Dy = 0.12, so that €D, = 0.048. Spot amplitudes are unstable to a competition instability due to the

sign-altering mode, which leads to the collapse of the first and third hotspots.

These results are consistent with the linear stability

predictions in the left panels of Fig. 9 and Fig. 10. The results correspond to the marked points in the left panel of Fig. 10.
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Figure 17:  The spot amplitudes computed numerically from the full PDE system (1.4) for a three-spot pattern with S = 6, v = 2,
a=1, Uy =4, ¢ =0.025, and q = 3, for the two marked points in the right panel of Fig. 10. Left panel: 7, = 2.5 and Dy = 0.01,
so that 62Dp ~ 0.004. Unstable asynchronous spot amplitude oscillations are of sign-altering type as predicted by the theory. Right

panel: 7, = 1.6 and Do = 0.03, so that 2D, = 0.01875. The unstable spot amplitude oscillations are no longer sign-altering. Here
the first and third spots exhibit anti-phase oscillations as predicted by the right panel of Fig. 10.

As a more refined test of our linear stability theory, we again consider a three-hotspot pattern but now take Uy = 4 and
e = 0.025. For Uy = 4, the phase diagram shown in the right panel of Fig. 10 predicts that there will be a switch at some
critical value of Dy between the dominant spatial mode for asynchronous temporal oscillations. The full numerical results
for the spot amplitudes shown in Fig. 17 at the two marked points in the right panel of Fig. 10 validate this theoretical
prediction. In particular, in the right panel of Fig. 17 we observe that it is the first and third hotspots, instead of the first

and second hotspots, as in the left panel of Fig. 17, that exhibit anti-phase temporal oscillations.
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6 Oscillatory Instabilities of the Hotspot Amplitudes: ¢ # 3 and ¢ > 1
In this section we analyze the NLEP (3.36) for the general case where ¢ # 3, by determining the roots of {(\) = 0 in
Re(A) > 0. We begin by rewriting C()) in (4.4a) as

b
3\

CA) =

SalBS|

5 9w 9x0.5 Tu 1 k3D
1 A1 h= 22 = — =14 ==L
( +TJ ) ( 2qU0 ; 9 + o

hi = =
) , where n Dira’ xos

Sh

(6.1)

To relate our key parameter b (which depends on j) to the diffusivity Dy, we first use the expression for xg ; to write D, in
terms of b as D; = [a/(2k3)] (9/b — 2). Then, upon using (5.3) for o/(2x3) and (3.20) to relate D; to Dy, we obtain that

D
R S S Jpu—. — (6.2)
DO,j b 2+ID0/D0J
Thus, Dy > 0 only when b < 9/2. Here Dy ; is defined in terms of the competition threshold Dy, of (4.9) by
Do,c 1 K 1 K Dg .
D, .= Oe +cos(7r/ ) , Di. =Dy, —+COS(7T/ ) , 0 :1—|—@, (6.3)
J 7 (14 qUp/w) \ 1 —cos (mj/K) J “\1—cos(mj/K) Dy w
where D0+7 x—1 = Do,c. In our analysis below, the following ranges of b will play a prominent role:
(I): 3<b<9/2 = Dy,;>Dy>0 = ((0)<0, (6.4a)
(II): b.=3n/(n+3/2)<b<3 = Dg,>Dy>Dy, = 1/2>C(0)>0, (6.4b)
(II): b<b. = Dy>Df;, = C(0)>1/2. (6.4c)

Since F(0) = 1/2, and C(0) = 1/2 when b = b.., we conclude that b = b, corresponds to a zero-eigenvalue crossing.

6.1 Analytical Results Based on the Winding Number Criterion

Here we use the winding number criterion of §4.2 to determine some rigorous results for the number N of unstable eigenvalues
in Re(A\) > 0 for the ranges of b listed in (6.4). In our analysis we will assume that Conjecture 4.4 on Fr(A;) and Fr(Ar)
holds for ¢ > 1. With ((\) as defined in (3.40), we obtain from (4.5) that for 7, > 0 we have

3 1
To calculate [arg C]F? we need the following properties of the real and imaginary parts of C(i\f):

Lemma 6.1 Let C(iA;) = Cr(Ar) +iCr(Ar). Then, from (6.1) we have

Cr(A1) =

>3

3 _ Caa [l b +37)
(1+TJb 79_'_/\% (1+3TJ)> R C]()\[) =7 |:Tj (9+)\%)

For the imaginary part we have:
(i) Cr(Ar) ~ (9b) " nAr [37(3 = b) — b] as Ar — OF.
(ZZ) C[()\I) ~ b_1777~'j/\1 as \j — +00.

(iii) If b < 3/(1+ g=), then C1(Ar) > 0 for all A7 > 0.

(iv) If b>3/(1+ 55), then Cr(Ar) <0 on 0 < Ar < \/3(b—=3)+ £ = Ar, and C(Ar) >0 on Ar > Ay,
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Alternatively, for the real part we have:
(v) Cr(Ar) >0 for A\r > 0.
(vi) Cr(Ar) ~ b~ In(1 + 7;b) as \j — .

(vii) Cr(0) > 0 if b < 3 and Cr(0) < 0 if b > 3. When b > 3, then Cr(A\;) < 0 on 0 < A; < 31(5;7%3})) = A\/gr, and
CR()\]) >0 on A > A\ig-

(viii) Cr(0) > 1/2 iff b < b. = 3n/(n+ 3/2), where b, is the zero-eigenvalue crossing.

With properties (ii) and (vi) of Lemma 6.1, together with the decay of Fr(A;) and F;(A;) as A\j — +00, as given in

Proposition 4.3, we conclude that
C(Z)\[) Nb_ln(l—‘r%jb)—f'ib_l’lﬁ:j)\[ as  A; — 4oo.

Therefore, with respect to the origin, the path ((iA;) = (r(A\r) +i{; (A1) begins, as A\; — oo, asymptotically close to the
positive infinity of the imaginary axis in the complex ( plane.

Moreover, from property (v) of Lemma 6.1, and under Conjecture 4.4 that F(A;) < 0 for all A; > 0, we conclude that
Cr(Ar) >0 forall A >0. (6.7)

With this key result, the path ((iA;) in the {-plane for \; > 0 can only intersect the imaginary (; axis exactly one or zero
times. In particular if {(0) = (r(0) > 0, then (g(A;) > 0 for all \; > 0 so that [arg C]FT = —7/2 and N =1 from (6.5). In
contrast, if ((0) = (r(0) < 0, then there is a unique Ay > 0 for which (g(A}) = 0. In this case, we obtain from (6.5) that

(I): ¢gA\)>0 = [arg(]rj =r/2 = N=2 (6.8a)
(I): ¢(A\)<0 = [argg“]r? =-3r/2 = N=0. (6.8b)

With these preliminary observations, we obtain the following instability result for the j-th mode on the range Dy > Dof -

Proposition 6.2 Suppose that Dy > D(‘]‘:j and that Conjecture 4.4 holds. Then, for the j-th mode with 7 =1,..., K — 1,
we have N =1 for all 7; > 0.

Proof: When Dy > Dy ;, we have b < b. = 31/(n+ 3/2) and consequently Cr(0) > 1/2 from (III) of (6.4). This yields

0,57
Cr(0) > 0, and thus (g(A;) > 0 for all A\; > 0 using the monotonicity result (6.7), which holds when Fj(A;) < 0 for all
Ar > 0. Therefore [arg C]F? = —m/2 and (6.5) yields N =1 for all 7; > 0. [ |

Together with the ordering principle DaL’j_H < D0+,j for j =1,..., K — 2 from (5.15), this instability result proves, for
any 7, > 0, that there are exactly K — 1 positive real eigenvalues of the NLEP (3.36) when Dy > Daf 1-

Proposition 6.3 Suppose that Dy < DS'J- and that Conjecture 4.4 holds. Then, for the j-th mode with 7 =1,..., K —1,
we have either N =0 or N =2 for all 7; > 0. Moreover, if 7; < 1 we have N = 0.

0,57
and (i (A7) > 0, which holds when Fj(A;) < 0 for all A\; > 0, it follows that there is a unique root A} for which (r(A})
From (6.8), we have for all 7; > 0 that either N = 0 or N = 2 depending on the sign of {7 (A\}).

Proof: If Dy < D{ ., then b > 3n/(n + 3/2), and so Cr(0) < 1/2 by (II) of (6.4). Therefore, since z(0) < 0, Cg(c0) > 0,
=0.
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Next, we prove that N =0 if 7; < 1. For 7; < 1, we obtain from (6.6) that

o3
9+12 )"

uniformly in A;. It follows that (r(A}) = 0 at some A} = O(1) when 7; < 1. However, for 7; < 1, we have from (6.6)
that Cr(A}) ~ —nAr/ (9 + A%) < 0. Under Conjecture 4.4 that F;(A;) > 0, we conclude that (;(A}) = Cr(A}) — Fr(Af) < 0.
Therefore, from (6.8b), it follows that N = 0 when 7; < 1. [ |

Cr(Ar) ~

SalES]

This result proves that the j-th mode is linearly stable on the range Dy < D('{ ; whenever 7; < 1. The next result
determines IV for 7; > 1 on the entire range Dy < D0+7 j

Proposition 6.4 Suppose that Dy ; < Dy < Dafj and that Conjecture 4.4 holds. Then, for the j-th mode with j =
L,....,K =1, we have N = 2 when 7; > 1. In contrast, if Dy < Dy ;, then N =0 when 7; > 1.

Proof: We first observe from (6.4) that D <Dy < D0 j when be <b <3 and Dy < Dy ; when b > 3. For Dy < D0 oW
have (r(0) < 0 and so there is a unique root A} to (g(A}) = 0. For 7; > 1, and for b > b, = 3n/(n + 3/2), this unique root
of Cr(Ar) occurs for \f = O(F _1/2) < 1. By setting Cr(A1) = Fr(Ar), and using A\ = (9(7_1/2) < 1, together with (6.6)

for Cg, we get that
n b,. .o 1

In this way, we obtain for 7; > 1 that the unique root A} of (r(A;) = 0 occurs at

* ~1/2 o 3 9
N~ B/, B= 3<1b)+2n. (6.9)
From (6.6) for Cr, we then calculate for 7; > 1 that
Cr(\}) ~ ”f B-b)7"? =0F"). (6.10)

When b > 3, which corresponds to Dy < Dy ;, we have Cr(A;) < 0. Therefore, with F;r(A;) > 0 from Conjecture 4.4,
we conclude that (;(A5) < 0. This yields that N = 0 from (6.8b). Next, suppose that b. < b < 3, which corresponds to
Dy; < Do < Dg;. Then, since Cr(\}) > 0, with C;(\}) = 7,/* > 1 for 7 > 1, while F7(A}) = O(1), we conclude that
Cr(A5) > 0. This yields that N = 2 from (6.8a). [ |

On the range D ; <Dy < D0 _j» Propositions 6.3 and 6.4 show for the j-th mode that N =2 for 7; > 1 and N =0 for
7; < 1. Therefore, by continuity, there must be a Hopf bifurcation value of 7; on this range of Dy. Although this proves
the existence of a Hopf bifurcation threshold for 7, on the range Dy ; < Do < Dafj for any mode j =1,..., K — 1, it does
not establish uniqueness of this threshold or provide any its qualitative properties. This is done numerically in §6.2.

The remaining issue relates to the range Dy < Dy, ;, where we have proved that N = 0 when either 7; <1 or 7; > 1.
Next, we study for this range of Dy whether N = 0 for all 7; > 0.

To examine this question we will proceed as follows: Suppose that Cr(0) < 1/2 and that Cg(co) > 1/2. Then, with
Conjecture 4.4 that Fj(Ar) < 0 for all Ay > 0, and with Fr(0) = 1/2, it follows that the unique root A} to (r(Ar) =0
satisfies A\ < App, where A, is defined by Cr(Ar,) = 1/2. If we can then show that Cr(Ar,) < 0, it follows that
C1(X5) < 0. Then, by Conjecture 4.4 that F;(A;) > 0 for all A\; > 0, we obtain that {;(A\}) < 0, and consequently N = 0
from (6.8b). Therefore, our goal is to determine the range of b, with b > 3, for which

CR(O) < 1/27 CR(OO) > 1/2, and C]()\jm) < 0 where CR(/\Im) = 1/2. (6.11)
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When b > b, we have Cg(0) < 1/2, and from property (vi) of Lemma 6.1 we have Cr(oc) > 1/2 provided that

q
b

Then, by using (6.6) for Cr, we obtain that Cr(Ar,) = 1/2 when

1437 1 [n. .. 1

(1+7;b) > % (6.12)

9+ A2, 3n
By using this expression in (6.6) for C;(Ar) we get, after some algebra, that

DArm (- b(1+ 37~'j) DAIm | - b
Crdm) =75 (TJ 9+ 7, |0y,

We conclude that Cr(Ary,) < 0 when 1+7,;b—b/(2n) > 37;. Since, from (6.12), we have Cr(co0) > 1/2 when 1+7;b—b/(2n) >
0, we conclude that the inequalities in (6.11) hold when

and  1+7;b—0b/(2n) > 37;. (6.13)

We now determine a range of b, independent of 7;, for which the inequalities (6.13) hold. A sufficient condition for
(6.13) to hold is that b > 3 and b < 2n. If n < 3/2, there is no such range of b. If n > 9/2, these inequalities hold on the
full range 3 < b < 9/2 where Dy < Dy ;, as given in (I) in (6.4). However, when 3/2 < n < 9/2, the interval 3 < b < 27 is
only a subset of the full range in (I) of (6.4) where Dy < D, ;. By using (6.1) for 7, together with (6.2) to relate b to Do,

we summarize our result as follows:

Proposition 6.5 Suppose that Conjecture 4.4 holds. Then, for the j-th mode with j = 1,..., K —1 we have the following:

(I)  Suppose Uy < 2w/q and Dy < Dg ;. Then N =0 for all 7, > 0. (6.14a)

U
(IT) Suppose 2w/q < Uy < 3w/q and (qo - 2> Dy <Do < Dy ;. Then N =0 for all 7, > 0. (6.14b)
w : :

This result provides no stability information for the range Do < Dy ; when Up > 3w/q.

As aresult of the ordering principle Dy ;| < Dy, for j=1,..., K —2 and K > 3, we conclude from (I) of Proposition
6.5, upon recalling w = S(y — a) — Uy, that a K-hotspot pattern is linearly stable for all 7, > 0 on the range Dy < Dy k1
when Uy < 25(y — a)/(q + 2). This result is weaker than that obtained for the explicitly solvable case ¢ = 3, In fact, since
w = 8(y — a) — Vo, it provides no stability information on Dy < Dy ; when Uy > 3(S —7)/(q + 3). For ¢ = 3, we recall
from Proposition 5.1 that for the j-th mode we have N = 0 for Dy < Dy ; for all 7, > 0 without any restriction on Up.

In §6.2 we will investigate numerically the possibility of a Hopf bifurcation for the range 0 < Dy < Dy, ; when Uy > 3w /4,
for which Proposition 6.5 does not apply. Our numerical procedure in §6.2, based on a parameterization of any Hopf
bifurcation point of the NLEP, suggests that no Hopf bifurcation exists on the range 0 < Dy < Dy ; for any Uy < Up,max,
as qualitatively identical to the second statement proved in Proposition 5.1 for the explicitly solvable case ¢ = 3.

To gain some insight into the behavior of the Hopf bifurcation threshold 7; for the j-th mode, we now derive a scaling
law for it to show that 7; — oo and A\; — 0T as Dy — Dy ; from above, or equivalently as b — 3 from below. For b — 37,
we look for a solution to ((iA;) = 0 with A\; — 0, 7 — oo, with the distinguished balance A\; = O(?j_l/z)
Cr(A\1) = Fr(A1), and using Fr(A;) ~ 1/2 as A\; — 0, together with (6.6) for Cr, we get that

n b - 1
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By solving for 7;0% and letting b — 3, we obtain that 7,07 = 9/(2n) + 3(b — 3)/b. By letting b — 3, we conclude that

9
)\] ~ % s as 7:_7 — 0. (615)

Then, we set Cr(Ar) = Fr(Ar), and use (6.6) for Cy, together with the local behavior for Fy(A;) as A\ — 0 from (iv) of
Proposition 4.3. This yields that
77>\I ~ ~ 2 )\I 1
——— (37830 b+ TA}) ~—(1—— .
B + ) (30 bR ~ ( q

Upon cancelling the factor of A; and using 7;A% ~ 9/(2n), we solve for 7; in the expression above to get

1 9 9 1 1 3 3
7o~ b - =) ~—|1+2(1-% b—3. 1
g 3(3—b){ +4n< QH 3—6[ +4n< QH’ s b (6.16)

In terms of the original variables Dy, Uy and 7, we use (6.1) and (6.2) to get

3 qU D D
2 4 %uzo‘(“q)ofj, b-3~1-—2 as Dy Dy, (6.17)
dn 6w Do 0 ’

Upon substituting (6.17) into (6.16) and (6.15) we get the following limiting Hopf bifurcation threshold as Do — Dy ;:

%uHNOZ(Hq)l_ <1+qUO<1—3)>1/2, AIH ~ D_O—1<qUO>1/2 {1—}—%(1—3)]1/2.
' 2 \ ks (DO/DO.j —1) 6w q Dy ; w 6w q
(6.18)
For the special case where ¢ = 3, this limiting result for A\;g and 7, g agrees with that in (5.13) and (5.9), respectively.
Finally, for the j-th mode we will calculate an additional scaling law for the Hopf bifurcation threshold and the Hopf
eigenvalue as b — b, = 3n/(n+ 3/2) from above, corresponding to the limit Dy — Daf ; from below. We look for a root
Ar < 1to Cr(Ar) = Fr(Ar) and use
fRN%—k:R)\?—i—m, as A; =0, (6.19)

for some kr > 0, together with (6.6) for Cr(As), to obtain that

_ " g_ 2 - ~ 1 2
b0+ 22) [9 3b+/\1(1+7']b)] 3 kRrAT -
Upon isolating A7, we get
Q(Q —3b) — 9 = \? L 9kp — L (14 7,b.) (6.20)
b 2 I\ 2 B b ) ’

We then set Cr(Ar) = Fr(Ar) as A\ — 0 using the local behavior (i) of Lemma 6.1 for C; (A7) and that in (iv) of Proposition
4.3 for Fr(A;). This yields that

o GB-t -t~ (11

q
Upon using b. = 3n/(n+ 3/2), we solve for 7; in this expression to obtain
- 2n 9 1

Upon substituting (6.21) into (6.20) and solving for A\; we obtain, after some algebra, that A\ = A\;py satisfies

27 (1—b,/b\ "/ n 1) 2
~ = R . 22
ArH 2(3bc> (9 R+3+ 5 +2< q)> , as b—b. (6.22)

36




To write 7; in (6.21) in terms of the original variables, we use (6.17), together with Dij/DOjj =1+ qUy/w, to obtain

. aw [ Ky qUo Uy 4
g~ a1+ 22 1+ 2Lg-1)), Do — D .. 6.23
Tt 54T, (/f?a) ( i ) ( - W(q )) e 0 (6:23)

When ¢ = 3, the expression in (6.23) agrees with that obtained in (5.9) for the explicitly solvable case. To determine
if (6.22) yields the limiting Hopf eigenvalue given in (5.13) when ¢ = 3, we use F(iA;) = 3/[2(3 —iA;)], as obtained from
(4.1). This yields Fr(A;) ~ 1/2 — \?/18, which identifies that kg = 1/18 in (6.19). With this value for kg, and with ¢ = 3,

the expression in the brackets in (6.22) is a perfect square, and simplifies to

27 b\ V2 (9/2)"/2
A 2<l‘b> (3—b0)12(n+3/2)

We then use b. = 3n/(n + 3/2), together with n = 3w/(2Up) when ¢ = 3 from (6.1), to get

ArH ~ \/7\/1—7 <1 + > " ‘ (6.24)

Finally, we use (6.2) for b, D(T,j/D(Ij =1+ 3Up/w, and n = 3w/(2U)) to calculate

bc - n DO - DO . 1+3Uo/w
1T 3(n+3/2) (Dojj +2> - (DOJ”J 1) (3(1+U0/w)> ' (6.25)

Upon substituting this expression into (6.24), we recover the result for A7y given in (5.13) for Dy — D(J{,j from below.

6.2 Parameterization of the Hopf Bifurcation Curve

To compute the Hopf bifurcation threshold numerically for the j-th mode on the range D ; < Doy < D j» and to ex-
plore the range Dy < D; ; where Proposition 6.5 only gives partial stability information, we now formulate a convenient
parameterization of any Hopf bifurcation curve in the 7, versus Dy parameter plane.

We set ((iAr) = 0 in (3.40) to get C(iA;) = F(i\r), where C(iA;) and F(i)A;) are given in (6.1) and (4.2) respectively.
By taking the squared modulus of both sides we get

s . 3-0)"+ )] :
7 () | B < ran P,
I

which we solve for 77 to get

1 b? 9+ A7
2= |14 = | et | [F(A)?] - 6.26
=5 [ () o) (0:20)
To derive a second equation for 7; we set Im [((iA7)] = 0 to get, upon using (6.6) for C;(Ar), that

nA;

5O + %) (37 (3—0) — b+ A7) = Fr(Ar).

Upon isolating 7; from this expression we obtain that

b [npAr + pFr(Ar)]

e 3 ., where pu=9+\7. (6.27)
I

TP =

Then, by eliminating 7; between (6.26) and (6.27) we obtain, after some algebra, that A\; must satisfy the nonlinear algebraic
problem M(Ar) = 0, defined by

2
M) = (4 b2 = 6b) | (nhr + pFr)* + Z—Q(u —3b)?| — pu(p — 3b)2|F)?, where =9+ \7. (6.28a)
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Here we have labeled F; = F;()\;) and |F|2 = |F(i))|2 = [Fr(\)] + []—'12(/\1)]2. In terms of the original 7, variable, we
have from (6.17) and Doy/D; ; = 9/b — 2 that the Hopf bifurcation threshold is

R a [y A1 + pFr(Ar)] 2
= Ba) (g — gp) WAL T RS IAL] h =942, 28
Tu.H Y (Hs) 9 ) T where p©=94 A7 (6.28b)

This parameterization (6.28b) and (6.28a) is used numerically as follows: For a given n and ¢, we will show numerically
that (6.28a) has a unique root \; = Arg(b) on the range b. < b < 3, where b. = 3n/(n+ 3/2). This corresponds to the

range D, ; <Dy < Dar,j, via the mapping

Dy = Dy, (2 - 2) . (6.28¢)
To compute this root A;g(b) by applying a Newton solver to (6.28a), we must compute the functions Fr(A;) and Fr(Ar),
as defined in (4.2), using a BVP solver, for any A\; > 0. A key simplifying feature of this parameterization is that the root
Arp(b) can be used for all of the modes j = 1,..., K — 1, as the range of Dy for the specific mode is only identified at
the last step (6.28c). A similar universality feature of the Hopf bifurcation curve was exploited in (5.8) for the explicitly
solvable case ¢ = 3. We further remark that for the explicitly solvable case ¢ = 3 where F(iA;) = 3/[2(3 — iAr)], some
lengthy but straightforward algebra shows that the root of (6.28a) is given explicitly by (5.12).

On the range b. < b < 3, for which Proposition 6.4 ensures that a Hopf bifurcation exists, the Hopf threshold 7, g ; for a
specific mode j = 1,..., K — 1 is given uniquely by simply evaluating (6.28b) at the unique root A\; = Arg (b) of M(A;) = 0.
We remark that on the range b < 3 we have p — 3b > 0 for all A\; > 0, so that (6.28b) is well-defined. To establish that
(6.28a) has a root on b, < b < 3, we set A\; = 0 in (6.28a) and use F7(0) = 0, |F(0)|?> = 1/4, and u = 9, to get that

M(0) = (9 — 3b)?2 {2’2(1) 32 ﬂ .

From this expression, we conclude that M(0) =0 at b = b. = 3n/(n+ 3/2) and b = 3, and that M(0) < 0 on the interval
be < b < b. Since M(A\1) = 400 as A\ — 400, we conclude that there exists a Arg > 0 for which M(Arp) = 0.

Figure 18: Plots of M(A\1)/up, where i = A3 + 9, versus Ar for S =6, v =2, a =1, Uy = 4, and q = 2. In the left panel, where
b = 1.5,2.0,2.5, which satisfies be < b < 3, there is a unique oot to M(Ar) = 0, yielding the Hopf eigenvalue. In the right panel,
where b = 3.2,3.6,4.0, there is no root to M(A\r) = 0, and hence no Hopf eigenvalue. For our choice Uy = 4, where Uy > 3w/q,
Proposition 6.5 gives no information regarding Hopf bifurcations on the range b > 3.

To examine numerically the uniqueness of the Hopf threshold on the range b, < b < 3, we take the same parameter set
S =06,7=2, and o = 1, as used in §5 for the ¢ = 3 case. We choose ¢ = 2 and Uy = 4 for which n ~ 1.286. For b = 1.5,
b= 2.0, and b = 2.5, in the left panel of Fig. 18 we plot M(A;)/u versus A\; for Uy = 4 showing numerically the existence

of a unique root to M(A;) =0, and consequently a unique Hopf bifurcation value of 7,5 ; for the j-th mode.
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In contrast, suppose that b > 3. To investigate whether a Hopf bifurcation is possible for 3 < b < 9/2, we must determine
whether there is a root of M(\;) = 0 on the range = 9+ A2 > 3b for which 7,z > 0 (see (6.28b)). From (6.28a), we first
observe that M(A;) = (b—3)? (nv/3b— 9+ 3bf1(3b))2 > 0 when p = 3b and that M(A\;) — oo as A\ — oo. Therefore, if
such a root exists, M(A;) cannot be monotone on p > 3b. We study this issue numerically in the right panel of Fig. 18
where we plot M(A7)/p versus Ay for b = 3.2, b = 3.6, and b = 4.0, on the range p > 3b, for our parameter set S = 6,
v=2,a=1,Uy=4, and ¢ = 2. Numerically, we find that there is no root to M(A;) = 0 when p > 3b. For Uy = 4 and
q = 2, we remark that Uy > 3w/q, and so Proposition 6.5 gives no information regarding Hopf bifurcations on the range
b > 3. Further computations (not shown) with M(\;) for b > 3 suggest that there is never a root to M(A;) =0 on p > 3b
for any Uy < Up max- Based on this numerical evidence, we conjecture that no Hopf bifurcations can occur when Dy < Dy ;

for any ¢ > 1 and Uy < Up,max-
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Figure 19: The Hopf bifurcation threshold Tuu, versus Do for ¢ = 2 (solid), ¢ = 3 (dashed), and q = 4 (dot-dashed) on the range
Do,./(1+ qUy/w) < Do < Do for K =2, S =6,y =2, a =1, and with Uy = 2 (left panel) and Uy = 4 (right panel). Here Do, is
the competition stability threshold defined in (4.9), which depends on q. The lower bound Do../(1 + qUo/w) is independent of q. The
two-hotspot steady-state is linearly stable for Dy < Do../(1 + qUo/w) (shaded region) as well as under the Hopf bifurcation curve. For
Do > Do, the hotspot pattern is unstable for all 7.,. We observe that the interval in Do where an oscillatory instability of the hotspot
amplitudes can occur increases with q. The Hopf bifurcation threshold Tum,1 also increases with q.

Next, we use our parameterization to compute the Hopf bifurcation threshold for 7, on the range Dy ; <Dy < DS: >

and plot the region of linear stability for ¢ = 2 and ¢ = 4 in order to compare with our previous results in §5 for ¢ = 3.

For our parameter set, and for a two-hotspot solution, in Fig. 19 we plot the linear stability phase diagram in the 7,
versus Dy plane when either Uy = 2 (left panel) and for Uy = 4 (right panel). In both panels we compare the linear stability
thresholds for ¢ = 2,3,4. In the left and right panels of Fig. 19, the two-hotspot steady-state is linearly stable in the
shaded region, which is the same for each ¢, and in the region below the Hopf bifurcation threshold for the given ¢. Since
the competition instability threshold Dy . increases with ¢, as was shown in §4.4, the interval in Dy where an oscillatory
instability of the hotspot amplitudes can occur increases with q. We further observe from Fig. 19 that the Hopf bifurcation
threshold value of 7,, increases with ¢, and when Uy = 4 the Hopf bifurcation threshold is not monotone in Dy when either
g =3 or ¢ = 4 (recall the right panel of Fig. 7 for the ¢ = 3 case). These results are discussed qualitatively in §6.3.

For a three-hotspot pattern similar results for the linear stability region in the 7, versus Dy plane are shown in Fig. 20
for Uy = 2 and in Fig. 21 for Uy = 4. Results for ¢ = 2, 3,4 are shown in the three subpanels of these figures. We observe
that the minimal Hopf threshold value for 7, increases with ¢, and that this increase is more pronounced for Uy = 4 than
for Uy = 2. For Uy = 4, we observe from Fig. 21, as similar to that analyzed for the explicitly solvable case ¢ = 3 in §5.1,
that when ¢ = 4 the minimal Hopf threshold value for 7,, switches between two modes at some critical Dy.

Overall, our numerical results for the linear stability region for ¢ = 2 and ¢ = 4, as computed from our parameterization
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(6.28), are qualitatively similar to those obtained from our detailed analysis in §5 for the explicitly solvable case g = 3.

(1l
[l N

1l
— )

0.2 03 0.4
Dy

Linear stability (shaded) region in the 7., versus Do plane for K = 3, S =6, Uy = 2, v = 2 and a = 1, and for
q = 2 (left panel), ¢ = 3 (middle panel), g = 4 (right panel). The solid and dashed curves are the Hopf bifurcation boundaries for

the (sign-alternating) j = 2 mode and the j = 1 mode, respectively. In each case, the minimal Hopf boundary threshold for 7, is
determined by the sign-alternating j = 2 mode. Observe that 7., m increases as q increases.

Figure 20:
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Figure 21:  Same plot and parameters as in Fig. 20 except that Uy = 4. Here ¢ = 2 (left panel), ¢ = 3 (middle panel), and q = 4

(right panel). The shaded region is the region of linear stability. The solid and dashed curves are the Hopf bifurcation boundaries for
the (sign-alternating) j = 2 mode and the j = 1 mode, respectively. The minimal Hopf bifurcation threshold switches between the two
modes only for ¢ =3 and q = 4. As q increases the Hopf bifurcation threshold increases significantly (see the different vertical scales
in the subfigures). The vertical line denoting the right-most edge of the stability region is the competition stability threshold Do ...

6.3 Comparison of Linear Stability Theory with PDE Simulations: ¢ # 3

In this subsection, we validate our linear stability analysis for the “cops-on-the-dots” patrol strategy ¢ = 2 by performing
full numerical simulations of the RD system (1.4) using the numerical method described in §5.2. When ¢ = 2, the police
diffusivity has the scaling D, = Dy/(e7,) and so our linear stability phase diagrams are plotted in the eD, versus Dy
parameter plane. In all of the results below, we use the baseline parameter set S =6, v =2, and a = 1.

For a two-hotspot pattern, the phase diagrams in the eD, versus Dy parameter plane corresponding to the left and right
panels of Fig. 19 where Uy = 2 and Uy = 4, respectively, are shown in Fig. 22. At each of the three marked points shown
in the left panel of Fig. 22, and with € = 0.05, the full numerical results for the hotspot amplitudes versus time, as shown
in the three panels of Fig. 23, are in complete agreement with the predictions of our linear stability theory.

Next, we consider a three-hotspot pattern for ¢ = 2 when either Uy = 2 or Uy = 4, where the phase diagrams in the 7,

versus Dy parameter plane are as shown in the left panels of Fig. 20 and Fig. 21, respectively. The corresponding linear
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Figure 22: Linear stability (shaded) region in the eD, versus Do plane for a two-spot pattern for the ¢ = 2 “cops-on-the-dots” patrol
strategy, with S = 6, v = 2, and o = 1, corresponding to Fig. 19. Left panel: Uy = 2. Right panel: Uy = 4. The thin vertical line
in each panel is the competition stability Do,. defined in (4.9). For Do > Do the hotspot solution is unstable due to a competition
instability, whereas in the small unshaded region for Dy < Do., the hotspot steady-state is unstable to an asynchronous oscillatory
instability of the hotspot amplitudes. The full PDE simulations in Fig. 23 are done at the marked points in the left panel.

12.8 —spot 1
---spot 2

0 20 40 6t0 80 100 120 0 5 y 10 15

Figure 28: The spot amplitudes computed numerically from the full PDE system (1.4) for a two-spot pattern for the g = 2 “cops-
on-the-dots” patrol strategy, and with S = 6, v =2, a = 1, Uy = 2, and € = 0.05. These simulations at the marked points in the
phase diagram in the left panel of Fig. 22 confirm our linear stability theory. Left panel: 7, = 0.6 and Do = 0.5, so that eD, ~ 0.833.
The asynchronous spot amplitude oscillations decay in time. Middle panel: 7, = 0.8 and Dy = 0.5, so that eD, = 0.625. The
asynchronous spot amplitude oscillations grow in time and lead to the collapse of a spot. When Do = 0.5, the Hopf bifurcation
threshold is €Dy g =~ 0.6887 (see the left panel of Fig. 22). Right panel: 7, = 1.0 and Do = 0.7, so that eD, = 0.7. The competition
instability for the spot amplitudes leads to the collapse of a spot.
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stability phase diagrams in the eD,, versus Dy parameter plane are shown in the left and right panels of Fig. 24 for Uy = 2
and Uy = 4, respectively. We now test our linear stability predictions at the marked points in these phase diagrams.

We first consider the three marked points shown in the left panel of Fig. 24, where Uy = 2. For ¢ = 0.035, the full
numerical results for the hotspot amplitudes versus time, are shown in the three panels of Fig. 25. In the left and middle
panels of Fig. 25, which correspond to parameter values either slightly below or slightly above our theoretically predicted
Hopf bifurcation threshold, we observe either slowly decaying or growing sign-alternating asynchronous oscillations as
predicted by our linear stability theory. These two parameter values correspond to the two closely spaced points in the
phase diagram in the left panel of Fig. 24. Moreover, the right panel of Fig. 25 clearly illustrates the competition instability
which occurs for the marked point in the left panel of Fig. 24 with Dy > Dy .

* —Jj = 2] —j = 2]

A Mk J =1 *, ‘ g =1

0.1 0.15 0.2 0.25 o 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
DO DO

Figure 24: Linear stability (shaded) region in the eD, versus Do plane for a three-spot pattern for the g = 2 “cops-on-the-dots” patrol
strategy, with S = 6, v = 2, and o = 1 and for Uy = 2 (left panel) and Uy = 4 (right panel). Plots correspond to the left panels
of Fig. 20 and Fig. 21. The competition instability threshold is the thin vertical line. The solid and dot-dashed curves are the Hopf
bifurcation boundaries for the (sign-alternating) j = 2 mode and the 7 = 1 mode, respectively. For both Uy = 2 and Uy = 4, the Hopf
boundary for Dy < Do,., marking the boundary of the small unshaded region, is determined by the sign-altering j = 2 mode. The full
PDE simulations in Fig. 25 and in Fig. 26 are done at the marked point(s) in the left and right panels.

0 2‘0 . 46 60 0 2b 40 . 66 86 160 0 5 ]i;O ]:5 20
Figure 25: The spot amplitudes computed numerically from the full PDE system (1.4) for a three-spot pattern for the ¢ = 2 “cops-
on-the-dots” patrol strategy, and with S =6, vy =2, a =1, Uy = 2, and € = 0.035. These simulations at the marked points in the left
panel of Fig. 24 confirm our linear stability theory. Left panel: 7, = 0.44 and Do = 0.07, so that eD, =~ 0.159. The asynchronous spot
amplitude oscillations decay in time. Middle panel: 7, = 0.52 and Do = 0.07, so that eD, = 0.1346. The asynchronous spot amplitude
oscillations grow in time and lead to the collapse of a spot. When Do = 0.07, the Hopf bifurcation threshold is eDp u ~ 0.1532 (see
the left panel of Fig. 24). Right panel: 7, = 1.0 and Dy = 0.1, so that eD, = 0.1. The competition instability for the spot amplitudes
leads to the collapse of a spot.

Finally, as a more refined test of our linear stability theory, we perform full numerical simulations for the marked point

in the phase diagram shown in the right panel of Fig. 24 where Uy = 4. This stability phase diagram predicts that the
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Figure 26: The numerically computed spot amplitudes at the marked point in the right panel of Fig. 24 for Uy = 4, where Dy = 0.028,
Tu = 2, so that eD), =~ 0.014. The other parameters are S = 6, v =2, a = 1, and ¢ = 0.035. The phase diagram in the right panel
of Fig. 24 predicts that the three-spot pattern is unstable to both a competition instability and a j = 1 mode anti-phase oscillatory
instability between the first and third spots. However, since Do ~ Dy, the competition instability should be weak, and so the anti-phase
oscillation is predicted to be the more dominant of the two instabilities. This is confirmed by the full PDE simulation.

three-spot pattern is unstable to both a competition instability and a j = 1 mode asynchronous oscillatory instability,
representing anti-phase oscillations between the first and third hotspots. However, the unstable real eigenvalue associated
with the competition instability is rather close to the origin of the spectral plane since Dy is only slightly above the
competition threshold Dy .. As such, we predict that the anti-phase oscillation should be the more dominant of the two

instabilities. This anti-phase oscillation is clearly evident from the full PDE simulation shown in Fig. 26 when ¢ = 0.035.

7 Discussion and Outlook

We have used a combination of a singular perturbation analysis and the analysis of nonlocal eigenvalue problems (NLEP)
to study the existence and linear stability of localized hotspot steady-state solutions for the three-component RD system
(1.1) in the limit € — 0 with D = Dy/e? on the 1-D domain 0 < z < S. We have investigated how the multiple hotspot
steady-states and their linear stability properties depend on the total police deployment Uy > 0, the patrol focus parameter
q > 1, and the police diffusivity D, = Dy/(27,), where 7, = €737, with 7, = O(1).

Our NLEP linear stability analysis has provided phase diagrams in the eq’le versus Dy parameter space where
multiple hotspot steady-states are linearly stable. We have shown that the hotspot amplitudes are always linearly stable to
synchronous perturbations of their amplitudes. Instabilities can only arise from the asynchronous modes, which decrease
the amplitudes of certain hotspots at the expense of increasing the intensity of others. For the special case ¢ = 3, and for
K > 2, for which the discrete spectrum of the NLEP can be reduced to the study of a family of K — 1 quadratic equations
in the eigenvalue parameter, stability phase-diagrams in the €D, versus Dy parameter plane were constructed explicitly.
For general ¢ > 1, the phase diagrams were determined by combining some rigorous spectral results obtained from the
argument principle together with numerical results obtained from a parameterization of the Hopf bifurcation threshold.

Our hybrid anayltical-numerical study has shown that steady-state multiple hotspot patterns are unconditionally un-
stable if Dy > Dy, and are always linearly stable if 0 < Dy < Dy /(1 + qUp/w), where w = S(y — o) — Uy and Dy . is
the competition instability threshold given in (4.9). On the intermediate range Dy /(1 + qUy/w) < Dy < Dy ¢, we have
shown from an analysis of the NLEP that the hotspot amplitudes exhibit an asynchronous oscillatory instability of their
amplitudes due to a Hopf bifurcation when the police diffusivity D, is below a certain threshold, which depends on Dj.

Therefore, for this range of Dy, a sufficiently “sluggish” police intervention has the effect of only displacing crime between
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adjacent hotspots. The specific asynchronous spatial mode for this displacement depends on the level of police deployment
Up. For Uy small enough, the sign-alternating asynchronous mode was shown to be the dominant oscillatory instability.

We conclude this paper by briefly discussing a few problems that warrant further study.

From a mathematical viewpoint, there are some open theoretical questions for our RD system (1.4). Firstly, for a general
g > 1, our result in Proposition 6.5 proves that the NLEP (3.36) has no unstable eigenvalues on the entire range Dy <
Do,/ (1 + qUp/w), where w = S(y—a)—Up > 0, only when the total police deployment Uy satisfies Uy < 25(y — «) /(g + 1).
Although our numerical evidence obtained from the Hopf threshold parameterization (6.28) supports a conclusion that the
NLEP has no unstable eigenvalues on the entire range Dy < Dy ./ (1 + qUp/w) for any 0 < Uy < Uy max and ¢ > 1, it would
be worthwhile to prove this result rigorously. For the explicitly solvable case ¢ = 3, such a rigorous proof was done in §5.
Secondly, our analysis of steady-state hotspot patterns and their stability properties is not valid when ¢ = 1. Qualitatively,
for ¢ = 1, the police are less focused on maxima of A than are the criminals, so that the density of police remains at a
significant level near the peripheries of a hotspot region, as suggested by the expression for U in (2.16) of Corollary 2.2.
Such a policing strategy is related to the concept of peripheral interdiction, as discussed in [11], with the exception that
when ¢ = 1 there is also still a significant police presence within the core of a hotspot. Mathematically, for ¢ = 1, we
need to modify our steady-state hotspot construction to systematically calculate the non-negligible police density both
within the core of a hotspot and in the outer region away from the hotspots. We must also modify the derivation of the
underlying NLEP, since for ¢ = 1 we have 7, = €27, from (3.11), so that the ODE for the perturbation 1 in (3.14) now
satisfies Donyy = Ty An. As a result, the expression for 7(0) in (3.19) is no longer valid. This will lead to a new NLEP
problem, distinct from that in (3.36), which will require a separate analysis. Intuitively, we might expect that such a ¢ = 1
peripheral-based policing strategy will act to decrease the parameter range where asynchronous temporal instabilities in the
hotspot amplitudes can occur. Thirdly, our analysis has been based on using NLEP theory to examine the linear instability
mechanisms on an O(1) time-scale of symmetric steady-state hotspot patterns. As an extension to this analysis, one should
examine the role of the “small” eigenvalues in the spectrum of the linearization that tend to zero e — 0. Zero-crossings of
these small eigenvalues should correspond to bifurcation points where asymmetric hotspot steady-state solution branches
bifurcate from the steady-state symmetric solution branch. Lastly, it would be interesting to develop a weakly nonlinear
analysis to establish whether both the competition instability and the Hopf bifurcation for the asynchronous mode are
subcritical. The PDE simulations shown in §5.2 and in §6.3 support this conjecture in that small-scale asynchronous
oscillations appear to trigger a nonlinear process through which one or more hotspots are ultimately annihilated.

Finally, we discuss a few possible extensions of the analysis and the model of police interactions. For the RD system
(1.4) it would be interesting to study hotspot patterns for the regime where D = O(1). For the basic two-component crime
model with no police intervention, it was shown in [28] that near a saddle-node bifurcation point for hotspot equilibria there
can be a nucleation of new hotspots of criminal activity from an otherwise quiescent, largely crime-free, background. In this
direction it would be interesting to investigate whether the police presence can eliminate this “peak-insertion” effect, and
more generally how the global bifurcation behavior of multiple hotspot steady-state solutions is modified due to the police.
A second open area is to study the existence and linear stability properties of hotspot patterns for our three-component RD
system in a 2-D spatial domain in order to determine whether the police intervention can lead to asynchronous temporal
oscillations in the hotspot amplitudes, modeling the displacement of crime between various localized spatial regions. Finally,
it would be interesting to consider a more general model for police intervention whereby the police interaction I on the
criminal density is modeled by the “predator-prey” interaction I(U,p) = —Up rather than simply I = —U as we have
done. The NLEP characterizing the linear stability of steady-state symmetric hotspot patterns on an O(1) time-scale will

now have three, instead of two, nonlocal terms, which makes a detailed stability analysis rather challenging. However, the
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determination of the competition instability threshold, corresponding to the zero-eigenvalue crossing, should be feasible.

A The Continuum Limit of the Agent-Based Model

We now formally derive our PDE system (1.1) as the continuum limit of a discrete agent-based model of crime with police
patrol. This discrete model is an extension of the two-agent Short model in [25] by introducing a police agent that patrols
strategically towards crime hotspots and indirectly affects crime events by deterring potential criminals at the same location.

The idea of police enforcement in the vicinity of crime hotspots is not new. Variants of such a strategy is broadly
known as “cops-on-the-dots” (cf. [11, 33] and the references therein). In some modelling efforts (e.g. in [33]), a “cops-
on-the-dots” strategy could entail a top-down coordination among police officers equipped the latest information on the
current distribution of criminal events, so as to optimize police deployment against crime hotspots. In contrast, with the
consideration that information about attractiveness of locations and distribution of criminals (who are yet to commit a
crime) cannot be easily determined with precision, we instead take a conservative approach for the ability of police officers
to focus on hotspots and assume that each police officer moves independently with a biased random walk towards locations
with higher attractiveness in a way analogous to criminals. This is consistent with the strategy presented in [11], where
it was called a “cops-on-the-dots” strategy. Our approach gives rise to a non-linear diffusion term in the police PDE (a
feature that is also present in [11, 22] but not [33]), and covers the “random walker” and “cops-on-the-dots” strategies in
[11] as special cases. In addition, our model also allows for a different relative speed of movement for police officers as
compared to criminals, which is modeled by a focus parameter that describes how motivated police officers are towards
patrolling more crime-attractive locations.

With regards to how the police presence affects crime, we assume that the influence is indirect, and consider only its
effect on criminals but not attractiveness (as in [21]). More precisely, we only consider a deterrence effect, implying that in
the presence of police agents the number of criminals at the same location will be reduced. This reduction could occur in a
way analogous to a “predator-prey” interaction, as used in [11], in which criminals that are already present go home after
encountering police officers instead of continuing to roam. Another way is to assume that the rate new criminal emerges
at each location is reduced depends on the number of police agents present. In other words, the police’s deterrence effect
precludes some potential new criminals from entering the domain altogether. While we are interested in both approaches,
the latter approach is mathematically more tractable for hotspot stability analysis and is, thus, employed in this paper.

We now proceed to briefly describe our augmented discrete model with focus on the new police component and how
(1.1c) was derived. More details of both the discrete model and the formal continuum limit derivations for the first two

equation of (1.1) are given in [25].

A.1 The Discrete Agent-based Model

Our three-agent model couples the dynamics of the criminals N and the police officers R that move on a 2D rectangular
lattice (with spacing ¢) with an underlying scalar field A known as attractiveness. The attractiveness field A of any location
x = (4,7) in discrete time t serves two purposes. Firstly, A(x,t) measures the risk of crime, as determined by the likelihood
that each criminal occupying the location would commit burglary and then return home:

Axt)

po(x ) = 1+ A(x,t)

Secondly, A(x,t) gives a measure of attractiveness for both criminals and police officers in the four neighboring locations

xX' e{(i+1,7), (i—1,7), (i,5+1), (i,j— 1)} (which we denote below by x’ ~ x), to decide, in a stochastic manner, whether
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to move there or not:

A1) AR, t)

m l?t; - ) l7t; = ) h k>0 i ﬁ d.
P (X, t5%) S AGE D) Pi(x, t5x) S Ay Ve B2 0 s fixe

Notice that in both cases we assume that the movement is biased towards higher attractiveness. The difference, and the
novelty of this model, lies in the fact that a power law is applied on the attractiveness field A so as to introduce a degree
of focus of police patrol, i.e. 0 < k < 1 and k > 1, respectively, corresponding to police officers moving in a less or more
focused way to crime-attractive locations as compared to the criminals. It is also noteworthy that the specials cases where
k— 0, k=1, and k — oo, correspond to unbiased random walk, mimicry of the criminals, and deterministic walk, to the
most crime-attractive locations (the last one is because py = 1 for x’ = maxx/.x A(x”,t) and is 0 otherwise).

We assume, as in [25], that the values of A and N are updated at discrete time steps of 6t. A critical component of the
discrete Short model [25] that contributes to the existence of hotspot patterns is the decomposition of attractiveness into
static and dynamic components: A(x,t) = Aga(x)+Adyn(x,t), and then modeling the phenomena of repeat and near-repeat
victimization, respectively, by introducing a feedback effect when crime events occur, together with a localized diffusion or

spread for the dynamic portion of the attractiveness field:

A, t+6t) = | (1 — e)Agyn(x, t) + i Z Agyn(x',8) | (1 —w) + ON(x, t)A(x, t) + Agta(x) -
X/'~X
Here € > 0 and w > 0 describe rates of diffusion (to model localized spread of risk) and decay (to model fading memory),
while 6 > 0 measures the effect on attractiveness by each crime event, whose number is assumed to be proportional to
N(x,t)A(x,t). In this paper, we also assume Ag.,(x) = a to be spatially homogeneous.

We augment the two-component Short model by coupling the third police equation to the criminal equation through
the background criminal reintroduction rate I' — vR(x,t), where I' > 0 is the spatially homogeneous rate in the absence
of police and v > 0 a constant. We remark that setting v = 0 recovers the Short et. al. model in [25] (and also the
corresponding equations in the variants appearing in [11, 22, 33]), and our approach amounts to using an inhomogeneous
criminal reintroduction rate and postulating that the first order correction is due to police presence. For the police equation,
we rescale the time stepping of R by a factor of 7 to distinguish the speed of movements of the two human agents, i.e. R is
updated at discrete time steps of 7,0t. Finally, with the form of biased random walk specified above for the police officers,

the final form of our discrete model is as follows:

Alx,t+68t) = | (1— ) (A(x, t) — a) + i 3 (AR, 6) —a)| (1 wdt) + 0A(x, )N(x, t) + a, (A.1a)
N(xt+6t) = > N, t) (1 - py(x',t) pm(x;t,x) + (T — vR(x, 1)) 5t , (A.1b)
R(x, t+70t) = > R, t)pr(xst,x). (A.1c)

Note that under the summations, the order of the arguments x and x’ of p,, and p; as compared to the definition, are
correctly swapped as shown above. One would, as a result, observe that, for N and R, the calculation of the next step

depends on information of all the neighbors of each neighbor x’ of x, which totals to nine points and includes x itself.
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A.2 Formal Continuum Limit

We define the continuous density functions A, p, U on [0,S] x [0,00) by taking formal continuum limits of their discrete

counterparts and replacing the arguments by continuous variables:
N(x,t)/0? = p(x,t),; Rxt)/? = Uz, t), Axt) = A(x,t), asl,ét—0 with ¢*/6t fixed.

Our main focus below is to provide details on the derivation of the new PDE for U in (1.1). We refer readers to [11, 12, 25]
for details of the derivations of A and p. To this end, we apply the discrete Laplacian to (A.1) to obtain expressions

evaluated at (x,t) as follows: We use
AAR 1) = = Z (Ak ~ AR, t))
X//NX/
to rewrite the expected number of police moving from each neighboring point x’ to x as

R(x',t)
CAAR(K 1) + 445 (¥, t)

R, O 5 t63) = A¥(5.0) - | | = At ot o).
where T is defined by the expression in the square brackets. Then, we sum for all x’ ~ x and apply the discrete Laplacian

again on T to write
R(x,t + 7,0t) = Ak(g,t) . Z T(x',t) = Ak(g,t) (ZQAT(X,T,) + 4T (x, t)) .
X'~X
To derive an equation for the time derivative of police density U, we observe that
_ U _ R(xt+70t) —R(x,t) AF(x, t)AT(x,t)  4AF(x,t)T(x,t) — R(x, 1)

v 25t =T % T T st — (A-2)

which we assume to converge as £, 5t — 0 with ¢2/6t = 4D fixed to define the left-hand side. We now drop the arguments

(x,t) from this point onwards for clarity of presentation. As ¢, 5t — 0, we estimate that

2 —1
T= Rk (1 + E,CAA’“) ~ ik <1 — kAA’“) :
4A 4A 4A 4A

Hence, by replacing ¢2 = 4Ddt and R/¢?> — U, we obtain the following two formal limits:

T R U 4AFT - R R X
~ D — ~ — AA —D - —AA"*.
5t~ ke D ar ™ T s h TP

We then substitute these into (A.2), take limits, and then use Leibnitz’s rule to obtain the following PDE for U:

U _plara(U) U aar) - _ v
Tuat_D(AA<Ak> AkAA)—DV <VU AVA).

Here we have defined the patrol focus parameter ¢ by k = ¢/2. This is the higher dimensional analogue of (1.1c).
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