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Abstract

In many micro- and macro-scale systems, collective dynamics occurs from the coupling of small spatially segre-
gated, but dynamically active, units through a bulk diffusion field. This bulk diffusion field, which is both produced
and sensed by the active units, can trigger and then synchronize oscillatory dynamics associated with the individual
units. In this context, we analyze diffusion-induced synchrony for a class of cell-bulk ODE-PDE system in R? that
has two spatially segregated dynamically active circular cells of small radius. By using strong localized perturba-
tion theory in the limit of small cell radius, we calculate the steady-state solution and formulate the linear stability
problem. For Sel’kov intracellular reaction kinetics, we analyze how the effect of bulk diffusion can trigger, via
a Hopf bifurcation, either in-phase or anti-phase intracellular oscillations that would otherwise not occur for cells
that are uncoupled from the bulk medium. Phase diagrams in parameter space where these oscillations occur are
presented, and the theoretical results from the linear stability theory are validated from full numerical simulations
of the ODE-PDE system. In addition, the two-cell case is extended to study the onset of synchronous oscillatory
instabilities associated with an infinite hexagonal arrangement of small identical cells in R? with Sel’kov intracellular
kinetics. This analysis for the hexagonal cell pattern relies on determining a new, computationally efficient, explicit
formula for the regular part of a certain periodic reduced-wave Green’s function.
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1 Introduction

In many micro- and macro-scale systems, such as those in microbial intracellular communication and in chemo-physical
systems involving catalyst particles, collective dynamics occurs from the coupling of small, spatially segregated, but
dynamically active, “units” through a bulk diffusion field. This bulk diffusion field, which is both produced and sensed
by the active units, can both trigger and then synchronize oscillatory dynamics associated with the individual units.
There is an extensive ODE-based theory for the synchronization of oscillations associated with dynamically active
units as a result of a wide-variety of coupling mechanisms (see [27] for a survey). However, in many applications the
coupling of dynamically active units is more appropriately modeled by a PDE diffusion field. In this context, in this
paper we analyze diffusion-induced synchrony for a class of ODE-PDE system in R? that has two spatially segregated
dynamically active circular cells of small radius. Extensions of the two-cell theory to treat an infinite hexagonal
arrangement of cells is given.

We begin by formulating the coupled cell-bulk ODE-PDE system for two identical cells in R?, as motivated by [24]
and extended in [14] and [19]. In the bulk region, the diffusion field U(X,T') is assumed to satisfy
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Figure 1: Schematic plot of the geometry of two cells on the infinite plane centered at (+1,0) in nondimensional variables.

Here Dp > 0 and kp > 0 are the dimensional diffusion coefficient and rate of degradation of chemical in the bulk
region, respectively, 1 > 0 and fB3 > 0 are common dimensional influx and efflux parameters into and out of the
two cells, and d,,, denotes the outer normal derivative of the ;! cell 2; pointing into the bulk region. The signaling
compartments ; for j = 1,2 are assumed to be disks of a common radius Ry centered at X; € R? for j = 1,2. We
suppose there are n interacting chemical species in each cell represented by the vector p; = (M;7 . ,u?)T for the 5t
cell. Then, the extracellular bulk dynamics (1.1) is coupled to the n-dimensional system of ODEs for the common

intracellular kinetics F' within the j*" cell through an integration of the diffusive flux across the cell membrane, as

dp; .
B — ke F (/) +en | (it = papl)dsx,  j=12. (11¢)
dr a9,

Here we have defined the vector e; = (1,0,...,0)” € R” to clearly indicate that the cell membrane is permeable to only

one signalling chemical, labeled by ,u}, as controlled by the efflux parameter f5. This signaling molecule generated by
one cell communicates with the other cell through diffusion in the bulk medium. In this model, the influx permeability
parameter (31 controls the global feedback into the two cells from the bulk diffusion field generated by both cells. In
(1.1c), kr > 0 is the dimensional reaction rate, while y. > 0 is a typical value for ;.

Without loss of generality, we can assume that the cells are centered at (+L,0) on the infinite plane. By using the
half-distance L between the cell centers as the length-scale, we introduce dimensionless variables in (1.1) as
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and assume that e = Rg/L < 1. Our assumption that ¢ < 1 implies that the two cells are well-separated, in the sense
that the inter-cell distance is much larger than the cell radius. In terms of (1.2), (1.1) becomes

TU=DAU-U, >0, seR*\U,Q.;

L : (1.3a)
EDanU:dlU—dguj, xE@QEj, 71=12,

in the bulk region, where Q., = {z ||z — ;| < e}, z; = (1,0)7, and z; = (—1,0)7 (see Fig. 1 for a schematic). This
PDE is coupled to the common intracellular dynamics within the two cells by

du; e 1 .
ditj :F(’U,j) + o ‘/{)QE; (dlU—dz Uj) dS;, j=12. (13b)

The dimensionless parameters in (1.3) are
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To ensure that there is O(1) transport of the signaling molecule across the cell boundaries, in (1.4) we assumed that
the dimensionless quantities 31 /(Lkp) and BaL/kp are both O(¢7!) as ¢ — 0. The key dimensionless parameters in
(1.3) are the reaction-time parameter 7, the effective diffusivity D, and the permeabilities d; and dy. We observe that
larger values of D correspond to smaller values of L, where the cells are more closely spaced. For small values of T,
the time-scale for the bulk decay of the signaling molecule is much faster than the rate of the intracellular reactions.
As a result, there is only a weak cell-cell interaction when 7 is small.

Cell-bulk ODE-PDE models of the form (1.1) provide a relatively new modeling framework for analyzing how a
passive bulk diffusion field mediates collective dynamical behavior associated with spatially segregated, but dynamically
active, immobile reaction sites of small area. This modeling framework applies to certain microbial systems, such as
collections of yeast cells or social amoeba, where the diffusion of an extracellular signaling molecule, referred to as
an autoinducer, is known to trigger synchronized intracellular oscillations (cf. [8], [15], [9], [10], [12], [32], [22]). By
modifying (1.1¢) slightly to allow for surface reactions on a collection of small cells, instead of intracellular reactions,
the framework (1.1) is also relevant for the macro-scale problem of studying synchronous chemical oscillations of
a collection of small chemically-coated catalyst particles immersed in a BZ chemical mixture (cf. [28], [30], [29]).
In a related macro-scale context, the framework (1.1) is relevant for characterizing the global dynamical behavior
of heterogeneous catalytic systems that depends on the communication of spatially localized reaction sites through
diffusion in the gas-phase above the reactive surface (cf. [36]).

Our analysis of the triggering of intracellular oscillations mediated by the bulk diffusion field for the cell-bulk ODE-
PDE model (1.3) on the infinite domain is an extension of that given in [14] and [19]) for a finite disk-shaped domain,
and is motivated by observations in [22], [32], and [12] for microbial systems. In particular, the experimental study of
[22] showed that it is more difficult to trigger collective dynamics for cells in open domains with no boundaries than
in finite-domain systems, owing to the reduction in the autoinducer signal as it can diffuse away from the cells and
off to infinity in the unbounded domain. In [32] it was shown that with absorbing, rather than reflecting, boundaries
on a finite domain the autoinducer level near the cells can decrease by a large factor, which thereby precludes the
possibility of collective dynamics. Finally, the benefit of a more spatially clustered arrangement of cells for triggering
collective oscillations was emphasized in [12].

The outline of this paper is as follows: In §2 we use the method of matched asymptotic expansions in the limit
¢ — 0 of small cell radius to formulate the steady-state problem for (1.3) and to derive the corresponding linear
stability problem for the linearization of the steady-state. For the specific choice of Sel’kov intracellular reaction
kinetics, in §2.2 we show that there is a unique steady-state solution for (1.3). In addition, we derive nonlinear scalar
transcendental equations for the discrete eigenvalues of the linearization of this unique steady-state for both in-phase
and anti-phase instabilities of the two-cells. In §3 we provide phase diagrams in the 7 versus D parameter space
where either in-phase or anti-phase intracellular oscillations are triggered due to the bulk coupling. In contrast to
two cells in a disk-shaped domain (cf. [14], [19]), there is a large parameter regime where anti-phase oscillations can
occur. Detailed spectral results, as obtained by taking a slice through the phase diagram, show that mixed-mode
intracellular oscillations can occur. The linear stability theory is confirmed through full PDE simulations of (1.3)
using FlexPDE [11]. From an alternative nondimemsionalization of (1.3), in §3.1 we show that anti-phase oscillations
are only possible if the inter-cell separation distance exceeds a threshold. In §4 we formulate the steady-state and linear
stability problem for the cell-bulk ODE-PDE model with Sel’kov kinetics for a hexagonal arrangement of identical
cells in R?. The implementation of the steady-state and linear stability theory is based on the derivation in Appendix
A of an explicit, and computationally efficient, formula for the regular part of a reduced wave-Green’s function with
either periodic or Floquet boundary conditions on the boundary of the fundamental Wigner Seitz cell for the hexagonal
lattice. Periodic or Floquet Helmholtz Green’s functions commonly arise in acoustic or electromagnetic wave scattering
problems involving periodic arrangements of small scattering bodies (cf. [21], [23]). Our derivation in Appendix A for
the reduced-wave Green’s function is an extension of the analysis in [6] and [17]. Finally, in §5 we briefly discuss a few
open problems for diffusion-mediated communication.

2 Two Cells: Steady-States, Linear Stability, and Sel’kov Kinetics

In this section we formulate the steady-state and linear stability problems for (1.3) by adapting the singular perturba-
tion analysis in [19] and [13] to the infinite-plane problem. We then apply the theory to the case of Sel’kov intracellular



reaction kinetics in order to obtain phase diagrams in parameter space where intracellular oscillations are triggered by
the cell-cell coupling through the bulk diffusion field.

2.1 Steady-state and linear stability analysis

In the limit ¢ — 0, the steady-state solution to (1.3) can be constructed using strong localized perturbation theory
(cf. [34], [35]). Since a similar analysis was done in [19] and [13] for the finite-domain problem, we only give a brief
sketch of the derivation here.

In the j*" inner region, defined within an O(e) neighborhood of the j*™ cell boundary, we introduce the local
variables y = e !(z — z;) and U;(z) = Uj(ey + x;), with p = |y|. From (1.3), we obtain that the leading order
steady-state problem near the ;" cell, for j = 1,2, is

AU; =0, p>1;  DOU; =diUj —douj, p=1. (2.1)
This problem has the radially symmetric solution
1
Uj(p) = A, logp—i—d— (D Aj + dauj) | j=1,2, (2.2)
1
where A; for j = 1,2 are constants to be determined. By using (2.2) in the ODE system (1.3b) for the intracellular

dynamics, we conclude that its steady-state solution must satisfy

2rD
F(uj)+7rTAje1 =0, j=1.2. (2.3)

This determines u; in terms of the unknown constant A;. A further equation is obtained below by matching the
far-field behavior of the inner solution (2.2) to the steady-state solution in the outer bulk region.

From an asymptotic matching of the far-field of the inner solution (2.2) to an outer steady-state solution for (1.3a),
we obtain that the leading order outer bulk solution, labeled by U, must satisfy

1
AU*BU:O, xERQ\{xl,zg};

o (2.4)
U~ Ajloglz — ;| +J+d—(DAj+d2u}), as ¢ —x;, j=1,2,
v 1
where v = —1/loge. From (2.4) we observe that the pre-specification of the precise form of the regular part of the
singularity as  — x; for j = 1,2 will provide the extra conditions relating u; to A;.
The solution to (2.4) is represented as
2
U=-2rY» AGx;z;), (2.5)
i=1
where G(z;z;) is the free-space Green’s function satisfying
1
AG —567’:—(5(1:—:1:]-)7 z € R?, (2.6)
which is given explicitly, in terms of the modified Bessel function of the second kind of order zero, by
1
G(z;z;) = %Ko (\:1: —xj|/\/5) . (2.7a)
As z — z;, by using the small argument asymptotics of Ky(z) (cf. [2]), the regular part R of the singularity is
1 1 1
G(zl:,:t:j):—2—log|:1:—:z:j|—i—R+o(1)7 as T —xj; REQ— log2—*ye+§logD , (2.7b)
T ™



where 7, is Euler’s constant.
Next, we expand (2.5) as € — x; and enforce that the resulting expression agrees with the prescribed singularity
behavior in (2.4). In this way, we obtain the following nonlinear algebraic system (NAS) for the vector A = (A, A3)T:

vdsy R G12)

((1+V(il)>l+27rug)A:—ul, F(uj)+@j4je1:o, i=1,2; gz< (2.8)

1 dl GQl R

In (2.8), the entries of the Green’s matrix G are given by G2 = Ga1 = G(z1;22) = (2m) 1Ky (2/\/5), and R is

defined in (2.7b). Moreover, in (2.8), the vector u! = (u},ud)? is the steady-state for the signaling molecule that is
secreted into the bulk region by the two cells.

Next, we formulate the linear stability problem. We suppose that the NAS (2.8) has a solution, which yields an
approximation to the steady-state solution U (x) and u.; to (1.3). To determine the linear stability of this steady-state
we introduce the perturbation

Ulzx,t) = Uy(x) + () and u;(t) = ue; + e’\t¢j , ji=1,2, (2.9)

into (1.3) where ¢; = (¢},...,¢%)". Upon linearizing (1.3), we obtain that

TA = DAE— ¢, zeR*\U_, Q. ; eDOpE =diE—dad), TEV,, j=12, (2.10a)

which is coupled to the linearized intracellular dynamics within the two cells by

[ .
A¢j:Jj¢j+i/ (d&—dgl)ds,  j=1.2. (2.10b)
€T Joq.,

Here J; = J(u.;) is the Jacobian matrix of the local kinetics F' evaluated at the steady-state u.;.

We now use strong localized perturbation theory on (2.10) to derive, similar to the analysis in [19] for the finite-
domain case, a nonlinear matrix eigenvalue problem, referred to as the globally coupled eigenvalue problem (GCEP),
that determines asymptotic approximations as ¢ — 0 for the discrete eigenvalues \ of the linearization (2.10).

In the inner region, defined within an O(e) neighborhood of the j*" cell, we introduce the local variables y =
ez —z;) and &;(z) = &(z; + ey) with p = |y|. For ¢ — 0, we obtain from (2.10), with a negligible error of O(?),
that &; in the 4" inner region satisfies A & =0on p > 1, and is subject to the boundary condition D 9, §; = di§; —dg(ﬁ}
on p =1 for each j = 1,2. The radially symmetric solution to this problem is

1 .

& =c; 10gp+d—1(ch+d2¢}) , j=1,2, (2.11)
where the constants ¢;, for j = 1,2, are to be found. We then substitute (2.11) into the linearized intracellular
dynamics (2.10b) to obtain that

2D .
(Jj - /\I)¢] = — cjé1 . ] = 1,2. (2.12)

As needed below, we must calculate ¢! = (¢1, #3)7 from (2.12). We readily find that

_27TD
o7

¢! Ke, (2.13)

where ¢ = (cy,c2)T and the diagonal matrix K is defined by

TN.e (V;)
= diae (K, . K. K — ol (N — J) e, — &1 1V5€1 P S 2.14
K = diag (K1, K2) , i=e(M = Jj) e det(A — J;) ~ det(A — J;) @149

Here (V)11 is the entry in the first column and first row of the n x n matrix N; of cofactors of (Al — Jj).



Next, we analyze the bulk solution for (2.10) in the outer region. By matching the far-field behaviour of the inner
solution (2.11) to the outer solution we obtain a specific singularity behaviour for the outer solution as ¢ — z;. In
this way, the outer solution for (2.10) in the bulk region satisfies

147X
Aff(,ﬁ)fzo, .’EERQ\{.’M,ZQ};
o (2.15)
§~cjlog|m—mj|+i+d—(ch+d2¢;), as T -z, j=1,2,
v 1
where v = —1/loge. The solution to (2.15) is represented as
2
f@) = 203 Gl (2.16)
i=1
where G\ (z;x;) is the free-space Green’s function for AGy — D71(1 4+ 7A)G\ = —40(z — ;) in R?, with regular part
Ry, which is identified from the local behavior Gy (z;z;) = —(27) !log |z — ;| + R\ + o(1) for z — x; as
1 1+7A 1 1 1+7A
G,\(x;xj):%K()( D z—zj|> , R,\=27T[10g2—'ye—210g< ) )} . (2.17)

Here the principal branch of /(14 7A)/D is chosen to ensure that G is analytic in Re(\) > 0 and that G decays
exponentially as |z| — oo.

Next, we expand (2.16) as £ — x; and enforce that the non-singular terms in the resulting expression agree with
those specified in (2.15) for j = 1,2. This yields a linear system for ¢ = (c1, co)” of the form

(I + 210Gy + VdDI> c=———¢", (2.18)
1

where @' is given in (2.13). Finally, by substituting (2.13) into (2.18), we obtain a 2 x 2 homogeneous linear system
for ¢

(2.19a)

27vDds Ry G2
1 Tdy ’

M(N)e =0, where  M(X) = <1+ZZZD)I+27TVQ)\+IC, G\ =

where the diagonal matrix K = K(\) was defined in (2.14). In the symmetric eigenvalue-dependent Green’s matrix
Gx, where we defined G2 = G21 = Ga(21;22), we have from (2.17) that

1 1+7A 1 1 1+7A
GAlQ—%KO (2 D >, RA_%[logQ—fye—log( D )} (2.19b)

2

The GCEP (2.19) is a nonlinear matrix eigenvalue problem for A, which has a nontrivial solution ¢ # 0 if and only
if A satisfies det M(A) = 0. In this way, for € — 0, the discrete eigenvalues of the linearization (2.10) are approximated
by the set A(M) of all such roots, as defined by

AM) = {A] det M()) = 0}. (2.20)

Nonlinear matrix eigenvalue problems for certain classes of matrices, and computational techniques to solve them, are
surveyed in [16] and [5]. For a broad range of applications, as discussed in [4], the corresponding matrix M () is either
a polynomial or rational function of A\. In our context, although M()) is only a 2 x 2 matrix, this matrix is highly
nonlinear in A owing to its dependence on the eigenvalue-dependent Green’s matrix Gy as well as on IC(\).

In terms of the eigenvectors ¢ and eigenvalues A € A(M) of the GCEP (2.19), the linearization around the steady-
state bulk solution and the secretable steady-state intracellular component is, for € — 0, given by the superposition

2
2nD
At : : 1 1 At -
Uz, t) ~ U, — E e E ¢;Ga(z;z5) | ; Uj ~ Ugj + E (Ke), e, j=12, (2.21)
AEA(M) j=1 AEA(M)



where each ¢ = (c1,c2)T depends on the particular eigenvalue A. From (2.21), the vector Ke provides amplitude and
phase information for small-amplitude intracellular oscillations within the two cells at a Hopf bifurcation point as
characterized by det M(iA;) = 0 with A; > 0, where A\ = iA; € A(M) is the eigenvalue with the largest real part.

2.2 Sel’kov reaction kinetics

We now illustrate the steady-state and linear stability theory for the two-component, i.e. (n = 2), Sel’kov reaction-
kinetics [26], defined in terms of u; = (v;, w;)T and F(v;, w;) = (Fi(v;, w;), Fa(vj,w;))T by

Fi(vj,w;) = aw; + wjv? — v, Fa(vj,wj) =¢ [,u — (awj + wjv?)] . (2.22)

Here the Sel’kov kinetic parameters a > 0, ¢ > 0 and ¢ > 0 are common to both cells.
When there is no influx (i.e. d; = 0), the two cells are uncoupled from the bulk medium, and (1.3b) reduces to the
conventional ODE dynamics
duj
dt
where F' is defined in (2.22). From a standard ODE analysis based on calculating the Jacobian and determinant of
the unique steady-state for (2.23), it is readily shown that this steady state is linearly stable only when

/ 2 ord
v+ ﬁ+§£w’ where y=14 2122 (2.24)
X T

Then, by using the Poincare-Bendixson theorem, it follows that (2.23) will have periodic limit cycle oscillations on the
range 0 < @ < a. where the unique steady-state for (2.23) is unstable. With dy = 0, corresponding to the case where
there is no efflux from the cell, the green-shaded region in Fig. 2a shows the parameter range in the « versus p plane
where the ODE kinetics has limit cycle oscillations when ¢ = 0.15. In the unshaded region, the unique steady-state for
the ODE (2.23) is linearly stable and no oscillations can occur. The boundary of this region is the Hopf bifurcation
curve given by a. = a.(u) from (2.24). In Fig. 2b we plot the Hopf bifurcation boundaries for an isolated cell for four
values of the efflux parameter do. We observe, as expected, that as dy increases the region where the steady-state is
unstable shifts towards increasing values of the local intracellular production rate y in (2.22).

27Td211j

=F (u;) er, with e; = (1,007, (2.23)
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(a) Instability region of steady-state: isolated cell (b) HB boundaries: isolated cell with efflux

Figure 2: Left: Green-shaded region where limit cycle oscillations occur for the ODE dynamics (2.23) with Sel’kov kinetics (2.22)
for an uncoupled cell with no efflux, do = 0, and with ¢ = 0.15. In this region, the unique steady-state of (2.23) is unstable.
The Hopf bifurcation (HB) boundary is given by a. = ac(p) in (2.24) with do = 0. In the unshaded region the steady-state is
linearly stable. Right: HB boundaries for an isolated cell, obtained from ac. = ac(u) in (2.24) with ¢ = 0.15, 7 = 0.5, and for
four values of the boundary efflux parameter ds.

Next, we examine the steady-states and their linear stability properties when the two cells are diffusively coupled
through the bulk medium. Since the Green’s matrix G is symmetric and cyclic, it follows that the NAS (2.8) has a



unique solution that is symmetric, i.e. A; = A., v; = v, and w; = w,, for j =1,2. From (2.8) and (2.7) we calculate

2D
vc:M+LAC7 wc:%>
o+ v
d D 27vDd ! 1 (2:25)
_ vdap vD | 2mvDdy B _ -
A= 4, 1+d1 —&—77_6[1 +V(10g(2\/D) 76+K0(2/VD))} ,  where V_logs'

To determine the linear stability of this symmetric steady-state we analyze the GCEP (2.19). This GCEP can
be simplified owing to the fact that J; = J,, so that K is a multiple of the identity, i.e. K = K_.I, where K. =
el'(\I — J.)"le;. Here we have labeled J. as the common Jacobian of the intracellular kinetics of the two cells,
ie. J. = J1 = Jy. For Sel’kov kinetics (2.22), we calculate K, = K.(\) as

200, = (o 42) = (o +2)]

a+ v2

A+ det(J,)

K. = )
A2 — tr(J )X + det(J.)

det(J.) =¢ (a + vf) , tr(Je) =

(2.26)

Here v,., which depends on D, 7, v, and the permeabilities d; and ds, is given by (2.25). Since Gy in (2.19a) is a cyclic
symmetric matrix it has eigenvalues Ry £ G12 and two possible unstable modes ¢+ given by

c. =(1,1)7, (in-phase); c¢_ =(1,-1)", (anti-phase). (2.27)
By setting Mey =0 in (2.19), we obtain from (2.19b) that A € A(M) if and only if F4 () = 0, where

D 2nvDd 1 1 A 1 A
v smvtas ]og276210g< tT >:|:K0 <2 Ll )

& T

Fr(A) =1+ Ke(A) +v (2.28)

D D

In (2.28), the + and — signs correspond to the in-phase and anti-phase modes in (2.27), respectively. Oscillatory
instabilities associated with these modes for which Re(\) > 0 and Im(\) # 0 yield, from (2.21), either in-phase or
anti-phase small amplitude intracellular oscillations near the symmetric steady-state solution.

In our numerical computations in §3 we will choose Sel’kov kinetic parameters a, u, and ¢ for which an isolated
cell only has a linearly stable steady-state solution. Our goal is to determine regions in the (D, 7) parameter plane, for
fixed d; and ds, where either in-phase or anti-phase intracellular oscillations occur as a result of the diffusive coupling
of the two cells through the bulk medium.

3 Numerical Results: Two Cells in R?

To determine the Hopf bifurcation boundaries in the (D, 7) plane for the in-phase and anti-phase modes, we simply
set Fy(iAr) = 0 in (2.28). By using Newton’s method and arclength continuation TEST_CON (cf. [1]) with respect
to D, we determine the Hopf threshold and corresponding frequency A; by numerically solving the coupled system

Re (Fi(idr)) =0,  Im(Fi(irr)) =0. (3.1)

To determine regions of instability in open sets of the 7 versus D parameter plane we can use the winding number
criterion of complex analysis to identify the number Ny of eigenvalues A € A(M) with Re(\) > 0 for either the
in-phase (+) or anti-phase (—) modes. By using the argument principle, the number N3 of roots of Fr(A) = 0
in Re(\) > 0 is N' = 5[argF4]r + P, where P is the number of poles of 4 () in Re(A) > 0. Here the square
brackets denotes the change in the argument of F over the contour I'. The closed contour T is the limit as p — oo
of the union of the imaginary axis, which can be decomposed as I'r; = iA; and I'; = —iAg, for 0 < A\; < p, for
which [argFy|r,, = [argF+|r,_, and the semi-circle I, defined by |A| = p with |arg(A\)| < 7/2. By letting p — oo,
we calculate from (2.28), upon using the fact that Ko(z) — 0 exponentially for |arg z| < /2, that [argFi]p, = 0.
Moreover, since det(J.) > 0 (see (2.26)), we observe from (2.28) and (2.26) that F(\) can have two poles in Re(\) > 0



depending on the sign of tr(.J..), which does not depend on the mode. In this way, we obtain that the number of unstable
eigenvalues N of the linearization around the symmetric steady-state for the two-cell problem is

N=Ny+ N, Ni=fagFilr,, +P, p:{z’ if tr(Je) >0, (3.2)

T 0, if tr(J,) <0.

The advantage of using (3.2) to determine N is that we only need do a line-sweep down the positive imaginary axis
A = iXr, with A; > 0, of the spectral plane, while using the winding number algorithm of [3] to calculate [arg]—"i]rhr.

In Fig. 3 we plot the Hopf bifurcation (HB) boundaries in the 7 versus D plane, as numerically-computed from
(3.1), for the parameter set

a=09, pu=2, (=015, d =08, dp=02, £=0.05. (3.3)

For these Sel’kov kinetic parameters, the two cells only have a stable steady-state when uncoupled from the bulk
medium (see Fig. 2). From Fig. 3a, we observe that both the in-phase and anti-phase instability lobes are unbounded
in D. In Fig. 3b we show results computed from the winding number criterion (3.2) for the number A/ of unstable
eigenvalues of the linearization at discrete points in (D, 7) phase diagram, in which we pixelated the 7 and D axes
into 50 equal subdivisions. In contrast to the finite-domain case in the unit disk studied in [19], where the anti-
phase instability lobe is always very small, we observe from Fig. 3 that there is a large region in the parameter space
where both anti-phase and in-phase oscillations can occur. Moreover, from Fig. 3b, we observe that in the upper thin
magenta-shaded region in the (D, 7) parameter plane, with D small enough, only unstable anti-phase intracellular
oscillations can occur. In terms of the dimensional bulk diffusivity Dp, this region where anti-phase oscillations is
dominant exists only if Dp is small enough (see (1.4)). Similarly, from Fig. 3b, there is a thin (lower magenta-shaded)
region in the (D, ) parameter plane where only unstable in-phase intracellular oscillations can occur. However, when
D is large, i.e. for large Dpg, we observe from Fig. 3a that the in-phase and anti-phase HB boundaries nearly coincide.
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Figure 3: Left: HB boundaries in the T versus D plane for two cells for the parameter set in (3.3). The heavy solid and dashed
curves are for the in-phase and anti-phase modes, respectively, as computed from the zeroes of F+(ixr) = 0 in (2.28). FEach
mode is linearly unstable within the boundaries of the curves. Right: Zoomed plot for small D of instability regions and the
number N of unstable eigenvalues in Re(\) > 0 given by the union of the roots of F+(\) = 0, as computed numerically from the
winding number criterion (3.2). Blue region: N = 4. Magenta region: N' = 2. White Region: N'= 0. The HB boundaries for
the in-phase and anti-phase modes are superimposed.

In Fig. 4 we plot the real and imaginary part of the eigenvalue A with the largest part for both the in-phase and
anti-phase modes along the vertical slice D = 3 through the phase diagram in Fig. 3b, as computed numerically from
setting Fr(A) = 0 in (2.28). On this slice, we observe from Fig. 4a that there is a range of 7 where the anti-phase
and in-phase instabilities have comparable growth rates. However, as seen from Fig. 4b, the frequency of intracellular



oscillations is rather insensitive to 7. For four values of 7, we compute from (2.28) that

T=>55; A= —0.01098 4 ¢(0.8296) , (in-phase); A= —0.00919 +4(0.8316), (anti-phase), (3.4a)
T=25; X=0.02008+i(0.7990), (in-phase); A = 0.020187 + i(0.8083), (anti-phase), (3.4b)
T7=15; A=0.03154+4(0.7722), (in-phase); A =0.024932+ i(0.7890), (anti-phase), (3.4c)
T7=0.5; A=-0.18444¢(0.7099), (in-phase); A= —0.2404+4(0.7274), (anti-phase). (3.4d)
0.05 0.9
0.03
<> 0.01
= -0.01
-0.03 in-phase in-phase
- - - anti-phase - - - anti-phase
-0.05 0.6
1 2 3 4 5 1 2 3 4 5
T T
(a) Re(\) versus T (b) Im(X) versus T

Figure 4: Roots of (2.28) with the largest real part as a function of T for both the in-phase and anti-phase modes along the
vertical slice D = 3 through the HB diagram in Fig. 3b for the parameters in (3.3). Left: Re(\) versus T. Right: Im(\) versus
7. We observe that there is a range of T where both the in-phase and anti-phase modes have comparable growth rates. Howewver,
the frequency of oscillations, as determined by Im(\), does not depend strongly on 7. The crossing Re(\) = 0 (horizontal
dashed-dotted red line) corresponds to the HB boundaries in Fig. 3b on the slice D = 3.

Next, we illustrate these theoretical predictions from our linear stability theory by using FlexPDE [11] to numerically
compute solutions to the cell-bulk ODE-PDE model (1.3), with parameters as in (3.3). In our computation we truncated
the infinite domain R? to the large disk |z| = r < Ry, while imposing the artificial boundary condition

D
DuT:_<\/5+2r)u, on r= Ry, (3.5)

so as to minimize the reflection of diffusive waves generated by the two cells back into the domain. The precise form
for this artificial boundary condition is chosen so that, upon using the well-known asymptotics Ko(z) ~ bz=1/2e=% as
z — 00, the steady state outer solution for r > 1, as given by u ~ c¢Ky(r/+/D) for some c, satisfies (3.5) when 7 > 1.
For each of the four values of 7 in (3.4), and with D = 3 and Rj; = 15, in Fig. 5 we show FlexPDE [11] results of
(1.3) for the intracellular components u; and ug versus time and for the bulk solution at ¢t = 300 (zoomed near the two
cells). For 7 = 5.5 (top row of Fig. 5), we observe that intracellular oscillations slowly decay towards the steady-state.
This slow decay is consistent with the eigenvalue result in (3.4a), where Re(\) < 0 but with |[Re())| very small for both
modes. In contrast, when 7 = 0.5 (bottom row of Fig. 5), we observe rather strongly damped oscillations towards the
steady-state for the intracellular components. This is consistent with the eigenvalue result in (3.4d), where |[Re())]
is no longer small. For 7 = 1.5, where the steady-state is unstable, (3.4c) shows that the growth rate for in-phase
intracellular oscillations is larger than that for anti-phase oscillations. From the full numerical results given in the third
row of Fig. 5 we observe sustained in-phase intracellular oscillations over long time scales. In contrast, when 7 = 2.5,
in the second row of Fig. 5 we observe mixed-mode intracellular oscillations. Such oscillations are consistent with the
linear stability prediction in (3.4b) in which the growth rate for the in-phase and anti-phase modes are comparable.
Although our theoretical predictions are only based on a linear stability analysis of the steady-state, we conclude that
they do qualitatively predict the behavior for the intracellular dynamics in the fully nonlinear regime, as observed in
the numerical results shown in Fig. 5.
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Figure 5: Numerical results for the full ODE-PDE model (1.8) from Flexpde [11] with D = 3 at four values of T for the
parameters in (3.3). First column: Surface plot of the bulk solution U at time t = 300. Second column: intracellular component
uy versus t for j = 1,2 Third column: intracellular component us versus t for j = 1,2. First row: T = 5.5. Slowly decaying
intracellular oscillations lead to the steady-state. Second row: T = 2.5. Sustained mized-mode intracellular oscillations. Third
row: T = 1.5. Sustained in-phase intracellular oscillations. Fourth row: T = 0.5. Strongly damped oscillations leading to the
steady-state.
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3.1 Dependence on Inter-Cell Distance

In Fig. 3 we plotted the HB boundaries in the (D, 7) plane for a fixed dy, ds, and €. From the scaling (1.4), and since
e = Ry/L, Fig. 3 is useful for characterizing intracellular oscillations as the dimensional reaction rate kg and the bulk
diffusivity Dp are varied. However, to illustrate how the HB boundaries depend on the inter-cell distance 2L and
kg, for a fixed Dp, it is convenient in (1.1) to introduce the diffusion length Lpg, defined by Lg = +/Dpg/kp, as the
dimensional length-scale. In place of (1.2), we now nondimensionalize (1.1) with

X L2 D
t=kpT, z=-—, U=2By, u=*  witn 1Lp=,22, (3.6)
Lp He He kp

where we assume that € = Ry/Lp < 1. With this choice, in place of (1.3) we obtain that

U, =AU - U, t>0, zeR*\UL_ 9 ;

E0U=dU—dou}, €09, j=12,

(3.7a)

in the bulk region, where Qz, = {z ||z — ;| <&}, &1 = (L/Lp,0)”, and x; = (—L/Lp,0)". This PDE is coupled to
the common intracellular dynamics within the two cells by

de B . (A1 ~ 71 .
T =Fluy)+ /mgv(dlU dguj) dSs, j=1,2. (3.7b)

~—

, which are all independent of inter-cell distance 2L, are

B0 o dy = P20l B
kp

The dimensionless parameters in (3.7

. Ry ~
= — = —<1 d =01
=1, e, <L 1= 70 - oW

where 819 = 1€ and a9 = P€.
For Sel’kov reaction kinetics, the steady-state and linear stability analysis of §2 can readily be adapted for our new
dimensionless model (3.7) with parameters in (3.8). In place of (2.25) we obtain

= 0(1), (3.8)

- - -1
2w I vdap v 2mudy . 2L
= —A =———, Ac=—FF |1+ —= = log2 — Ky | — . 3.9
Ve=pt Ao, we=mmg, A 2l e e A SR S O (3.9)
Here 7 = —1/logé and Ky(z) is the modified Bessel function of the second kind of order zero. Moreover, in place

of (2.28) we obtain that the discrete eigenvalues of the linearization around the steady-state for the in-phase and
anti-phase modes are roots of H4(A) = 0, where
v 2nid 1 2L
Hi(\) =1+ di + %KC(A) + i [log2 — % — 5 log (1+7A) £ Ko <L\/1 n mﬂ : (3.10)

1 Tay B

and v, is Euler’s constant. Here K, is as given in (2.26), but is calculated in terms of the modified expressions for v,
and w, as written in (3.9).

In Fig. 6a we plot the anti-phase and in-phase HB boundaries in the (L/Lp,7) parameter plane, as obtained by
setting H4 (iA;) = 0 in (3.10), for the Sel’kov parameter set « = 0.9, u = 2, ¢ = 0.15, and with di = 0.8, dy = 0.2, and
€ = 0.05. Two key qualitative features are observed from this figure. Firstly, anti-phase oscillations, resulting from a
weak cell-to-cell communication, do not occur when L/Lp is too small. As a result, as expected intuitively, in-phase
synchrony through the diffusive medium is the only possible oscillatory instability when the inter-cell separation L
is below a threshold. The second feature is that oscillatory instabilities can occur for any inter-cellular separation,
provided that the rate, kg, of intracellular reactions, which determines 7 = kr/kp, is within some range.

In Fig. 6b and Fig. 6¢ we show how the HB boundaries in Fig. 6a are altered when the dimensional bulk diffusivity
Dg is increased by a factor of 4 and then by a factor of 16, respectively, from the value, labeled by Dpg, used in
Fig. 6a. For these values, we obtain from (3.6) and (3.8) that the diffusion length Lp increases by a factor of two or
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Figure 6: HB boundaries for the in-phase and anti-phase modes in the T versus L/Lp plane for two cells with common Sel’kov
parameters a = 0.9, p = 2, ¢ = 0.15. The in-phase mode is unstable to oscillations between the solid curves. The anti-phase
mode is unstable in the sideways U-shaped regions bounded by the dashed curves. Left: di1 = 0.8, d» = 0.2, and € = 0.05. Middle:
Dg is increased by a factor of 4 so that dy = 0.4, dy = 0.4, and & = 0.025. Right: Dp is now increased by a factor of 16 so that
d1 =0.2, dy = 0.8, and & = 0.0125.

four, while &€ decreases by the same factors. The corresponding values of dy and d~2, obtained from (3.8), are given in
the caption of Fig. 6. As Dp is increased, the minimum values of 7 at which in-phase intracellular oscillations occur,
which are given by the lower solid curves in Fig. 6a—Fig. 6¢, also increases. This implies that a larger bulk diffusivity
can simply wash out the bulk signal on the unbounded domain, and not trigger oscillations, unless the intracellular
reaction rate kp also increases. Moreover, we observe from the upper edge of the instability range in Fig. 6a-Fig. 6¢
that intracellular oscillations will occur for much larger values of 7 as Dp is increased.

From Fig. 6a, the minimum value of L for the anti-phase HB boundary is L = 0.4158L g, where Ly = \/Dpo/ks.
Then, when Dpg is increased by a factor of 4, this minimum value is shifted to L = 0.3135Lp = 0.6270Lp( since
Lp = 2Lpg. When Dpg is increased by a factor of 16, we have L = 0.1921Lp = 0.7684Lpo. By comparing these
values, we conclude that the minimum value of L at which anti-phase intracellular oscillations occur increases as the
bulk diffusion increases. When Dp is increased, the signaling molecule can more readily diffuse between the two cells.
As a result, when Dp is large, larger inter-cellular distances are needed to ensure a weak inter-cell interaction where
anti-phase oscillations are possible.

4 Hexagonal Arrangement of Cells in R?

In this section we extend the analysis in §2, which was based on the dimensionless formulation (1.3), to the case of a
hexagonal arrangement of identical cells of radius ¢ in R? centered at the lattice points, given by

T T
4\ /4 ANYA (1 U3
A= {mll + nls ‘ m, n € Z} , where 1 = ((3) ,O) , I, = <3> 3 g , (4.1)

where Z denotes the set of integers (see the left panel of Fig. 7). This choice of lattice vectors I; and ls has fixed the
area of the primitive cell to unity. The Wigner-Seitz (WS) cell centered at a given lattice point of A consists of all
points in the plane that are closer to this point than to any other lattice point, while the fundamental WS cell Q) is
the one centered at the origin (see the right panel of Fig. 7). A WS cell is a convex polygon that has the same unit
area [l x I3 of the primitive cell, and the union of these WS cells tile all of R? in the sense that R? = J, ., (z + Q).
In Fig. 7 we show this fundamental WS cell and the centers of the cells for the regular hexagonal lattice. We remark
that our choice that has fixed |[©2| = 1 for the dimensionless system (1.3) implicitly defines the length scale L in (1.2)
for the dimensional problem (1.1).
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Figure 7: Left figure: part of an infinite regular hexagonal lattice. The centers of the small compartments are labeled at the
centers of the hexagons. The fundamental Wigner-Seitz (FWS) cell Q is the regular hexagon centered at the origin 0. Right
panel: the small cells of radius € (blue) for the periodic extension of the FWS cell (black) centered at the origin.

Following [6], the reciprocal, or dual, lattice A* is defined in terms of reciprocal vectors dy and da by

4\ /4 1\T 4\ /4 9 \T
A = {mdl + nds ’ m,n € Z}, where d; = (3> <1, \/§> , dy = <3) <0, \/g) . (4.2)

which satisfy d; - l; = d;; where d;; is the Kronecker symbol. The first Brillouin zone, labeled by €, is defined as
the Wigner-Seitz cell centered at the origin in the reciprocal space (cf. [6]). We remark that an alternative commonly
used definition of the reciprocal lattice is A* = {2rmdy,2mnds},, oz (cf. [21], [23]). However, our specific choice in
(4.2), is motivated by the form of the Poisson summation formula of [6] given in (A.2) below, which we use to develop
a computationally tractable formula for certain Green’s functions defined on the lattice.

To construct the steady-state solution for the cell-bulk ODE-PDE system (1.3) for the Sel’kov kinetics (2.22) in
the limit ¢ — 0 with cells centered at the lattice points, we need only construct the steady-state solution in the
fundamental Wigner Seitz cell Q and extend the solution to R? using periodicity. To do so, we introduce the periodic
reduced-wave Green’s function Gp(z) with regular part R, as defined by

1

. 1
AG, — BGP =—4(z); Gpx+1)=Gp(x), for leA; R, = }:ILI(I) (Gp(x) + Py log |.’1:|> . (4.3)

As shown in §2 of [18], and summarized in Appendix B, the periodicity condition in (4.3) on the lattice directly implies
a periodicity condition for G/, on 0f.

The asymptotic construction of the steady-state solution for (1.3) in Q for a single cell of radius € <« 1 centered at
the origin, and with Sel’kov reaction kinetics, proceeds as in §2.1. In place of (2.25), we readily calculate in Q that

2nD
UC:M+7TTAC» We = a

-1
A= + QWVRP:| . (4.4)

vdaft vD  2wvDds
_® _ 1 2ArZR2
a+ov?’ dy [ + -

dil le

An explicit computationally tractable expression for the regular part R, in (4.3) is given below by (4.8).

4.1 The linear stability problem

To analyze the linear stability of the periodic steady-state solution on the lattice we linearize (1.3) around this steady
state and, by using the Floquet-Bloch theorem (cf. [20]), we need only impose a Floquet boundary condition for the
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eigenfunction of the linearization on 9. In place of (2.28), we readily derive for ¢ — 0 that the band A(k) of spectra
are determined by the root of F;(\) = 0, defined by

Dy 2mwD
F) =1+ 2L 4 2D

a . c(A) +2nvRy(k; 1+ 7)), (4.5)

where K.()) is defined in (2.26) in terms of v, and w. as given in (4.4). In (4.5), Ry(k;z), with z = 1+ 7], is the
regular part of the reduced-wave Bloch Green’s function, defined for Re(z) > 0 by
. 1
AGy, — iGb = —0(x); Go(x+1) =e*Gyx), leAh; Ry(k; 2z) = lim (Gb(x) + —log x|> . (4.6)
D x—0 2T
where k/(2m) € Qp, A is the hexagonal lattice in (4.1), and €2 is the first Brillouin zone in the reciprocal space.
The key to implementing the steady-state and linear stability theory is to determine an explicit expression for
Ry(k; z), as defined by (4.6) for arbitrary z with Re(z) > 0. In Appendix A we extend the analysis in §5.1 of [17]
where, for the case z = 1, an Ewald summation technique was used to determine a rapidly converging expression for

Ry(k; 1) in terms of infinite sums over the direct lattice A of (4.1) and the reciprocal lattice A*, as defined in (4.2).
As derived in Appendix A, we have for Re(z) > 0 that

Rutki2) = 51 (1o (2VD) . ~low(v) = -1 (35 ) + 3 e Rl

47
leA

1o (4.7a)

27d — k> + % 1
Y e g
denr n |27Td—k| +5

where 7. is Euler’s constant. Here E;(w) = [° ¢ e~ "¢ d¢ is the exponential integral, defined for Re(w) > 0, while
1
Fiing(r) is defined by

1 J(r; o
Fang(r) = ﬂKo <m / ;) — (;’TZ) ) where J(r;z) = /1 ¢ lem 2t/ D) g=r*n* /(4 e | (4.7b)

In (4.7), n > 0 is the user-defined Ewald cut-off parameter chosen so that both infinite lattice sums in (4.7a) converge
rapidly. Finally, in (4.4), we identify that
R, = Ry(0;1). (4.8)

4.2 Numerical Results

We first use Newton’s method on (4.5) to compute the curves in the 7 versus D plane where A = i) is a root of
Re (Fu(iA)) =0, Im (Fy(iAr)) =0, (4.9)

for the in-phase synchronous mode where k = 0. To numerically compute R;(0;2) and R, = R(0;1) from (4.7), we
introduce subsets A and A* of the direct and reciprocal lattices A and A*, respectively, defined in terms of M; > 0
and Ms > 0 by

A= {n1l1 + noly | =My < nyp,ng < Ml} , A* = {n1d1 + nods ‘ My < ny,ng < MQ} , ni,ng €7Z. (4.10)

To numerically evaluate the complex-valued integral J in (4.7b) we used a Gauss-Laguerre quadrature with N, = 200
nodes after first separating J into real and imaginary parts. In addition, we used standard algorithms to compute the
exponential integral E;(w) and Ko(w) of a complex argument. In our computations, the Ewald cut-off parameter was
taken as n = 2, while M; and My were chosen so that the absolute value of the increment obtained by increasing M;
and Ms by one in the two lattice sums in (4.7a) are each less than 107°. In implementing this convergence criteria for
the infinite lattice sums, we typically obtained M; = 7 and My = 4 for the results shown in Fig. 8.
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Figure 8: Plot of the boundaries in the T versus D plane where A = i\ is a root of Fy(iAr) =0 in (4.9) for the in-phase mode
k = 0 for three values of the influx parameter di when the efflux is do = 0.2. Parameters: ¢ = 0.15, p = 2, a = 0.9, and cell
radius € = 0.05. As di decreases, the interval in T where the in-phase mode is unstable first shrinks and then pinches off at
some finite D when di is on the range 0.55 < d1 < 0.6.

In Fig. 8 we plot the boundaries in the 7 versus D plane where A\ = iA; for the in-phase synchronous mode k = 0
for three values of the cell influx parameter d;. The other parameters, chosen to be the same as for the two-cell case
studied in §3, are

a=09, w=2, (=0.15, ds = 0.2, e =10.05. (4.11)

By using a numerical winding number computation on (4.5) for k = 0, we conclude that the in-phase mode is unstable
only within the lobes shown in Fig. 8. In contrast to the two-cell case (see Fig. 3), we observe that there is much
narrower range of 7 where in-phase oscillations can occur for the periodic problem. As d; decreases, leading to a
reduction of the influx of the bulk signal into the cells, we observe from Fig. 8 that the in-phase instability lobe
becomes bounded. When the lobe is closed, no in-phase oscillations can occur when the bulk diffusivity is too large.
Next, we provide an analytical confirmation of the results shown in Fig. 8 for large D. For D > 1, we obtain

Rpy(0;14+ 7)) = + Rpo +o(1), (4.12)

1+ 7

from Appendix B, here R,o ~ —0.21027 is the regular part of the periodic source-neutral Green’s function defined by
the PDE (B.6). This yields that R, = R,(0;1) ~ D + R, for D > 1. Then, upon substituting (4.12) into (4.5), we
obtain after some lengthy but straightforward algebra, that when &k =0 and D > 1, A is a root of the cubic

Mg+ A +q3=0, (4.13a)

where the coefficients ¢, ¢2, and g3 are given by

1 1 1 1
=24+ —t(l), (o= (1 n ) det() + —— — 2000 gs= 12 aw(n), (413b)
nrtoom ! Nt Nt "7
in terms of v and -y, defined by
T dy 27Td1Rp0 diT
M Srdy ( + Do + D ) Y2="+ & (4.13c)

Since det(J.) > 0, we have g3 > 0. As a result, by the Routh-Hurwitz criterion, the roots of (4.13a) satisfy Re(A) < 0
if and only if ¢; > 0 and g1¢g2 — g3 > 0. Moreover, (4.13) has a complex conjugate pair A = +iA;, with an additional
real eigenvalue A < 0, when

g1 >0 and qg2—q3=0. (4.14)

For the values of d; in Fig. 8, in the left and right panels of Fig. 9 we plot ¢1¢g2 — g3 and ¢; versus 7, respectively,
for the parameters in (4.11) on the vertical slice D = 5 through the phase diagrams in Fig. 8. From Fig. 9 we observe
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Figure 9: Plots of q1q2 — g3 (left panel) and g1 (right panel) versus T for the three values of di in Fig. 8 when D =5 for the
parameters in (4.11). Since g1 > 0, from the Routh Hurwitz criteria (4.14), the cubic (4.13a) has pure imaginary roots X = £ilr
at values of T when qiq2 — q3 = 0 (horizontal red line) and Re(\) > 0 when qig2 — g3 < 0.

that there are two values Tp1 of 7 where (4.14) is satisfied when d; = 0.8 and d; = 0.6. When d; = 0.8, we compute
T— ~ 0.338 and 7y &~ 0.697, while when d; = 0.6, we get 7y_ =~ 0.492 and 754 =~ 0.675. These critical values,
obtained from the analysis of a cubic, are very close to the threshold values of 7 in the left and middle panels of Fig. 8
when D = 5. In contrast, when d; = 0.55, we observe from Fig. 9 that g1g2 — g3 > 0 and ¢; > 0, which establishes
that all the roots to (4.13a) satisfy Re(A) < 0 when D = 5. This latter prediction from the large D theory agrees with
the results shown in the right panel of Fig. 8.

Our results so far for the periodic problem have been restricted to the consideration of in-phase instabilities where
k = 0. However, since the spectrum of the linearization is not discrete, we must seek conditions on the parameters that
ensure that the entire band of spectra, written as A(k), satisfies Re(A(k)) < 0 for all k/2m € Q. This issue is explored
numerically by using Newton’s method to solve (4.5) for A(k) using the explicit formula for Ry(k; 1+ 7A) in (4.7). In
Fig. 10a we plot Im(\(k)) versus Re(A(k)) for D = 5 for the two threshold values of 7 in Fig. 8a at which the in-phase
mode k = 0 satisfies Re(A(0)) = 0. From this figure we observe that at the lower threshold value of 7 we have that
the entire spectral band satisfies Re(A(k)) < 0 for k # 0. As a result, for these parameter values, the lower stability
threshold is indeed set by the in-phase mode k = 0. However, we observe from Fig. 10a that at the upper threshold
value of 7, a portion of the band A(k) already lies in the unstable half-plane Re(A) > 0. As a consequence, the upper
stability threshold is not determined by the in-phase mode k = 0. In Fig. 10b and Fig. 10c we show similar results for
vertical slices through Fig. 8a at two smaller values of D. These spectral results are qualitatively analogous to those
obtained in §3 for the two-cell problem, where from Fig. 3b we recall that the lower threshold value of 7 is set by the
in-phase mode while the upper threshold is set by the anti-phase mode. For our periodic problem, further numerical
evidence (not shown) for other parameter values in Fig. 8 lead to the conjecture that the instability threshold as 7 is
increased from a small value is always set by the in-phase mode. Recalling that 7 = kr/kp, the implication of this
conjecture is that, for an infinite lattice of cells, in-phase synchrony of intracellular oscillations can be triggered by
slowly increasing the reaction-rate kr of intracellular kinetics.

5 Discussion

We have used the cell-bulk ODE-PDE model (1.1) to analyze the onset of diffusion-induced oscillations for two
spatially segregated, but dynamically active, small cells in R?. By using strong localized perturbation theory in the
limit of small cell radius (cf. [34], [35]), we have constructed steady-state solutions and formulated the linear stability
problem for the dimensionless cell-bulk ODE-PDE model (1.3) with two identical cells on R2. For the specific choice
of Sel’kov intracellular reactions, we have analyzed how the coupling of dynamically active cells through diffusion of
a signaling molecule in the bulk medium can lead to the triggering of in-phase or anti-phase intracellular oscillations
through a Hopf bifurcation that would otherwise not occur for cells that are uncoupled from the bulk medium.
Moreover, synchronous oscillatory instabilities for a hexagonal arrangement of identical cells in R? was studied for
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Figure 10: Plots of the band A\(k) of spectra at three values of D, as computed from (4.5) and (4.7), at the two threshold values
of T for which the in-phase mode k = 0, with parameters as in Fig. 8a, satisfies the marginal stability condition Re(A(0)) = 0.
It is only for the lower threshold value of T that the entire band \(k) satisfies Re(A(k)) < 0 for k # 0.

Sel’kov kinetics by determining a new explicit formula for the regular part of a certain periodic reduced-wave Green’s
function. Our study of diffusion-induced synchrony, based on (1.3), provides an alternative theoretical framework to
the more classical, but strictly ODE-based, approaches used for studying collective synchronous behavior that arises
from coupling discrete dynamically active units (see [27] for a recent survey).

We now briefly discuss a few possible extensions of this study. Firstly, our analysis of the two-cell problem is
restricted to the case where the inter-cell separation is much larger than the common radii of the two cells. In this
limit, where the two cells are isolated, they communicate only through diffusion in the outer bulk medium. As a
result, our analysis is not applicable to characterizing intracellular oscillations of a two-cell cluster, where the inter-cell
separation is comparable to the cell radius. For this more intricate case, although the outer problem, defined at O(1)
distances from a two-cell cluster, is readily solved analytically in terms of a free-space Green’s function, the challenge
is with regards to calculating the inner solution for both the symmetric steady-state and linear stability problems.
However, since these inner problems involve solving Laplace’s equation with a Robin boundary condition outside two
circular cells, it should be possible to approximate their solutions numerically by extending the simple least-squares
fitting approach of [31] for solving Laplace’s equation outside a collection of circular disks. In this direction, it would be
worthwhile to develop and implement a hybrid asymptotic-numerical theory for characterizing the onset of intracellular
oscillations from the linearization of a symmetric steady-state solution for a two-cell cluster.

A second open direction is to extend the cell-bulk model (1.1) to allow for advection of the signaling molecule in
the bulk medium (cf. [33]). By including a spatially uniform drift velocity B, (1.1) becomes

ou

6—T=DBAZ/{—B-VU—kBZ/{, T>0, XeR*\UL_ Q;

(DpVU - BU)-°= U~ Popl, XeoQ, j=1,2,

(5.1)

which is coupled to the intracellular dynamics by (1.1c). In (5.1), n is the unit outward normal to the circular cells,
which points into the bulk region. By using the diffusion length L = \/Dpg/kp to nondimensionalize (5.1) as was
done in §3.1, we obtain in place of (3.7a) that

TU=AU-b-VU-U, >0, zeR*\UI, 0 ;

- - (5.2)

é(VU—bU)'fl,:dlU—dgu;, xe@ng, i1=12,
which is coupled to the dimensionless intracellular dynamics (3.7b). Here b = B/(kpLp) and the other dimensionless
parameters are as in (3.8). It should be possible, by using a similar asymptotic analysis as in §2, to analyze the effect
of the uniform flow b on triggering intracellular oscillations near an asymmetric steady-state solution for the two-cell
configuration. Depending on the direction of the drift b the advection should either enhance or diminish the possibility
of intracellular oscillations. In the steady-state and linear stability analysis for (5.2) when £ < 1, the Green’s function
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G(z;€), satisfying
AG—-b-VG—cG=-6(x—-¢§), (5.3)

with either c =1 or ¢ =14 7\, will play a prominent role. It has the explicit solution

Glo:€) = et @02k (lo — €] [c+ b2 /47 . (5.4)

Finally, it would be worthwhile to extend our 2-D analysis of (1.3) to a 3-D setting. The challenge of analyzing
the 3-D case is that owing to the rapid 1/r decay of the bulk field away from the cells, owing to the 3-D free-space
Green’s function for the Laplacian, the cell-cell interaction will be much weaker than in our 2-D setting. As a result,
we expect that intracellular oscillations can only be triggered if the bulk diffusivity is sufficiently large or if parameters
in the intracelluar kinetics are tuned to be rather close to the threshold values for instability.
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Appendices

A The Quasi-Periodic Reduced-wave Green’s function

We develop a rapidly converging expansion for the Bloch Green’s function G(x) and its regular part Ry (k; z) as defined
by (4.6). To do so, we extend the analysis in §5.1 of [17] for the case z = 1, as was motivated by the methodology in
[6], to allow for complex-valued z with Re(z) > 0. Then, by setting z = 1 4+ 7\ we obtain Ry(k;1+ 7)), as needed in
(4.5). Moreover, we identify that R, = R;(0;1) in (4.3) and (4.4).

We begin by representing the solution to (4.6) as the sum of free-space Green’s functions

= Giee(x+1)e*t, (A1)

leA

which ensures that the quasi-periodicity condition in (4.6) is satisfied. Then, to analyze (A.1) we use the Poisson
summation formula which converts a sum over the hexagonal lattice A to a sum over the reciprocal lattice A* of (4.2).
In the notation of [6], we have (see Proposition 2.1 of [6])

> fxtl)e*t = Z f(2rd — k) e* ™=k x ke R?. (A.2)
leA | deA~

Here |Q] is the area of the primitive cell of the lattice, while f is the Fourier transform of f, defined in R? by

—ix-p _ 1 £ ip-X
= [ seoerax. 100 =5 [ iw)erap. (A.3)

Upon applying (A.2) to (A.1) we obtain that the sum over the reciprocal lattice consists of free-space Green’s
functions in the Fourier domain. By taking Athe Fourie{“ transform of the PDE AGfree — 2D 1 Giree = —0(x) for the
free-space Green’s function, we obtain that Geee(p) = Geree(|p|), Where
1

Gfree(p =—F, with  p = |p|. A4
)=z o (A1)

Then, from (A.2) and (A.1), and by using || = 1, we obtain that

eix (2rd—k)
ix-(2nd—k) _
Gy(x) = IQ\ 3" Ceo(2nd — k) e 3 —|27Td T (A.5)

deA~ deA~
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In order to obtain a rapidly converging infinite series representation for G(x), we introduce the decomposition

Gireo(21d — k) = a(27d — k., 1)) Ctree(27d — k) + (1 — a(2nd — k, n)) Gireo(21d — k) , (A.6)
where the function a(2nd — k, ) is defined by
2rd — k> + &
a(2rd — k,n) = exp (—|7r2|+D) . (A7)
n

Here n > 0 is a real-valued cutoff parameter, which is specified below. Since Re(z) > 0, we readily calculate that

lim a(27d — k, 1) = 0; lim a(2nrd —k,n)=1.
n—0

n—0o0

With this choice for «, the sum over d € A* in (A.5) of the first set of terms in (A.6), as labeled by

27d — k|? + ) eix (2md—k)
G ourier = - o ) A8
fourier (X) g{; exp( 7 2nd — k|2 + & (A5

converges absolutely when Re(z) > 0.
Next, we calculate the lattice sum in (A.5) over the second set of terms in (A.6) by using the inverse transform
(A.3) after first writing (1 — &) Gree as an integral. To do so, we define p = |27nd — k|, so that from (A.7) and (A.4)

2 £ > 2, 2z),—2s
(1 - Oé<271'd - k,n)) CA;free(27'“»i - k) = pz% (1 — €exXp <_p - L )> = X(p) = / 26_(p +5) € —2s ds. (A9)
D It

2
D n ogn

In recognizing the middle term in (A.9) as the integral x(p) we used the easily verified definite integral

o z\,—2s _(p2+%)6725 s=00 1 2 4z
2/ e_(p2+5)e -2 ds = e =——|1—exp _P D . (A.10)
1 s=logn P>+ 5 n?

Next, we take the inverse Fourier transform of (A.9). To do so, we use two key facts. Firstly, the inverse Fourier
transform of a radially symmetric function f(p) is the inverse Hankel transform of order zero (cf. [25]), so that
fr)y=(2m)! fooo f(p) Jo(pr) pdp. Secondly, from [25], we recall the well-known inverse Hankel transform

2 z
ogn Pt 5

S 2 _2s 1 2 25
/ e~ P e pJo(pT) dp — 5 e2s—re /4.
0

In this way, we calculate using the definition of ¥ (p) in (A.9) that

1 - 1/ _ s—ze—25 < 2,-2s
X(T)E%/O x(p)Jo(pr)pdp:*/l e ? /P </0 e’ pJo(m“)dp> ds

TJlogn
1 o C9e_np—28 _r2 2s 1 o _(ﬁ 625+ie*25)

_ e 2s—ze /De2s T g = — e y) D ds .
27 logn 27 logn

In the notation of [6], we then define Fy,g(|x|) as

21 ogn

1 o _ T€25 %6—25
Fsing(|x|) = 7/1 € ( * > ds. (All)

Therefore, by using the Poisson summation formula (A.2) to calculate lattice sum in (A.5) over the second set of terms
in (A.6), we obtain

Gipatian(x) = Fang(Ix]) + Y ™ Fng(Jx +1)). (A.12)

leA
140
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In summary, the Bloch Green’s function for the reduced-wave operator in the spatial domain, satisfying (4.6), is
Gp(x) = Grourier(X) + Gspatial (X), representing the sum of (A.8) and (A.12). In this way, we have

|27rd—k\2+%
e T eix(2md—k) el
Golx) = 3 gz + P+ 3 e P (1), (A.13)
deA~ T D iea

where Fiing(|x|) is defined in (A.11). In terms of the Ewald cut-off parameter 7, we observe from (A.8) that
Grourier(X) — 0 as n — 0, while from (A.12) and (A.11) we get that Ggpatial(x) — 0 as n — cc.

The next step in the analysis is to isolate the logarithmic singularity in (A.13) as x — 0, so as to identify the
regular part R, (k; z) defined by

=1l
x—0

Ry(k; 2) m (Gb(x) + % log |x|> . (A.14)

From (A.8) we observe that Grourier(0) is finite for all |2rd — k| and 0 < n < co when Re(z) > 0. Likewise, for the last
set of terms in (A.13), we can take the limit x — 0 to conclude that > ica e Fi,0(|1]) is also finite. As a result, the
140

logarithmic singularity in G as x — 0 must arise from the middle term, Fying(r), in (A.13), where r = [x].
To analyze Fying(r) when Re(z) > 0, we write z = |z[e??, where 6 = Argz satisfies |§] < 7/2. In the integrand of
(A.11) we introduce the new variable ¢ by

1 r2D t

so that (A.11) becomes

Fang(r) = % //:0 exp (—r\/gcosh (t— i9/2)) dt, where B =log (f:}%?) . (A.16)

Here 6 = Argz and we have specified the principal branch for v/z. We then split the integration range in (A.16) as

Fung(r) = i [ 0; exp (r\/g cosh (t — m/2)> dt — % [ i exp <r\/g cosh (t — w/z)) dt . (A.17)

To calculate the first term in (A.17), we use a contour integration over the box-shaped contour —b < Re(t) < b and
0 < Im(¢) < 7/2 in the complex t-plane. Since there are no residues within the contour, and we have exponential
decay on the sides of the box as b — oo, we can replace ¢t — i6/2 by ¢t in (A.17) and then use symmetry to obtain

1 [ z 1 [ z 1 [ e EVE/D
- —r. )= —3 = —ry ) = = - A.18
p /_OO exp< T”D cosh (¢ 29/2)) dt 27r/0 exp( THD cosh (t)) dt ), Ve ¢, ( )

where the last equality in (A.18) follows from the substitution & = cosh(t). The last integral in (A.18) is identified
by using the well-known integral representation Ko(w) = [~ e~“¢//&2 — 1d¢ for the modified Bessel function of the
second kind of order zero, which is valid for |Argw| < 7/2. In this way, we obtain from (A.18) and (A.17) that

Fsmg(r):%m (r ;) 7 (L;TZ), where J(r;2) = / ’ exp (—r\/g cosh(t—i9/2)) dt. (A.19)

— 00

Next, we provide a more tractable representation for J(r;z). We introduce a new variable £ defined by

772r\/5€_t

_ —(t=8) _
—e =
¢ NE

: (A.20)
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so that £ =1 when ¢t = 8 and £ — 400 as t — —oo. In terms of &, the exponential in the integral J is

4 2D
—r\/gcosh (t—1i0/2) = _772% (1 + 774:52 ) . (A.21)

By using (A.21) and dt = —d¢&/€ within the integral J in (A.19), we obtain that (A.19) transforms to

1 . o0 o—z£/(n°D)
Fiing(r) = %Ko <m / lz)> - J(L’TZ) , where J(r;z) = /1 %eiﬁfﬁ/(%) dg . (A.22)

Finally, we use (A.22) to extract the local behavior of Fiing(r) as r — 0. As r — 0, we calculate for J(r; z) that

J=FE (772ZD> +0(r?), when Re(z) >0, (A.23)
where Ey(w) = [° ¢ e ¢ d¢, for Re(w) > 0, is the well-known exponential integral. In addition, in (A.22) we use
Ko(w) = logw +log2 — v, + o(1) as |w| — 0, where ~, is Euler’s constant. In this way, (A.22) and (A.23) yield

1 1 1 z
Fiing(r) = —=—logr + — [log(2\/5) — Ve — 1og(\/§)} - —F +o(1), as r—0. (A.24)
27 27 4 72D

Finally, by substituting (A.13) in (A.14), and using (A.24), we obtain the result for Ry(k;z) given in (4.7).

B Formulation on the Wigner Seitz Cell

In this appendix, we provide a key result for Ry(k;z). However, before doing so, we first must obtain a more refined
description of the fundamental Wigner-Seitz (FWS) cell, as was discussed in §2.2 of [18]. For a general lattice, there
are eight nearest neighbor lattice points to x = 0 given by the set

P={ml +nly| me{0,1,-1}, ne {0,1,-1}, (m,n) #0}. (B.1)

For each (vector) point P; € P, for i = 1,...,8, the Bragg line L; is defined as the line that crosses the point P;/2
orthogonally to P;. The unit outer normal to L; is labeled by 5, = P;/|P;|. The convex hull generated by these Bragg
lines is the FWS cell Q. Specifically, for the hexagonal lattice (4.1) its boundary 9 is the union of exactly six Bragg
lines, and the centers of the Bragg lines generating 0S2 are re-indexed as P;/2 for ¢ = 1,...,6. The boundary 9 of Q
is the union of the re-indexed Bragg lines L; for i = 1,...,6, and is parameterized segment-wise as

_{er{ tipty | -t <t<t, izl,...,6}, (B.2)

where 2t; is the length of L;. Here n;- is the direction perpendicular to P;, and is, therefore, tangent to L;. From this
construction, Bragg lines on 02 must come in pairs. In particular, if P is a neighbor of 0 and the Bragg line crossing
P/2 lies on 09, it follows by symmetry that the Bragg line crossing —P/2 must also lie on 9.

Next, we reformulate the PDE (4.6) for the reduced-wave Bloch Green’s function G} on R? to an equivalent PDE
on the FWS Q. This is done by imposing a boundary operator P on 0f2 that incorporates the quasi-periodic condition
n (4.6). This equivalent PDE is

1
AGy — %Gb =—i(x), x€Q; Gy €Pr, x€00; Ry(k;z) = hm (Gb( )+ o log |x|) , (B.3)
where k/(27) € . In (B.3), the boundary operator is defined by

P, = {u( ( a“(xﬂ_) ) — ikl ( 8“2’(‘;2_1) ) . Vxi €L, Vxp€L_;, LeA, i= 17...,3}. (B.4)

u(x41)
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Here L; and L_; denote two parallel Bragg lines on opposite sides of 952 for ¢ = 1,...,3, while x;;1 € L; and x50 € L_;
are any two opposing points on these Bragg lines. In this notation, periodic boundary conditions refer to G € Py.

With this reformulation of (4.6) to the PDE (B.3) on the FWS cell Q, with unit area |Q] = 1, we now derive a
result is needed in §4.2. Firstly, we obtain for the periodic problem, with G, € Py on 99, that G, = O(D) when
D > 1. By expanding in powers of D, we readily derive for k = 0 that

D
Gy = TS +Gpo+O(D™ ), (B.5)

where G,o(x) is the periodic source-neutral Green’s function satisfying

1

AG})O = @

1
—i(x), xe€Q; Gy € Py, x€09Q; Ry = li_r)r%) (Gpo(x) + o log |x> , (B.6)

and normalized by fQ Gpodx = 0. From Theorem 1 of [7], Ry ~ —0.21027 is given explicitly by

Ryo=—— ln 27) — — ln‘, /Sln /6 H 27””5

By taking the regular part of (B.5) we obtain the two-term result for R,(0; 1+ 7\) in (4.12), which is valid for D > 1.

where E=e"/3, (B.7)

)
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