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Abstract. For a cell-bulk ODE-PDE model in R2, a hybrid asymptotic-numerical theory is developed to provide a new4
theoretical and computationally efficient approach for studying how oscillatory dynamics associated with spatially segregated5
dynamically active “units” or “cells” are regulated by a PDE bulk diffusion field that is both produced and absorbed by6
the entire cell population. The study of oscillator synchronization in a PDE diffusion field was one of the initial aims of7
Yoshiki Kuramoto’s foundational work. For this cell-bulk model, strong localized perturbation theory, as extended to a8
time-dependent setting, is used to derive a new integro-differential ODE system that characterizes intracellular dynamics in a9
memory-dependent bulk-diffusion field. For this nonlocal reduced system, a novel fast time-marching scheme, relying in part10
on the sum-of-exponentials method to numerically treat convolution integrals, is developed to rapidly and accurately compute11
numerical solutions to the integro-differential system over long time intervals. For a particular choice of two-component12
reaction kinetics, a wide variety of large-scale oscillatory dynamical behavior including phase synchronization, mixed-mode13
oscillations, and quorum-sensing are illustrated for various ranges of the influx and efflux permeability parameters, the14
bulk degradation rate and bulk diffusivity, and the specific spatial configuration of cells. Results from our fast algorithm,15
obtained in under one minute of CPU time on a laptop, are benchmarked against PDE simulations of the cell-bulk model,16
which are performed with a commercial PDE solver, that have run-times that are orders of magnitude larger.17

1. Introduction. Over the past four decades, the Kuramoto model [35]18

(1.1) θ̇i = ωi +
K

N

N∑
j=1

sin(θj − θi) ,19

and its variants have provided the primary theoretical modeling framework for analyzing the synchroniza-20
tion properties of a collection of N nonlinear oscillators. In (1.1), θi is the phase of the ith oscillator, ωi21
is its natural frequency, and K is the coupling strength. Key quantities for analyzing the synchronization22
behavior for (1.1) are the Kuramoto order parameters r(t) and ψ(t) defined by reiψ = N−1

∑N
j=1 e

iθj . In23
the mean field limit N →∞, phase transitions to partial phase synchronization r > 0 as K is increased24
above a threshold have been characterized. For a survey of results see [64], [2] and [12].25

One key aspect of Kuramoto-type phase oscillator systems is that they can be formally derived from26
nonlinear dynamical systems of coupled oscillators by using asymptotic phase reduction methods that27
are valid in the limit of weak coupling (cf. [49], [39] and [38]). An important current research theme28
is the study of oscillator synchronization on networks, as surveyed in [56], owing to their many diverse29
applications such as power grids [27] and cortical brain activity [10], among others.30

With the aim of incorporating diffusive effects, in [37] Kuramoto emphasized the need for characterizing31
synchronization behavior for a collection of coupled oscillators or “cells”, each fixed in space, in which32
an extra substance secreted from each cell can diffuse over the entire space and effectively mediate the33
inter-cell interaction. His phenomenological model in [37] of this interaction has the form34

(1.2a) u′j = F(uj) + g(A(xj , t)) , εAt = D∆A− ηA+

N∑
k=1

h(uk)δ(x− xk) ,35

where g and h are prescribed coupling functions. For x ∈ R1 and in the limit ε→ 0, (1.2) reduces to36

(1.2b) u′j = F(uj) + g

(
N∑
k=1

σ(|xj − xk|)h(uk)

)
.37

where σ(r) = Ce−r
√
η/D is the 1-D quasi-static Green’s function for some C > 0. Further approximating38

(1.2b) near a Hopf bifurcation point of the uncoupled dynamics u′j = F(uj) by using a weakly nonlinear39
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2 M. PELZ, M. J. WARD

analysis, the normal form of the underlying dynamics leads to a nonlocally coupled Complex Ginzburg-40
Landau (CGL) system. The CGL with ordinary diffusion is known to allow for spatio-temporal chaotic41
dynamics, commonly known as chemical turbulence ([36], [37], [48]), with its nonlocal counterpart ex-42
hibiting more exotic space-time chaotic behavior such as anomalous spiral-wave dynamics. More recently,43
in [63], [4] and [11] there has been a renewed focus on analyzing synchronization properties for the phase44
oscillator coupled system (1.2), with the main emphasis being for the ε→ 0 limit (1.2b).45

Two primary limitations of the phenomenological model (1.2) is that A(x, t) has a singularity at x = xj46
in R2 and R3, and that it is not clear how to choose the coupling functions g and h for a specific application.47
For many problems in biology and chemical physics, it is essential to explicitlymodel the diffusive coupling48
of dynamically active units, without incorporating extraneous coupling functions. In particular, for49
many microbial systems, cell-cell communication occurs through the diffusion of extracellular signaling50
molecules, referred to as autoinducers, that are both produced and absorbed by the entire collection of51
cells (cf. [17], [67], [14]). For a colony of Dictyostelium discoideum, it is known that the autoinducer cyclic52
adenosine monophosphate (cAMP) triggers intracellular oscillations that initiate the process of the spatial53
aggregation of the colony in low nutrient environments (cf. [26], [50], [19]). In addition, the autoinducer54
acetaldehyde (Ace) leads to glycolytic oscillations in a colony of yeast cells (cf. [13], [14], [15], [29]), while55
acylated homoserine lactones (AHLs) are implicated in triggering bioluminescence behavior associated56
with the marine bacterium Aliivibrio fischeri that resides in the light organ of certain species of tropical57
squid (cf. [67]). For these microbial systems, one key aspect is to characterize quorum-sensing behavior,58
whereby collective dynamics can only occur if the cell population exceeds a threshold (cf. [60], see [55]59
for a survey). In a chemical physics context, collective oscillatory dynamics of catalyst loaded pellets can60
occur owing to the diffusive coupling of Belousov-Zhabotinsky (BZ) reagents in a chemical mixture (cf.61
[62], [69], [68], [71], [70]). In addition, certain microemulsions of dynamically active surface-stabilized62
BZ droplets that are immersed in oil lead to synchronized oscillatory dynamics (cf. [72]). More recently,63
chaotic oscillations have been observed for a compartmentalized surface reaction nanosystem [57].64

An ideal modeling framework to investigate collective dynamics arising from the coupling of a bulk65
diffusion field are the cell-bulk models originating from [46] and [47] in a 3-D setting and from [24]66
and [33] in 2-D domains. From a mathematical viewpoint, cell-bulk models are compartmental-reaction67
diffusion (RD) systems with rich dynamics that can be used for analyzing how intracellular oscillations68
associated with spatially segregated dynamically active “units” or “cells” are mediated by one or more69
diffusing substances that are both produced and absorbed by the entire cell population. This modeling70
framework is also well-aligned with Kuramoto’s original aims of investigating oscillator synchronization71
through the effect of diffusive coupling as discussed in [37]. The survey article [62] has also emphasized72
the need for theoretical modeling frameworks that couple discretely interacting dynamical units.73

Previous studies of synchronization or pattern-forming properties of cell-bulk systems, i.e., systems74
that involve a cell membrane connected to a diffusion field (the bulk), include the 1-D analysis in [21]75
with oscillatory FitzHugh-Nagumo kinetics on the diffusively coupled boundaries and the bulk-membrane76
analysis of [40] in disk-shaped domains. In a 1-D context, and with one bulk diffusing species, this77
compartmental-RD system modeling paradigm has been shown to lead to triggered oscillatory instabilities78
for various reaction kinetics involving conditional oscillators (cf. [23], [25], [22]). Amplitude equations79
characterizing the local branching behavior for these triggered oscillations have been derived in [52] using80
a weakly nonlinear analysis. Extensions of this framework incorporating time-delay effects have been used81
to model intracellular polarization and oscillations in fission yeast (cf. [76]). In a 2-D domain, cell-bulk82
models with one diffusing bulk species have been formulated and used to model quorum-sensing behavior83
(cf. [24], [33], [59], [20]). In a 2-D bounded domain with no-flux boundary conditions, and in the limit84
of large bulk diffusivity and small cell radii, the study of intracellular dynamics for cell-bulk models can85
be asymptotically reduced to the study of an ODE system with global coupling (cf. [33], [32]), where the86
global mode arises from the approximately spatially uniform bulk diffusion field. With two-bulk diffusing87
species, and as inspired by the trans-membrane signal transduction study in [58], in 1-D [53] and in88
2-D [54] domains it has been shown that a symmetry-breaking bifurcation leading to a linearly stable89
asymmetric pattern can occur for equal bulk diffusivities when the ratio of reaction rates across the cell90
boundaries for the two bulk species is sufficiently large.91

We now formulate the coupled dimensional cell-bulk ODE-PDE model of [24] and [33], as inspired by92
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(a) Cells coupled by bulk diffusion (b) Exchange between a cell and the bulk

Fig. 1: Left: Dynamically active circular signaling compartments (in cyan) coupled through a bulk diffusion field
(red dots) in R2. Right: Zoom of the chemical exchange between the bulk and any given cell when there are two
intracellular species (green and red dots). Only the red species is secreted into the extracellular bulk region, while
the bulk species can bind to the cell membrane. A Robin boundary condition models this chemical exchange.

[46] and [47], with one bulk species in R2. We assume that there are N dynamically active cells, modeled93
by a collection of disks of a common radius R0, denoted by Ωj and centered at xj ∈ R2 for j ∈ {1, . . . , N}.94
In the bulk, or extracellular, region R2 \ ∪Nj=1 Ωj , the concentration U(X, T ) of the autoinducer or bulk95
signal, with diffusivity DB and bulk degradation kB , is assumed to satisfy96

∂TU =DB∆U − kBU , T > 0 , X ∈ R2 \ ∪Nj=1 Ωj ,(1.3a)97

DB ∂nX
U = β1j U − β2j µ1j , x ∈ ∂Ωj , j ∈ {1, . . . , N} .(1.3b)9899

The permeabilities β1j > 0 and β2j > 0 control the influx and efflux into and out of the jth cell,100
respectively, while ∂nX

is the outer normal derivative pointing into the bulk region.101

Inside each cell we assume that there are m species µj ≡ (µ1j , . . . , µmj)
T that undergo interactions102

with the local reaction kinetics Fj , and that one species, labeled by µ1j , can permeate across the cell103
boundary. The cells are assumed to be sufficiently small so that we can neglect any spatial gradients in104

the intracellular species within each cell. The intracellular dynamics in the jth cell are coupled to the105
bulk diffusion field (1.3) via an integration of the diffusive flux across the cell membrane as106

dµj
dT

= kR µcFj (µj/µc) + e1

∫
∂Ωj

(β1j U − β2j µ1j) dSX , j ∈ {1, . . . , N} .(1.3c)107

In (1.3c), e1 ≡ (1, 0, . . . , 0)T , kR > 0 is the dimensional intracellular reaction rate and µc > 0 is a typical108
magnitude of the vector µj . In this formulation, µ1j can permeate the cell membrane with an efflux109

rate β2j per unit length. The influx rate β1j controls the feedback into the jth cell from the global bulk110
diffusion field that is produced by the entire collection of spatially segregated cells.111

For our asymptotic limit, we will assume that the common radius R0 of the signaling compartments112
is small relative to the minimum inter-cell separation distance L, and so we introduce a small parameter113
ε ≡ R0/L � 1. From the non-dimensionalization of the cell-bulk model (1.3) given in Appendix A we114
obtain that the dimensionless bulk field U(x, t) satisfies (see Fig. 1 for a schematic)115

∂tU =D∆U − σ U , t > 0 , x ∈ R2 \ ∪Nj=1 Ωεj ; U(x, 0) = 0 ,(1.4a)116

εD ∂nU = d1j U − d2j u1j , x ∈ ∂Ωεj , j ∈ {1, . . . , N} ,(1.4b)117118
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which is coupled to the dimensionless intracellular dynamics within the jth cell by119

duj
dt

= Fj (uj) +
e1

ε

∫
∂Ωεj

(d1j U − d2j u1j) dSx , j ∈ {1, . . . , N} .(1.4c)120

121

Here uj = (u1j , . . . , umj)
T is the dimensionless vector of intracellular species in the jth cell, labeled by122

Ωεj ≡ {x | |x− xj | ≤ ε}. We assume that the centers of the cells are well-separated in the sense that123
dist(xj ,xk) = O(1) for j 6= k. In (1.4), the key dimensionless parameters are124

(1.5) D ≡ DB

kRL2
, d1j ≡ ε

β1j

kRL
= O(1) , d2j ≡ ε

β2jL

kR
= O(1) , σ ≡ kB

kR
.125

Here D and σ are the effective bulk diffusivity and bulk degradation rate. In (1.5), the ratios β1j/(kRL)126
and β2jL/kR are chosen as O(ε−1) so that there is an O(1) transport across the cell membrane.127

Our goal for the conceptual cell-bulk model (1.4) is to develop a hybrid asymptotic-numerical approach128
to study how intracellular oscillations are both initiated and synchronized by the bulk diffusion field that129
is created by the entire collection of cells. In contrast to the study in [33] that focused only on the130
steady-state problem and the spectral properties of the linearization of the steady-state, the main goal in131
this paper is to use a hybrid approach to study the large-scale intracellular dynamics for (1.4) that occur132
away from stable steady-states.133

In §3 we will extend the strong localized perturbation theory, as surveyed in [74], to the time-dependent134
setting of (1.4) in order to derive, in the limit ε → 0 of small cell radii, a new integro-differential ODE135
system that characterizes how intracellular dynamics are coupled to the bulk diffusion field that is pro-136
duced by the entire cell population. This reduced integro-differential system, as described in Proposition137
1, is asymptotically accurate to all orders in ν = −1/ log ε. As discussed in Remark 1 below, the “outer138
problem” in our asymptotic analysis shares some common features with Kuramoto’s original model (1.2).139

Assuming that U(x, 0) = 0, in §2 we analyze the short-time behavior of the cell-bulk system on140
the time-scale τ = ε2t within an O(ε) neighborhood of each cell. This transient solution, involving141
Ramanujun’s integral, is essential for providing the initial behavior for the integro-differential ODE142
system in Proposition 1 that is valid on the O(1) time-scale. In §4, we show that the steady-states of the143
cell-bulk model (1.4), as obtained from strong localized perturbation theory, coincide with the steady-144
state limiting values of the integro-differential ODE system. In addition, the linear stability properties145
of the steady-states are shown to be characterized by the roots of a nonlinear matrix eigenvalue problem,146
referred to as the globally coupled eigenvalue problem (GCEP).147

We emphasize that a direct numerical study of the integro-differential system in Proposition 1 is148
highly challenging owing to the fact that N(N + 1)/2 memory-dependent convolution integrals, each149
with integrable singularities, would have to be computed numerically up to time t in order to advance the150
solution one time step to time t+ ∆t. To overcome this difficulty, in §5 we develop a fast time-marching151
numerical scheme, which relies significantly on the sum-of-exponentials method of [34] and [7] (see also152
[8]) together with Duhamel’s principle, that allows us to both rapidly and accurately compute solutions153
to the integro-differential system for arbitrary reaction kinetics over long time intervals.154

In §6 we illustrate our hybrid asymptotic-numerical theory for a particular choice of reaction dynamics,155
which is related to simple models of glycolysis oscillations and chemical oscillations in closed vessicles156
(cf. [61], [45]). For these reaction kinetics, the steady-state solution branches of (1.4) have no transcritical157
or fold bifurcations and, as a result, steady-states are destabilized only via Hopf bifurcations. For various158
specific spatial configurations of cells, phase diagrams in the 1/σ versus D parameter plane, as computed159
from the winding-number of the determinant of the nonlinear matrix eigenvalue problem, are provided160
to identify the number of destabilizing modes of the linearization of the steady-state. The corresponding161
eigenvector of the GCEP is shown to encode both the relative magnitude of the signaling gradient near162
each cell, as well as the phase shift in small amplitude oscillations between cells that occur near an unstable163
steady-state. Quorum-sensing and diffusion-sensing behavior, as well as the key effects on intracellular164
oscillations of varying the influx and efflux permeabilities, are examined for various spatial configurations165
of cells. In particular, we show that a single oscillating cell can trigger coherent intracellular oscillations166
in an entire collection of cells. Moreover, by computing the Kuramoto order parameter, we show an167
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apparent phase transition to complete phase coherence as the bulk diffusivity is increased for a one-shell168
hexagonal arrangement of identical cells. These cells would be in a quiescent state without any cell-bulk169
coupling. Finally, in §7 we discuss several related cell-bulk problems that are now tractable to study with170
our hybrid approach.171

2. Transient analysis near the cells. We first analyze the transient solution near the jth cell,172
which is valid for t = O(ε2) when U(x, 0) = 0 and for arbitrary initial values uj(0) for j ∈ {1, . . . , N}.173
This short-time analysis will provide the initial conditions for the long-time dynamics studied in §3.174

We first assume that u1j(0) 6= 0. In the jth inner region we have to leading-order that the solution near175
the cell is locally radially symmetric. As such, we let y = ε−1(x− xj) with ρ = |y| and we introduce the176
short time-scale τ , defined by t = ε2τ . From (1.4a) and (1.4b), we obtain that V (ρ, τ) = U(xj + εy, ε2τ)177
satisfies, to leading-order, the locally radially-symmetric problem178

∂τV = D

(
∂ρρV +

1

ρ
∂ρV

)
, ρ > 1 , τ ≥ 0 ; V (ρ, 0) = 0 ,

D∂ρV = d1jV − d2ju1j(0) , on ρ = 1 .

(2.1)179

By taking the Laplace transform of (2.1), we calculate V̂ (ρ, s) = L [V (ρ, τ)] ≡
∫∞

0
V (ρ, τ)e−sτdτ as180

(2.2) V̂ (ρ, s) = u1j(0)
d2j

s

 K0

(
ρ
√
s/D

)
d1jK0

(√
s/D

)
+
√
sDK1

(√
s/D

)
 ,181

where the branch cut is taken along Re(s) ≤ 0 with Im(s) = 0. Here K0(z) and K1(z) are modified182
Bessel functions of the second kind.183

Since the singularity of (2.2) with the largest real part is at s = 0, to determine the large τ behavior184
of V for fixed ρ > 1 we must first determine the behavior of (2.2) as s → 0. Upon using K0(z) ∼185
− log z − γe + log 2 + o(1) and K1(z) ∼ z−1 + o(1) as z → 0, where γe is Euler’s constant, we get186

(2.3a) V̂ (ρ, s) ∼ d2ju1j(0)

d1js
+

2d2ju1j(0)

d1j

(
log ρ+

D

d1j

)
1

s log(κ0js)
, as s→ 0 ,187

where κ0j is defined by188

(2.3b) κ0j ≡
1

4D
e2(γe−D/d1j) .189

To determine V (ρ, τ) for τ � 1 and ρ = O(1), we must determine a function whose Laplace transform190
is analytic in Re(s) > 0 and where its singularity with the largest real part occurs at s = 0 with the191

leading-order local behavior [s log(κ0js)]
−1 as s → 0. We emphasize that V̂ (ρ, s) in (2.2) is analytic in192

Re(s) > 0, and that the pole at s = 1/κ0j in the local behavior as s→ 0 in (2.3a) is spurious. As shown193
in [41], and summarized in Appendix B, for any κ0j > 0 we have the exact relation194

(2.4) L [N (τ/κ0j)] =
1

s− 1/κ0j
− 1

s log(sκ0j)
,195

where N(x) for x > 0 is Ramanujan’s integral defined by196

(2.5) N(x) ≡
∫ ∞

0

e−xξ

ξ [π2 + (log ξ)2]
dξ .197

It is readily shown that s = 1/κ0j is a removable singularity for (2.4) and that L [N (τ/κ0j)] is analytic in198
Re(s) > 0 and the singularity with the largest real part satisfies L [N (τ/κ0j)] ∼ −

[
s log(sκ0j)

−1
]

+O(1)199
as s→ 0. By using the well-known integral asymptotics (cf. [75], [9], [41])200

(2.6) N(x) ∼ 1

log x
− γe

(log x)2
+O((log x)−3) , as x→ +∞ ,201
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where γe is Euler’s constant, we absorb the second term into the leading-order approximation to obtain202

(2.7) N(x) ∼ 1

log (xeγe)
−O([log (xeγe)]

−3
) , as x→ +∞ .203

By using this result and (2.3b), we readily obtain for τ � 1 and ρ > 1 fixed that204

(2.8a) V (ρ, τ) ∼ u1j(0)
d2j

d1j
+

Bj
2πD

(
log ρ+

D

d1j

)
,205

where Bj satisfies206

(2.8b) Bj ∼ −u1j(0)
4πDd2j

d1j log (τ/ [κ0je−γe ])
+O

([
log
(
τ/(κ0je

−γe)
)]−2

)
, for τ � 1 .207

A similar analysis can be done for the case where u1j(0) = 0. By evaluating (1.4c) at t = 0, and using208
U(x, 0) = 0 and u1j(0) = 0, we conclude for τ = O(1) that209

(2.9) u1j ∼ ε2τu′1j(0) , where u′1j(0) = eT1 Fj(uj(0)) .210

As a result, we replace u1j(0) in the boundary condition on ρ = 1 in (2.1) with ε2τu′1j(0) to derive, in211
place of (2.2), that212

(2.10) V̂ (ρ, s) = d2jε
2u′1j(0)

 K0

(
ρ
√
s/D

)
s2
[
d1jK0

(√
s/D

)
+
√
sDK1

(√
s/D

)]
 .213

To determine the large τ behavior for ρ > 1 fixed, we let s→ 0 in (2.10) to conclude that214

(2.11) V (ρ, τ) ∼ ε2τu′1j(0)
d2j

d1j
+ +2ε2u′1j(0)

d2j

d1j

(
log ρ+

D

d1j

)
L−1

[
1

s2 log(κ0js)

]
,215

where κ0j is given in (2.3b). By convolving L−1
[
(s log(κ0js)

−1
]

= −N (τ/κ0j) and L−1
[
s−1
]

= 1, we216
obtain from (2.11) for τ � 1 and ρ = O(1) that217

(2.12a) V (ρ, τ) ∼ ε2τu′1j(0)
d2j

d1j
+

Bj
2πD

(
log ρ+

D

d1j

)
,218

where, in terms of Ramanujan’s integral N(x) in (2.5) and with u′1j(0) = eT1 Fj(uj(0)), Bj now satisfies219

(2.12b) Bj ∼ −ε2u′1j(0)
4πDd2j

d1j

∫ τ

0

N (ξ/κ0j) dξ , for τ � 1 .220

Finally, to estimate Bj for the range O(1) � τ � O(ε−2), we observe that since
∫∞

0
N (ξ/κ0j) dξ221

is not integrable, the dominant contribution to the integral in (2.12b) arises from the upper endpoint222
ξ = τ � 1 where we can use the asymptotics (2.7). Upon integrating by parts, we calculate in terms of223
the exponential integral E1(z) that224

(2.13)
∫ τ

0

1

log (ξ/(κ0je−γe))
dξ = −κ0jE1

[
− log

(
τ/(κ0je

−γe)
)]
∼ τ

log (τ/(κ0je−γe))
, as τ →∞ ,225

where we used E1(z) ∼ e−z/z for z → +∞. In this way, we obtain from (2.7), (2.12b) and (2.13) that226

(2.14) Bj ∼ −ε2

∫ τ

0

u′1j(0)γj

log (ξ/(κ0je−γe))
dξ = −ε2

u′1j(0)γjτ

log (τ/(κ0je−γe))
, O(1)� τ � O(ε−2) .227

The explicit far-field behavior of the transient solution given in (2.8b) and (2.14), valid for O(1)� τ �228
O(ε−2) and ρ = O(1), is essential for providing the initial behavior for the integro-differential system,229
derived below in §3, that is valid on long time scales.230
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3. Derivation of ODE system for intracellular kinetics. We now derive a reduced ODE system231
with memory for the intracellular kinetics valid that is valid for t� O(ε2).232

For t = O(1), in the jth inner region we let y = ε−1(x − xj) with ρ = |y|, to obtain from (1.4a) and233
(1.4b) that V (y, t) = U(xj + εy, t) satisfies the leading-order quasi-steady problem234

(3.1) ∆yV = 0 , for ρ > 1 ; D∂ρV = d1jV − d2ju1j , on ρ = 1 .235

It is convenient to parameterize the solution to (3.1) in terms of the unknown diffusive flux Bj(t) into236
each cell. As such, we write the radially symmetric solution to (3.1) as237

(3.2) V (y, t) =
Bj(t)

2πD
log |y|+ Bj(t)

2πd1j
+
d2j

d1j
u1j(t) ,238

where we verify that the diffusive flux is ε−1
∫

Ωj
(d1jU − d2ju1j) dSx = Bj(t). In this way, (1.4c) yields239

(3.3)
duj
dt

= Fj(uj) +Bj(t)e1 , j ∈ {1, . . . , N} .240

Next, by asymptotically matching (3.2) to the outer solution U , we conclude that U must satisfy241

∂tU = D∆U − σU , x ∈ R2\{x1, . . . ,xN} ; U(x, 0) = 0 ,

U ∼ Bj
2πD

log |x− xj |+
Bj

2πDν
+

Bj
2πd1j

+
d2j

d1j
u1j , as x→ xj , j ∈ {1, . . . , N} ,

(3.4)242

with U(x, t)→ 0 as |x| → ∞ for each t > 0. Here ν ≡ −1/ log ε, Bj = Bj(t), and u1j = u1j(t).243

Remark 1. The “outer” problem (3.3) coupled to the bulk diffusion field via (3.4) will self-consistently244
lead to an integro-differential ODE system for the diffusive flux Bj(t) and the intracellular species uj(t)245
for j ∈ {1, . . . , N}. The key feature in our construction is that Bj(t) is determined self-consistently by246
pre-specifying the regular part of the singularity behavior as x → xj in (3.4). The ODE (3.3) together247
with (3.4) replaces the phenomenological point-source diffusion model of [37], as given in (1.2).248

To solve (3.4) we first consider an auxiliary problem for vk(x, t) given by249

∂tvk = D∆vk−σvk −Bk(t)δ(x− xk) ; vk → 0 as |x| → ∞ ; vk(x, 0) = 0 ,

vk(x, t) ∼ Bk(t)

2πD
log |x− xk|+Rk(t) + o(1) , as x→ xk ,

(3.5)250

where Rk(t) is to be determined in terms of Bk(t). As shown in our analysis of the transient solution in251
§2, we must impose that Bk(t)→ 0 as t→ 0+.252

By taking the Laplace transform of (3.5) we obtain that v̂k(x, s) = L [vk(x, t)] satisfies253

∆v̂k −
(σ + s)

D
v̂k =

B̂k(s)

D
δ(x− xk) ; v̂k → 0 as |x| → ∞ ,

v̂k ∼
ˆBk(s)

2πD
log |x− xk|+ R̂k(s) , as x→ xk ,

(3.6)254

where B̂k(s) = L [Bk(t)] and R̂k(s) = L [Rk(t)]. By decomposing v̂k = −B̂kĜk, we find that Ĝk satisfies255

(3.7) ∆Ĝk −
(σ + s)

D
Ĝk = − 1

D
δ(x− xk) ; Ĝk → 0 as |x| → ∞ .256

In terms of the modified Bessel function K0(z) of the second kind of order zero, the solution to (3.7) is257

(3.8) Ĝk(x, s) =
1

2πD
K0

(√
s+ σ

D
|x− xk|

)
.258
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In (3.8) we specify the principal branch of the square root, so that Ĝk is analytic in the complex s plane259
except along the branch cut where Re(s) ≤ −σ and Im(s) = 0.260

Upon using K0(z) ∼ − log z−γe+log 2 as z → 0, where γe is Euler’s constant, we can calculate v̂k(x, s)261
as x → xk and enforce that this limiting behavior agrees with that required in (3.6). By specifying the262
principal branch of log(s+ σ), this determines that263

(3.9) R̂k(s) =
1

4πD
B̂k(s) log(s+ σ) +

B̂k(s)

2πD

(
γe − log(2

√
D)
)
.264

Then, by using the well-known inverse Laplace transform (cf. [1])265

L−1
[
K0(a

√
s)
]

=
1

2t
e−a

2/(4t) for a > 0 ,266

together with the shift property of the Laplace transform, we conclude from (3.7) that267

(3.10) Gk(x, t) = L−1
[
Ĝk(x, s)

]
=

1

4πDt
e−σte−|x−xk|

2/(4Dt) ,268

which is simply the fundamental solution of the heat equation with bulk degradation. By using the269

convolution property we calculate vk(x, t) = −L−1
[
B̂kĜk

]
as270

(3.11) vk(x, t) = −
∫ t

0

Bk(τ)Gk(x, t− τ) dτ = −
∫ t

0

Bk(τ)e−σ(t−τ)

4πD(t− τ)
e−|x−xk|

2/(4D(t−τ)) dτ .271

Next, we invert (3.9) under the assumption that Bk(0) = 0 to derive that272

(3.12) Rk(t) =
1

4πD
L−1

[
sB̂k(s)

(
log(s+ σ)

s

)]
+
Bk(t)

2πD

(
γe − log

(
2
√
D
))

.273

From the inverse transforms B′k(t) = L−1
[
sB̂k(s)

]
and L

[
s−1 log(s+ σ)

]
= E1(σt) + log σ for σ > 0274

(cf. [1]), we obtain from the convolution property and Bk(0) = 0 that275

(3.13) L−1
[
B̂k log(s+ σ)

]
=

∫ t

0

B′k(τ)E1(σ(t− τ)) dτ +Bk(t) log σ .276

In this way, in terms of the exponential integral E1(z), we conclude from (3.12) that277

(3.14) Rk(t) =
Bk(t)

2πD

[
γe − log

(
2

√
D

σ

)]
+

1

4πD

∫ t

0

B′k(τ)E1(σ(t− τ)) dτ .278

We represent the solution to (3.4) as the superposition U(x, t) =
∑N
k=1 vk(x, t). By letting x → xj ,279

and enforcing that the limiting behavior of U(x, t) agrees with that required in (3.4), we conclude that280

(3.15) Rj(t) +

N∑
k=1

k 6=j

vk(xj , t) =
Bj(t)

2πD

(
1

ν
+

D

d1j

)
+
d2j

d1j
u1j(t) , j ∈ {1, . . . , N} .281

Upon using (3.14) for Rj(t), we observe that (3.15) determines Bj(t) in terms of u1j(t).282

Finally, upon combining (3.15) with the intracellular dynamics (3.3) we obtain an integro-differential283
system for the intracellular species uj(t) that is coupled to the time-history of the source strengths Bj(t).284
We summarize our result in the following formal proposition.285
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Proposition 1. For ε→ 0, and with the initial condition U(x, 0) = 0, the solution U(x, t) and uj(t),286
for j ∈ {1, . . . , N}, to the cell-bulk model (1.4) is approximated for t� O(ε2) by287

duj
dt

= Fj(uj) + e1Bj(t) ,(3.16a)288 ∫ t

0

B′j(τ)E1(σ(t− τ)) dτ = ηjBj(t) + γju1j(t)289

+

N∑
k=1

k 6=j

∫ t

0

Bk(τ)e−σ(t−τ)

t− τ
e−|xj−xk|

2/(4D(t−τ)) dτ ,(3.16b)290

291

for j ∈ {1, . . . , N}. In this integro-differential system ηj and γj are defined by292

(3.16c) ηj ≡ 2

(
1

ν
+

D

d1j
+ log

(
2

√
D

σ

)
− γe

)
= − log(ε2κ0jσ) , γj ≡

4πDd2j

d1j
,293

where κ0j is defined in (2.3b). In terms of Bj(t), the approximate solution in the bulk region is294

(3.17) U(x, t) ∼ − 1

4πD

N∑
j=1

∫ t

0

Bj(τ)e−σ(t−τ)

t− τ
e−|x−xj |

2/(4D(t−τ)) dτ ,295

while in the vicinity of the jth cell we have for ρ = ε−1|x− xj | = O(1) that296

(3.18) U ∼ Bj(t)

2πD
log ρ+

Bj(t)

2πd1j
+
d2j

d1j
u1j(t) .297

3.1. Matching to the Transient Solution. We now study the limiting behavior as t → 0+, but298
with t� O(ε2), for Bj(t) in (3.16), which satisfies Bj → 0 as t→ 0. Our small time analysis is based on299
taking the Laplace transform of (3.16b) and letting s→∞. More specifically, we will derive that300

(3.19) Bj(t) ∼

 −u
′
1j(0)γjt/ log (t/(κje

−γe)) , as t→ 0+ if u1j(0) = 0 ,

−u1j(0)γj/ log (t/(κje
−γe)) , as t→ 0+ if u1j(0) 6= 0 ,

301

where κj = ε2κ0j with κ0j defined in (2.3b). These limiting results agree with those derived in §2 from302
the far-field behavior of the transient solution. Moreover, we have303

(3.20) B′j(t) ∼


− u′1j(0)γj

log(t/(κje−γe ))

(
1− 1

log(t/(κje−γe ))

)
, as t→ 0+ if u1j(0) = 0 ,

u1j(0)γj/
(
t [log (t/(κje

−γe))]
2
)
, as t→ 0+ if u1j(0) 6= 0 .

304

Therefore, B′j(t)→ 0 as t→ 0+ if u1j(0) = 0, while |B′j(t)| → ∞ as t→ 0+ if u1j(0) 6= 0.305

To derive (3.19), we will first assume that u1j(0) = 0. Setting Bj(0) = 0, we obtain from (3.16a) that306
u1j(t) ∼ tu′1j(0) as t→ 0+, where u′1j(0) = eT1 F(uj(0)). By taking the Laplace transform of (3.16b) and307

by using L
[
B′j(t)

]
= sB̂j(s) and L [E1(σt)] = log (1 + s/σ) /s we readily calculate that308

(3.21) B̂j [log (1 + s/σ)− ηj ]− 2

N∑
k=1

k 6=j

B̂kK0

(√
s+ σ

D
|xj − xk|

)
= ûj1γj .309

By using the exponential decay of K0 and ûj1 ∼ u′1j(0)/s2 for s→∞, (3.21) becomes310

(3.22) B̂j

[
log

(
se−ηj

σ

)
+O(s−1)

]
∼ γj
s2
u′1j(0) , as s→∞ .311
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By neglecting the O(s−1) term, we use (3.16c) for ηj to calculate from (3.22) that312

(3.23) B̂j ∼
u′1j(0)γj

s2 log(κjs)
, as s→∞ , where κj ≡

e−ηj

σ
= ε2κ0j .313

As a result, for t→ 0+, but with t� O(ε2), we use the convolution property and κj = ε2κ0j to obtain314

(3.24) Bj(t) ∼ −u′1j(0)γj

∫ t

0

N

(
ξ

ε2κ0j

)
dξ , for O(ε2)� t� O(1) ,315

where N(x) is Ramanujan’s integral (2.5), κ0j is defined in (2.3b) and u′1j(0) = eT1 Fj(uj(0)). This316

limiting result matches identically with the result derived in (2.12b) of §2. Moreover, by setting t = ε2τ317
in (2.14) we obtain the first result in (3.19).318

A very similar short-time analysis can be done when u1j(0) 6= 0. In place of (3.23), we obtain that319

(3.25) B̂j ∼
u1j(0)γj
s log(κjs)

, as s→∞ .320

By inverting (3.25), and recalling that γj = 4πDd2j/d1j , we obtain the second result in (3.19). This321
result matches identically with the far-field behavior (2.8b) as obtained from our transient analysis in §2.322

4. Steady-state and linear stability analysis. In this section, we first classify the long-time dy-323
namics of (3.16) for solutions that tend to limiting values as t→∞. We show that this limiting dynamics324
coincides with the steady-state solution, which is constructed using strong localized perturbation theory325
from the steady-state of the cell-bulk PDE system (1.4). We also formulate the linear stability problem326
for steady-state solutions. We begin with the following lemma:327

Lemma 4.1. Suppose that Bj(0) = 0, Bj(t) is bounded for t > 0 and that Bj(t)→ Bj∞ as t→∞ for328
j ∈ {1, . . . , N}, where Bj∞ are constants for j ∈ {1, . . . , N}. Then,329

lim
t→∞

Cjk(t) = 2Bj∞K0

(√
σ

D
|xj − xk|

)
, lim

t→∞
Dj(t) = 0 ,(4.1a)330

where Cjk(t) ≡
∫ t

0

Bj(τ)e−σ(t−τ)

t− τ
e−|xj−xk|

2/(4D(t−τ)) dτ ,(4.1b)331

and Dj(t) ≡
∫ t

0

B′j(τ)E1 (σ(t− τ)) dτ .(4.1c)332
333

Proof. To establish the first limit in (4.1a), we take the Laplace transform of (4.1b) to obtain334

(4.2) Ĉjk(s) = L
[
e−σt

t
e−|xj−xk|

2/(4Dt)

]
B̂j(s) = 2K0

(√
s+ σ

D
|xj − xk|

)
B̂j(s) .335

To determine the long-time behavior of Cjk(t), we will use the Tauberian theorem. Since Bj(t) is bounded336

for t > 0 and satisfies Bj(t) → Bj∞ as t → ∞, it follows that B̂j(s) is analytic for Re(s) > 0 and that337

the singularity with the largest real part is a simple pole at s = 0 for which B̂j(s) ∼ Bj∞/s as s → 0.338

As a result, the singularity of Ĉjk(s) with the largest real part is a simple pole at s = 0 and we have339

(4.3) lim
t→∞

Cjk(t) = lim
s→0

sĈjk(s) = 2K0

(√
σ

D
|xj − xk|

)
lim
s→0

sB̂j(s) ,340

where lims→0 sB̂j(s) = Bj∞. This proves the first result in (4.1a).341

The second result in (4.1a) is established in a similar way. Upon taking the Laplace transform of Dj(t)342
in (4.1c), we use Bj(0) = 0 to obtain that343

(4.4) D̂j(s) = L
[
B′j(t)

]
L [E1(σt)] = sB̂j(s)

log (1 + s/σ)

s
= B̂j(s) log (1 + s/σ) ,344
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where the branch cut for log(1 + s/σ) occurs for Re(s) ≤ −σ < 0 and Im(s) = 0. To establish that345
Dj(t)→ 0 as t→∞ it suffices to show that D̂j(s) is analytic in Re(s) ≥ 0. This follows since from (4.4)346

we observe that, although B̂j ∼ Bj∞/s as s→ 0, the point s = 0 is a removable singularity for D̂j(s).347

With this lemma, we can readily characterize those solutions to (3.16) that tend to limiting values as348
t→∞. We summarize this result as follows:349

Proposition 2. Suppose that Bj(0) = 0 and that Bj(t) and uj(t) are bounded for t ≥ 0 with limiting350
values Bj(t)→ Bj∞ and uj → uj∞ as t→∞ for each j ∈ {1, . . . , N}. Then, with ηj and γj as defined351
in (3.16c), Bj∞ and uj∞ satisfy the N(m+ 1) dimensional nonlinear algebraic system (NAS)352

Fj(uj∞) + e1Bj∞ = 0 , j ∈ {1, . . . , N} ,(4.5a)353

ηjBj∞ + 2

N∑
k=1

k 6=j

Bk∞K0

(√
σ

D
|xj − xk|

)
= −γjeT1 uj∞ , j ∈ {1, . . . , N} .(4.5b)354

355

We now show that the limiting NAS (4.5) is precisely the same system as can be derived from a strong356
localized perturbation analysis for steady-state solutions of (1.4) by following the methodology of [33].357
In the limit ε→ 0, the steady-state problem for the outer bulk solution Us(x) is358

D∆Us − σUs = 0 , x ∈ R2\{x1, . . . ,xN} ,

Us ∼
Bjs
2πD

log |x− xj |+
Bjs

2πDν
+

Bjs
2πd1j

+
d2j

d1j
u1js , as x→ xj , j ∈ {1, . . . , N} ,

(4.6)359

where ν ≡ −1/ log ε. This system is coupled to the steady-state of the intracellular kinetics, given by360

(4.7) Fj (ujs) + e1Bjs = 0 , j ∈ {1, . . . , N} .361

In terms of the modified Bessel function K0(z), the solution to (4.6) is362

(4.8) Us(x) = −
N∑
k=1

Bks
2πD

K0

(√
σ

D
|x− xk|

)
.363

To determine Bjs, for j ∈ {1, . . . , N}, we enforce that the local behavior of Us(x) as x→ xj agrees with364
that required in (4.6). Upon using K0(z) ∼ − log (z/2)− γe + o(1) as z → 0, this condition yields365

(4.9) ηjBjs + γju1js + 2

N∑
k=1

k 6=j

BksK0

(√
σ

D
|xj − xk|

)
= 0 , j ∈ {1, . . . , N} .366

The coupled system (4.9) and (4.7) characterizing the steady-state solution is identical to that in (4.5).367

4.1. Linear Stability Analysis. We now derive a globally coupled eigenvalue problem (GCEP)368
for the linearization of the cell-bulk model (1.4) around the steady-state solution. To derive the GCEP369
we first perturb around the steady-state solution by introducing the eigen-perturbation370

(4.10) U = Us(x) + eλtΦ(x) , uj = ujs + eλtζj , j ∈ {1, . . . , N} ,371

into (1.4). Upon linearizing, we obtain the eigenvalue problem372

∆Φ− (λ+ σ)

D
Φ = 0 , x ∈ R2 \ ∪Nj=1 Ωεj ,(4.11a)373

εD ∂nΦ = d1j Φ− d2j ζj1 , x ∈ ∂Ωεj , j ∈ {1, . . . , N} ,(4.11b)374375

which is coupled to the linearized intracellular dynamics within the jth cell by376

λζj = Jjζj +
e1

ε

∫
∂Ωεj

(d1j Φ− d2j ζj1) dSx , j ∈ {1, . . . , N} .(4.11c)377

378
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Here Jj ≡ DujFj is the Jacobian of the intracellular kinetics evaluated at uj = ujs.379

For ε→ 0, we now analyze (4.11) using strong localized perturbation theory. In the inner region near380

the jth cell, we have to leading-order from (4.11a) and (4.11b) that381

(4.12) ∆yΦ = 0 , for ρ > 1 ; DΦρ = d1jΦ− d2jζj1 , on ρ = 1 .382

In terms of some cj to be found, (4.12) has the radially symmetric solution383

(4.13) Φ =
cj

2πD
log |y|+ cj

2πd1j
+
d2j

d1j
ζj1 .384

By calculating the surface integral ε−1
∫

Ωj
(d1jΦ− d2jζj1) dSx = cj , we obtain that (4.11c) becomes385

(4.14) (λI − Jj) ζj = e1cj , j ∈ {1, . . . , N} ,386

where I is the m×m identity matrix. Upon assuming that λI − Jj is invertible, we calculate ζj1 as387

(4.15) ζj1 = Kjcj where Kj ≡ eT1 (λI − Jj)−1
e1 .388

By writing (4.13) in terms of the outer variable, the asymptotic matching condition shows that in the389
outer region Φ satisfies390

∆Φ− (λ+ σ)

D
Φ = 0 , x ∈ R2 \ ∪Nj=1 Ωεj ,(4.16a)391

Φ ∼ cj
2πD

log |x− xj |+
cj

2πDν
+

cj
2πd1j

+
d2j

d1j
ζj1 , as x→ xj ,(4.16b)392

393

for j ∈ {1, . . . , N}, where ν ≡ −1/ log ε. The solution to (4.16) is394

(4.17) Φ(x) = −
N∑
k=1

cj
2πD

K0

(√
σ + λ

D
|x− xk|

)
.395

Upon enforcing that the limiting behavior of Φ(x) as x → xj agree with that required in (4.16b), and396
where ζj1 is given in terns of cj by (4.15), we conclude for j ∈ {1, . . . , N} that397

(4.18) 2

(
1

ν
+

D

d1j
− γe + log

(
2

√
D

σ + λ

))
cj +

4πDd2j

d1j
ζj1 + 2

N∑
k=1

k 6=j

ckK0

(√
σ + λ

D
|xj − xk|

)
= 0 .398

Finally, upon writing (4.18) and (4.15) in matrix form, we obtain that the discrete eigenvalues λ of the399
linearization around a steady-state solution of (1.4) are obtained from a nonlinear matrix eigenvalue400
problem, which we refer to as the GCEP. Our result is summarized as follows:401

Proposition 3. For ε → 0, the discrete eigenvalues λ associated with the linearization around a402
steady-state solution to (1.4), for which det(λI − Jj) 6= 0 for any j ∈ {1, . . . , N}, are the set of values403

(4.19a) Λ(M) ≡ {λ | detM(λ) = 0} ,404

where the N ×N dimensional matrixM(λ) is defined by405

(4.19b) M(λ) ≡ I + 2πνGλ + ν DP1 + 2πνDP2K(λ) ,406

with ν = −1/ log ε. In (4.19b), P1, P2 and K are the diagonal matrices407

P1 ≡ diag
( 1

d11
, . . . ,

1

d1N

)
, P2 ≡ diag

(d21

d11
, . . . ,

d2N

d1N

)
,(4.20a)408

K(λ) ≡ diag (K1, . . . ,KN ) , where Kj ≡ eT1 (λI − Jj)−1
e1 .(4.20b)409410
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In addition, Gλ is the eigenvalue-dependent Green’s matrix with matrix entries411

(Gλ)ij = (Gλ)ji ≡
1

2π
K0

(√
σ + λ

D
|xj − xk|

)
, i 6= j ,(4.21)412

(Gλ)jj = Rλj ≡
1

2π

(
log

(
2

√
D

σ + λ

)
− γe

)
.(4.22)413

414

For any specific λ0 ∈ Λ(M), we have detM(λ0) = 0, and so M(λ0)c = 0 has a nontrivial solution415
c = (c1, . . . , cN )T that can be normalized as |c| = 1. We conclude that the steady-state is linearly stable416
if, whenever λ ∈ Λ(M), we have Re(λ) < 0.417

We remark that the normalized nullvector c = (c1, . . . , cN )T encodes the relative magnitude of the418
perturbation of the spatial gradient of the bulk signal near the cell boundaries. It also can be used to419
predict the relative magnitude and phase shift of intracellular oscillations for the permeable species u1j420
that can arise from bifurcations of the steady-state. To see this, we use the steady-state solution Us(x)421

and the perturbation (4.10) to calculate for the jth cell that422

D∂ρU |ρ=1 ∼
1

2π

Bjs +
∑

λ0∈Λ(M)

cje
λ0t

 , j ∈ {1, . . . , N} ,(4.23a)423

u1j ∼ u1js +
∑

λ0∈Λ(M)

Kj(λ0)cje
λ0t , j ∈ {1, . . . , N} ,(4.23b)424

425

where Kj(λ0) = eT1 (λ0I − Jj)−1
e1. From (4.23b) we observe that if λ0 is complex-valued, the real and426

imaginary parts of the jth component of the complex-valued matrix-eigenvector product Kc encode both427
the relative magnitude and phase shift of oscillations for the permeable species u1j in the cell population.428
Moreover, from (4.23a), the components of the eigenvector c determine the strength and phase shift of429
the eigen-perturbation of the signaling gradients near the cells.430

5. Time-marching scheme for the integro-differential system. A direct numerical approach431
to solve (3.16) would require at each time step a numerical quadrature of O(N2) memory-dependent432
convolution integrals. This naive approach would be prohibitively expensive for large N and would also433
require storing the full time history of each Bj(t) in order to advance one time-step.434

As such, we now develop a time-marching algorithm to compute solutions to (3.16). This approach is435
based on a highly accurate approximation of the kernels in the nonlocal terms of (3.16b) by a sum of436
exponentials, which leads naturally to an exponential time differencing marching scheme. Rigorous results437
for the sum-of-exponentials approximation, together with the development of time-marching methods for438
convolution integrals in other contexts are given in [7], [8], [42], [43], [44] and [34].439

With an exponential kernel, our derivation of a time-marching scheme relies on a Duhamel-type lemma:440

Lemma 5.1. Let f(t) be continuous and define the convolution F(t) ≡
∫ t

0
eω(t−τ)f(τ) dτ . Then, we441

have F ′(t) = ωF(t) + f(t) with F(0) = 0. Moreover, we have the marching scheme442

(5.1) F(t+ ∆t) = F(t)eω∆t + U(t,∆t) , with U(t,∆t) ≡ eω∆t

∫ ∆t

0

e−ωzf(t+ z) dz .443

An exponential time differencing ETD2 scheme (cf. [42]), ensuring that the update integral U exact for444
linear functions f(t), yields, with an error O

(
(∆t)3

)
, the approximation445

(5.2) F(t+ ∆t) ≈ F(t)eω∆t + f(t)

(
eω∆t − 1

ω

)
+ [f(t+ ∆t)− f(t)]

(
eω∆t − 1− ω∆t

ω2∆t

)
.446

Proof. The proof of (5.1) is immediate. To derive (5.2) we substitute447

f(t+ z) = f(t) +
z

∆t
[f(t+ ∆t)− f(t)] +O

(
(∆t)2

)
,448

into the update integral U in (5.1) and integrate the resulting expression explicitly.449
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We now develop a time-marching scheme for (3.16b), which we write compactly as450

(5.3) Dj(t) = ηjBj(t) + γju1j(t) +

N∑
k=1

k 6=j

Cjk(t) ,451

where Cjk(t) and Dj(t) are defined in (4.1b) and (4.1c), respectively. We observe that both memory452
integrals Cjk(t) and Dj(t) are improper, as their kernels each have an integrable singularity at t = τ .453

5.1. Sum-of-Exponentials Approximation for Dj(t) and Cjk(t). We first develop a sum-of-454
exponentials approximation for Dj(t). To do so, we use the sector analyticity of the Laplace transform of455
the exponential integral to deform the initial vertical Bromwich line ΓB to the curve Γ, defined by (5.5),456
with endpoints at infinity in the left-half plane Re(s) < 0 (see Fig. 2 below). This yields that457

(5.4) E1(σt) = − 1

2πi

∫
Γ

E(s)est ds where E(s) =
log (1 + s/σ)

s
.458

Observe that E(s) is analytic except along the branch cut Re(s) ≤ −σ with Im(s) = 0.459

The sum-of-exponentials method following [7] (see also [34]) establishes rigorous results for the quad-460
rature of (5.4) along a family of hyperbolic shaped curves461

(5.5) Γ ≡ { s = χP (x) , x ∈ R} , where P (x) ≡ 1− sin(α+ i x) ,462

with 0 < α < π/2 and χ > 0, where s = χ(1− sinα) > 0 at x = 0. The curve Γ has the limiting behavior463

Im(s)→ ∓∞ , Re(s)→ −∞ ,
Im(s)

Re(s)
→ χ cotα , as x→ ±∞ .464

To evaluate (5.4) on Γ we use ds = χP ′(x) dx and (5.5) for P (x) to calculate that465

(5.6) E1(σt) =
χ

2π

∫ ∞
−∞

eχP (x)tE [χP (x)] cos(α+ i x) dx .466

By discretizing (5.6) uniformly in x, with x` = `h for |`| ≤ n, and by labeling s` = χP (x`), we get467

(5.7a) E1(σt) ≈ En(t) ≡
n∑

`=−n

e` e
s`t ,468

where the coefficients are given explicitly by469

(5.7b) e` =
χh

2π
cos (α+ i `h)

log (1 + s`/σ)

s`
, s` = χ [1− sin(α) cosh(`h)]− iχ cos(α) sinh(`h) .470

Since |E(s)| ≤ 1/
(
2|s|1/2

)
in the cut plane C\ (−∞, 0) as |s| → ∞, Lemma 1 and Corollary 1 of [34],471

as adapted from [44], provides the estimate for the difference |E1(σt)− En(t)|. The result is as follows.472

Lemma 5.2. (cf. [34]) Consider the time interval 0 < δ ≤ t ≤ Tf , with Tf ≥ 1000δ and let εf with473
0 < εf < 0.1 be a prescribed error-tolerance. Then, for the choice of parameters h and χ defined by474

(5.8) h =
a(θ)

n
, χ =

2πβn(1− θ)
Tfa(θ)

, where a(θ) ≡ cosh−1

(
2Tf

δ(1− θ) sinα

)
,475

with 0 < α− β < α+ β < π/2 and 0 < θ < 1, we have the uniform estimate476

(5.9) ‖E1(σt)− En(t)‖ ≤ εf√
t

on δ ≤ t ≤ Tf ,477

when n is sufficiently large of the order478

(5.10) n = O ((− log εf + log log (Tf/δ)) log (Tf/δ)) .479
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In (5.8), the parameters α, β and θ, satisfying the constraint in Lemma 5.2, can be optimized so as to480
minimize the number of terms needed to achieve a prescribed accuracy. As in [34], we chose α = 0.8 and481
β = 0.7 in all the results below with θ in the range [0.90, 0.95] (see below). The key conclusion is that the482
number of terms in the sum grows very slowly as either the tolerance εf decreases or as Tf/δ increases.483

In a similar way, we can develop a sum-of-exponentials approximation for Cjk(t) defined in (4.1b).484
From the Laplace-transform pair485

(5.11) L [G(ajk, t)] = 2K0

(
2ajk
√
s+ σ

)
, where G(ajk, t) ≡

e−σt

t
e−a

2
jk/t , ajk ≡

|xj − xk|√
4D

,486

we observe that K0

(
2ajk
√
s+ σ

)
is analytic in the complex s-plane except across the branch cut Re(s) ≤487

−σ with Im(s) = 0. Therefore, we can approximate G(ajk, t) by a sum of exponentials, similar to that488
done in (5.7), to obtain489

(5.12a) G(ajk, t) ≈ Gn(ajk, t) ≡
n∑

`=−n

ωjk` e
s`t ,490

where the coefficients are491

(5.12b) ωjk` =
χh

2π
cos (α+ i `h) 2K0

(
2ajk
√
s` + σ

)
, s` = χP (x`) .492

Owing to the same branch cut structure as for approximating E1(σt), for simplicity in our approximation493
(5.12a) we choose the same values of the parameters α = 0.8 and β = 0.7 used in (5.7), which provides494
a comparable accuracy. We emphasize that the coefficients ωjk` will depend on j and k owing to the495
inter-cell distances |xj − xk|. For N cells, there are N(N − 1)/2 sets {ωjk` | − n ≤ ` ≤ n} of coefficients496
that need to be calculated once and stored for the algorithm developed below in §5.4.497

We now provide some numerical results for three sum-of-exponentials approximations. Under the498
conditions of Lemma 5.2 the difference between a function f(x, t), with Laplace transform f̂(x, s), and499
its sum-of-exponentials approximation fa(x, t) =

∑n
−n wke

skt with an error magnitude εf is500

(5.13) ‖f(x, t)− fa(x, t)‖ ≤ εf√
t
, on t ∈ [δ, T ] .501

In the tables below f(x, t) is taken either as the 1-D heat-kernel G1D(x, t) considered in [34], the 2-D502

heat-kernel with bulk degradation G2D(x, t) ≡ (4πt)−1e−x
2/(4t)−σt = (4π)−1G(x, t), where G(x, t) is503

given in (5.11), or the exponential integral E1(σt). Recall that the discretization points are504

wk =
χh

2π
cos(α+ ikh)f̂(x, sk) , where sk = χ(1− sin(α+ ikh)) .505

In order to estimate
√
t ‖f(x, t) − fa(x, t)‖ depending on the number 2n + 1 of terms in the sum-of-506

exponentials approximation we proceed as in [34]. We take a 50 × 1000 grid (xj , tk) where x0 = 0,507
xj = 2−16+j for j ∈ {1, ..., 49} (not applicable for E1(σt)), and tk = δekN with N ≡ log (T/δ) /999 for508
k ∈ {0, . . . , 999} (equi-spaced on a logarithmic scale). We then compute maxj,k

√
t |f(xj , tk)−fa(xj , tk)|,509

which provides the error results given in the tables below on the three different intervals I1 ≡ [δ, T ] =510
[10−3, 1], I2 ≡ [δ, T ] = [10−3, 103] and I3 ≡ [δ, T ] = [10−5, 104].511

In Table 1 we first reproduce the numerical error table of [34] for the sum-of-exponentials approximation512

of the 1-D heat kernel G1D(x, t) ≡ (4πt)
−1/2

e−x
2/(4t).513

In Table 2 and Table 3 we provide similar numerical error tables for the 2-D heat kernel with degradation514
G2D(x, t) = (4πt)−1e−x

2/(4t)−σt with σ = 1 and for the exponential integral E1(σt) =
∫∞
σt
η−1e−η dη515

with σ = 1, respectively. For the 2-D heat kernel, we observe that we require a slightly higher number of516
terms in the sum-of-exponentials approximation than for the 1-D heat kernel or the exponential integral.517
However, this causes essentially no time constraint for our overall numerical scheme in §5.4 since the518
exponential sum representation has to be created only once at the beginning of the time marching519
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εf n(I1) n(I2) n(I3)
10−3 15 (6.598 · 10−4) 23 (9.768 · 10−4) 32 (9.095 · 10−4)
10−6 31 (7.795 · 10−7) 50 (8.709 · 10−7) 68 (9.643 · 10−7)
10−9 47 (9.199 · 10−10) 77 (9.107 · 10−10) 105 (8.817 · 10−10)

Table 1: The number 2n + 1 of terms needed to approximate the 1-D heat kernel G1D(x, t) ≡ (4πt)−1/2e−x
2/(4t)

with Laplace transform L [G1(x, t)] = 1
2
√
s
e−
√
s|x| to a precision εf corresponding to (5.13) for the three time

intervals I1 = [10−3, 1], I2 = [10−3, 103] and I3 = [10−5, 104]. This table essentially reproduces Table 1 in [34]
with a few additional explicit error values.

εf n(I1) n(I2) n(I3)
10−3 31 (8.085 · 10−4) 49 (8.663 · 10−4) 91 (8.089 · 10−5)
10−6 45 (6.690 · 10−7) 75 (9.272 · 10−7) 114 (9.799 · 10−7)
10−9 64 (7.028 · 10−10) 110 (8.417 · 10−11) 150 (9.343 · 10−10)

Table 2: Number 2n + 1 of terms needed to approximate the 2-D heat kernel with degradation G2D(x, t) =

(4πt)−1e−x
2/(4t)−σt with Laplace transform L [G2D(x, t)] = (2π)−1K0(x

√
s+ σ) to a precision εf for σ = 1

corresponding to (5.13) for the three time intervals I1 = [10−3, 1], I2 = [10−3, 103] and I3 = [10−5, 104].

εf n(I1) n(I2) n(I3)
10−3 31 (8.824 · 10−5) 49 (9.457 · 10−5) 91 (8.424 · 10−5)
10−6 45 (8.362 · 10−7) 75 (7.902 · 10−7) 114 (9.532 · 10−7)
10−9 64 (9.620 · 10−10) 110 (9.229 · 10−10) 150 (9.525 · 10−10)

Table 3: Number 2n + 1 of terms needed to approximate the exponential integral E1(σt) for σ = 1 with Laplace
transform L [E1(σt)] = log (1 + s/σ) /s to a precision εf corresponding to (5.13) for the three time intervals
I1 = [10−3, 1], I2 = [10−3, 103] and I3 = [10−5, 104].

stepping for a given spatial arrangement of cells. Creating these exponential sum approximations for520
both the 2-D heat kernel and the exponential integral takes less than 2s on a laptop for n(I2) = 77.521

We remark that θ = 0.95 was chosen for Table 2 while θ = 0.90 was chosen for Table 3. For Table 1,522
θ = 0.9 was chosen only for I1, with θ = 0.95 otherwise. In our time-stepping algorithm developed below523
in §5.4 and implemented in §6 for the reaction kinetics (6.1), we primarily used θ = 0.95 and n = 75524
for the sum-of-exponentials approximation for E1(σt) and G2D(x, t), so that the discretization points s`525
were common to both approximations. Overall, this achieved an accuracy of roughly 10−9 for E1(σt)526
on the time interval [10−3, 103]. In §6.6 below, where we will study the phase coherence of intracellular527
oscillations by computing the Kuramoto order parameter over long time intervals, we will use n = 114.528

5.2. Time-marching scheme for Dj(t). We first decompose Dj(t) into the sum of a local term529
DLj(t) near the singularity of the kernel and a history term DHj(t) as530

(5.14a) Dj(t) = DHj(t) +DLj(t) ,531

where for some ∆t, with 0 < ∆t� 1, we define532

DHj(t) ≡
∫ t−∆t

0

B′j(τ)E1 [σ(t− τ)] dτ ,(5.14b)533

DLj(t) ≡
∫ t

t−∆t

B′j(τ)E1 [σ(t− τ)] dτ =

∫ ∆t

0

B′j(t− z)E1(σz) dz .(5.14c)534
535

The approximation given in the next lemma for the local contribution DLj(t) ensures that the quadra-536
ture is exact for linear functions on ranges where B′j(τ) is continuous. However, the estimate for DLj(∆t)537
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Fig. 2: Left: Plot of the hyperbolic-shaped contour Γ in the Laplace transform plane defined by (5.5) with θ = 0.95,
α = 0.8 and β = 0.7 in (5.8). The discretization points {s`} for the sum-of-exponentials approximation of E1(σt)
with σ = 1 and n = 75 are the red dots. Right: Zoomed plot showing the discretization near the origin.

is more delicate since, owing to the singular behavior for B′j(τ) given in (3.19) when u1j(0) 6= 0, we538
cannot in general assume that B′j(τ) is approximately linear on 0 < τ < ∆t.539

Lemma 5.3. For 0 < ∆t� 1 and for t ≥ 2∆t, we have540

(5.15a) DLj(t) = B′j(t)b1 +B′j(t−∆t)b2 +O
(
(∆t)3

)
,541

where b2 and b1 are defined by542

(5.15b) b2 =
∆t

2
E1(σ∆t)− e−σ∆t

2σ
+

(
1− e−σ∆t

)
2σ2∆t

, b1 = ∆tE1(σ∆t) +

(
1− e−σ∆t

)
σ

− b2 .543

Moreover, for t = ∆t, and with Bj satisfying the limiting behavior in (3.19), we have the exact relation544

(5.16) DLj(∆t) = E1(σ∆t)Bj(∆t) +

∫ ∆t

0

(Bj(∆t)−Bj(∆t− z))
e−σz

z
dz .545

Proof. On 0 ≤ z ≤ ∆t, and assuming t ≥ 2∆t, we can approximate546

B′j(t− z) = B′j(t) +
z

∆t

[
B′j(t−∆t)−B′j(t)

]
+O

(
(∆t)2

)
,547

in DLj(t) of (5.14c). By integrating the resulting expression explicitly we get548

DLj(t) =
B′j(t)

∆t

∫ σ∆t

0

E1(η) dη +

[
B′j(t−∆t)−B′j(t)

]
σ2∆t

∫ σ∆t

0

ηE1(η) dη +O
(
(∆t)3

)
.549

Using
∫ x

0
E1(η) dη = xE1(x) + 1− e−x and

∫ x
0
ηE1(η) dη = 1

2

[
x2E1(x)− (x+ 1)e−x + 1

]
, we get (5.15).550

To derive (5.16), we integrate DLj(∆t) by parts using Bj(0) = 0 to obtain551

DLj(∆t) = − lim
z→0

E1(σz) [Bj(∆t)−Bj(∆t− z)] + E1(σ∆t)Bj(∆t)

+

∫ ∆t

0

(Bj(∆t)−Bj(∆t− z))
e−σz

z
dz .

(5.17)552

Upon using the local behavior (3.19) for Bj , together with E1(σz) ∼ − log(σz) + O(1) as z → 0, we553
readily obtain that the first term on the right-hand side of (5.17) vanishes when either u1j(0) = 0 or554
u1j(0) 6= 0. This yields (5.16). In particular, for u1j(0) 6= 0 we have the estimate555

lim
z→0

E1(σz) [Bj(∆t)−Bj(∆t− z)] = − u1j(0)γj
∆t log (∆t/(κje−γe))

lim
z→0

[−z log(σz)] = 0 .556

557
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For the history term DHj(t), we substitute (5.7a) into (5.14b) to obtain558

(5.18) DHj(t) ≈
n∑

`=−n

e`HDj`(t) where HDj`(t) ≡
∫ t−∆t

0

B′j(τ)es`(t−τ) dτ .559

For each history-mode HDj`(t) we adapt Lemma 5.1 to readily obtain for t ≥ ∆t that560

HDj`(t+ ∆t) = HDj`(t)e
s`∆t + UDj`(t,∆t) , with HDj`(∆t) = 0 ,

where UDj`(t,∆t) ≡ e2s`∆t

∫ ∆t

0

e−s`zB′j(t−∆t+ z) dz .
(5.19a)561

To approximate (5.19a) for t ≥ 2∆t, we use the ETD2 scheme that ensures that the update integral UD`j562
is exact for linear functions. This yields that563

(5.19b) UDj`(t,∆t) ≈ B′j(t)b3` +B′j(t−∆t)b4` , for t ≥ 2∆t ,564

where b3` and b4` are defined by565

(5.19c) b3` =
es`∆t

s2
`∆t

(
es`∆t − 1− s`∆t

)
, b4` = es`∆t

(
es`∆t − 1

)
s`

− b3` .566

For t = ∆t, we integrate UDj`(∆t,∆t) from (5.19a) by parts and use Bj(0) = 0 to get567

(5.19d) UDj`(∆t,∆t) = es`∆tBj(∆t) + s`e
2s`∆t

∫ ∆t

0

e−s`zBj(z) dz .568

By using an ETD1 scheme to estimate
∫∆t

0
e−s`zBj(z) dz ≈ Bj(∆t)

∫∆t

0
e−s`z dz, we readily obtain after569

calculating the integral
∫∆t

0
e−s`z dz explicitly that570

(5.19e) UDj`(∆t,∆t) ≈ Bj(∆t)e2s`∆t .571

In this way, by combining (5.18)–(5.19b), we obtain for t ≥ 2∆t that572

(5.20) DHj(t+ ∆t) ≈
n∑

`=−n

e` e
s`∆tHDjl(t) +

(
n∑

`=−n

e` b3`

)
B′j(t) +

(
n∑

`=−n

e` b4`

)
B′j(t−∆t) .573

Moreover, we have574

(5.21) DHj(2∆t) ≈

(
n∑

`=−n

e` e
2s`∆t

)
Bj(∆t) , DHj(∆t) = 0 .575

576

Finally, by using (5.15), (5.20) and (5.21) we readily obtain the marching scheme577

Dj(t+ ∆t) ≈ B′j(t+ ∆t)b1 +B′j(t)

(
b2 +

n∑
`=−n

e`b3`

)
+

(
n∑

`=−n

e` b4`

)
B′j(t−∆t)

+

n∑
`=−n

e` e
s`∆tHDjl(t) , t ≥ 2∆t ,

Dj(2∆t) ≈ B′j(2∆t)b1 +B′j(∆t)b2 +

(
n∑

`=−n

e`e
2s`∆t

)
Bj(∆t) ,

Dj(∆t) = E1(σ∆t)Bj(∆t) +

∫ ∆t

0

(Bj(∆t)−Bj(∆t− z))
e−σz

z
dz .

(5.22a)578

From (5.19) we have the following update rule for the next time-step:579

(5.22b) HDj`(t+ ∆t) = HDj`(t)e
s`∆t +

{
B′j(t)b3` +B′j(t−∆t)b4` , t ≥ 2∆t ,

Bj(∆t)e
2s`∆t , t = ∆t .

580

In (5.22), b1, b2, b3` and b4` are defined in (5.15b) and (5.19c).581
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5.3. Time-marching scheme for Cjk(t). A similar approach can be used to derive a time-582
marching scheme for Cjk(t) defined in (4.1b). As in (5.14), we decompose Cjk(t) as583

(5.23a) Cjk(t) = CHjk(t) + CLjk(t) ,584

where for some ∆t, with 0 < ∆t� 1, we define the local and history-dependent terms as585

CHjk(t) ≡
∫ t−∆t

0

Bk(τ)G(ajk, t− τ) dτ ,(5.23b)586

CLjk(t) ≡
∫ t

t−∆t

Bk(τ)G(ajk, t− τ) dτ =

∫ ∆t

0

Bk(t− z)G(ajk, z) dz .(5.23c)587
588

The marching scheme for the history term is derived in the same way as in §5.2. We have589

(5.24) CHjk(t) ≈
n∑

`=−n

ωjk`HCk`(t) where HCk`(t) ≡
∫ t−∆t

0

Bk(τ)es`(t−τ) dτ .590

For each history-mode HCk`(t) we use Lemma 5.1 to obtain the update scheme591

HCk`(t+ ∆t) = HCk`(t)e
s`∆t + UCk`(t,∆t) , with HCk`(∆t) = 0 ,

where UCk`(t,∆t) ≡ e2s`∆t

∫ ∆t

0

e−s`zBk(t−∆t+ z) dz .
(5.25)592

To approximate (5.25) for t ≥ 2∆t, we use the ETD2 scheme to obtain593

(5.26) UCk`(t,∆t) ≈ Bk(t)b3` +Bk(t−∆t)b4` , for t ≥ 2∆t ,594

where b3` and b4` are defined in (5.19c). For t = ∆t, we use an ETD1 scheme to get595

(5.27) UCk`(∆t,∆t) ≈ Bk(∆t)b40` , where b40` ≡ es`∆t
(
es`∆t − 1

s`

)
.596

597

The approximation of the local contribution CLjk(t) is simpler than for DLjk owing to the exponential598
decay of G(ajk, z) for z > 0. We use an ETD1 scheme and estimate599

(5.28) CLjk(t) ≈ Bk(t)

∫ ∆t

0

G(ajk, z) dz ≈ Bk(t)E1

(
a2
jk

∆t

)
.600

By using E1(z) ∼ e−z/z as z → ∞, we conclude that CLjk(t) is exponentially small when a2
jk/∆t � 1.601

However, if the diffusivity D is large so that a2
jk/∆t is not so large, then we may need to use the higher602

order approximation for CLjk(t) given by603

(5.29) CLjk(t) ≈ Bk(t)E1

(
a2
jk

∆t

)
−

(
∆te−a

2
jk/∆t − a2

jkE1

(
a2
jk

∆t

))(
σBk(t) +

Bk(t)−Bk(t−∆t)

∆t

)
.604

In this way, by combining (5.24)–(5.27) for the history modes and (5.28) for the local term, and using605
only the leading-order result for CLjk(t), we obtain the following marching scheme for Cjk(t) for t ≥ ∆t:606

607

Cjk(t+ ∆t)≈ Bk(t+ ∆t)E1

(
a2
jk

∆t

)
+

(
n∑

`=−n

ωjk`b3`

)
Bk(t)

+

(
n∑

`=−n

ωjk` b4`

)
Bk(t−∆t) +

n∑
`=−n

ωjk` e
s`∆tHCk`(t) , for t ≥ 2∆t ,

Cjk(2∆t) ≈ Bk(2∆t)E1

(
a2
jk

∆t

)
+

(
n∑

`=−n

ωjk`b40`

)
Bk(∆t) ,

Cjk(∆t) ≈ Bk(∆t)E1

(
a2
jk

∆t

)
.

(5.30a)608
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In addition, from (5.26) and (5.27), we have the update rule609

(5.30b) HCk`(t+ ∆t) =

{
HCk`(t)e

s`∆t +Bk(t)b3` +Bk(t−∆t)b4` , t ≥ 2∆t ,

Bk(∆t)b40` , t = ∆t .
610

Here b3`, b4` and b40` are defined in (5.15b), (5.19c) and (5.27), respectively.611

5.4. Marching scheme for integro-differential system. By substituting (5.30) and (5.22) into612
(5.3), and recalling (3.16a) for the ODE intracellular dynamics, we now develop a time-marching algorithm613
for approximating solutions to (3.16). Let {t0, ..., tq} be a discretization of the time domain [0, T ] where614
T is some final time of choice. Then, t0 = 0, tq = T , ti+1 − ti = ∆t for i ∈ {0, ..., q− 1}, where ∆t = T/q615
and ti = i∆t. In the formulation of our algorithm we will use B′j(ti) ≈ (Bj(ti)−Bj(ti−1)) /∆t, for i ≥ 2616

in (5.22). Below, we denote the numerical approximation to u1j(ti) by u(i)
1j and the vector of all u(i)

1j for617

j ∈ {1, . . . , N} by u
(i)
1 . We use a similar notation for the reaction kinetic functions.618

Step 1; 0 y ∆t: For this first time-step we discretize the reaction kinetics in each cell by the explicit619
Runge-Kutta RK4 method [66] and use620

u
(1)
1 = u

(0)
1 +

∆t

6
(k

(0)
1 + 2k

(0)
2 + 2k

(0)
3 + k

(0)
4 ) + B(0)∆t ,

u
(1)
2 = u

(0)
2 +

∆t

6
(k̃

(0)
1 + 2k̃

(0)
2 + 2k̃

(0)
3 + k̃

(0)
4 ) ,

(5.31)621

where the RK4 weights are622

k
(0)
1 = F1(u

(0)
1 ,u

(0)
2 ) , k̃

(0)
1 = F2(u

(0)
1 ,u

(0)
2 ) ,623

k
(0)
2 = F1(u

(0)
1 +

∆t

2
k

(0)
1 ,u

(0)
2 +

∆t

2
k̃

(0)
1 ) , k̃

(0)
2 = F2(u

(0)
1 +

∆t

2
k

(0)
1 ,u

(0)
2 +

∆t

2
k̃

(0)
1 ) ,624

k
(0)
3 = F1(u

(0)
1 +

∆t

2
k

(0)
2 ,u

(0)
2 +

∆t

2
k̃

(0)
2 ) , k̃

(0)
3 = F2(u

(0)
1 +

∆t

2
k

(0)
2 ,u

(0)
2 +

∆t

2
k̃

(0)
2 ) ,625

k
(0)
4 = F1(u

(0)
1 + ∆tk

(0)
3 ,u

(0)
2 + ∆tk̃

(0)
3 ) , k̃

(0)
4 = F2(u

(0)
1 + ∆tk

(0)
3 ,u

(0)
2 + ∆tk̃

(0)
3 ) .626

In (5.31) we imposed the explicit short-time behavior for B(0) given in (3.19), which is valid since O(ε2)�627
∆t� O(1). The truncation error for this approximation is O(∆t), whereas RK4 gives a truncation error628
of O(∆t5) for the reaction kinetics.629

In terms of the computed u
(1)
1 ≈ u1(t1), in Appendix C we derive an improved approximation for630

B(1) = (B
(1)
1 , . . . , B

(1)
N )T , in which the components are631

(5.32) B
(1)
j = −

u
(1)
1j γj

log (∆t/(κje−γe))

(
1− π2

6 [log (∆t/(κje−γe))]
2

)
.632

Step 2; ∆ty 2∆t: We use an RK4 scheme for the reaction kinetics with RK4 weights as given in the633
first time step, and use a lagged B(1) so that634

u
(2)
1 = u

(1)
1 +

∆t

6
(k

(1)
1 + 2k

(1)
2 + 2k

(1)
3 + k

(1)
4 ) + B(1)∆t,

u
(2)
2 = u

(1)
2 +

∆t

6
(k̃

(1)
1 + 2k̃

(1)
2 + 2k̃

(1)
3 + k̃

(1)
4 ) .

(5.33)635

In terms of the computed u
(2)
1 , we determine B2 from the linear system636

(5.34) B(2) = A−1
(
M1B

(1) + ∆tΓu
(2)
1 − b2∆tB′(∆t)

)
,637

where the components of B′(∆t) are given in (3.20). In (5.34), Γ ≡ diag(γ1, . . . , γN ), while the matrices638
A and M1 have the following entries for k 6= j ∈ {1, ..., N}:639

(5.35) Ajj = b1 − ηj∆t , Ajk = −∆tE1

(
a2
jk/∆t

)
,

M1,jj = b1 −∆t
(∑n

`=−n e`e
2s`∆t

)
, M1,jk = ∆t

∑n
`=−n ωjk`b40` .

640
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Recursive step; ti y ti+1, for i ≥ 2: We use the RK4 method with a lagged B(i), so that641

u
(i+1)
1 = u

(i)
1 +

∆t

6
(k

(i)
1 + 2k

(i)
2 + 2k

(i)
3 + k

(i)
4 ) + B(i)∆t ,

u
(i+1)
2 = u

(i)
2 +

∆t

6
(k̃

(i)
1 + 2k̃

(i)
2 + 2k̃

(i)
3 + k̃

(i)
4 ) .

(5.36)642

In terms of the computed u
(i+1)
1 we calculate B(i+1) as643

(5.37) B(i+1) = A−1

(
MB(i) +NB(i−1) +

(
n∑

`=−n

e`b4`

)
B(i−2) + ∆tΓu

(i+1)
1 −∆tH(i)

)
,644

where the matrices M and N have the entries645

(5.38)
Mjj = b1 − b2 −

∑n
`=−n e`b3` , Mjk = ∆t

∑n
`=−n ωjk`b3` ,

Njj = b2 +
∑n
`=−n e`(b3` − b4`) , Njk = ∆t

∑n
`=−n ωjk`b4`,

646

for k 6= j ∈ {1, ..., N}. In (5.37) the history vector H(i) ≡ (H
(i)
1 , . . . ,H

(i)
N )T has entries647

(5.39a) H
(i)
j =

n∑
`=−n

e`es`∆tH(i)
Dj` −

N∑
k=1,k 6=j

ωjk`e
s`∆tH

(i)
Ck`

 ,648

and is updated with the scheme649

H
(i)
D` = H

(i−1)
D` es`∆t + b3`

(
B(i−1) −B(i−2)

)
∆t

+

{
b4`

(B(i−2)−B(i−3))
∆t , if i ≥ 4 ,

B′(∆t)b4` if i = 3 ,

H
(2)
D` = e2s`∆tB(∆t) ,

(5.39b)650

together with651

H
(i)
C` = H

(i−1)
C` es`∆t + b3`B

(i−1) + b4`B
(i−2) , if i ≥ 3 ,

H
(2)
C` = b40`B(∆t) .

(5.39c)652

Overall, our formulation is an an operator-splitting scheme of a semi-implicit kind in the sense that the653
right-hand sides of the reaction kinetic vector fields are treated explicitly using the RK4 method with a654

lagged B(i−1), while in (5.37) u(i)
1 appears implicitly in the update to B(i).655

6. Numerical results: Sel’kov intracellular dynamics. To illustrate our analysis of (1.4),656
we will consider the two-component kinetics used in [45] to model chemical oscillations, which is a657
modification of the original Sel’kov kinetics [61] used to model glycolysis oscillations. For this choice, the658

intracellular kinetics Fj(u1j , u2j) ≡ (F1j(u1j , u2j), Fj2(u1j , u2j))
T , which we referred to below as “Sel’kov659

kinetics”, are given by660

(6.1) F1j = αju2j + u2ju
2
1j − u1j , F2j = ζj

[
µj −

(
αju2j + u2ju

2
1j

)]
.661

We refer to αj > 0, ζj > 0 and µj > 0 as the reaction-kinetic parameters for the jth cell.662

6.1. An Isolated Cell. For an isolated cell uncoupled from the bulk, the unique steady-state for663
duj/dt = Fj is u1j = µj and u2j = µj/

(
αj + µ2

j

)
. At this steady-state we calculate664

(6.2) det(Jj) = ζj
(
αj + µ2

j

)
, tr(Jj) =

1

αj + µ2
j

(
µ2
j − αj − ζj(αj + µ2

j )
2
)
,665

for the determinant and trace of the Jacobian Jj of the kinetics. Since det(Jj) > 0, the unique steady-666
state for an isolated cell is linearly stable if and only if tr(Jj) < 0. The Hopf bifurcation boundary in667

This manuscript is for review purposes only.



22 M. PELZ, M. J. WARD

0 0.5 1 1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

1

(a) Instability region: isolated cell
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(b) Limit cycle in phase plane

Fig. 3: Left: Blue-shaded region of instability in the αj versus µj plane for the steady-state of an isolated cell
when ζj = 0.15. In this region, since tr(Jj) > 0 the unique steady-state is unstable, and a time-periodic (limit
cycle) solution occurs for an isolated cell. In the unshaded region the steady-state is linearly stable for an isolated
cell. Right: For αj = 0.4 and µj = 2.0 (black star in left panel), there is a limit cycle in the u2j versus u1j plane.

the αj versus µj parameter plane occurs when tr(Jj) = 0. From the Poincaré-Bendixson theorem, we668
conclude that whenever the steady-state is unstable the isolated cell will have limit cycle oscillations. For669
ζj = 0.15, in Fig. 3(a) we show the region in the αj versus µj plane where limit cycle oscillations occur.670
In Fig. 3(b) we plot the limit cycle in the u2j versus u1j plane for αj = 0.4 and µj = 2.0.671

Next, we determine how the instability region for an isolated cell changes when we include the effect672
of efflux across the cell membrane, but neglect any influx from the bulk medium (recall the schematic in673
Fig. 1(b)). Setting U = 0 in (1.4c), for an isolated cell with boundary efflux the unique steady-state for674
duj/dt = Fj − 2πd2ju1je1 is now u1j = µj/(1 + 2πd2j) and u2j = µj/

(
αj + u2

1j

)
. The Hopf bifurcation675

boundary in the αj versus d2j plane occurs when tr(Jj) = 0, which yields676

(6.3) αj = −
µ2
j

(1 + 2πd2j)2
+

1

2ζj

−(1 + 2πd2j) +

√
(1 + 2πd2j)2 +

8µ2
jζj

1 + 2πd2j

 .677

For ζj = 0.15 and µj = 2.0, in Fig. 4 we show that when d2j increases past a threshold, the range of αj678
where intracellular oscillations occur decreases significantly when there is efflux from an isolated cell.679
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Fig. 4: Blue-shaded region of instability in the αj versus d2j plane for the steady-state of an isolated cell with
boundary efflux when ζj = 0.15 and µj = 2.0. As d2j increases past a threshold, the range in αj where limit cycle
oscillations will occur for the isolated cell decreases.

6.2. Steady-states and their stability with cell-bulk coupling. With cell-bulk coupling, the680
steady-state solutions of (1.4) are obtained from the solution to the NAS (4.7) and (4.9) where Fj is681
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given in (6.1). We readily obtain that682

(6.4a) u1js = µj +Bjs , u2js =
µj

αj + u2
1js

,683

where, with ηj and γj as defined in (3.16c), the steady-state source strengths Bjs satisfy684

(6.4b) (γj + ηj)Bjs + 2

N∑
k=1

k 6=j

BksK0

(√
σ

D
|xj − xk|

)
= −γjµj , j ∈ {1, . . . , N} .685

We remark that although (4.9) and (4.7) generally yields a nonlinear algebraic system characterizing686
steady-state solutions, with Sel’kov kinetics (6.1) one must only solve the linear algebraic system (6.4b).687

To analyze the linear stability of this steady-state solution, we must solve the nonlinear eigenvalue688
problem (4.19a) of Proposition 3. In calculatingM(λ) from (4.19b), it is only the diagonal matrix K(λ)689
defined in (4.20b) that depends on the choice of the intracellular kinetics. For the reaction kinetics (6.1),690

(6.5) K(λ) ≡ diag (K1, . . . ,KN ) , where Kj ≡
λ+ det (Jj)

λ2 − tr(Jj)λ+ det (Jj)
,691

where det (Jj) and tr(Jj), evaluated at the steady-state of the cell-bulk model, are now given by692

(6.6) det(Jj) = ζj
(
αj + u2

1js

)
> 0 , tr(Jj) =

1

αj + u2
1js

(
2µju1js −

(
αj + u2

1js

)
− ζj

(
αj + u2

1js

)2)
.693

Here u1js = µj + Bjs, where Bjs for j ∈ {1, . . . , N} are obtained from (6.4b). Since the linear system694
(6.4b) is always solvable, there are no transcritical or fold bifurcation points along the steady-state solution695
branch as parameters are varied for Sel’kov kinetics. As such, since λ = 0 is never a root of detM(λ) = 0,696
the steady-state solution is never destabilized by a zero-eigenvalue crossing (see Proposition 1 of [33]).697

In this way, for reaction-kinetic parameters for which each isolated cell has a stable steady-state, any698
instability that arises from the cell-bulk coupling must occur through a Hopf bifurcation. As a result,699
we will identify stability boundaries in the 1/σ versus D parameter plane for steady-state solutions with700
Sel’kov kinetics by seeking Hopf bifurcation (HB) thresholds for which λ = iλI ∈ Λ(M) with λI ∈ R.701
For arbitrary locations xj , with j ∈ {1, . . . , N}, of a collection of non-identical cells, with possibly cell-702
dependent permeability and reaction-kinetic parameters, we must compute all paths in the 1/σ versus D703
parameter space where detM(iλI) = 0 for some λI > 0. HB boundaries in parameter space can readily704
be computed numerically for a ring arrangement of identical cells, with and without a defective center705
cell, as the matrix spectrum ofM(λ) is known analytically (cf. [33]). When explicit analytical formulae706
are known for the eigenvalues of M(λ), simple scalar root-finding algorithms can be used to determine707
the HB thresholds in parameter space using a pseudo-arclength continuation scheme in D (see [33] for708
details). However, for a general spatial arrangement of non-identical cells, the numerical solution of the709
nonlinear matrix eigenvalue problem detM(iλI) = 0 in the 1/σ versus D parameter space is highly710
challenging. Nonlinear matrix eigenvalue problems and effective solution strategies for various classes of711
matrices are discussed in [6], [5] and [28].712

To determine regions of instability in open sets of the 1/σ versus D parameter plane off of the HB713
boundaries and to count the number, Z, of destabilizing eigenvalues of the linearization of the cell-bulk714
model (1.4) around the steady-state, as defined by the number of λ ∈ Λ(M) with Re(λ) > 0 (counting715
multiplicity), we use the argument principle of complex analysis applied to F(λ) ≡ det(M(λ)), where716
M(λ) is the complex symmetric GCEP matrix (4.19b) in which K(λ) is given in (6.5). In the right-half717
plane, we take the contour ΓR as the union of the imaginary axis ΓI = iλI , for |λI | ≤ R, and the718
semi-circle CR, defined by |λ| = R > 0 with |arg(λ)| ≤ π/2. Provided that there are no zeroes or poles719
on ΓR for F(λ), the argument principle yields that the number ZR of zeroes of F(λ) = 0 inside ΓR is720

(6.7) ZR =
1

2π

[
argF(λ)

]
ΓR

+ PR .721
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Here PR is the number of poles of F(λ) inside ΓR, while
[
argF(λ)

]
ΓR

denotes the change in the argument722

of F(λ) over the counter-clockwise oriented contour ΓR. We pass to the limit R → ∞ and use (6.5) to723
obtain that K(λ)→ 0 as R →∞ on the semi-circle CR. Moreover, for R � 1, (4.21) and (4.19b) yields724
thatM(λ) ≈ −(ν/2) log (R) I +O(1) on CR. As a result, we conclude that limR→∞

[
argF(λ)

]
CR

= 0.725

Finally, to evaluate the change of argument on the imaginary axis we use F(λ) = F(λ) with λ = iλI to726
reduce the computation to the positive imaginary axis. In this way, by letting R → ∞ we get that the727
number of zeroes Z of F(λ) in Re(λ) > 0 is728

(6.8) Z = P − 1

π

[
argF(iλI)

]
ΓI+

,729

where P denotes the number of poles (counting multiplicity) of F(λ) in Re(λ) > 0, and ΓI+ denotes the730
entire positive imaginary axis now directed upwards starting from λI = 0. To determine P, we observe731
that since Gλ is analytic in Re(λ) > 0 any singularity of F(λ) must arise from the poles of the diagonal732
matrix K(λ) with entries given in (6.5). Since det(Jj) > 0, we conclude that P = 2p where p is the733
total number of integers j ∈ {1, . . . , N} for which tr(Jj) > 0. For a given parameter set, we will use734
(6.8) to numerically calculate Z in a fine discretization of the 1/σ versus D parameter plane. Below, we735
refer to this “phase diagram” as a scatter plot. For the cell configurations considered below, where the736
matrix spectrum of M(λ) is known, the determinant is readily evaluated at a fine discretization along737
the imaginary axis. The axis-crossing algorithm of [3] can then be used to compute the winding number.738

(a) Two-cell configuration (b) Four-cell configuration (c) Ring with center cell

Fig. 5: Left: A two-cell configuration. Middle: four equally-spaced cells on a ring of radius rc. Right: Hexagonal
ring arrangement of identical cells where the center cell is a pacemaker or signaling cell. Equally-colored pairs of
cells are taken to have identical permeabilities and reaction-kinetic parameters.

In the results given below in §6.3–6.6 we have fixed the cell radius as ε = 0.03 and the Sel’kov reaction-739
kinetic parameters as µj = 2 and ζj = 0.15 for j ∈ {1, . . . , N}. We will explore the effect of changing the740
kinetic parameter αj and the influx and efflux parameters d1j and d2j , respectively. More specifically, we741
will study the effect of choosing pairs (d2j , αj) either inside or outside the blue-shaded region of instability,742
as shown in Fig. 4, for an isolated cell with boundary efflux. Initial conditions will be chosen near the743
steady-state values so that the scatter plots are informative for predicting the onset of any instability.744

6.3. Two-Cell Configurations. For the linearization of the steady-state for the two-cell configura-745
tion of Fig. 5(a), and for three values of the influx parameter d1j , in Fig. 6 we plot the HB boundaries for746
the in-phase mode (solid curves) and the anti-phase mode (dashed curves) in the 1/σ versus D parameter747
plane when two identical cells are initially in a quiescent state when uncoupled from the bulk. The other748
parameters are given in the figure caption. The steady-state is unstable to in-phase and the anti-phase749
perturbations only inside the corresponding lobes, while the steady-state is linearly stable outside the750
union of the two lobes. From Fig. 6 we observe the possibility of either a purely anti-phase instability751
or a purely in-phase instability for some parameter pairs (1/σ,D). Upon comparing Figs. 6(a)–6(c), the752
range in D where the lobes of instability occur become larger as d1j is increased.753

For Fig. 7 we numerically implemented the winding number criterion (6.8) to provide a scatter plot in754
the 1/σ versus D plane that indicates the number of destabilizing eigenvalues in Re(λ) > 0 associated755
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Fig. 6: Left: HB boundaries in the 1/σ versus D parameter plane for the linearization of the steady-state for the
two-cell configuration of Fig. 5(a) for identical cells with permeabilities d1j = 0.4, d2j = 0.2 and kinetic parameter
αj = 0.9. The HB boundaries for the in-phase c = (1, 1)T and anti-phase c = (1,−1)T modes are the solid and
dashed curves, respectively. The steady-state is unstable to the specific mode inside each lobe. Middle: d1j = 0.8.
Right: d1j = 1.5. The range in D of the lobes of instability increases with the influx parameter d1j.
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Fig. 7: Scatter plot of the number Z of destabilizing eigenvalues satisfying Re(λ) > 0 in the 1/σ versus D
parameter plane corresponding to the linearization of the steady-state for the two-cell configuration of Fig. 5(a)
for identical cells with parameter values d1j = 0.4 (left), d1j = 0.8 (middle), d1j = 1.5 (right). Here, Z = 0 is
white, Z = 2 is blue, and Z = 4 is magenta. The HB boundaries are superimposed. Remaining parameters are as
in Fig. 6.

with the linearization of the steady-state. In Fig. 8 we plot the path of both the real and imaginary parts756
of the two dominant eigenvalues λ ∈ C along the parameter path indicated by the vertical and horizontal757
dotted lines in Fig. 7(a) and Fig. 7(c), respectively. Along the vertical path in Fig. 7(a), we observe758
from Fig. 8(a) that the in-phase and anti-phase modes of instability have comparable growth rates when759
D = 0.75 and σ = 0.5 and that the in-phase mode becomes stable before the anti-phase mode as 1/σ is760
increased. Since the imaginary part Im(λ) is roughly the same for both modes, and shows little variation761
with σ, we conclude that the temporal frequencies of small amplitude oscillations are roughly similar for762
both modes. In contrast, along the horizontal parameter path in Fig. 7(c), we observe from Fig. 8(c) that763
the growth rate for the in-phase mode is larger than that for the anti-phase mode as D is increased.764

We now compare our numerical solution of the reduced integro-differential system (3.16), as computed765
using our algorithm in §5.4, with that of the full cell-bulk system (1.4), as computed with the commercial766
PDE solver FlexPDE Professional 6.50/L64 [18] using the domain-truncation approach given in Appendix767
D. The comparison is made at the star-labeled point in Fig. 7(a), for which D = 0.75 and σ = 1/7, where768
rather intricate long-time dynamics occur. For the algorithm in §5.4, we used a time step size ∆t =769
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Fig. 8: Top row: two dominant eigenvalues, Re(λ) (left) and Im(λ) (right), computed by solving detM(λ) = 0
along the vertical dotted path with D = 0.75 indicated in Fig. 7(a). Bottom row: two dominant eigenvalues, Re(λ)
(left) and Im(λ) (right), computed by solving detM(λ) = 0 along the horizontal dotted path with σ = 0.5 as shown
in Fig. 7(c). The horizontal red lines in the left panels is the marginal stability threshold Re(λ) = 0.

0.002 and chose n = 75 for the discretization of the Laplace space contour for the sum-of-exponentials770
approximation (see Fig. 2). By comparing our hybrid results with full FlexPDE numerical simulations,771
in Fig. 9 we observe that our hybrid approach qualitatively captures a transiently decaying oscillation,772
which transitions to a mixed-mode oscillation on some intermediate time scale, and that ultimately773
tends to a steady-state solution as obtained from the solution to (6.4b). These final steady-state values774
correctly approximates the FlexPDE computed steady-state to several decimal places of accuracy. This775
intricate mixed-mode behavior seen in Fig. 9 stems from the proximity to the anti-phase Hopf bubble in776
parameter space as shown in Fig. 7(a). More specifically, in Fig. 8(a) we observe that both the in-phase777
and anti-phase modes have very small negative growth rates when σ = 1/7 that have a comparable778
magnitude. As a result, our theory predicts mixed-mode beating-type behavior over a long-time scale779
and that anti-phase oscillations (the eigenvalue closest to zero) eventually will characterizes the slow780
decay to the steady-state. This is precisely what is observed in the numerical simulations in Fig. 9. As781
a more quantitative validation of our hybrid approach, in Fig. 10 we show a very close comparison for782
the amplitude and period of the intracellular species u11 and u12 as extracted numerically from both our783
fast algorithm for (3.16) and from the full FlexPDE solution to (1.4).784

Overall we conclude that both the integro-differential system, as derived in (3.16) under the asymptotic785
assumption ε � 1, and the mixed-order numerical time-marching scheme formulated in §5.4, are able786
to replicate with a high degree of accuracy detailed fine features in intracellular oscillations for the full787
cell-bulk model (1.4) over long time intervals. We emphasize that for the FlexPDE solution, the time-788
integration to t ≈ 669 took many hours of CPU time, owing to the need for a fine spatial mesh in the789
boundary layers near the two cells at each time step. In contrast, our fast algorithm, implemented in790
Fortran77 on a Dell Precision laptop with an Intel Core I7 processor, completed in roughly one minute.791
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(a) u1j hybrid scheme (b) u1j FlexPDE

(c) u2j hybrid scheme (d) u2j FlexPDE

Fig. 9: Comparison of the numerical solutions computed from the integro-differential system (3.16) using the
algorithm in §5.4 with that computed from the cell-bulk model (1.4) using FlexPDE [18] with the artificial boundary
condition given in (D.1) of Appendix D. Parameters: D = 0.75, σ = 1/7 with d1j = 0.4, d2j = 0.2 and αj = 0.9
corresponding to the star-labeled point in Fig. 7(a). The inital condition imposed was the steady-state with an
anti-phase perturbation: u

(0)
1 = (u11s, u21s)

T + 0.01 · (1,−1)T , and similarly for u
(0)
2 . The initial bulk solution for

(1.4) was U(x, 0) = 0. The steady-state is the black horizontal line.

Next, we consider the same parameters as in Figs. 6(c) and 7(c) except that we now modify the kinetic792
parameter to α1 = 0.4 for the first cell centered at x1 = (1, 0). For α1 = 0.4, an isolated cell with no793
boundary efflux would have limit cycle oscillations (see the blue star in Fig. 3(a)). Since d21 = 0.2, we794
further observe from Fig. 4 that the cell centered at x1 would have limit cycle oscillations even with795
boundary efflux when it is uncoupled from the bulk. As a result, we refer to this cell as the signaling796
cell. In the scatter plot shown in Fig. 11(a) we observe that the steady-state is always unstable in the797
1/σ versus D parameter plane. In the blue-shaded region, the unique destabilizing mode is the one for798
which the amplitude of intracellular oscillations for the signaling cell centered at x1 is large, and where799
the second cell centered at x2 has very small oscillations, and so is effectively silent. In Fig. 11(a) there is800
only one HB boundary and it corresponds to a marginal mode where intracellular oscillations emerge in801
the otherwise silent cell centered at x2 = (−1, 0) and where the signaling cell centered at x1 is effectively802
silent. However, by plotting the path of the two dominant eigenvalues in Fig. 11(b) and Fig. 11(c) along803
the horizontal and vertical slices shown in Fig. 11(a), respectively, we observe that the mode with the804
largest growth rate is always the one for which the cell centered at x2 has only very small amplitude805
oscillations in comparison to that for the signaling cell. By computing the eigenvector c for the two modes806
at some points along the horizontal slice in Fig. 11(a), we use the criterion in (4.23b) to determine the807
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(a) Comparison of u11 amplitudes (b) Comparison of u11 periods

(c) Comparison of u12 amplitudes (d) Comparison of u12 periods

Fig. 10: Comparison of the amplitude and period of the numerical solutions to u1j for j ∈ {1, 2} as computed
from the integro-differential system (3.16) using the fast algorithm in §5.4 with that computed from the cell-bulk
model (1.4) using FlexPDE [18]. The parameters are as in in Fig. 9.

relative magnitude of the intracellular oscillations in the two cells for the linearized problem. As shown808
in Table 4, the mode with the largest growth rate is the one for which the second cell is effectively quiet.809

By using our algorithm in §5.4 with ∆t = 0.002, and with random initial values near the steady-state810
of magnitude 0.01, in Fig. 12 we plot u2j versus t on the time window 600 < t < 800 at the three811
star-labeled points along the horizontal and vertical slices in Fig. 11(a). We conjecture that when both812
the in-phase and anti-phase modes are destabilizing for the linearization of the steady-state solutions,813
such as for D = 2, σ = 1/2 in Fig. 12(a) and for D = 4, σ = 1/2 in Fig. 12(b), the oscillations for the814
second cell centered at x2 are of wave-packet type, as is characteristic of mixed-mode oscillations.815

For D = 3 and σ = 1/2 in the scatter plot of Fig. 11(a), in Fig. 13 we show that our fast algorithm816
with ∆t = 0.002 is able to reproduce with high accuracy the delicate wave-packet type oscillations for817
cell 2 over long time scales that occurs in the FlexPDE numerical solution of (1.4). The FlexPDE results818
required hours of CPU time, whereas the hybrid algorithm completed in less than a minute on a laptop.819

Next, we consider the effect on intracellular oscillations of increasing the efflux permeability for the prior820
signaling cell centered at x1 to d21 = 0.5. From Fig. 4 we observe that limit cycle oscillations no longer821
occur for this cell when it is uncoupled from the bulk, and so we refer to this cell as being deactivated.822
Moreover, we decrease the influx parameter for this cell to d11 = 0.4, so that there is less influx from823
the bulk medium as compared to the cell at x2. In Fig. 14(a) we show the resulting scatter plot in the824
1/σ versus D plane. We now observe that there is a parameter range (i.e. the white region) where the825
steady-state is linearly stable. Along the dotted parameter path shown in Fig. 14(a), in Figs. 14(b)-14(c)826
we plot Re(λ) on the left vertical axis for each of the two dominant modes. On the right vertical axes827
we plot our criterion in (4.23b) that predicts which cell will have larger amplitude oscillations near the828
steady-state. In contrast to the behavior in Fig. 11 for the case where the permeabilities were identical829
for the two cells, we observe from the right vertical axes in Figs. 14(b)-14(c) that, as D is increased with830
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Fig. 11: Left: Scatter plot of the number Z of destabilizing eigenvalues, with Z = 2 (blue) and Z = 4 (magenta),
for the linearization of the steady-state in the 1/σ versus D plane for two non-identical cells with different kinetics
parameter α1 = 0.4 and α2 = 0.9. The remaining parameters are d1j = 1.5 and d2j = 0.2 for j ∈ {1, 2}. Only the
cell with α1 = 0.4 (signaling cell) would have limit cycle oscillations with boundary efflux when it is uncoupled to
the bulk. The sole HB boundary is superimposed. The steady-state is now always unstable. Middle: Re(λ) versus
D along the horizontal slice. Right: Re(λ) versus 1/σ along the vertical slice. The dominant mode of instability
is for intracellular oscillations to be concentrated to the first cell, while the second cell is essentially quiescent.
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(a) D = 2, σ = 1/2.
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(c) D = 2, σ = 1/6.

Fig. 12: Intracellular dynamics u2j(t) between 600 < t < 800 at the three star-labeled points along the vertical
and horizontal slices in Fig. 11(a). Left: D = 2, σ = 1/2: wave-packet solution for second cell. Middle: D = 4,
σ = 1/2: wave-packet solution transitions to regular oscillations. Right: D = 2, σ = 1/6: regular oscillations
occur for the second cell but with smaller amplitude. The dashed horizontal lines are the unstable steady-state
values for u2j. Parameters: α1 = 0.4, α2 = 0.9, with d1j = 1.5 and d2j = 0.2 for j ∈ {1, 2}.

σ = 2, the dominant mode of instability is the one for which the deactivated cell with α1 = 0.4 now has831
much smaller intracellular oscillations than the cell with α2 = 0.9.832

With the algorithm in §5.4 using ∆t = 0.005, and with uniformly random initial conditions near the833
steady-state values, in Fig. 15 we show u2j versus t at the three star-labeled points with increasing D834
along the parameter path in Fig. 14(a). As D increases, the amplitude of the intracellular oscillations in835
the deactivated cell 1 decreases as predicted by Figs. 14(b)-14(c). However, when D = 1 and σ = 1/2,836
the deactivated cell will have much larger amplitude oscillations than for the other cell centered at x2.837

6.4. A ring configuration of cells. Next, we consider the four-cell configuration shown in Fig. 5(b)838
where there are two pairs of cells with common kinetic parameters and permeabilities. For this case, and839
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D |c1| |c2| ∆θc(rad) |(Kc)1| |(Kc)2| ∆θk(rad) Re(λ) Quiet
2 1.0000 0.0078 2.71 0.9989 0.0467 0.78 0.215 cell 2
2 0.1018 0.9948 2.31 0.0468 0.9989 2.25 0.017 cell 1
4 0.9999 0.0127 1.26 0.9973 0.0736 0.59 0.252 cell 2
4 0.1422 0.9898 3.77 0.0731 0.9973 2.46 0.0135 cell 1
6 0.9998 0.0182 0.93 0.9965 0.0838 0.49 0.269 cell 2
6 0.1556 0.9878 3.69 0.0834 0.9965 2.56 0.0010 cell 1
8 0.9998 0.0210 0.80 0.9962 0.0872 0.45 0.278 cell 2
8 0.1588 0.9873 3.64 0.0804 0.9963 2.60 −0.013 cell 1

Table 4: Moduli of the components cj of the eigenvector c = (c1, c2)T , normalized by cHc = 1, and of the
normalized components of Kc at some specific points along the horizontal path through the scatter plot in Fig. 11(a)
for the two roots of detM(λ) = 0 with the largest real part. ∆θc and ∆θk denote the phase shift for the eigenvector
c and for Kc, respectively, between the cells. The dominant mode of instability always corresponds to the cell at x2

having very small amplitude oscillations as compared to that for the signaling cell. Parameters are as in Fig. 11.

(a) u1j hybrid scheme (b) u1j FlexPDE

(c) u2j hybrid scheme (d) u2j FlexPDE

Fig. 13: Same caption as in Fig. 9 except that parameters are now D = 3, σ = 1/2. α1 = 0.4, α2 = 0.9 and
d1j = 1.5 and d2j = 0.2 for j ∈ {1, 2} corresponding to the scatter plot in Fig. 11(a). The initial condition imposed
was the steady-state with an anti-phase perturbation: u

(0)
1 = (u11s, u21s)

T + 0.1 · (1,−1)T , and similarly for u
(0)
2 .

The initial bulk solution for (1.4) was U(x, 0) = 0. The hybrid algorithm accurately reproduces the wave-packet
oscillations of cell 2 over long time intervals. The unstable steady-states for cell 1 and cell 2 are the upper and
lower black horizontal lines, respectively.
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Fig. 14: Left: Scatter plot after decreasing the influx parameter to d11 = 0.4 and increasing the efflux parameter
to d21 = 0.5 for the cell centered at x1 with α1 = 0.4. Remaining parameter are as in Fig. 11. The number
Z of destabilizing eigenvalues for the linearization of the steady-state is: Z = 0 (white), Z = 2 (blue) and
Z = 4 (magenta). Middle: Left vertical axis is Re(λ) along the dotted path in the left panel for the mode where
oscillations have larger amplitude in cell 1. The right vertical axis is |(Kc)1|2 (see (4.23b)) that measures the
relative amplitude of the oscillations near the steady-state for cell 1. Here we normalized

∑2
j=1 |(Kc)j |2 = 1.

Right: Same as middle plot but now for the other dominant mode where oscillations are predicted to be much
larger in cell 2 since |(Kc)1|2 = O(10−4)� 1. The red horizontal lines denote the stability threshold Re(λ) = 0.
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Fig. 15: Top left, top right, bottom left: intracellular dynamics u2j(t) at the three star-labeled points along the
path in Fig. 14(a). As D increases, the amplitude of oscillations in the deactivated cell 1 decreases. Bottom right:
u2j(t) when D = 1 and σ = 1/2 (see Fig. 14(a)), where large oscillations in the deactivated cell occur. Dashed
horizontal lines are the steady-states. Parameters: α1 = 0.4, α2 = 0.9, d11 = 0.4, d21 = 0.5, d12 = 1.5, d22 = 0.2.
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where a, b, h, and d can be identified from (4.19b), the GCEP matrixM in (4.19b) has the form840

(6.9) M =


a h d h
h b h d
d h a h
h d h b

 .841

Omitting the details of the derivation, the matrix spectrum ofM is readily obtained as follows:842

Lemma 6.1. For the matrix in (6.9), we have843

(6.10) detM = (a− d)(b− d)
[
(a+ d)(b+ d)− 4h2

]
.844

The matrix spectrum forMc = χc is845

c1 = (1, 0,−1, 0)T , χ1 = a− d ; c2 = (0, 1, 0,−1)T , χ2 = b− d ,

c± = (1, f±, 1, f±)T , χ± = (a+ d) + 2hf± ; f± ≡
(b− a)

4h
±

√
(b− a)2

(4h)2
+ 1 .

(6.11a)846

To determine the eigenvalues λ of the linearization of the steady-state, which satisfy detM(λ) = 0,847
we need only find the union of the roots of the scalar root-finding problems a = d, b = d and 4h2 =848
(a + d)(b + d). The HB boundaries in the 1/σ versus D plane are obtained by setting λ = iλI . For849
identical cells where a = b, the modes c1 and c2 are degenerate since a = b. For identical cells, where850
f± = ±1, the in-phase and anti-phase modes are c+ = (1, 1, 1, 1)T and c− = (1,−1, 1,−1)T , respectively.851

For identical cells with d1j = 0.4, d2j = 0.2 and αj = 0.9 for j ∈ {1, . . . , 4}, and with a ring radius852
rc = 1, the scatter plot is shown in Fig. 16(a). In Fig. 16(b) we plot the real parts of the three dominant853
eigenvalues of detM(λ) = 0 along the horizontal path shown in Fig. 16(a). In the blue-shaded region,854
only the in-phase mode is destabilzing, while in the green-shaded region all modes are destabilizing.855
Moreover, for D = 0.4, all the destabilizing modes have comparable growth rates. For this parameter856
set, Fig. 4 shows that no intracellular oscillations would occur when there is no coupling to the bulk.857
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Fig. 16: Left: Scatter plot of the number Z of destabilizing eigenvalues, with Z = 0 (white), Z = 2 (blue), Z = 6
(rust) and Z = 8 (green) for the linearization of the steady-state for four identical cells with a ring radius rc = 1
(see Fig. 5(b)), with d1j = 0.4, d2j = 0.2 and αj = 0.9 for j ∈ {1 . . . , 4}. The HB boundaries (solid black curves)
are superimposed. Right: Real part of the dominant eigenvalues of detM(λ) = 0 along the horizontal path with
σ = 1 in the left panel. Owing to the circulant matrix structure of M(λ) there is mode degeneracy. In the blue
region only the in-phase mode is destabilizing. For D = 0.4, the three destabilizing modes have similar growth
rates.

In Fig. 17 we plot u2j versus t at the star-labeled points shown along the parameter path in Fig. 16(a)858
as computed using the algorithm of §5.4 with ∆t = 0.005. The choice of initial conditions imposed near859
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the steady-state values are indicated in the figure subcaptions. As predicted by the large growth rate of860
the in-phase mode in Fig. 16(b), the intracellular oscillations become synchronous as time increases for861
D = 2.4, D = 1.7 and D = 1.2. This is confirmed by the top row in Fig. 17. Furthermore, for D = 0.4,862
where all the destabilizing modes have comparable growth rates, the bottom row of Fig. 17 shows, as863
predicted, that the long-term dynamics depends on the precise form of the initial conditions imposed.864
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Fig. 17: Intracellular dynamics u2j(t) at the star-labeled points along the horizontal slice with σ = 1 in Fig. 16(a)
computed using the algorithm in §5.4 with ∆t = 0.005. The type of initial condition (IC) is indicated in the
captions: Random: perturbing the steady-state values for u1j and u2j by 0.1 ·U , where U is uniformly distributed
on [−1, 1]. In-phase: perturbing steady-states by 0.1 · (1, 1, 1, 1)T . Anti-phase: perturbing steady-states by 0.1 ·
(1,−1, 1,−1)T . Top left: For D = 2.4, random IC lead to synchronous oscillations that slowly decay to the
steady-state limit. Top middle and top right: For D = 1.7 and D = 1.2, random IC lead to persistent in-phase
oscillations. Bottom row: For D = 0.4, the choice of IC imposed leads to distinctly different long-time dynamics
as suggested by Fig. 16(b). Parameters: Identical cells with αj = 0.9, d1j = 0.4 and d2j = 0.2 for j ∈ {1, . . . , 4}.

Next, we consider two pairs of identical cells with α2 = α4 = 0.5, α1 = α3 = 0.9, and with the same865
permeabilities d1j = 0.4 and d2j = 0.2 for j ∈ {1, . . . , 4} as in Fig. 16(a). For this parameter set, from866
Fig. 4 we observe that cells 2 and 4 would exhibit limit-cycle oscillations when uncoupled from the bulk.867
We refer to these two cells as signaling cells. In Fig. 18(a) we show the scatter plot, while in Fig. 18(b)868
we plot the real parts of the four dominant eigenvalues of detM(λ) = 0 along the parameter path shown869
in Fig. 18(a). In the magenta-shaded region the dominant instability is where the signaling cells are870
activated. For D = 0.4, there are four destabilizing modes. In Fig. 19 we plot u2j versus t at the two871
star-labeled points along the parameter path in Fig. 18(a) as computed using the algorithm of §5.4 with872
∆t = 0.005. For D = 1.75, the non-signaling cells 1 and 3 have in-phase small amplitude oscillations.873
However, for D = 0.5, as a result of the multiple destabilizing modes shown in Fig. 18(b), the type874
of oscillation that occurs in the non-signaling cells depends on the choice of initial condition near the875
steady-state that is imposed (see Fig. 19(b)–19(c)).876

Finally, we explore the effect of increasing the efflux to d22 = d24 = 0.5 for the signaling cells with877
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Fig. 18: Left: Scatter plot of the number Z of destabilizing eigenvalues, with Z = 4 (magenta), Z = 6 (rust)
and Z = 8 (green) for the linearization of the steady-state for two pairs of identical cells with rc = 1 where
α2 = α4 = 0.5 and α1 = α3 = 0.9. The HB boundaries are superimposed. Same permeabilities d1j and d2j as
in Fig. 16(a). Cells 2 and 4 admit limit cycle oscillations when uncoupled from the bulk. Right: Real part of the
four dominant eigenvalues of detM(λ) = 0 on the horizontal path with σ = 1 in the left panel. The labels for
the eigenmodes from (6.11a) are c1 = (1, 0,−1, 0)T (cells 2, 4 silent), c2 = (0, 1, 0,−1)T (cells 1, 3 silent), and
c± = (1, f±, 1, f±)T (all cells active). There are two destabilizing modes when D = 1.75 and four when D = 0.5.
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Fig. 19: Intracellular dynamics u2j(t) at the two star-labeled points along the horizontal path with σ = 1 in
Fig. 18(a) computed using the algorithm in §5.4 with ∆t = 0.005. The choice of initial condition (IC) is indicated
(see caption of Fig. 19 for details). Left: For D = 1.75 cells 2 and 4 trigger small amplitude oscillations in cells 1
and 3. Middle: for D = 0.5 with a uniformly random IC, there is a phase shift in the oscillations of the signaling
cells. Incoherent oscillations occur in the other cells. Right: For D = 0.5 with anti-phase IC, the signaling cells
oscillate in-phase. Cells 1 and 3 exhibit mixed-mode type oscillations.

α2 = α4 = 0.5, while also increasing the influx to d11 = d13 = 2.0 for the non-signaling cells where878
α1 = α3 = 0.9. For this modified parameter set, Fig. 4 shows that cells 2 and 4 no longer exhibit limit879
cycle oscillations when uncoupled from the bulk. As such, these two cells have now been deactivated. In880
Fig. 20(a) we show how the scatter plot of Fig. 18(a) is modified, while in Fig. 20(b) we plot the real881
parts of the four dominant eigenvalues of detM(λ) = 0. In contrast to Fig. 18(b), we now observe that882
the dominant instability at the right-end of the horizontal path where D = 2 and σ = 4 in Fig. 20(a) is883
where the deactivated cells 2 and 4 are now effectively quiet. In Fig. 21 we plot u2j versus t at the four884
star-labeled points in Fig. 20(a), as computed using the algorithm of §5.4 with ∆t = 0.005. For D = 2885
and σ = 4, in Fig. 21(a) we observe that the non-signaling cells, cells 1 and 3 (which would not oscillate886
without cell-bulk coupling), have much larger amplitude oscillations than do the deactivated signaling887
cells, as is consistent with the prediction from Fig. 18(b). Moreover, when both D and σ are smaller,888
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i.e. D = σ = 1, Fig. 21(c) shows that the non-signaling cells have a much small amplitude oscillation in889
comparison with the deactivated signaling cells. To interpret this behavior, for smaller bulk diffusivity and890
with a lower degradation rate, the spatial gradient in (4.23a) that occurs in the vicinity of the deactivated891
cells can be large. Owing to the influx permeability, this large signaling gradient can effectively re-activate892
these cells when D is small. We suggest that this behavior is related to the qualitative mechanism of893
diffusion-sensing (cf. [30]). By increasing D to D = 1.65, Fig. 21(d) shows that both pairs of cells894
exhibit only small amplitude oscillations. Overall, the distinct time-dependent behaviors observed in895
Fig. 21 illustrate how the components of the eigenvector c of the GCEP matrix encodes key predictive896
information on which cells will have larger oscillations near an unstable steady-state.897

0.5 1 1.5 2 2.5

0.5

1

1.5

(a) d11 = d13 = 2.0, d22 = d24 = 0.5

0.5 1 1.5 2
-0.2

-0.1

0

0.1

0.2

0.3

(b) Re(λ) on horizontal slice

Fig. 20: Left: Scatter plot with rc = 1, α2 = α4 = 0.5 and α1 = α3 = 0.9, but now d11 = d13 = 2.0 and
d22 = d24 = 0.5. Remaining parameters are d12 = d14 = 0.4 and d21 = d23 = 0.2. The deactivated signaling cells
2 and 4 now have an increased efflux and no longer admit limit cycle oscillations when uncoupled from the bulk.
The influx permeability for the other two cells is much larger than in Fig. 18(a). Right: Real part of the four
dominant eigenvalues of detM(λ) = 0 on the horizontal path with σ = 0.25 in the left panel.

6.5. A ring configuration with a center cell. Next, we consider the centered-hexagonal cell898
configuration shown in Fig. 5(c). We label the ring cells in a counterclockwise orientation by xj =899

rc (cos(π(j − 1)/3), sin(π(j − 1)/3))
T for j ∈ {1, . . . , 6}, while the center-cell at the origin is x7 = 0. The900

ring cells are assumed to be identical with d1j = d1r, d2j = d2r and αj = αr for j ∈ {1, . . . , 6}. The901
center cell can have different permeabilities d17 and d27 and a distinct kinetic parameter α7.902

For this cell configuration, the GCEP matrixM in (4.19b) can be partitioned as903

(6.12a) M(λ) =


a

M6

...
a

a . . . a b

 ,904

whereM6 ∈ C6,6 is both circulant and symmetric. Here a and b are defined by905

(6.12b) a ≡ νK0

(√
σ + λ

D
|x1 − x7|

)
, b ≡ 1 + ν

(
log

(
2

√
D

σ + λ

)
− γe

)
+
νD

d17
(1 + 2πd27K7) ,906

with ν = −1/ log ε and K7 as given in (6.5). In (6.12a), M6 is a cyclic permutation of its first row,907
labeled by (m1, . . . ,m6), in which m2 = m6 and m3 = m5 sinceM6 is symmetric. The matrix spectrum908
ofM6 consists of an in-phase eigenvector e6 ≡ (1, . . . , 1)T ∈ R6 and five anti-phase eigenvectors, two of909
which are degenerate, which are all orthogonal to e6. ForM, these anti-phase modes are lifted to R7 by910
requiring that the center cell is silent. The in-phase mode forM6 will lead to two eigenmodes in R7 for911
M where the center cell is active. The matrix spectrum ofM is characterized as follows:912
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Fig. 21: Intracellular dynamics u2j(t) at the four star-labeled points in Fig. 20(a), as computed using the algo-
rithm in §5.4 with ∆t = 0.005. Uniformly random initial perturbations of magnitude 0.1 were used. Top left:
Synchronized oscillations occur in cells 1 and 3, while the deactivated cells 2 and 4 are quiet. Top right: The
deactivated cells oscillate out of phase, and mixed-mode oscillations occur in the other cells. Bottom left: Large
amplitude in-phase oscillations occur in the deactivated cells, with very small in-phase oscillations in the other
cells. Bottom right: both pairs of cells have only small amplitude in-phase oscillations. Parameters as in Fig. 20.

Lemma 6.2. The matrix eigenvalues forMc = χc, withM as in (6.12a), are913

χj =

6∑
k=1

cos

(
πj(k − 1)

3

)
mk , j ∈ {1, . . . , 5} ,

χ± = ω6 + af± , f± ≡
(b− ω6)

2a
±

√
(b− ω6)

2

(2a)2
+ 6 ,

(6.13a)914

where detM = (χ+χ−)
(∏5

j=1 χj

)
=
(
bω6 − 6a2

) (∏5
j=1 χj

)
. Here ω6 is defined by M6e6 = ω6e6 with915

e6 ≡ (1, . . . , 1)T ∈ R6, while (m1, . . . ,m6) is the first row ofM6. The corresponding eigenvectors are916

cj =

(
1 , cos

(
πj

3

)
, . . . , cos

(
5πj

3

)
, 0

)T
, j ∈ {1, 2} ; c3 = (1 ,−1 , 1 ,−1 , 1 ,−1 , 0)T ,

c6−j =

(
0 , sin

(
πj

3

)
, . . . , sin

(
5πj

3

)
, 0

)T
, j ∈ {1, 2} ; c± = (1, . . . , 1, f±)T ,

(6.13b)917

where c3 is referred to as the sign-alternating anti-phase mode. Since χj = χ6−j for j ∈ {1, 2}, two pairs918
of anti-phase modes for which the center cell is silent are degenerate. The roots λ to detM(λ) = 0 are919
obtained from the union of the five scalar root-finding problems χ1 = 0, χ2 = 0, χ3 = 0 and χ± = 0.920
Setting χ± = 0, yields the parameter constraint 6a2 = bω6 and f± = ∓

√
6ω6/b.921
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Proof. The proof of this result for χj and cj for j ∈ {1, . . . , 5} is immediate since M6 is a circulant922
matrix and eT cj = 0 for j ∈ {1, . . . , 5}, where e = (e6, 1)T ∈ R7. For the remaining two eigenmodes, we923
let c = (e6, f)T and calculate usingM6e6 = ω6e6 that924

(6.14) Mc =

(
M6e6 + afe6

6a+ bf

)
=

(
(ω6 + af) e6

6a+ bf

)
= χ

(
e6

f

)
.925

This yields that ω6+af = χ and 6a+bf = χf , which gives a quadratic equation for f . The solution yields926
(6.13a) and (6.13b) for χ± and f±. Setting χ = 0 in (6.14) we readily obtain the constraint 6a2 = bω6.927
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Fig. 22: Scatter plots for the ring and center cell configuration of Fig. 5(c) with rc = 2. The number of destabilizing
eigenvalues Z for the linearization of (1.4) around the steady-state solution is additionally coded as Z = 10
(orange), Z = 12 (purple) and Z = 14 (gray). The HB boundaries are shown: dashed black curves are degenerate
anti-phase modes, dot-dashed black curve is the sign-alternating anti-phase mode, and solid black curves are the
HB modes where the center cell is active. Left: Identical ring cells have d1r = 0.8, d2r = 0.2 and αr = 0.9. The
center cell is signaling with d17 = 0.4, d27 = 0.2 and α7 = 0.5. Middle: Same parameters as in the left panel
except that the efflux from the center cell is increased to d27 = 0.5. The center cell is now deactivated. Right: All
cells are identical with d1r = d17 = 0.4, d2r = d27 = 0.2 and αr = α7 = 0.9. Each cell would be in a quiescent
state without any cell-cell coupling. The Kuramoto order parameter is computed on the red-dashed line.

Fixing d1r = 0.8, d2r = 0.9 and αr = 0.9 for each of the six ring cells, and with influx permeability928
d17 = 0.4 and kinetic parameter α7 = 0.5 for the center cell, in Fig. 22(a) and Fig. 22(b) we show the929
scatter plots when the efflux permeability for the center cell is either d27 = 0.2 or d27 = 0.5, respectively.930
When d27 = 0.2 the center cell is a signaling cell (see Fig. 4) and would have limit cycle oscillations when931
uncoupled from the bulk. However, when d27 = 0.5 this signaling cell is deactivated. For comparison, in932
Fig. 22(c) we show the scatter plot for seven identical cells with parameter values d1j = 0.4, d2j = 0.2 and933
αj = 0.9 for j ∈ {1, . . . , 7}. These cells would all be in a quiescent state without any cell-bulk coupling.934
In generating the scatter plots in Fig. 22 we used the analytical expression in Lemma 6.2 for detM to935
calculate Z from (6.8). In Fig. 22 the HB boundaries for the various modes are shown. Setting λ = iλI ,936
the degenerate anti-phase HB modes occur on the black dashed curves, for which χ1 = 0 or χ3 = 0, the937
black dot-dashed curve corresponds to the sign-alternating anti-phase HB mode, for which χ3 = 0, while938
the solid black curves are the HB boundaries where the center cell is active, as obtained from setting939
χ± = 0. The slight raggedness in Fig. 22 shows that our winding number algorithm has some challenges940
in correctly calculating Z very close to the HB boundaries where the eigenvalues associated with the941
degenerate anti-phase modes simultaneously cross the imaginary axis of the spectral plane.942

In Fig. 23 we plot u2j versus t at the star-labeled points in the scatter plots of Fig. 22, as computed943
using the algorithm of §5.4 with ∆t = 0.005 and with uniformly random initial conditions of magnitude944
0.1 about the steady-state. For D = 2.5 and σ = 2 in the scatter plot of Fig. 22(a) where all the modes945
are destabilizing, in Figs. 23(a)–23(b) we show that the ring cells synchronize on a wave packet solution946
and that large oscillations occur in the center signaling cell. By increasing D to D = 4.5, Fig. 23(c) shows947
that the ring cells now exhibit regular in-phase oscillations but with rather small amplitude. In contrast,948
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(h) D = 1, σ = 4/7
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Fig. 23: Intracellular dynamics u2j(t) for the ring and center cell configuration of Fig. 5(c) with rc = 2 computed
using the algorithm of §5.4 with ∆t = 0.005 at the star-labeled points in Fig. 22 using uniformly random initial
conditions of magnitude 0.1. The center cell is labeled as C7. Top row: Short- and long-time dynamics for D = 2.5
and σ = 1 in Fig. 22(a) is shown. A synchronous wave-packet solution emerges for the ring cells as t increases.
For D = 4.5, the ring cells synchronize to a small amplitude regular oscillation. Middle row: For D = 2.5 and
σ = 2 (left and middle) in Fig. 22(b) the multiple destabilizing anti-phase modes of the ring cells eventually
synchronize to a periodic oscillation that is larger than that of the center cell. For D = 1 and σ = 5/9, the center
cell now has much larger amplitude oscillations than do the ring cells. Bottom row: For the identical cells in
Fig. 22(c) all cells exhibit roughly in-phase oscillations with a similar amplitude when D = σ = 1. For D = 1, but
with a smaller bulk degradation σ = 4/7, the ring cells show large amplitude incoherent oscillations (middle). The
center cell has a small amplitude regular oscillation. For the smaller value σ = 5/14, the mixed-mode oscillations
in the ring cells and the regular oscillation of the center cell tend to their linearly stable steady-state values.

when the center signaling cell has been deactivated, for the values D = 2.5 and σ = 2 in the scatter949
plot of Fig. 22(b) the results in Figs. 23(d)–23(e) show that the ring cells eventually synchronize to a950
rather large in-phase oscillation in comparison to that of the deactivated center cell. Observe from the951
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HB boundaries in Fig. 22(b) that when D = 2.5 and σ = 2 only one of the two modes where the center952
cell is active is destabilizing. This is different than in Fig. 22(a) where, for D = 2.5 and σ = 2, both953
modes where the center cell are active are destabilizing. For the pair D = 1 and σ = 5/9 in Fig. 22(b)954
all anti-phase modes where the center cell is silent are linearly stable, while exactly one mode for which955
the center cell is not quiescent and the ring cells are in-phase is destabilizing. As expected, Fig. 23(f)956
shows that the center cell has much larger amplitude oscillations than do the ring cells, which oscillate957
in-phase. Finally, for identical cells that are all quiescent without cell-bulk coupling, the last row of958
Fig. 23 shows the intracellular dynamics at the three star-labeled points in Fig. 22(c). For D = 1 and959
σ = 1, Fig. 23(g) shows that all cells eventually oscillate in-phase and with a comparable amplitude. For960
σ = 4/7 (purple-shaded region in the scatter plot), where there are twelve destabilizing eigenvalues for961
the linearization of the steady-state, Fig. 23(h) shows that the ring cells have incoherent oscillations while962
the center cell has a small amplitude regular oscillation. When the degradation is decreased further to963
σ = 5/14, Fig. 23(i) shows that the amplitudes of the center cell and of the mixed-mode oscillations for964
the ring cells decay to their steady-state limits, as predicted by the scatter plot in Fig. 22(c).965

6.6. Measuring phase synchronization. For several cell configurations we now quantify the966
phase synchronization or coherence of intracellular oscillations based on the Kuramoto order parameter967

(6.15) Q(t) ≡ 1

N

N∑
j=1

eiθj , where θj ≡ arctan
(
u2j(t)− u2js

u1j(t)− u1js

)
∈ (0, 2π) .968

Here u2js and u1js are the steady-state values obtained from (6.4). To safely disregard the effect of969
transients, we compute a time-averaged order parameter Qave, which we define by970

(6.16) Qave =
1

tup − tlow

∫ tup

tlow

|Q(t)| dt ,971

and where we chose tlow = 1300 and tup = 1500 for the simulations described below. To use our fast972
marching algorithm in §5.4 with ∆t = 0.005 for the longer time interval t ≤ 1500, we set n = 114, which973
gives 229 quadrature points for discretizing the Laplace space contour (see Tables 2 and 3).974

For the ring with center cell configuration of identical cells, in Fig. 24 we plot Qave versus D along the975
parameter path 0.25 ≤ D ≤ 1.25 with σ = 4/7 in the scatter plot in Fig. 22(c) (red-dashed path) for two976
choices of initial condition. For either choice of initial condition, we observe an apparent transition to977
complete phase coherence when D is near unity. This transition to phase coherence is further illustrated978
for D = 0.75, D = 1 and D = 1.25 in Fig. 25, where we plot the trajectories uj2(t) versus t on both979
short- and long-time intervals, as computed from our fast algorithm of §5.4. Overall, this example shows980
that that a ring and center cell configuration, where each cell would be in a quiescent state without981
any cell-bulk coupling, can exhibit fully phase coherent intracellular oscillations due to the intercellular982
communication, as mediated by the bulk diffusion field, when the bulk diffusivity exceeds a threshold.983

Next, we consider the two-ring configuration of cells shown in Fig. 26(a). For the rightmost ring, the984
cells are identical with d1j = 1.5, d2j = 0.2 and αj = 0.9 for j ∈ {1, . . . , 4}, and the cell centers are at985
x1 = (4.5, 0), x2 = (2.5, 2), x3 = (0.5, 0) and x4 = (2.5,−2). These cells are in a quiescent state when986
uncoupled from the bulk. For the leftmost ring, with cell centers at x5 = (−0.5, 0.0), x6 = (−1.5, 1),987
x7 = (−2.5, 0) and x8 = (−1.5,−1), the cells have identical permeabilities d1j = 0.4 and d2j = 0.2 for988
j ∈ {5, . . . , 8}, but are chosen to have distinct kinetic parameters α5 = 0.6, α6 = 0.45, α7 = 0.4 and989
α8 = 0.5. From Fig. 4, we observe that, when uncoupled from the bulk, these leftmost ring cells are990
activated and would have different frequencies of intracellular oscillations.991

By using our fast algorithm of §5.4, numerical results for Qave, defined in (6.16), are given in Table 5 for992
various pairs of (D,σ). For σ = 1, the intracellular dynamics are shown for three values of D in Fig. 27.993
We observe that an increase in the bulk diffusivity D has the dual effect of enhancing the phase coherence994
of the activated cells in the leftmost ring as well as for triggering large intracellular oscillations in the995
otherwise quiescent cells in the rightmost ring. Moreover, as σ decreases, there is a stronger intercellular996
communication via the bulk medium owing to the weaker spatial decay for the bulk species. As a result,997
a more pronounced phase coherence is expected when σ decreases. This trend is confirmed in Table 5.998
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Fig. 24: Averaged order parameter (6.16) for the ring and center cell configuration of identical cells in Fig. 5(c)
along the red-dashed path in the scatter plot of Fig. 22(c) with σ = 4/7 and 0.25 < D < 1.25. Black (left panel)
and red (right panel) marked points are for either a uniformly random initial perturbation or a sign-alternating
initial perturbation of the steady-state of magnitude 0.1. A transition to phase coherence occurs for D near unity
for either choice of initial condition. Parameters: rc = 2, d1j = 0.4, d2j = 0.2 and αj = 0.9 for j ∈ {1, . . . , 7}.

D
Qave

σ = 1 σ = 0.5
0.5 0.329 0.427
1.0 0.419 0.540
2.0 0.496 0.624
5.0 0.596 0.826
10.0 0.763 0.875

Table 5: Averaged Kuramoto order parameter Qave from (6.16) for the two-ring configuration of Fig. 26(a) for
various bulk diffusivities D when either σ = 1 or σ = 0.5. The IC’s were the steady-state values. Phase coherence
increases as D increases for fixed σ. Moreover, when the bulk degradation rate σ is smaller, the bulk signal has a
weaker spatial decay and so is more able to enhance phase synchronization.

For our last numerical experiment we consider the centered hexagonal arrangement of cells shown in999
Fig. 26(b) that has two shells of cells and a center cell. The generators for this finite lattice are taken to1000

be lll1 =
((

4
3

)1/4
, 0
)T

and lll2 =
(

4
3

)1/4 ( 1
2 ,
√

3
2

)T
, so that the area |lll1 × lll2| of the primitive cell is unity.1001

We fix d1j = 0.8 and d2j = 0.2 for all cells, i.e. for j ∈ {1, . . . , 19}, and we set the bulk degradation rate1002
as σ = 1. For the center cell we take α1 = 0.5, so that from Fig. 4 this cell is activated when uncoupled1003
from the the bulk. For the cells on the inner and outer shells we take αj = 0.7 for j ∈ {2, . . . , 7} and1004
αj = 0.8 for j ∈ {8, . . . , 19}, respectively. These cells are quiescent when uncoupled from the bulk.1005

D Qave D Qave
0.2 0.171 0.6 0.798
0.3 0.237 0.7 0.935
0.4 0.498 0.8 0.958
0.5 0.664 0.9 0.973

Table 6: Averaged Kuramoto order parameter Qave from (6.16) for the finite hexagonal lattice configuration of
Fig. 26(b) for various bulk diffusivities D. Uniformly random IC’s of magnitude 0.1 were used. The phase
coherence increases significantly with D. Parameter values as in the caption of Fig. 28.

The numerical results for Qave in Table 6 show that the intracellular oscillations become increasingly1006
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Fig. 25: Intracellular dynamics u2j(t) for the ring and center cell configuration of Fig. 5(c) computed using the
algorithm of §5.4 with ∆t = 0.005 at three values of D along the red-dashed path in Fig. 22(c). Uniformly random
initial conditions of magnitude 0.1 near the steady-state were used. The center cell is C7. Short- and long-time
dynamics are shown. There is a transition to phase coherence near D = 1. Parameters as in Fig. 24.

phase-coherent as D increases. In Fig. 27 we plot uj2(t) versus t for three values of D as computed using1007
our algorithm in §5.4 with ∆t = 0.005, and with uniformly random initial conditions of magnitude 0.1.1008
For D = 0.3, in Figs. 28(a)–28(b) we observe that the cells on each ring now oscillate with different1009
amplitudes and phases, and that there is little phase coherence. However, upon increasing D to D = 0.71010
for which Qave = 0.935, in Figs. 28(e)–28(f) we observe that cells on each of the two shells oscillate with1011
a common amplitude and phase, and that there is only relatively minor phase differences between the1012
intracellular oscillations on the two shells and the center cell. Overall, this example clearly show that1013
a single activated cell at the center can trigger intracellular oscillations in the otherwise quiescent cells1014
that form the inner and outer shells of a truncated lattice, and that the coherence of these oscillations1015
increases strongly as the bulk diffusivity increases.1016
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(a) Two-ring configuration (b) Centered hexagon with two shells

Fig. 26: Left: Two non-concentric rings of cells, where the two rings have different radii. The rightmost ring has
identical cells, while the other ring has cell-dependent parameters. Right: A centered hexagonal configuration of
cells with two shells. Each shell has identical cells, while the center cell is the signaling or pacemaker cell.

7. Discussion. The hybrid asymptotic-numerical theory developed herein has provided new theo-1017
retical and computationally efficient approaches for studying how oscillatory dynamics associated with1018
spatially segregated dynamically active “units” or “cells” are regulated by a PDE bulk diffusion field that1019
is produced and absorbed by the entire cell population. For the cell-bulk model (1.4) we extended the1020
strong localized perturbation theory, surveyed in [74], to a time-dependent setting in order to derive a new1021
integro-differential ODE system that characterizes intracellular dynamics in a memory-dependent bulk-1022
diffusion field. For this nonlocal system, a fast time-marching scheme, relying on the sum-of-exponentials1023
method of [34] and [7], was developed to reliably numerically compute solutions over long time intervals.1024

For the special case of Sel’kov reaction kinetics (6.1), we have used our hybrid approach to investi-1025
gate the effect that the influx and efflux permeability parameters, the bulk degradation rate and bulk1026
diffusivity, and the reaction-kinetic parameters have in both triggering intracellular oscillations and in1027
mediating oscillator synchronization for the entire collection of cells. Quorum- and diffusion-sensing be-1028
havior were illustrated for various cell configurations. Comparisons of numerical results from our fast1029
time-marching algorithm for the integro-differential ODE system with the numerical results for the full1030
cell-bulk system (1.4) computed using the commercial solver FlexPDE [18] have shown that our hybrid1031
asymptotic-numerical theory accurately reproduces, within roughly a minute of CPU time on a laptop,1032
the intricate mixed-mode oscillatory dynamics that can occur for the full system (1.4) over long-time1033
intervals. From a computation of the Kuramoto order parameter, we have exhibited an apparent phase1034
transition to complete phase coherence for a hexagonal arrangement of identical cells (see Fig. 24). These1035
cells would not exhibit intracellular oscillations without any inter-cell coupling. Moreover, in Fig.28 we1036
have shown that a single pacemaker or signaling cell can trigger intracellular oscillations for all cells on a1037
truncated lattice, and that these oscillations become increasingly phase-coherent as the bulk diffusivity1038
increases.1039

Although we have only illustrated and benchmarked our theory for a moderate number of cells, with1040
our fast time-marching scheme, possibly applied to Fitzhugh-Nagumo kinetics, it is viable numerically1041
to compute target or spiral wave patterns of oscillatory dynamics, or to seek to identify chimera states,1042
associated with a large N ≥ 100 collection of cells. We emphasize that our integro-differential ODE1043
system can also be used for specific multi-component reaction kinetics such as those modeling the ini-1044
tiation and synchronization of glycolysis oscillations (see [29] for a recent survey) or for those modeling1045
quorum-sensing transitions between bistable states that are believed to be responsible for bioluminscence1046
phenomena for the marine bacterium Aliivibrio fischeri (cf. [67], [59] see also the references therein).1047

Moreover, our new theoretical and computational approaches for first deriving and then computing1048
solutions to integro-differential systems of ODE’s for cell-bulk models with one diffusing species can1049
readily be extended to R3 and to the case of finite domains Ω ∈ Rd with d ∈ {1, 2, 3}. In a 1-D setting,1050
steady-states and their linear stability properties for cell-bulk models consisting of discrete oscillators1051
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Fig. 27: Intracellular dynamics u2j(t) for the two-ring configuration of cells in Fig. 26(a) computed using the
algorithm of §5.4 with ∆t = 0.005 for three values of D when σ = 1. The left panels show the dynamics in all the
cells, identified according to the colors in Fig. 26(a). The right panels show the intracellular dynamics for the cells
in the rightmost ring, where the solid cyan curve is for the rightmost cell x1. With a counterclockwise orientation,
solid-dashed, dashed-dotted and dotted curves identifies the dynamics in the cells x2, x3 and x4, respectively. Top
row: For D = 0.05, the leftmost ring cells show little phase coherence (left panel), and the only cell in the rightmost
ring that exhibits oscillations is x3 (which is the cell closest to the leftmost ring). Middle row: For D = 1 there
is enhanced phase coherence in the leftmost ring cells, and all cells in the rightmost ring now have significant
oscillations. Bottom row: For D = 5, the cells on the leftmost ring show significant phase coherence, while the
rightmost ring cells exhibit in-phase mixed-mode oscillations. Parameter values are given in the text.

located at either the domain boundaries or at interior points in the domain, and which are coupled by a1052
bulk diffusion field, have been studied in [23], [22] and [51] (see also the references therein). Our approach1053
is also readily extended to cell-bulk models with two bulk diffusing species, such as in [54] and [53], where1054
the focus was mainly on describing bifurcation and pattern-formation properties of the model. Cell-bulk1055
models, allowing for a spatially uniform bulk drift velocity, such as in [73], should also be tractable to1056
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(a) D = 0.3 (short time) (b) D = 0.3 (long time)

(c) D = 0.5 (short time) (d) D = 0.5 (long time)

(e) D = 0.7 (short time) (f) D = 0.7 (long time)

Fig. 28: Short- (left panels) and long-time (right panels) intracellular dynamics u2j(t) for the finite lattice con-
figuration in Fig. 26(b) as computed using the algorithm of §5.4 with ∆t = 0.005 and for three values of D. The
cell at the center and on the two shells are identified by the colours in Fig. 26(b). Only the center cell is activated
when uncoupled from the bulk. Uniformly random IC of magnitude 0.1 around the steady-state intracellular values
were given. Phase coherence increases substantially near D = 0.5. Parameters: σ = 1, d1j = 0.8, d2j = 0.2 for
j ∈ {1, . . . , 19}, α1 = 0.5, αj = 0.7 for j ∈ {2, . . . , 7} (inner shell) and αj = 0.8 for j ∈ {8, . . . , 19} (outer shell).

analyze with our approach. The main two features that we require to derive the fast time-marching1057
algorithm are an exact analytical representation of the Laplace-transformed bulk diffusion field and that1058
this representation has singularities only along the negative real axis in the Laplace transform space.1059
These properties are inherent for Green’s functions for heat-type equations with bulk degradation in1060
either bounded or unbounded domains.1061

Finally, we discuss three numerical challenges that warrant further investigation. Firstly, the primary1062
numerical errors in our time-marching scheme of §5.4 are due to the ETD2 discretization of the Duhamel1063
integrals as well as the Forward-Euler discretization in (5.36) for the dynamics. By increasing the trun-1064
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cation order of this aspect of our algorithm it should be possible to take larger time steps than we1065
have done while still preserving a comparable level of accuracy. Secondly, the computation of roots of1066
detM(λ) = 0 for the GCEP in (4.19b), which determines the HB boundaries and oscillation frequencies1067
near the steady-state, becomes highly challenging when the number of cells becomes large. As a result, ef-1068
ficient numerical methods to compute path-dependent solutions to nonlinear matrix eigenvalue problems1069
that are complex-symmetric, but non-Hermitian, are required. Finally, the computation of the winding1070
number in (6.8) for an arbitrary cell configuration with a large number of cells is highly challenging as1071
there is typically no analytical expression for detM(λ). To overcome this difficulty, a Takagi factorization1072
(cf. [31]) of the complex symmetric matrixM(λ) that smoothly depends on a bifurcation parameter may1073
provide a numerically well-conditioned approach to compute the winding number (cf. [16]).1074

A. Non-dimensionalization of the cell-bulk model. We summarize the non-dimensionalization1075
of (1.3) into the form (1.4). Labeling [γ] as the dimensions of the variable γ, we have1076

(A.1)
[U ] =

moles
(length)2

, [µj ] = moles , [µc] = moles , [DB ] =
(length)2

time
,

[kB ] = [kR] =
1

time
, [β1] =

length
time

, [β2] =
1

length× time
,

1077

for the dimensions of the terms in (1.3). We introduce the dimensionless variables t, x, U and u as1078

(A.2) t = kRT , x = X/L , U = L2U/µc , uj = µj/µc , where L ≡ mini6=j |xi − xj | .1079

We define the small parameter ε = R0/L where R0 is the common cell radius. By noting that dSX =1080
LdSx, we readily obtain (1.4) where the dimensionless parameters are defined in (1.5).1081

B. Long-Time Dynamics of the Transient solution. We follow [41] and summarize some results1082
for inverting the Laplace transform in (2.3a). We first define Ĥ(s) ≡ 1/ [s log s], with a branch cut along1083

the negative real axis. To determine H(τ) = L−1
[
Ĥ
]
we integrate over a Bromwich contour1084

H(τ) =
1

2πi

∫ c+i∞

c−i∞

esτ

s log s
ds , where c > 1 .1085

By calculating the residue at the simple pole s = 1 and from deforming the integration path we obtain1086

H(τ) = eτ +
1

2πi

∫ ∞
0

(
e−ξτ

ξ (log ξ + iπ)
− e−ξτ

ξ (log ξ − iπ)

)
dξ ,1087

where the two integrand terms represent contributions from the top and the bottom of the branch cut1088
along the negative real axis. In this way, we obtain the identity1089

(B.1) N(τ) ≡
∫ ∞

0

e−τξ

ξ [π2 + (log ξ)2]
dξ = eτ −H(τ) ,1090

where N(τ) is Ramanujan’s integral. By taking the Laplace transform of (B.1) we obtain the identity1091

N̂(s) =
1

s− 1
− 1

s log s
.1092

Upon using log s ∼ (s−1)−(s− 1)2/2 as s→ 1, we get N̂(s) ∼ 1/2 as s→ 1, so that s = 1 is a removable1093

singularity for N̂ . Therefore, N̂ is analytic in Re(s) > 0 and satisfies N̂(s) ∼ − [s log s]
−1

+O(1) as s→ 0.1094
By the scaling relation L [N(τ/c)] = cN̂(cs) for the Laplace transform with c = κ0j > 0, we obtain (2.4).1095

C. Improved approximation for Bj(∆t). For u1j(0) 6= 0, we derive the approximation Bj(∆t)1096
in (5.32) that is an improvement of that given in (3.19).1097

By substituting Dj(∆t) and Cjk(∆t) from (5.22a) and (5.30a) into (5.3), we obtain1098

(C.1) [E1(σ∆t)− ηj ]Bj(∆t) = γju1j(∆t)− I +

N∑
k 6=j

Bk(∆t)E1

(
a2
jk/∆t

)
, for j ∈ {1, . . . , N} ,1099

This manuscript is for review purposes only.



46 M. PELZ, M. J. WARD

where1100

(C.2) I ≡
∫ ∆t

0

(Bj(∆t)−Bj(∆t− z))
e−σz

z
dz .1101

We let ∆t� 1, and use E1(σ∆t) = − log (σ∆t)−γe+O(∆t), and neglect the last term on the right-hand1102
side of (C.1) since E1(z) is exponentially small for z � 1. This yields that1103

(C.3) Bj(∆t) = − u1j(∆t)γj
log (∆t/(κje−γe))

+
I

log (∆t/(κje−γe))
,1104

where we used σeηj = 1/κj . Upon substituting the two-term expansion for Bj(∆t), given by1105

(C.4) Bj(∆t) =
cj

log (∆t/(κje−γe))
+

dj

[log (∆t/(κje−γe))]
2 ,1106

with cj = −u1j(∆t)γj into (C.3) and (C.2), we determine dj as1107

(C.5) dj = cj

∫ ∆t

0

log (1− z/∆t) e−σz

z log ((∆t− z)/(κje−γe))
dz = cj

∫ 1

0

log(1− ξ)e−σξ∆t

ξ log
(

∆t
κje−γe

(1− ξ)
) dξ .1108

By using e−σξ∆t ≈ 1 and | log (∆t/(κje
−γe)) | � 1, we obtain for ∆t� 1 that1109

(C.6) dj ∼
cj

log
(

∆t
κje−γe

) ∫ 1

0

log(1− ξ)
ξ

dξ .1110

Using
∫ 1

0
ξ−1 log(1− ξ) dξ = −π2/6, we substitute (C.6) and cj = −u1j(∆t)γj into (C.4) to get (5.32).1111

D. An artificial boundary condition for full PDE simulations. To numerically solve the cell-1112
bulk system (1.4) using FlexPDE 6.50 [18], we must truncate R2 by both choosing and formulating a1113
boundary condition on a confining boundary ∂Ω that encloses all of the cells.1114

For the full PDE computations shown in Fig. 9 and Fig. 13 we chose the artificial boundary ∂Ω to have1115
approximately the same shape as the asymptotic levels sets of the steady-state solution away from the1116
two cells. Assuming that the solution is approximately radially symmetric due to the cell arrangement1117
with center of mass at xc = 0, we took Ω = {x ∈ R2 | |x| ≤ Ra} with Ra � 1. The steady-state far1118
away from the asymptotic support of the two cells satisfies ∆Us − ω2Us ≈ C1δ(x), for some C1 where1119
ω ≡

√
σ/D. This yields the asymptotic behavior Us = C2K0(ω|x|) where C2 = −C1/(2π). Upon using1120

K0(z) ∼
√
π/2z−1/2e−z

(
1 +O(z−1)

)
for z � 1, we let r = |x|, and readily calculate1121

d

dr
Us ∼ −

(
ω +

1

2r

)
Us +O

(
1

r2

)
Us , for r � 1 .1122

Neglecting the O(r−2) term, the artificial boundary condition that we imposed in our FlexPDE simula-1123
tions, which asymptotically approximates the steady-state on R2, was1124

(D.1) ∂rU(r, t) = −
(
ω +

1

2r

)
U(r, t) on r = Ra ,1125

where ω =
√
σ/D. We chose Ra = 6 for the results shown in Fig. 9 and Fig. 13.1126

More sophisticated, memory-dependent, artificial boundary conditions for parabolic PDE problems1127
have been formulated in [65]. However, owing to the very close agreement between our asymptotic and1128
FlexPDE results using (D.1), we did not find it essential to implement the approach in [65].1129
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