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The dynamical behavior of multi-spot solutions in a two-dimensional domain 2 is analyzed for the two-component
Schnakenburg reaction-diffusion model in the singularly perturbed limit of small diffusivity € for one of the two com-
ponents. In the limit ¢ — 0, a quasi-equilibrium spot pattern in the region away from the spots is constructed by
representing each localized spot as a logarithmic singularity of unknown strength S; for j = 1,..., K at unknown spot
locations z; € Q for j = 1,..., K. A formal asymptotic analysis, which has the effect of summing infinite logarithmic
series in powers of —1/loge, is then used to derive an ODE differential algebraic system (DAE) for the collective coor-
dinates S; and z; for j = 1,..., K, which characterizes the slow dynamics of a spot pattern. This DAE system involves
the Neumann Green’s function for the Laplacian. By numerically examining the stability thresholds for a single spot
solution, a specific criterion in terms of the source strengths S;, for j = 1,..., K, is then formulated to theoretically
predict the initiation of a spot-splitting event. The analytical theory is illustrated for spot patterns in the unit disk and
the unit square, and is compared with full numerical results computed directly from the Schnakenburg model.
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1 Introduction

Localized spatio-temporal patterns consisting of spots or clusters of spots have been observed in many physical and
chemical experiments. Such localized patterns can exhibit a variety of dynamical behaviors and instabilities including
slow spot drift, temporal oscillations of spots, spot annihilation, and spot self-replication. Physical experiments where
some of this phenomena has been observed include the ferrocyanide-iodate-sulphite reaction (cf. [28], the chloride-
dioxide-malonic acid reaction (cf. [11]), and certain semiconductor gas discharge systems (cf. [3], [4], [36]).
Numerical simulations of certain singularly perturbed two-component reaction-diffusion systems with very simple
kinetics, such as the Gray-Scott model, have shown the occurrence of very complex spatio-temporal localized patterns
consisting of either spots, stripes, or space-filling curves in a two-dimensional domain (cf. [39], [35], [27], [30]). Some
of these reduced two-component reaction-diffusion systems model, at least qualitatively, the more complex chemically
interacting systems of the experimental studies of [28] and [11]. Alternatively, three-component reaction diffusion
systems (cf. [7]) have been used for modeling the dynamics and instabilities of spot patterns that have been observed
in certain gas-discharge experiments (cf. [3], [4], [36]). A survey of experimental and theoretical studies, through
reaction-diffusion modeling, of localized spot patterns in various physical or chemical contexts is given in [44].
Mathematically, a spot pattern for a reaction-diffusion system in a multi-dimensional domain €2 is a spatial pattern
where at least one of the solution components is highly localized near certain discrete points in ) that can evolve dy-

namically in time. For certain singularly perturbed two-component reaction-diffusion models in one space dimension,
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such as the Gray-Scott and Gierer-Meinhardt models, there has been considerable analytical progress in understand-
ing both the dynamics and the various types of instabilities of spike patterns, including self-replicating instabilities
(see [37], [38], [43], [15], [12], [25], [41] and many of the references therein). In contrast, in a two-dimensional
spatial domain there are only a few analytical results characterizing spot dynamics, such as [9], [24], and [46], for
a one-spot solution of the Gierer-Meinhardt model, and the studies of [16], [17], and [18], for exponentially weakly
interacting spots in various contexts. Alternatively, for PDE models that admit a variational formulation, such as
the Ginzburg-Landau type models of superconductivity, there are many formal asymptotic (cf. [14]) and rigorous
(cf. [22]) results for the dynamics of localized vortices in two-dimensional domains. With regards to the stability of
equilibrium multi-spot patterns for singularly perturbed reaction diffusion systems, an analytical theory based on the
rigorous derivation and analysis of certain nonlocal eigenvalue problems (NLEP) has been developed in [48], [49],
[50], [51], [52], and [53], for the Gierer-Meinhardt and Gray-Scott models. A survey of this theory, together with a
further application of it to the Schnakenburg model, is given in [54].

The goal of this paper is to study the dynamics and instabilities of spot patterns for a certain limiting form of the

singularly perturbed two-component Schnakenburg model
Vi =2AV+b -V +UV?, U =D,AU+a—-UV?, zeQ; O =0,V =0, xz€0f. (1.1)

For this model, V is spatially localized and the full numerical computations of [31] have shown the occurrence of
spot-splitting for V on a slowly growing time-dependent domain. In the simpler context of a one-dimensional domain,
the stability problem for equilibrium spike patterns for (1.1) with b = 0 has been studied analytically in [23] and
[47]. Moreover, in certain parameter regimes it has been shown numerically in [5], [10], and [19], that spike patterns
for (1.1) can undergo self-replication in a slowly growing one-dimensional domain.

To facilitate the analysis, in this paper we will consider (1.1) in the limit e — 0 with D,, = D /&%, where D = O(1).
In this limit, we introduce the new variables v and u by v = €2V and u = ¢~ 2. Upon substituting these scalings

into (1.1), and neglecting the asymptotically negligible be? term, we obtain the simplified system
v = e2Av — v + uv?, e2uy = DAu+a—e2w?, ze€Q; Opu =0pv=0, x€d. (1.2)

Here 0 < e < 1, D > 0, and a > 0, are parameters. In this paper, we will also refer to (1.2) as the Schnakenburg
model. This limiting system is similar to the Gray-Scott model, but its solution behavior is somewhat simpler.

The explicit goal of this paper is to develop a formal asymptotic analysis in the limit € — 0 to explicitly characterize
the slow dynamics of quasi-equilibrium multi-spot patterns for (1.2). A combination of numerical and analytical tech-
niques is then used to determine the stability of the quasi-equilibrium spot patterns and to make explicit predictions
for the onset of any spot-splitting events.

In §2.1 we use the method of matched asymptotic expansions to construct a one-spot quasi-equlibrium solution
to (1.2) centered at some x = xo € . This construction is done in terms of the solution V(p) and U(p), with

p = ez — 20|, to the following coupled nonlinear radially symmetric “core problem”:
1 1
Vpp+;Vp—V+UV2:0, Upp+;Up—UV2:O, 0<p<oo, (1.3 a)
V-0, U~ Slogp+x(S)+0(p™"), as p— 0. (1.3b)

To construct a quasi-equilibrium one-spot pattern for (1.2), (1.3) is solved numerically for a range of source strength
S > 0, which then determines the function x = x(S) in (1.3b). In the context of the Gray-Scott model in RZ
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this core problem, without the explicit far-field condition (1.3 b), was first identified in §5 of [34] and its solutions
computed numerically. The far-field form (1.3 b) for the (inner) core solution for u then gives a Couloumb singularity
u ~ Slog|z — xo| + S/v+ x(S), where v = —1/loge, with a pre-specified non-singular part, for the corresponding
outer solution for v as x — x. By analytically solving the outer problem for u subject to this singularity structure,
an algebraic equation for S is derived that has the effect of summing all of the logarithmic terms in powers of v
involved in the determination of S. Related infinite logarithmic series in powers of v also occur in the asymptotic
analysis of various classes of linear and nonlinear eigenvalue problems and diffusion problems in two-dimensional
domains that contain localized defects such as traps and holes (cf. [8], [40], [42], [45]). In contrast to the nonlinear
core problem (1.3) involved in the analysis of (1.2), in all of these previous problems (cf. [8], [40], [42], [45]) the
solution in the vicinity of the localized defect satisfies Laplace’s equation, and hence the “inner”, or local solution,
can readily be found. In §2.2 we derive an explicit ODE for the dynamics of the spot location x¢ by first extending
the asymptotic analysis of §2.1 in order to match transcendentally small O(e) gradient terms in the inner and outer
expansions of u, and then invoking a Fredholm solvability condition on a certain non self-adjoint linear operator.
This analysis shows that the speed of the spot satisfies z{, = O(g?).

In §2.3 we numerically study the stability of a one-spot quasi-equilibrium solution to instabilities occuring on a
fast O(1) time-scale relative to the slow spot dynamics of speed O(g2). Therefore, in the stability calculation we
asymptotically freeze the spot location at some xg € 2. The perturbation in an O(g) region near the spot is taken
to have the angular dependence e"™?  where § = arg(y) and y = ¢~ !(x — x¢). Potential instabilities on an O(1)
time-scale are possible only with the integer angular modes m = 0,2, 3, ..., and not for the translation mode m = 1.
By numerically studing an eigenvalue problem associated with the linearization of the core problem, we show that
each mode with m > 2 is unstable only when the source strength S exceeds some critical value ¥,,. The ordering
of these thresholds is such that Yo < X3 < ¥4.... Morevover, for values of S on the range 0 < S < X5, we show
numerically that the one-spot quasi-equilibrium solution is stable to the m = 0 mode corresponding to a locally
radially symmetric perturbation. Therefore, as S is increased, the dominant instability is to the peanut-splitting
m = 2 mode. This instability is found numerically to initiate a nonlinear spot-splitting event.

We remark that in the NLEP stability analyses for multi-spot patterns for the Gray-Scott, Gierer-Meinhardt,
and Schnakenburg, models in [48], [49], [50], [51], [62], [53], and [54], the scaling of parameters is such that the
inner or “core problem” near each spot does not consist of a coupled system as in (1.3). Instead, to leading order in
v = —1/loge, in the inner region the fast variable is a multiple of the radially symmetric ground-state solution w(p)
lw" — w + w? = 0, while the slow variable is locally constant. Therefore, for a perturbation with
angular dependence e™™? with m > 2, the associated eigenvalue problem for ®(p) is ®”+p~1®'—m?p=2d -0 +2wd =
AP with ® — 0 as p — oo. For this problem, Re(A) < 0 for m > 2 (see Theorem 2.12 of [29]). Hence, when the core

satisfying w” + p~

im0

problem is determined by the scalar ground-state solution w there is no peanut-splitting instability.

Although our asymptotic theory reliably predicts the onset of spot-splitting, the detailed nonlinear mechanism of
this process is not well understood mathematically. However, in §2.4, we show how to determine the direction of
spot-splitting relative to the direction of the spot motion for a one-spot quasi-equilibrium solution. This analysis,
which takes into account the four-dimensional near zero eigenspace for S near X5 comprised of the two translational
directions cos(f) and sin(f) together with the two independent peanut-splitting directions cos(26) and sin(26), shows
that spot-splitting occurs in a direction perpendicular to the motion of the spot.

In §3 we extend the one-spot analysis of §2 to characterize the dynamics of a K-spot quasi-equilibrium solution
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with K > 1. In the outer region, which is defined away from O(e) neighborhoods of the spot locations, each spot for
the outer solution for w in (1.2) is represented as a logarithmic Coulomb singularity structure of unknown strength
S;, with a pre-specified non-singular part, at an instantaneous but unknown spot location z; € Q. By solving this
outer problem for v analytically, a nonlinear algebraic system for the source strengths Sy, for j = 1,..., K, is derived
in terms of the x;, for j = 1,..., K. Then, by matching O(e) gradient terms in the inner and outer expansions of u,
an ODE system for the slow dynamics of the spot locations z;, with ;vg = O(e?), is derived in terms of the source
strengths S, for j = 1,..., K. The resulting differential algebraic system (DAE) for the collective coordinates S,
and z;, for j = 1..., K, involves the Neumann Green’s function for the Laplacian and its regular part, together with
exactly two nonlinear functions of S that must be computed from the nonlinear core problem.

In §3.1 we study the stability of a K-spot quasi-equilibrium solution to instabilities occuring on a fast O(1) time-
scale relative to the slow spot dynamics of speed O(e?). For non-radially symmetric perturbations near each spot

of integer angular mode m > 2, we show that there is no effect due to inter-spot coupling and hence the j th

spot
is stable to these modes if and only if its source strength S; is below the peanut-instability threshold ¥, ~ 4.3 for
the m = 2 mode associated with the one-spot solution of §2. In contrast, we show analytically that the stability
problems near each spot for the locally radially symmetric m = 0 mode must be coupled together through a global
perturbation of the slow component u. This inter-spot coupling leads to a novel global matrix eigenvalue problem
governing the stability of the K-spot pattern to the local m = 0 modes. For D = O(1), and to leading order in
v =—1/loge as v — 0, we show that this global eigenvalue problem does not generate any instabilities.

For certain domains €2, in §4 we derive some explicit analytical formulae for the Neumann Green’s function G(x;€)
and its regular part R(&;€), defined by R(&;€) = limg_e [G(25€) 4 5= log |z — €|]. These formulae are required in
order to numerically solve the asymptotic DAE system characterizing the dynamics of a K-spot solution for (1.2).
When 2 is the unit disk, explicit and simple formulae for these functions are well-known (see [24] and [26]). However,
such simple formulae are not readily available for a rectangular domain. For this case, starting from a very slowly
converging Fourier series representation, we show how to represent G(z;¢) and its regular part R(£;€) in terms
of rapidly converging series that can readily be used in the asymptotic DAE system for the spot dynamics. Our
method for obtaining this alternative improved representation is closely related to the well-known technique of
Ewald summation for summing slowly converging series. It is also related to the method developed in [32] and [33]
that was used recently in [40] and [8] to analyze some linear diffusion problems in perforated domains.

In a series of numerical experiments, in §5 we favorably compare results obtained from the asymptotic DAE system
for the dynamics of K-spot quasi-equilibria, together with our predictions for the onset of spot-splitting instablities,
with corresponding full numerical results computed from (1.2) when 2 is either a disk or a square domain. As an
illustration of our results, let Q@ = [0,1] x [0,1] be the unit square and consider an initial six-spot pattern when
e = 0.02, a = 51, and D = 0.1, in (1.2). The six spots are initially taken to be equi-distributed on a circle of
radius 7. = 0.33 centered at the midpoint z. = (0.5,0.5) of the square. The initial spot locations z; at ¢ = 0, for
j=1,...,6, are labeled in a counterclockwise way starting from the spot in Fig. 1(a) with the largest horizontal
cartesian coordinate. The initial source strengths from the asymptotic DAE system are computed as S; = Sy =~ 4.01,
and Sy = S3 = S5 = S ~ 4.44. Since S; > Yo ~ 4.3 for j = 2,3,5,6, the asymptotic theory predicts that these
four spots will undergo a spot-splitting process beginning at ¢ = 0. This prediction is confirmed by the full numerical
results shown in Fig. 1 as computed from (1.2). Moreover, as shown in Experiment 5 of §5, if we use the full numerical

results to give initial values for the ten spot locations for the asymptotic DAE system at a time slightly after the spot
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(a) t = 4.0 (b) t=255 (c) t =40.3
(d) t = 280.3 (e) t = 460.3 (f) t = 940.3

FIGURE 1. Grayscale plot of v computed from (1.2) in the unit square for the parameter values € = 0.02, a = 51, D = 0.1.
The initial condition is a six-spot pattern with spots equi-distributed on a ring of radius r. = 0.33 centered at the midpoint
of the square. Four of the initial spots undergo a splitting process, leading to a final ten-spot equilibrium pattern.

self-replication processes have terminated, then the asymptotic DAE system accurately predicts the spot trajectores
at all later times, and in particular it predicts the final equilibrium state in Fig. 1(f) (see Fig. 12 below in §5).

When 2 is the unit disk, in §5.1 and §5.2 we show that the asymptotic DAE system for the spot dynamics can
be studied analytically for two types of ring configurations of spots. For the case of K > 1 spots equi-distributed
on a ring, we derive a nonlinear first order ODE for the time-dependent ring radius that has a unique equilibrium
point inside the disk. For this pattern, the spots have a common source strength S. = Sj, for j =1,..., K. We show
numerically that all of the spots will split simulataneously if S, > 3 & 4.3. Our second type of ring pattern in the
unit disk involves K — 1, with K > 3, spots equi-distributed on a ring together with one spot at the center of the
disk. For this pattern, we show analytically how to construct a ring pattern that is initially stable to spot-splitting
at time ¢ = 0 but that will become unstable to spot-splitting at a later time before the ring radius approaches its
equilibrium value. This type of instability is referred to as a dynamically induced or triggered instability. Different
types of dynamically induced instabilities are well-known to occur for spike patterns in one spatial dimension for the
Gierer-Meinhardt and Gray-Scott models (see [41] and the references therein). This is the first illustration of such a
phenomena in a two-dimensional domain.

In the asymptotic limit of large diffusivity D = Do/v > O(1), where v = —1/loge and Dy = O(1), in §6 we
analyze the stability of a K-spot quasi-equilibrium pattern to a locally radially symmetric perturbation near each

spot. For D = O(r~1) > 1 we show that each core solution for v can be closely approximated by a scalar multiple
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Llw — w + w? = 0. Moreover, in the limit

of the radially-symmetric ground state solution w(p) satisfying w + p-
D > 1, we show that the stability problem of §3.1 for the m = 0 mode reduces to the vectorial nonlocal eigenvalue
problem (NLEP) of [54] that governs the stability of a K-spot quasi-equilibrium pattern to locally radially symmetric
perturbations near each spot. The stability requirement of [54] that Dy < Do, for some explicit threshold Do, is

then recovered. Finally, some open problems suggested by this study are listed in §7.

2 One-Spot Solutions

We first consider a one-spot solution to (1.2). We construct the quasi-equilibrium profile for the spot, we study its

stability, and we derive an ODE for the center of the spot as it tends to its equilibrium location inside 2.

2.1 A Quasi-Equilibrium One-Spot Solution

We use matched asymptotic expansions to construct a quasi-equilibrium one-spot solution to (1.2) centered at some
point zy € . The construction of such a solution consists of an outer region where v is exponentially small and
u = O(1), and an inner region of extent O(e) centered at xo where both v and w have sharp gradients.

In the inner region we introduce new variables V(y) and U(y) by

u:\/%bl, v=VDV, y=c Yz —x0). (2.1)

Let Ay denote the Laplacian in y. Then, substituting (2.1) into the steady-state equations of (1.2) we get
ag?
vD

To leading order, we look for a radially symmetric solution to (2.2) given by U ~ U(p) and V ~ V(p) with p = |y|.
Therefore, U and V satisfy

AyV —V+UV?=0, AylU+ U’ =0, yeR®. (2.2)

1 1
Vpp+;Vp—V+UV2=O7 Upp+;Up—UV2:0, 0<p<oo. (2.3 a)

In order to match this solution to the outer solution constructed below, we require that U grows logarithmically as
p — oo. Therefore, we will solve (2.3 a) subject to U’(0) = V’(0) = 0 and the far-field condition

V-0, U~ Slogp+x(S)+0(p™"), as p— oo. (2.3b)

We refer to (2.3) as the core problem. The Divergence theorem on (2.3) yields that S = fooo pUV?2dp > 0. We solve
(2.3) numerically using COLSYS [2] for a range of values of the constant S. In terms of this solution, at each S we
numerically compute the constant x(.5) in (2.3b). In Fig. 2 we plot U(0), 10V (0), and x, versus S. In addition, we
plot the solution V(p) and U(p) for several values of S. For S > S, &~ 4.78 our computations show that V(p) has
a volcano shape, where the maximum of V' occurs at some interior value p > 0. The two-dimensional core problem
(2.3) was first identified and its solutions computed numerically in §5 of [34]. The one-dimensional version of (2.3)
plays a central role in understanding pulse-splitting for the Gray-Scott model in one spatial dimension (cf. [12], [34],
[25]). A detailed bifurcation analysis of the one-dimensional core problem was given in [13].

Next, we determine the unknown source strength S for the core problem by matching the far-field behavior of the

core solution to an outer solution for u valid away from O(e) distances from z¢. In the outer region, v is exponentially
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(a) U(0) and 10V (0) vs. S (b) x vs. S
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0.5
Vo o4

.
0 2 5 8 10 12 15 0 2 5 8 10 12 15

P =yl P =yl
(c) Vvs.p (d) U vs. p

FIGURE 2. Numerical results computed from the core problem (2.3). Top left: U(0) (heavy solid curve) and 10V (0) (solid
curve) vs. S. Top right: x vs. S. Bottom Row: V(p) (left) and U(p) (right) for S = 0.94, S = 1.68, S = 2.44, S = 4.79, and
S = 6.19. The specific labels of these curves correspond to the values of U(0) and 10V (0) in the top right figure. Notice that
the profile for V' has a volcano shape when S > S, ~ 4.78.

small, and from (2.1) and (2.3 b) we get

e 2u? — 2nv'D <52 /00 pUV? dp) §(x — ) = 20V DSH(z — x0) . (2.4)

g2 0
Therefore, from (1.2), the outer steady-state solution for w is
a n 2m
D /D

The matching condition is that the near-field behavior of u agrees with the far-field form of the core solution given

Ay = Sé(x—xzy), x€Q; Opu=0, x€df. (2.50)

by u ~ D=2 [Slog|y| + x(S)], where y = e~ *(x — x0). This matching condition yields

1 S
U~ —= Slog|x—mo|+x(5’)+; as T — Xo, =—1/loge. (2.5b)

VD

The specification of a precise expression for the regular part of the singularity structure in (2.5 b) for w is the condition
that yields a unique outer solution u. By using the Divergence theorem on (2.5 a) we calculate S as
_ a9
2mvD '

where |Q| denotes the area of 2. In order to conveniently represent the outer solution satisfying (2.5) we introduce

(2.6)
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the unique Neumann (or modified) Green’s function G(x;x¢) and its regular part R(x;xo) satisfying

1
AG=qr=de—w0), vE€Q;  HG=0 on 90, (2.7a)

1
G(x;a:o):—ﬂlog|a:—xo|—|—R(a:;xo); /Qde:O. (2.70)

The self-interaction term Ry o is defined by Roo = R(xo; o). In §4 we analytically calculate G(z;z¢) and its regular
part R(xo;xo) for either a disk or a rectangular domain.
The solution to (2.5) is readily calculated as
u(®) = — 2= (SG(w; 20) + uc) 2.8)
VD

in terms of an as yet unknown constant u.. We then use (2.7 b) to expand u as x — z¢. Upon comparing the resulting

expression with (2.5b), we determine u, in terms of S as
S+ 2nvSR(zo; x0) + vx(S) = —27vu,, v=-1/loge. (2.9)

Equation (2.6) determines S, and wu. is determined in terms of S by (2.9). With S known, the core solution for U
and V in an O(e) neighborhood of the spot is given by

U~ \/%U(p) , v~ VDV (p), (2.10)

where U and V satisfy (2.3) with S as given in (2.6). The outer solution for u, valid for |z — x| > O(e), is given by

(2.8). This completes the construction of a one-spot quasi-equilibrium solution.

2.2 The Slow Dynamics of a One-Spot Solution

We now derive an ODE for the slow dynamics of a one-spot solution. In the inner region near = = xy we expand

u=%w<m+ew<y>+m>, v=VD(V(p) +Vily)+ ),  y=ello—m(r)], r=c%. (211)

Here U(p) and V(p), with p = |y| are the radial symmetric solutions of the core problem (2.3) with S as given in
(2.6). By substituting (2.11) into (1.2), and collecting terms of order O(g), we derive that V; and U satisfy

Ale + MWy = f, Yy € R2 , (212 a)
where the vectors Wy, f, and the 2 x 2 matrix My, are defined by

A [ =V'ze _( cosf ([ —1+20V V2
Wl_(Ul)’ f‘( 0 v 0= gng ) M= UV —v? ) (2.120)

In the definition of f, - denotes the dot product.
The determination of an appropriate far-field condition for Wj requires a higher order matching of the inner and

outer solution for u. To do so, we expand the outer solution in (2.8) to include the gradient term by using

G(z;19) ~ —%log|x—xo|—|—R(a:0;a:0)+VR(x0;x0)-(x—xo)+--- , as T — xo. (2.13)
Then, the matching condition for the inner and outer solutions for v becomes

U(p) +eUr(y) + -+ ~ Slog|z — xo| — 2n(SR(z0; x0) + uc) — 20SeVR(zo;20)y + -+ -, (2.14)

where U ~ Slog p+ x(S) as p = e~z — 29| — oco. Upon matching the gradient term in (2.14) with Uy, we conclude
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that Uy ~ —27SV R(zo; x0)-y as y — oo. Therefore, the solution to (2.12) must satisfy the far-field behavior
Wi ~ < a(-)y ) as Yy — 00, a = —27SVR(zp;x0) - (2.15)
The problem (2.12) subject to (2.15) determines z(, in terms of the vector «. The result is written as follows:

Principal Result 2.1: Let S be given as in (2.6). Then, a necessary condition for the existence of a solution of
(2.12), subject to the far-field condition (2.15), is that

-2
x5 =v(9)a, vy=7(5) = — i . (2.16)
’ Jo PV (p)®*(p)dp
Here V (p) satisfies the core problem (2.3) at the gwen value of S, and ®*(p) is the first component of the radially

symmetric adjoint solution P*(p) = (Cﬁ*(p), \fl*(p)) satisfying

AP+ MEP* =0, 0<p<oo, (2.17)

subject to the far-field conditions that d* — 0 exponentially as p — oo and that U* ~ 1/p as p — oo. Here M}
denotes the transpose of the matriz Mg in (2.12b) and APP* = appﬁ* + p_lﬁpf’* — p‘2]3*.

We now derive this result. We begin by writing the homogeneous adjoint problem to (2.12 a) as

@*
AyP*+ M{P* =0, yeR?, P*E(\P*). (2.18)

We seek solutions to this problem as either P¥ = P* cosf or Pr= P*sin 6, where P* satisfies the radially symmetric
problem (2.17). We write the two-component vector P* as P* = (Ci>*, \i/*) and we impose the asymptotic boundary
conditions ®* — 0 exponentially as p — co and ¥* ~ p~1 as p — oco.

Next, we apply a solvability condition to the solution of (2.12) with (2.15) by applying Green’s identity over a
large ball B, of radius ¢ > 1 centered at y = 0. Upon using Green’s identity to P and W; we derive

c

lim [(P;)t (AyWi + MoW1) — (W) (AyPr + MéPé‘)] dy

o —0Q Ba’
~ lim [(P;)t 9, Wy — Wltapp;} ‘ dy. (2.19)
o= [, p=o
Then, upon using (2.12), together with the asymptotic boundary conditions for W; in (2.15) and for PF, we obtain
that (2.19) reduces to

2 2T ([ cosf -1
_9501/ / "cos? O pdpdh = lim ((—) oy cosf —apcost <—2> (3059) ‘ odf, (2.20)
0—0 Jq P P p=0
where xo; and o are the first components of xy and «, respectively. Therefore, x{, fooo pV’(i* dp = —2aq, which is
the first component of (2.16). The second component of (2.16) follows by repeating this calculation with P;. [

By using (2.15) for o and recalling 7 = £%¢, the slow dynamics of a one-spot solution satisfies the gradient flow
dxg
% ~ —21e%y(S) SV R(z0; o) - (2.21)
The constant v = (.5), defined in (2.16), must be computed numerically by first solving the core problem (2.3) and
then computing the adjoint solution in (2.17). We plot v(S) in Fig. 3(a), and in Fig. 3(b) we plot the solution to
the adjoint problem (2.17) when S = 3.51. Our numerical computations show that v(S) > 0. Therefore, a stable
equilibrium solution for (2.21) occurs at a minimum point of R(xg;xo). Since S is independent of z( from (2.6), the

constant multiplying VR(xo;z¢) in (2.21) is independent of xg.
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(a) y vs. S (b) @* and ¥* vs. p = |y|

FIGURE 3. Left figure: Numerical results for v(S) defined in (2.16). Right figure: the numerical solution d*(p) (heavy solid
curve) and ¥*(p) (solid curve) to the adjoint problem (2.17) when S = 3.51.

2.3 The Stability of a One-Spot Solution

Next, we study the stability of the quasi-equilibrium one-spot solution constructed above to instabilities occurring
on a fast O(1) time-scale. Since the speed of the slow drift of the one-spot solution in (2.21) is O(¢?) < 1, in our
stability analysis we will assume that the spot is asymptotically stationary. We begin the stability analysis by letting

u. and v, denote the quasi-equilibrium solution, and we introduce the perturbation
u =, + e, v =1v, +eMo. (2.22)
By substituting (2.22) into (1.2) and linearizing, we obtain the following eigenvalue problem for ¢ and n:
AP — P+ 2ucvep+v2n = Ap, DAN—2 *uvep—e 2P =e*Xnp, 2€Q; 0hdp=0,n=0, xcdQ. (2.23)

In the inner region near xo we look for an O(1) time-scale instability associated with the local angular integer
mode m by introducing the new variables N(p) and ®(p) by
1

n= Ee””eN(p) . o=e"d(p),  p=ly, y=clz—mz), (2.24)

where y* = p(cos 6, sin #). Substituting (2.24) into (2.23), and by using u. ~ D~'/2U(p) and v, ~ VDV (p), where U

and V satisfy the core problem (2.3), we obtain the following radially symmetric eigenvalue problem:
Ly®—®+2UVO + VAN =\, LN —-2UV® -V?N =0, 0<p<oo. (2.25)

Here £,,® = 9,,®+ p~10,® — m?p~2®. We impose the usual regularity condition for ® and N at p = 0. As we show
below, the appropriate far-field boundary conditions for (2.25) as p — co depends on whether m = 0 or m > 2.

The eigenvalue problem (2.25) does not appear to be amenable to analysis, and thus we solve it numerically for
various integer values of m. We denote A\g to be the eigenvalue of (2.25) with the largest real part. Since U and V
depend on S from (2.3), we have implicitly that Ag = Ag(S, m). To determine the onset of any instabilities, we compute
any threshold values S = ¥, where Re(A\o(X,,,m)) = 0. In our computations, we only consider m = 0,2,3,4,.. .,
since A\g = 0 for any value of S for the translational mode m = 1. A higher order perturbation analysis for the m =1
mode generates only weak instabilities occurring on an asymptotically long O(c~2) time-scale. Any such instabilities
are reflected in instabilities in the ODE (2.21). We consider the cases m = 0 or m > 2 separately.

When m > 2 we can impose the asymptotic decay conditions that ® decays exponentially as p — oo while
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[m| Zm |
2| 4.303
3| 5.439
4] 6143
5| 6.403
6| 6517

Table 1. Numerical results computed from (2.25) for the threshold values of S, denoted by X,,, as a function of the
integer angular mode m where an instability first occurs for the core problem (2.3) as S increases.

N ~ O(p~™) — 0 as p — oo. With these conditions (2.25) is discretized with centered differences on a large but
finite domain. We then determine A\¢(S,m) by computing the eigenvalues of a matrix eigenvalue problem using
LAPACK (cf. [1]). For m > 2 our computations show that Ao(S,m) is real and that A\o(S,m) > 0 when S > ¥,,. The
threshold value ¥, is tabulated in Table 1 for m = 2,...,6. In our computations we took 300 meshpoints on the
interval 0 < p < 20. To the number of significant digits shown in Table 1, the results there are insensitive to increasing
either the domain length or the number of grid points. It follows from Table 1 that the smallest value of S where an
instability is triggered occurs for the “peanut-splitting” instability m = 2 at the threshold value S = Y5 ~ 4.3. In
Fig. 4(a) we plot A\o(S,m) as a function of S for m =2, m =3 and m = 4.

1.0 T T T 1.0 T T

0.5 - N

Ao 0.0 Im(Ag) 0.0 - g
0.5 | //,-/’" l - ~0.5 - g
—1.0 1 \-'--..I L L 1 L —1.0 L 1 1

30 35 40 45 50 55 60 65 7.0 ~1.0 —0.5 0.0
S Re(o)
(a) Ao vs. S for m =2,3,4 (b) Im(Xo) and Re(Ao) for m =0

FIGURE 4. Left figure: Plot of the largest (real) eigenvalue A\o(S,m) of (2.25) vs. S for m = 2 (heavy solid), m = 3 (solid),
and m = 4 (dotted). Right figure: Plot in the complex plane of the path of the eigenvalue Ao(S,0) of largest real part of (2.25)
with m = 0 and 2.8 < S < 7.5. For § < 2.8, Ao & —1.0 and arises from the discretization of the continuous spectrum (not
shown). For 2.8 < S < 4.98, A\o(S,0) occurs as a complex conjugate pair which monotonically approaches the real axis as S
increases. This pair merges onto the real axis at S = 4.79. As S increases further, A\o(S,0) remains real but negative.

Next, we treat the case m = 0. For this mode, ® in (2.25) still decays exponentially as p — co. However, we cannot
apriori impose that N in (2.25) is bounded as p — oo. Instead we must allow for the possibility of a logarithmic

growth with N(p) ~ Clogp as p — co. The Divergence theorem on Ly in (2.25) identifies C' as
C= / (2UV® + NV?) pdp. (2.26)
0

The constant C' will be determined by matching N to an outer eigenfunction 7, valid away from z(, that satisfies

(2.23). For this outer solution, since v, is localized near xp, we can calculate in the sense of distributions that

262U + £ 22 — < / (2UV® + NV?) dy) §(x — x0) = 20CDS(z — x0) . (2.27)
R2
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By using this expression in (2.23), we obtain that 7 satisfies
An =21Cd(x —xo), x € Oonn=0, x€0dQ; n~ Cloglt —xzo| as z— xp. (2.28)

From applying the Divergence theorem on (2.28) we conclude that C' = 0. Therefore, in numerically computing
A0(S,0) for the m = 0 mode from (2.25) we must impose that N is bounded as p — oco. In Fig. 4(b) we plot the path
of Xo(S,0) in the complex plane showing that Ao(S,0) remains in the left half-plane until at least S < 7.5.

2.4 The Direction of Splitting

We now determine the direction of splitting relative to the direction of spot motion when S =& ¥, so that the
eigenvalue for the m = 2 mode associated with the peanut-splitting instability is nearly zero. Recall that the two
translational eigenvalues, corresponding to the m = 1 mode, are always zero for the infinite-domain core eigenvalue
problem (2.25). Therefore, for S & ¥, there are four near-zero eigenvalues in the spectrum of the linearization of the
core solution: two corresponding to translations and two corresponding to splitting. By deriving a certain solvability
condition for the quasi-stationary spot solution centered at zg, we will determine the direction of splitting relative
to spot motion.

Recall that the quasi-equilibrium core solution is constructed from the asymptotic expansion

u= \/%Z/{(y) , v=VDV(y), y=c 'z —mxo(r)], T=¢e%, (2.29a)

where, for p = |y,

U=U(p)+eUi(y)+ -, V=V(p)+eVi(y)+---. (2.29b)
Here U, V are the radially symmetric solutions of the core problem (2.3 a), while Uy, V; satisfy (2.12) subject to the
far-field condition (2.15). Since zf, = —2my(S)SVR, we can write this problem for Wy = (V4,U;) in y € R? as

2Re(ge’® )V’ 0
AW + MoW; :7(5)< e(goe ) ) . W~ ( oRe(ge®)p ) . as p— oo, (2.30 a)

where M is the matrix defined in (2.12 b). Here Re indicates the real part, and g is the complex constant defined by
g=mS(Ry, —iRs,) , (2.300)

where VR = (R, , Rs,) is the gradient of the regular part of the Neumann Green’s function at z¢. Therefore,
W= (4,00 =geWalp) +ee, i) = (Valo), Ul(p))t , (2.31)

where c.c denotes complex conjugate. Here W (p) is the real-valued radially symmetric vector function satisfying

A 1. 1 - < Vv’ P 0
W1pp+;W1p—FW1+MoW1:W(S)< 0 ), 0<p<oo, Wlw(_ >, as p— 0. (2.32)
Next, we derive the eigenvalue problem by susbtituting
1 At
u= —U—i—e—N(y), v =VDV+eMd(y), y=c tz—mxo(r)], T=¢e%, (2.33)

Vo T D

into (1.2), and then retaining linear terms in N and ®. Accurate to within terms of order O(g), we obtain that
Ay® — &+ 2UVD + VAN =\b — eV -2, AN —V’N - 2UVP=0. (2.34)

Here the gradient term of order O(e) in the equation for ® arises as a result of the dependence of y on the spot



Spot Self-Replication and Dynamics for the Schnakenburg Model 13
trajectory xo(c?t). For S a~ ¥y, we then expand
P=Pyg+edP;+---, N=Nog+eNi+--, A=A +---. (2.35)
Upon subsitituting (2.35) and (2.29 b) into (2.34), and collecting powers of &, we obtain for y € R? that
AyPy+MoPy=0,  Py= (P, No)", (2.36 a)
Ay Py + MoPy + M Py = M\ Py — FPy, Py = (®,N,)" . (2.36 D)

Here the matrices M1, F, and Ay, are defined by

[ WV 420V, 2V (M0 [ x-V 0
Ml_(—2U1V—2UV1 —2vv1)’ Al_(o o)’ f‘( 0o 0)° (237)

Upon using (2.31) for Wi = (V4,U1)¢, and upon noting that x(, - V = —2v(S)Re(ge'?)d,, we can write M; and F as

My = ge® My +cc, F=—4(S) (g’ +c.c) F, F= < %p 8 > : (2.38)

Here M; is the real-valued 2 x 2 matrix, with radially symmetric matrix entries, obtained by replacing V; and U; in
(2.37) with V; and Ul, respectively.
When S = ¥, the leading-order problem (2.36 a) admits four independent nontrivial solutions. We write these

solutions in complex form as
N . N . N o ~ t
PO = A.Pol (p)ele + BPQg(p)ezw +c.c., Poj (p) = (q)Oj (p), Noj (p)) 5 ] = ]., 2. (239)

Here A and B are complex constants to be determined, p = |y|, tan(f) = ya/y1, and c.c. denotes the complex
conjugate. In addition, Poj (p) for j = 1,2 are the real-valued radially symmetric functions satisfying
. 1/ i2 . . .
(Poj) +;(P0j) —‘;—QPOJ'—FM()PQ]‘:O, 0§p<OO; P()j—>0 as p— 00. (240)
pp P

As a result of translation invariance, it readily follows that Py is given explicitly by

~ N N t

Por = (@0, Noa ) = (vV/,0)', (2.41)
where V and U satisfy the core problem (2.3 a) when S = ¥5. The solution W; to (2.30 a) has the form W; =
Wlp + 6]501, where Wlp is the particular solution to (2.30 a), and ( is any constant. Without loss of generality, we
impose that 8 = 0 so that W, is uniquely determined.

Since (2.36 a) has four independent solutions, the corresponding adjoint problem for y € R? given by
AyP*+ M{P* =0, P*—0 as|y—»o0, P*= (0,0, (2.42)
admits a four-dimensional null space. We write these four independent solutions in complex form as
Py = Pr(p)e? +cc, Pp=Pr(p)ie’ +cc, Py = Pr(p)e*® +cc, Py = Pr(p)ie?® +c.c. (2.43)

~ N t
Here P (p) = ((b*(p), N *(p)) for j = 1,2 are real-valued radially symmetric functions satisfying

% 1 D% j2 % D% %
(P-)pp—i—;(Pj)p—ﬁPj + MGP; =0, 0<p<oo; Pr—0 as p—oo. (2.44)

Next, we impose four solvability conditions for the solution P to (2.36 b). Upon multiplying (2.36 b) by P}, and

then integrating the resulting expression by parts over R?, we obtain that

ijZIjk—l—ij, 7, k=1,2, (2.45(1)
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where the integrals Jji, I, and Fj, are defined explicitly by

ijz/ (P) ALPydy, IjkE/ (P) MiPydy, ijz/ (Py) FPydy. (2.45b)
R? R2 R2

We then substitute (2.43), (2.39), and (2.38), into (2.450), and calculate the resulting integrals. The only integrals

that do not vanish are the ones for which the integrand is radially symmetric. In this way, we obtain that

_ o0 ~ N\t o~ 4 _ 0 ~ N\t ~ 4
11 = 47Re (gB)/0 p(Pl*) MiBwdp, Ly = 47Re (igB)/O p(Pl*) M By dp (2.46 a)

o0 ANt ~ N\t A~ 4
Iy = 47Re (gA)/ p(B) MiPordp, I = 47TRe(—igA)/ p(B3) MiPordp. (2.46 b)
0 0

Here the overbar on B denotes complex conjugate. In a similar way, we calculate

J11 = 47Re (A) )\1 / pqsquol dp7 J12 = 47Re (ZA) )\1 / pqsquol dp7 (247 a)
0 0
J21 = 47Re (B) )\1 / p(i);(i)og dp, JQQ = 47Re (ZB) /\1 / p‘i);‘i)()z dp7 (247 b)
0 0
and
Nt Y S N
Fi1 = —477(S)Re (¢B) / p (Pl*) FPyudp,  Fia = —4my(S)Re (igB) / p (P{‘) FPypdp,  (248a)
0 0

o0 . t o oo R t o
Fo = —47(S)Re (gA) / p(P5) Fhoudp,  Fr=—4my(S)Re(~igA) / p(P5) Fhoudp.  (2480)
0 0

Finally, upon substituting (2.46), (2.47), and (2.48), into the solvability conditions (2.45 a), we obtain

AMRe(A)k1 = Re(¢B), MRe(id)r1 = Re(igB), A1Re(B)k2 = Re(g4), MRe(iB)kay = Re(—igA).
(2.49)
Here k1 and k9 are the real constants defined by
_ I5° p®5 @01 dp _ I5° p@3002 dp
= T ) R2 = 1 .
e (P{‘) [/\?11 - W(S)ﬂ Popdp e (Pﬁ‘) [/\?11 - W(S)ﬂ Pordp

K1 (2.50)

Without loss of generality, we can assume that the complex constant g, defined in (2.30 b), is real and positive so
that the motion of the spot is directed along the y; axis. More generally, this can always be achieved by multiplying
the original coordinate vector (y1,%2)! by an appropriate orthogonal matrix. Assuming that g is real and positive,
we then write A = A, +iA; and B = B, + ¢B; to obtain that (2.49) reduces to

/\1AT/€1 = gBr, /\1A1’/€1 = gBi, AlBTIig = gAT, )\1B¢/€2 = gAi. (251)

In this way, (2.49) decomposes into two 2 x 2 matrix eigenvalue problems. The first such problem is

( 9/052 g/OK1 ) ( g: ) =M ( g: ) , (2.52)

while the second eigenvalue problem is obtain by replacing A, and B, with A; and B;, respectively. The eigenvalues

of this matrix problem are
g
/K1K2

Our numerical computations described below show that x; < 0 and k3 < 0. Therefore, the unstable eigenvalue is

A =+ (2.53)
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A1 = +g/+/k1ks and the corresponding eigenvector satisfies

B=kA, K= . 2.54
— (2.54)

Hence, the first component of Py in (2.39) is proportional to
Dy = By (p) cos (0) + ko2 (p) cos (26) . (2.55)

t t &
01> Po2, Po2, Por

R

0.8 1

0.6

0.4 1

02 4] 6]

(a) (b) (c)

FIGURE 5. For S = X2 = 4.3 we show plots of (a) Dy, Doy, o1, Poo; (b) N&1, Néa, Noz, Not; and (c) U, UL, V, Vi

In Fig. 5 we plot $gy (p) and Pz (p) obtained by solving (2.40) numerically. Since we scaled them to have a
maximum of one, it follows that the direction of the splitting (controlled by cos26) is perpendicular to the direction
of the motion (controlled by cos#) provided that x in (2.55) is negative.

Finally, we outline our numerical approach for showing that «;, for j = 1,2, as defined in (2.50), are both negative
when S = ¥3 = 4.3, and hence k < 0 in (2.55). For this value of S, we compute numerically from (2.16) that
~v(S) =~ 1.703. First, we compute U,V and Vi, Uy using Maple’s boundary value problem solver. Next, we compute
the eigenfunctions corresponding to m = 1 and m = 2 and their adjoints from (2.40) and (2.44), respectively.
All of these problems are ODE problems. To solve them numerically, we discretized the radial Laplacian using
central differences on a grid of N points and solved the corresponding 2/ N-dimensional matrix eigenvalue problem.
The resulting matrix is 5-banded, and its spectrum is easily computed using Maple’s linear algebra package. We
performed the computations with N = 200 on an interval [0, 12]. Doubling N or the interval length did not affect
the answer in the first three significant digits. The graphs of U,V Vi, and Uy, are shown in Fig. 5(c). The graphs of

eigenfunctions and their adjoints are shown in Fig. 5(a,b). This numerical procedure yields the results
k1 = —0.926, ke = —1.800, k=—0.717,

so that k is indeed negative. The constant x measures the rate at which the spot splits. Since k is independent of g,
the rate of splitting is proportional to the velocity, with x being the constant of proportionality.

We now compare our theoretical prediction for the direction of spot-splitting with that obtained from a full
numerical simulation of (1.2) in the unit disk for the parameter values e = 0.03, D = 1, and a = 8.8. The initial spot

location is taken to be at (0.5,0). Since |Q] = 7, we calculate from (2.6) that S = 4.4 > X5 = 4.3. Our prediction of
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spot-splitting is confirmed in Fig. 6, where we plot the the position of the spot at increments of 5 time units. Spot
self-replication is observed at ¢t ~ 100. Notice that the two newly created spots move in a direction orthogonal to the

motion of the original spot.

0.3
0.2

0.1+

(a) contour plot of v (b) spatial profile of v

FIGURE 6. Spot-splitting for (1.2) in the unit disk for the parameter values ¢ = 0.03, D = 1, and a = 8.8. (a) Trace of the
contour v = 0.5 from ¢ = 15 to ¢t = 175 with increments At = 5. Spot-splitting is perpendicular to the direction of motion. (b)
The spatial profile of the spot at ¢ = 105 during the splitting event.

3 Multi-Spot Solutions

We now extend the analysis in §2 in order to construct a quasi-equilibrium solution to (1.2) with K spots and to
derive an ODE system governing its slow evolution. To construct a K-spot quasi-equilibrium solution we “freeze”
the spots at locations x1,...,zx with ; € Q for j = 1,..., K. We also assume that the distance between any two

h

spots is O(1) as € — 0. In the inner region near the jt spot we introduce the new variables

1
u:ﬁuj v=+VDVj, y=¢t(z—x;). (3.1)

As in §2.1, to leading order we look for a radially symmetric solution of the form U; ~ U;(p) and V; ~ V;(p) with
p = |y|. Thus, for each j =1,..., K, we have that U; and Vj, with primes denoting derivatives in p, satisfy

1 1
Vj”+;Vj’—Vj+UjVjQ=07 U;’+;U;—Ujvfzo, 0<p<oo, (3.2a)

U0) = V/(0)=0;  V;—0, Uj~5Slogp+x(S;) as p— oc. (3.2b)

The function x(S) was computed numerically in §2.1 (see Fig. 2(b))).
The source strengths S;, for j = 1,..., K, are determined by matching the solution to the core problems (3.2) to

an outer solution for u. By proceeding as in §2.1 (see equation (2.4)), we can readily derive the outer problem

K
2
1

__+_
b VD&
1 S; _

U~ — Sjlog|x—xj|+x(5j)+7 as r—x;, j=1,....K, (3.30)

VD
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where v = —1/loge. The Divergence theorem enforces that 27 Zjil S; = a|Q|/v/D, and the solution to (3.3) is
2m K
u(x) = -75 (Zl SiG(x; ;) + u> : (3.4)
Here u. is a constant to be found and G(z;x;) is the Neumann Green’s function satisfying (2.7). As in §2, we use

(2.7b) to get the near-field behavior of the outer solution as  — x;. Upon matching this near-field behavior of the

outer solution with the far-field behavior of each leading order core solution Uj, we obtain for each j = 1,..., K that
Sj log |$ - $j| - QWSjR(ﬁj; {Ej) - 27T’U,c - 27‘(2 SlG'((EJ7 {EZ‘) ~ Sj log |(E - l'j| + X(Sj) + 7J . (35)

i=1

i#j

These matching conditions gives K equations relating S; and u.. We summarize our construction as follows:

Principal Result 3.1: For given spot locations z; for j = 1,..., K, let S; for j = 1,...,K and u. satisfy the

nonlinear algebraic system

K K
alQ|
S;+2mv | S;R; ; + S:Gii | +vx(S;) = —2nvu.; S, = ——. 3.6
J ™ RN ; J x(S;5) 0 j:zlj 97D (3.6)
i#£]

Here v = —1/loge with G;; = G(zj;2;) and R;; = R(xj;x;), where G is the Neumann Green’s function of (2.7)
with regqular part R. The nonlinear term x(S;) in (3.6) is as given in (8.2b) (see Fig. 2(b)). Then, for ¢ — 0, the
outer solution for a K -spot quasi-equilibrium solution is given by (3.4) and the leading order inner solutions are given
by uw ~ D7Y2U; and v ~ DV}, where U; and V; is the solution to core problem (3.2).

We emphasize that the system (3.6) contains all of the logarithmic correction terms of order O(v*) for any k that
are required in the construction of the quasi-equilibrium solution. Hence, we say that (3.6) has “summed” all of the
logarithmic terms in powers of v for the source strengths S;, j = 1,..., K. Related, but linear, algebraic systems
of equations determining unknown source strengths arising from a singular perturbation analysis of certain linear
steady-state diffusion problems on perforated two-dimensional domains have been derived in [8], [26], and [42].

It is convenient to write (3.6) in matrix form as

alQ|
I+ 27vG) S, + vxy = —2TVuce; ets, = . 3.7
(I +2m0G) S, + vx i (3.7
Here I is the identity matrix, G is the Green’s matrix, and the vectors S,, x», and e, are defined by
Rii Gipa e Gi.x
G . . : S 1 x(51)
g= .2’1 ' ' ' , S, = , e= , Xo = . . (3.8)
: ‘ Gr-1,K Sk 1 X(Sk)
Gkn -+ Grgr-1 Rrrx

By multiplying the first equation in (3.7) by ¢!, and then using the expression for €S, in (3.7), we can obtain u,. as
1 alQ|
2rKv | 27vVD

By using this expression in the first equation in (3.7), we can eliminate u. to get an equation solely for S,.

+27mve'GS, +vely, | - (3.9)

Ue =

Principal Result 3.2: The nonlinear algebraic system in (3.6) can be decoupled into an equation for S, given by

7a|ﬂ| e &= ieet
2rK\VD K

Sy + v (I = &) (xo + 27GS,) = (3.10)
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In terms of Sy, the constant u. in (3.4) is given in (3.9).
The following condition on the Green’s matrix G, which reflects both the symmetry of €2 and of the configuration
of the spot locations z1,...,zx, gives a necessary condition for the K spots to have a common source strength S.:

Principal Result 3.3: Suppose that e = (1,...,1)* is an eigenvector of G, so that

K K
Ge=Le, p=p@,. . xx) =D > G (3.11)

i=1 j=1

Then, S, = Sce, where the common (scalar) spot source strength S. and the constant u. are given explicitly by

- alQ| ’ v — alf  Sep x(Se) . (3.12)
21K\ D Aar2KvvD K 27
Finally, for v = —1/loge <« 1, and for arbitrary spot locations z1,...,zx, we can readily derive the following
two-term expansion for S, and u. from (3.10) and (3.9) in terms of S., G and p:
Sy ~ Sce — 2nvS, (g - %I) e+ OW?); Ue ~ —% - % - Xéic) +0(v). (3.13)
Next, we proceed as in §2.2 in order to derive an ODE system for the slow evolution of the spots z; for j = 1,..., K.

Since the analysis is similar to that in §2 we only give a brief outline of it here. In the inner region near x = x; we
expand the solution to (1.2) as
L -1 2
UZE(UJ(P)+€U1j(yj)+"')a v=VD(Vj(p) +eVijly) +--),  yj=e e —ay(n)], T=et
(3.14)
Here Uj(p) and V;(p), with p = |y;|, are the radial symmetric solutions of the core problem (3.2). We then substitute
(3.14) into (1.2) and collect terms of order O(e) to derive that Vi; and Uy; for each j =1,..., K satisfies

ijW1j+MjW1j = f;, Yj ERz, (3.15a)

where y; = peg, and the vectors Wy, f;, es and the 2 x 2 matrices M, are defined by

Vi Vi -e cos @ —142U,V; V2
W“E(UZ)’ f;( JOJ 9), egz(sin0>, sz< _QUJ_‘%J _‘Jﬂ) (3.15b)
J

The determination of a far-field condition for Wy, is derived as in §2.2 by performing a higher order matching of the
outer and inner solutions. In this way, we obtain that the solution to (3.15) must satisfy

K
le ~ ( 0 ) as  Yyj; — 00, oy = —QWSjVR((Ej;{Ej) - 27TZSlVG((EJ,{E1) (316)

@jYj 1

i#]
As shown in Principal Result 2.1, the problem (3.15) subject to (3.16) determines z; in terms of the vector a;. In
this way, we obtain the following main result for the dynamics of a K-spot quasi-equilibrium solution.
Principal Result 3.4: For ¢ — 0 the slow dynamics of a collection x1,...,xx of spots satisfies the differential-

algebraic system (DAE),

K
Tl ~ —2me?y(S;) | S;VR(zj;2,) + Z SiVG (i) |, ji=1...,K. (3.17)
=
Here the source strengths S;, for j = 1,..., K, are determined in terms of x1,...,xx by the nonlinear algebraic

system (3.6). The function v(S;), plotted in Fig. 3(a), is defined in (2.16) of Principal Result 2.1.
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3.1 The Stability of a K-Spot Quasi-Equilibrium Solution

To determine the stability of the quasi-equilibrium K-spot solution to fast O(1) time-scale instabilities we proceed

as in §2.3. We let u., ve be the quasi-equilibrium solution, and we introduce the perturbation (2.22) to derive the

eigenvalue problem (2.23). Following §2.3, in the inner region near the jth spot we introduce N; and ®; by

n= eimeNj(p) 3 ¢ = eim@q)j(p) 3 p= |y| ; Yy= Eil(x - x]) ) (3]‘8)

where y¢ = p(cos@,sin ). Substituting (3.18) into (2.23), and by using u, ~ D~'/2U;(p) and v, ~ v/DV;(p), where
U; and V; satisfy the core problem (3.2), we obtain in terms of the operator £,,® = 9,,,® + p~19,® — m?p~2® that

2
Lyn®j — ®; +2U;V;®; + DVPN; = A5, Ly, N; — VPN, = HUiVi®;,  0<p<oo. (3.19)

First consider the modes with m > 2. For these modes, we can impose that ®; decays exponentially as p — oo and
that Nj ~ O(p™™) — 0 as p — oo. Therefore, for m > 2 there is no inter-spot coupling through the outer solution
for n, and hence the stability problem reduces to the one studied numerically in §2.3 for a one-spot solution. The
numerical results of §2.3 and Table 1 then show that the smallest value of S; for which an instability occurs is at the
threshold value S; = X3, which corresponds to a peanut-splitting instability.

Next, we derive an eigenvalue problem for the m = 0 mode that has the effect of coupling the local spot problems
(3.19) for j =1,..., K through the outer solution for n. When m = 0, (3.19) becomes

1 1 2
Y+ ;tp; — &, +2U;V;®; + DVZN; = \®;, Ny + ;N; —V}N; = BUjvjq>j , 0<p<oo. (3.20a)

Although ®; — 0 exponentially as p — oo, we must allow as in §2.3 that N; ~ C;logp as p — oo for some constant

C;. In terms of this solution, we compute a B; such that
N; ~Cjlogp+B; as p—oo. (3.200)
Since (3.20) is a linear homogeneous problem, it follows that
B; = B;C;. (3.21)

where B; = B;(\, D, S;). By using the Divergence theorem on the N; equation in (3.20), we identify C; as

o 2
C; :/O (VfNj + EUjX/;-@j) pdp. (3.22)

By proceeding as in (2.27) of §2.3, we derive in place of (2.28) that the outer eigenfunction component 7 satisfies

K
Ap=2r> Cidz—=;), z€Q; Om=0, z€dQ. (3.23)
j=1

Therefore, Z;il C; = 0 by the Divergence theorem. We then write the solution to (3.23) as

K
n= —QWZC’J-G(JJ;J:J-)—FV_lF]. (3.24)

j=1
Here 7 is an unknown constant and G(x; £) is the Neumann Green’s function of (2.7). By expanding the outer solution

n as ¥ — x; and then equating it with the far-field form of the inner solution N; as |y| = e~ '|z — z;| — oo given in
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(3.20 b), we obtain the following matching condition for each j =1,..., K:

K —
Cjlog | — .Z‘j| —2nCjR;; — 271'2 CiGji + g ~ Cjlog | — .Z‘j| + % + B;j. (3.25)
%
Here G,; = G(zj;x;), and R;; = R(z;;x;), where R is the regular part of G. In this way, we obtain the following
system for Cj, j =1,..., K, and 7:

K K
Cj—l—I/Bj—|—27TI/CjRj7j+27TVZCiGj,i=ﬁ, j=1...,K,; ZCj:O' (3.26)
i=1 j=1
i#]
Finally, we use (3.21) for B; to write (3.26) as a homogeneous linear system for ¢ = (C1,...,Ck)’. By taking the
inner product with e = (1,...,1)? and then using the constraint efc = 0, we can isolate 7 as
= 1 tp—1
7= <m) e'B~" (I +2mvg)c. (3.27)

Here G is the Green’s matrix of (3.8), and B is the diagonal matrix with diagonal entries B;; = Bj forj=1,...,K.
By using (3.27) to eliminate 7 in (3.26), we readily obtain the following homogeneous linear system for ¢:

_ K -1 _ t
Since Bj; = B;j(\, D, S;) (cf. (3.21)), the eigenvalues A are obtained by seeking nontrivial solutions ¢ of (3.28) that
occur when Det(A) = 0.

It is beyond the scope of this paper to provide a detailed numerical study of this non-standard eigenvalue problem

for a fixed small value of v = —1/loge. However, to leading order in v, (3.28) reduces to
— K -1

Clearly D is a rank-one matrix with De = e. Therefore, we conclude that for v < 1, ¢ = ae for some constant «.
The constraint that e’c = 0 then enforces that o = 0, and consequently that ¢ = 0. Hence, C; =0 for j =1,..., K.

This leads to the important conclusion that, to leading order in v, the eigenvalue for the m = 0 mode is obtained
by solving (3.20 a) subject to the condition that N; is bounded as p — co. This was precisely the eigenvalue problem
studied numerically in §2.3 for the case of a one-spot solution. However, this decoupling property for the stability
problem does not occur for the case where D is asymptotically large with D = O(r~1). In this limiting regime, we
show in §6 that (3.20) and (3.26) reduces to the vectorial nonlocal eigenvalue problem of [54].

In summary, for D = O(1) we conclude that to leading order in v a K-spot pattern with K > 1 is stable with
respect to the m = 0 mode, but will become unstable to the local m = 2 mode when, for at least one value of j, S
exceeds the threshold value Y9 & 4.3. This leads to the following spot-splitting criterion:

Spot-Splitting Criterion: Let D = O(1) and ¢ — 0 and consider a K-spot quasi-equilibrium solution to (1.2).
Let S; for j =1,..., K, satisfy the nonlinear algebraic system (3.6) when K > 1. For K =1, Sy is given in (2.6).

To leading order in v, a K-spot solution with K > 1 is stable to the local angular mode m = 0, whereas a one-spot

solution is unconditionally stable to the m = 0 mode. For K > 1 the quasti-equilibrium solution is stable with respect
to the other local angular modes m = 2,3,4,... provided that S; < ¥ =~ 4.303 for all j = 1,..., K. The Jth spot
will become unstable to the m = 2 mode if Sj exceeds the threshold value Xo. This peanut-splitting instability from

the linearized problem is found to initiate a nonlinear spot self-replication process.
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We now illustrate our prediction for spot-splitting with regards to pattern formation on a slowly growing domain.
Let € < 1, D, and a, be fixed parameters. Suppose that 2 = [0, L] x [0, L] is a square with side length L = L(t) that
grows slowly in time with growth rate L’ < O(g?), so that the domain growth is quasi-steady relative to the dynamics
of spot motion. Then, from the Spot-Splitting Criterion above, we conclude that a one-spot quasi-equilibrium solution
will begin to undergo self-replication when S > Y5 ~ 4.3. By using (2.6) for S, and noting that |Q2| = L?, we solve
for L to obtain that splitting is initiated when L > Lq, where

1/2
L = <@> . (3.30)

a

Moreover, to leading order in v for ¥ <« 1, we conclude from the expression for S; in (3.13) that a K-spot quasi-

equilibrium solution will begin to self-replicate into a 2K-spot pattern when L > L = L1V K.

4 The Neumann Green’s Function

The asymptotic results in §2 and §3 rely on detailed knowledge of the Neumann Green’s function G and its regular

part R satisfying (2.7). We now give some properties of these functions for both the unit disk and a rectangle.

4.1 The Neumann Green’s Function for the Unit Disk

Let © := {z||z| < 1} be the unit disk and represent the point € © as a complex number. Then, from equation

(4.3) of [26], the Neumann Green’s function and its regular part are given explicitly by

1 3
Glai€) = 5 (-~ logle € ~Tog ale — 5| + 5l +16P) - ) (41a)
Rl = 5 (- toeelel - 5[ +1er - 2). (4.1
A simple calculation then yields
o L[ kP oy L (2=l
VG(x,g)_—%[|x_§|2+x|§|2_5—4 : VR(S,S)—%<1_|5|2>£, (4.2)

where ~ denotes complex conjugate. By substituting (4.2) in (3.17) of Principal Result 3.4, we can obtain explicit

ODE'’s for the spots dynamics in terms of the source strengths S;, j =1,..., K.

4.2 The Neumann Green’s Function for a Rectangle

In the rectangular domain = [0, L] x [0, d], we now calculate the Neumann Green’s function G(x;x’) satisfying
(2.7), where 2’ = (2/,y’) is located strictly inside €. In this sub-section = € €2 is written in the cartesian coordinates

x = (z,y). The Fourier series representation of G(z;z') is

7 ’
COS(%)COS (%) 9 & cos(mgy cos (%)
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where [Q2] = Ld. Clearly, the constraint [, G dz = 0 is satisfied. Upon recalling the identity (cf. page 45 of [20])

) ]ﬂ 9 2
ZCOS m <71T_2) h(6), h(h) =2 — 66| + 362, 0] <2, (4.4a)
k=1

and by using the angle addition formula for cosine, we can sum the first term in (4.3) to obtain

%'gCOS("zr()%:(;z(n?') _ %H(x,x/), Hw o) = 1L_2 {h <x—Lx’) B (x—;x')} ' (4.41)

The function H(z;z') is precisely the one-dimensional Green’s function in the horizontal x-direction.
Next, upon recalling the formula (cf. page 46 of [20])

© M om (COSh(b’/T(]._|9|))) 1 1] <2,

k2+02  2b sinh (brr)

2 )
= 2b

we can sum the third term of (4.3) over the index n to obtain

%i[COS( (y — y))+608(m7(y+y))}FT—@Z —mﬂ;— . (4.6)

m=1

Here F,,(x,z") is defined by

oo o 1 ) s o = )

N —
Fm (CE, x ) = sinh (mLﬂ')

(4.7)

Therefore, upon substituting (4.6) and (4.4 b) into (4.3), we obtain that the second sum in (4.3) cancels so that

G(z;2') = %H(m,m’) + iﬂ i [cos <w> + cos <mﬁ(yd+ y/)ﬂ Fm(:l, ) . (4.8)

m=1
Next we rewrite Fp,(z,2') in (4.7) by using the following identity that holds for any constants a, b, and ¢:

cosh(a —b) 4+ cosh(a —c) 1 [
sinha 1l —e 2

TPpe et 4 e (4.9)

Then, we use (4.9), together with the identities cos(f) = Re(e?) for 6 real and (1 — ¢™)~! = 3"°7 (¢™)™ whenever

lg] < 1. In this way, the infinite sum in (4.8) can be written compactly as the doubly infinite sum

ii(q)

m=1n=0

I e S L SN S G S G S G S G | B (4.10)

where the eight complex constants z4 +, (4 + are defined in terms of additional complex constants r4 4+, p+ + by

2

rex=—lz+ad|+ilyxy),  rox=-lz-2|+ilyty), (4.110)
pra=lr+a|—2L+i(yxy), por=lr—a|-2L+i(yLy). (4.11¢)

The doubly infinite sum in (4.10) is absolutely convergent provided that zi+ + # 1 and (+ + # 1. Under this

condition, we can interchange the order of summation in (4.10) and then perform the sum over the index m by using
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the identity Re [E me1 M 1w’”] = —log|l — w]| for |w| < 1. In this way, (4.10) becomes
- log (|1 —q"2z4 +[|11 = ¢"24 |1 = ¢"2— 4|[1 = ¢" )
E o} z Zy - Z_ Z_ -
2 P g q zZ+, q z+, q z—, q z—,

1 o0
~ o D log (11— ¢" ¢l =" - [I1=q"¢ 41— ¢q"¢ ). (4.12)

n=0
The only singularity exhibited by (4.12) in Q is at (z,y) = (¢, '), in which case z_ _ =1 and log |1 — z_ _| diverges.
We then write log |1 — z— _| = log|r— _| + log(|]1 — z— _|/|r— —]|), and note that log|r_ _| = log|z — | and that

log(|1 — z_,_|/|r— —|) is finite at x = 2’. Finally, upon using (4.12) to replace the sum in (4.8), and upon extracting

the singular term in (4.12), we readily obtain that (4.8) reduces to
1
G(x;x’):—2—log|x—x’|+R(;E;ac'), (4.13 a)
7T

where the regular part R(x;a’) is given explicitly by

1 - n n n n n n n
Rw;a’) = == S log (1= a"24 I = "2 11— @5 411 = 0" Cosl 1= 0"Cho |1 = a"C il = a"C )

n=0

1 -z | 1 PR
— —log—"—=—+-H — = log|l —q"z_ _|. (4130
a7l +gH @) 5o logll—g"z |. (413D

n=1

In (4.13b), H(z,z') is defined in (4.4), and the complex constants z4+ +, (+ +, 7— _ and the real constant ¢ < 1 are
defined in (4.11). Finally, we calculate the self-interaction term R(z’;2’) by taking the limit x — 2 in (4.13b). A
simple calculation using (4.13b), (4.4), and (4.11), yields the exact formula

1 = n n n n n n n
R(a'sa') = = Z}log (11— q"29 (11— g2 |11 —q"2° 1 —q"¢) 11— "¢ |11 —q"¢® |11 —q"¢——))

+L 1 x’+ 2\ 2 110 (7‘(‘) lilo(l " (414a)
i\3"T7\T or B\d) T am £ ORU T ARRE

where g = e72L™/4_ Here 2§ , and ¢ . are the limits of 21 1+ and (1 + as x — 2’ = (2/,9/) given explicitly by

ZE)rHr — e(—a'+iy") Zg), —ehe 0 L= = or/d, (4.14b)

<9r,+ — eu(r’_L+iy’) , Cg _ eu(—L+1‘y’) ’ Cg)r = e#(m/_L) : <977 _ e—,uL ] (414 C)

T+ )

We can assume that L > d, since otherwise we can interchange = and y. Therefore, ¢ < e 2™ and ¢" rapidly tends
to zero, leading to rapidly converging infinite series in (4.14) and (4.13). Therefore, even for the unit square where
L =d=1and ¢ =e 27, in practice the infinite sums in (4.14) and (4.13) can be approximated to a high degree of
accuracy by retaining only a few terms in each sum. This rapid convergence of the representation (4.14) and (4.13) is
in direct contrast to the poor convergence property of the Fourier series representation (4.3). In addition, we remark
that we can also readily calculate VR(2'; ') and VG(z; '), which are needed for the slow dynamics in (3.17). We
also remark that a partial summation of (4.3) was given previously in [32] and [33]. Analogous infinite source term
representations for a modified Green’s function satisfying different boundary conditions than in (4.3) was given in

[8] in the study of the diffusion of protein receptors on a dendritic cable in the presence of traps.
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5 Comparison of the Asymptotic Theory with Full Numerical Simulations

In this section we compare full numerical results computed from (1.2) with those obtained from numerically solving
the asymptotic DAE system (3.6) and (3.17) that describes the dynamics of a K-spot quasi-equilibrium pattern. We
will consider different initial configurations x1,...,xx of spot locations inside either a square domain or the unit
disk, and we will test the Spot-Splitting Criterion of §3.

The asymptotic DAE system is solved numerically by using Newton’s method to solve the nonlinear algebraic
system (3.6) and a Runge-Kutta ODE solver to evolve the dynamics (3.17). We emphasize that there are exactly two
functions v(S) and x(S) in the DAE system that depend on the nonlinear (inner) core problem. These functions are
pre-computed at 100 grid points in S and a cubic spline interpolation is fitted to the discretely sampled functions in
order to determine them at an arbitrary value of S. For the unit disk or a square domain, the Green’s functions G
and R, together with their gradients, which are required in the DAE system, can be calculated by using the results
in §4. The results obtained in this way are referred to below as the “asymptotic” results.

In computing full numerical solutions to (1.2) we have used several different codes. The adaptive-grid finite differ-
ence solver VLUGR2 (cf. [6]) was used to compute numerical solutions of (1.2) in the square, while the finite element
solver of [27] was used to compute solutions in the unit disk. Unless otherwise stated below, the initial condition for
(1.2) is chosen as

K K

|z — ;] 27

v=vD E vjsech? (7 , u=—— E S;G(x;xj) +ue | (5.1)
= 2e VD =

where a cut-off was imposed for G whenever |z — z;| < e. Here S;, for j = 1,..., N, and u, is obtained from the
numerical solution to (3.6) and (3.17) for the initial spot configuration z1,...,zx. In addition, v; = V;(0), where
V;(p) is the radially symmetric solution of the core problem. In terms of the numerical solution to (1.2), we track the
time-dependent spot locations by identifying points in €2 where v has O(1) local maxima on the computational grid.
We did not attempt to determine more accurate interpolated local maxima by fitting a bi-cubic spline to points in a
neighborhood of this discrete local maximum. As a consequence our numerical results for the spot trajectories have
a small degree of raggedness.

Experiment 1 (Slow Drift of One Spot): Let Q := {z||z| < 1}. For this case, the dynamics of the spot is given
by (2.21) where VR(xo;x0) was given in (4.2) and S was given in (2.6). This gives the ODE

dxg 9 2 — |zo|? a
— ~ —"SY(S) | ——— | =0, S = . 5.2
dt 7( ) <1_ |I0|2 0 9 /—D ( )

We fix € = 0.03, a = 6.6, and D = 1, so that S = 3.3. Since S = 3.3 < 35 = 4.3, the asymptotic theory predicts
that the spot should slowly drift towards the origin without splitting. The initial spot location is zg = (0.5,0). In

Fig. 7(a) we plot the distance |zo| of the spot to the origin as a function of time as obtained from the ODE (5.2)
(solid curve) and the full numerical solution of (1.2) (discrete points). The asymptotic results agree very closely with
the full numerical results.

Next, we let 2 to be the unit square with an initial spot located at z¢o = (0.2,0.8) with ¢ = 0.02, a = 8.25, and
D = 0.1. For this case, the source strength S = 4.15 is slightly below the spot-splitting threshold. In Fig. 7(b) we
show a very close agreement between the asymptotic and full numerical results for the dynamics of the distance of

the spot to the center of the square.
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FIGURE 7. Left figure: plot of the distance |zo| to the origin vs. ¢ for an initial spot at o = (0.5,0) in the unit disk with
€ =0.03, a = 6.6, and D = 1. Right figure: plot of the distance |zo — z.| of the spot to the center z. = (0.5,0.5) of the unit
square vs. ¢ for an initial spot at z¢ = (0.2, 0.8) with e = 0.02, a = 8.25, and D = 0.1. In these figures the solid curves are the
asymptotic results and the discrete points are obtained from the full numerical solution of (1.2).

(a) t =23.6 (b) t = 40.2 (c) t =322.7

FIGURE 8. Grayscale plot of v computed from (1.2) for e = 0.02, a = 10, D = 0.1, for an initial one-spot pattern in the unit
square with initial spot location zo = (0.2, 0.8). The spot-splitting event leads to a two-spot equilibrium state.

Experiment 2 (The Splitting of One Spot): Next, we consider an initial one-spot quasi-equilibrium solution
in the unit square for e = 0.02, a = 10, and D = 0.1. The initial spot location is zg = (0.2,0.8). For this case, we
calculate from (2.6) that S & 5.03. Since S > Y5 & 4.3, we predict that the spot will undergo splitting starting at
t = 0. This is confirmed in Fig. 8 where we plot v at several values of ¢. From Fig. 4(a) the growth rate of the initial
peanut-splitting instability is Ag(S,2) ~ 0.15 when S ~ 5.03. As ¢ increases, the two-spot pattern converges to an
equilibrium solution with spots at z1. ~ (0.322,0.318) and zg. =~ (0.677,0.682) (see Fig. 8(c)).

Next, we test the sharpness of the asymptotic instability threshold >4 ~ 4.3 for ¢ = 0.02. Since S is independent
of the spot location, the asymptotic theory predicts that the occurrence of spot-splitting is independent of the initial
spot location. By fixing ¢ = 0.02 and D = 0.1, and then solving (1.2) numerically for different values of a and initial
spot location in the unit square we obtain the following results:
xo = (0.2,0.8), a=85, S=~4.28, Splitting Observed, =z1. = (0.322,0.318), x9. ~ (0.677,0.682),
xo=(0.2,0.8), a=825, S=4.15, No Splitting Observed, z1. = (0.5,0.5),
xo=(0.7,0.4), a=825, S=4.15, No Splitting Observed, z1. = (0.5,0.5),
xo=(0.7,0.4), a=85, S=~4.28, Splitting Observed, z1. = (0.354,0.292), x9. ~ (0.646,0.708).
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The last entry in each of the rows is the computed equilibrium locations. Therefore, for ¢ = 0.02, the numerically
predicted instability threshold is between 4.15 and 4.28, which is rather close to the asymptotic result of X9 & 4.3.
Experiment 3 (Two-Spot Patterns in a Square): Next we consider instabilities of two-spot solutions in the
unit square. In the four experiments below we have fixed ¢ = 0.02, D = 0.1, and have chosen z; = (0.3,0.3) to be
the initial location of one of the spots. We will vary only a and the initial location x5 of the second spot.

First we take a = 15 and set 2 = (0.5,0.8) at ¢ = 0. For this case, we calculate from (3.6) that S; ~ 3.83 and
So &~ 3.72, which are both below the instability threshold. In the first row of Fig. 9 we plot v at several values of ¢
showing a slow drift of the spot locations towards their equilibrium values at 1. ~ (0.32,0.32) and z2. =~ (0.68,0.68).
In the first row of Fig. 10 we show a very favorable comparison between the asymptotic and full numerical results
for the x and y coordinates of the two spot locations versus time.

Next, we increase a to a = 18 and again set zo = (0.5,0.8) at ¢ = 0. For this case, we calculate from (3.6) that
S1 ~ 4.60 and Sy =~ 4.46, which are both above the instability threshold of 35 ~ 4.3. Therefore, the asymptotic
theory predicts that both spots will begin a splitting process at ¢ = 0. The full numerical results in the second row
of Fig. 9 show two splitting events and an eventual four-spot equilibrium solution as ¢ increases. The DAE system
(3.6) and (3.17) is not valid during a spot-splitting event. However, if we choose the initial conditions for (3.17) to
be the spot locations from the full numerical solution at some time slightly after the splitting has occurred, then as
shown in the second row of Fig. 10 the asymptotic results for the spot trajectories compare very favorably with the
full numerical results at subsequent times. For Fig. 10(c) and Fig. 10(d) this calibration of the initial condition for
(3.17) was done at t &~ 40. The final four-spot equilibrium solution has spots at x1. ~ (0.25,0.25), z2. = (0.75,0.25),
z3e = (0.25,0.75), and x4, =~ (0.75,0.75), with S; ~ 2.265 for j =1,...,4.

For our third example we again set ¢ = 18 but now take xzo = (0.8, 0.8). For this case, we calculate from (3.6) that
S1 &~ 5.27 and Sy ~ 3.79. Since S; > Y9, the asymptotic theory predicts that only the spot at z; will split. This
asymptotic prediction is confirmed from the full numerical results shown in the third row of Fig. 9. The initial locations
for the asymptotic spot dynamics (3.17) are calibrated from the full numerical results at ¢ = 20. In the third row of
Fig. 10 we show that asymptotic predictions for the two cartesian coordinates of the three spot locations compare
very closely with corresponding full numerical results for ¢ > 20. The asymptotic theory predicts an equilibrium
three-spot solution with spots at x1. ~ (0.21,0.59), 22, =~ (0.59,0.21), and z3. ~ (0.73,0.73).

Finally, we keep a = 18, but change the initial spot location z2 to z2 = (0.5,0.6). For this case, we calculate from
(3.6) that S7 ~ 3.67 and Sy = 5.39. Therefore, in contrast to the previous example, we predict that only the spot at
x9 = (0.5, 0.6) will split. The full numerical results in the fourth row of Fig. 9 again confirm this asymptotic prediction.
As shown in the fourth row of Fig. 10, the asymptotic DAE system (3.6) and (3.17) also again accurately predicts the
spot trajectories after the splitting event. The final three-spot equilibrium solution has spots at x1. & (0.31,0.24),
Z9e ~ (0.35,0.78), and z3. = (0.79,0.47).

We emphasize that in the last three rows of Fig. 9 we have fixed ¢ = 0.02, a = 18, D = 0.1, and z; = (0.3,0.3), and
have only varied the initial location x5 of the other spot. Our results have shown three different possible dynamical
behaviors depending on our choice for x,.

Experiment 4 (An Initial Four-Spot Pattern): Next we consider an initial four-spot pattern in the unit square
when € = 0.2, a = 28, and D = 0.1. The initial spot locations z;, for j = 1,...,4, are taken to be equi-distributed
on a circle of radius r. = 0.2 centered at (0.6,0.6) and are labeled as z; = (0.6,0.8), 2 = (0.4,0.6), z3 = (0.6,0.4),
and x4 = (0.8,0.6). From (3.6) we compute numerically that S; = Sy ~ 2.34 and So = S3 &~ 4.71. Therefore, since
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(a) t =2.0 (b) t = 33.6 (c) t =46.3 (d) t = 280.3

(e) t =20 (f) t =335 (g) t =463 (h) ¢ = 280.3

()t=25 () t =19.9 (k) t =29.4 (1) t =220.3

(m) t = 4.0 (n) t = 16.5 (o) t =29.4 (p) t = 322.7

FIGURE 9. Grayscale plots of v for an initial two-spot quasi-equilibrium solution at different times for various parameter sets
when Q = [0,1] x [0, 1] with e = 0.02, D = 0.1, and z; = (0.3,0.3). First Row: a = 15 and z2 = (0.5, 0.8). No splitting occurs
and there is a two-spot equilibrium solution. Second Row: a = 18 and x2 = (0.5,0.8). Both spots split, leading to a four-spot
equilibrium solution. Third Row: a = 18 and z2 = (0.8,0.8). The spot at x1 splits, and there is a three-spot equilibrium
solution. Fourth Row: a = 18 and x2 = (0.5,0.6). The spot at x2 splits, and there is a three-spot equilibrium solution.
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FiGUureE 10. Comparison of the full numerical results for the two cartesian coordinates of the spot locations as computed
numerically from (1.2) with corresponding results computed from the asymptotic DAE system (3.6) and (3.17) when Q =
[0,1] x [0,1], e = 0.02, D = 0.1, and z1 = (0.3,0.3). The rows in this figure correspond to the rows in Fig. 9. First Row: a = 15
and z2 = (0.5,0.8). Second Row: @ = 18 and z2 = (0.5,0.8). The initial conditions for (3.17) calibrated from the full numerical
results at ¢ ~ 40. Third Row: a = 18 and x2 = (0.8,0.8). The initial conditions for (3.17) calibrated from the full numerical
results at ¢ = 20. Fourth Row: @ = 18 and xz2 = (0.5, 0.6). The initial conditions for (3.17) calibrated from the full numerical
results at ¢ ~ 20.
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FIGURE 11. Grayscale plots of v at different times together with the cartesian coordinates of the spot trajectories for an
initial four-spot pattern with spots equi-distributed on a ring with center (0.6, 0.6) and radius r. = 0.2 in the unit square. The
parameter values are € = 0.02, a = 28, and D = 0.1. Two of the spots split, leading to a six-spot equilibrium. The calibration
between the asymptotic dynamics (3.17) (solid curves) and the full numerical results (discrete points) is done at ¢ ~ 64.

So = S3 > Yo, we predict that only the spots at x5 and x3 will undergo self-replication. This is confirmed in Fig. 11
where we plot the numerical solution to (1.2) at different times, showing two splitting events and an eventual six-
spot final equilibrium pattern. The six-spot pattern shown in Fig. 11(d) at ¢ ~ 430, which closely approximates the
equilibrium solution, is nearly hexagonal. In Fig. 11(e) and Fig. 11(f) we show a very favorable comparison, after the
splitting has occurred, between the asymptotic spot trajectories computed from (3.6) and (3.17), and corresponding
full numerical results computed from (1.2). The initial conditions for (3.17) were calibrated at ¢ ~ 64 (see Fig. 11(b)).
Experiment 5 (An Initial Six-Spot Pattern): Our final example for the unit square concerns Fig. 1 of §1.
We consider an initial six-spot pattern when ¢ = 0.02, a = 51, and D = 0.1. The initial spots locations are equi-
distributed on a circle of radius r. = 0.33 centered at the midpoint x. = (0.5,0.5) of the square. The initial spot
locations z; for j = 1,...,6, written as complex numbers, together with their corresponding source strengths as

computed from (3.6), are
Tj =T+ 1TV =16, S1=S1~4.01, Sy=253=_55=S5s~4.44.

Therefore, we predict that the spots located initially at o, x3, x5, and xg will split and that there will be a ten-
spot final equilibrium pattern. This is precisely what is observed in Fig. 1. From Fig. 4(a) the growth rate of the
initial peanut-splitting instability is Ao(S,2) ~ 0.025 when S ~ 4.44. This agrees rather well with the time-scale
for splitting as observed in the first row of Fig. 1. An interesting observation regarding Fig. 1 is that, although

the initial six-spot quasi-equilibrium pattern is symmetric about the vertical line x = 0.5 (see Fig. 1(a)), the final
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equilibrium state closely approximated by Fig. 1(f) does not have this symmetry. In Fig. 12 we show a very favorable
comparison, after the splitting has occurred, between the asymptotic spot trajectories computed from (3.6) and
(3.17) and corresponding results computed numerically from (1.2). The initial conditions for (3.17) were calibrated
at t = 70.

1.0 T
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> 4
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(a) z; vs. t (b) yj vs. t

FIGURE 12. Comparison of the full numerical results computed numerically from (1.2) (discrete points) for the two cartesian
coordinates of the spot locations in Fig. 1 with corresponding results (solid curves) computed from the asymptotic DAE system
(3.6) and (3.17). The parameter values are as in Fig. 1. The calibration is done at ¢ = 70. We only plot the trajectories of the
four spots that have x; values closest to the center of the square.

5.1 A One-Ring Pattern in the Unit Disk

In this and the next subsection we consider two types of quasi-equilibrium spot patterns in the unit disk where the
DAE system (3.6) and (3.17) can be studied analytically.
We first consider a quasi-equilibrium spot pattern in the unit disk where K spots are equi-distributed on a ring of

radius r with 0 < r < 1 at locations
xj=re?™/E L j=1,. . K, (Pattern I) , (5.3)

where i = v/—1. For such a pattern the Green’s matrix G is a symmetric circulant matrix with eigenvector e =

(1,...,1)* (see section 4 of [26]). From Principal Result 3.3 above, the corresponding eigenvalue of G is px /K, where

pr = pi(r) is given explicitly by (see Proposition 4.3 of [26]),
K K

1
pr(r) = Gik = p {—Klog(KTKl) — Klog (1 —r*K) 412 K? —
; T

3K?

1 (5.4)

The common spot strength is S; = S, for j = 1,..., K, where S, is given in (3.12). For this type of ring pattern,
the ODE system (3.17) can be readily written in gradient form as
af ~ —me®y(5:)SeVa, Fy j=1,...,K, (5.5)
where the function F(x1,...,xk) is defined explicitly by
K K K
}'(xl,...,xK):ZR(xi;xi)—i——kZZG(xi;xj). (5.6)
i=1 j=1

=1
i#]

In obtaining (5.5) from (5.6) and (3.17) we used the symmetry relations G(z;¢) = G(&;z) and R(z;€) = R(&;x).
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(b) £ =90.0 (c) t=297.0
F1GURE 13. Contour plot of v computed numerically from (1.2) for an initial five-spot pattern on a ring inside the unit disk.

The parameter values are € = 0.02, a = 35, and D = 1, and the initial ring radius is ro = 0.3. The spots remain on a ring of
slowly increasing radius.

Finally, we use (5.6) and x; = re?™/K to calculate
Vi, F(x1,. . ax) = =pi(r)e?™ /K j=1,.. K. (5.7)
Upon substituting (5.7) into (5.5), we obtain that the ring radius r evolves slowly in time as
= (%) Y(Se)Se (7)), (5.8)

where pg (r) is given in (5.4). Upon differentiating (5.4) with respect to r we obtain the following main result:

Principal Result 5.1: Let Q be the unit disk with center at x = 0. At t = 0 we assume that there are K spots

equi-distributed on a ring of radius ro, with 0 < ro < 1, at the locations x; = roe2™ /K for j =1,... K. Suppose
that the common source strength S. = S;, for j =1,..., K, as given in (3.12) satisfies S. < Lo ~ 4.3. Then, under
the DAE system (3.6) and (3.17), the K spots remain equi-distributed on a ring of radius r(t) for all time, where the

slowly evolving ring radius satisfies the nonlinear first-order ODE

K—-1)  Kr?f!
= —29(S,)S, _( 5 )—|— T +rK| (5.9)

with 7(0) = rg. As t — oo, the ring radius approaches the unique minimum point r. of px(r) given by the unique
root in 0 < re < 1 of the transcendental equation

2K

% 2= ;W (5.10)
The roots of (5.10) are given explicitly in the second column of Table 1 of [26]. In particular, r. = 0.5516 when
K =3, r. =0.6252 when K =5, and r, = 0.6604 when K = 8..
Experiment 6 (Equi-Distributed Spots on One Ring): For ¢ = 0.02, a = 35, and D = 1, in Fig. 13 we show full
numerical results computed from (1.2) for a five-ring pattern where the spots were initially equi-distributed on a ring
of initial radius ro = 0.3. Since S; = 3.5 < X for j = 1,...,5 from (3.6), the spots indeed remain equi-distributed
on a slowly expanding ring for all time. In Fig. 14(a) we show a very favorable comparison between the asymptotic
ring radius r = r(t) as predicted by (5.9) and the results obtained from the full numerical solution of (1.2). In this

figure, we also show a similar very favorable comparison between the asymptotic and full numerical results for either
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FIGURE 14. Left figure: the asymptotic ring radius vs. time from (5.9) for either eight spots (dashed line), five spots (heavy
solid curve), or three spots (solid curve) equi-distributed on some initial ring inside the unit disk. The parameter values and
initial ring radii are; ¢ = 0.02, a = 54, D = 1, ro = 0.3, for the eight-spot pattern; ¢ = 0.02, a = 35, D = 1, ro = 0.3, for the
five-spot pattern; and € = 0.02, a = 20, D = 1, 7o = 0.2, for the three-spot pattern. The discrete points are obtained from full
numerical simulations of (1.2). Right figure: the z cartesian coordinate of the two spot locations vs. ¢ for a two-spot pattern
with initial spot locations (0.2,0.0) and (0.0,0.2), which are not initially equi-distributed on a ring. The spots remain on a
slowly expanding ring for all time, and eventually become equi-distributed on the ring.

an eight-spot or a three-spot ring pattern. The parameter values chosen for these other examples are given in the
caption of Fig. 14(a) and are such that the spot strengths S; are initially below the splitting threshold.
Experiment 7 (Non-Equi-Distributed Spots on One Ring): In Fig. 14(b) we plot the z-cartesian component
of the spot locations for an initial two-spot pattern where the two spots are not equi-distributed on a ring. The
parameter values are € = 0.02, ¢ = 15, D = 1, and the initial spot locations are x1 = (0.2,0.0) and z2 = (0.0,0.2).
For this parameter set S; = 3.75 < X3 at t = 0 and the DAE system (3.6) and (3.17) predicts that S; remains
below the spot-splitting threshold Xo for all time. As ¢ increases, the two spots become equi-distributed on a slowly
expanding ring. The ring radius approaches r. = 0.454 as ¢ increases, which is consistent with (5.10).
Experiment 8 (Weak Instabilities for Spots on One-Ring): Next we show weak instabilities for an equi-
distributed one-ring pattern of spots when the number of spots on one ring exceeds some threshold. We first let nine
spots be equi-distributed at ¢ = 0 on a ring of initial radius ry = 0.3 for the parameter values € = 0.02, a = 60, and
D = 1. A small initial perturbation of the spot locations on the ring is then given to break the symmetry. The source
strengths S; for j = 1,...,9, as computed from the DAE system (3.6) and (3.17), are initially below and remain
below the spot-splitting threshold 5. In Fig. 15(a) we plot the distance to the origin as a function of time for each
of the nine spots as computed from the DAE system. Initially the spots remain very close to a slowly expanding
ring. However, as the nine-spot equilibrium radius 7. = 0.666 is approached, a weak instability in the DAE system is
triggered and one of the spots is expelled from the ring. This spot then slowly drifts back to the center of the disk.
The resulting equilibrium ring pattern has eight equi-distributed spots on a ring of radius r. =~ 0.709 together with
a spot at the center of the unit disk. This second type of ring pattern is constructed analytically in §5.2.

As a further illustration of this weak instability, we consider ten initial equi-distributed spots on a (slightly
perturbed) ring of initial radius 7o = 0.3 for the parameter values € = 0.02, a = 66, and D = 1. In Fig. 15(b) we plot
the distance to the origin as a function of time for each of the ten spots as computed from the DAE system (3.6)

and (3.17). Although the ten spots remain very close to a slowly expanding ring for a long time, a weak instability
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is eventually triggered that eventually leads to an equi-distributed three-ring pattern with four spots on each of the
two larger rings and two spots on the smaller ring.

It is beyond the scope of this paper to give a detailed analysis of this type of weak instability associated with
equilibria of the DAE system (3.6) and (3.17). For a related, but considerably simpler, interacting particle system a

similar type of small eigenvalue instability was studied analytically in [21].
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FIGURE 15. Asymptotic results for the unit disk, computed from the DAE system (3.6) and (3.17), for the distance of each
spot to the center of the disk vs. time. Left figure: for ¢ = 0.02, a = 60, and D = 1, the initial pattern has nine equi-distributed
spots on a slightly perturbed ring of initial radius ro = 0.3. Initially the nine spots remain on a slowly expanding ring. However,
the final equilibrium state has eight spots on a ring with a spot at the center of the disk. Right figure: for ¢ = 0.02, a = 66,
and D = 1, the initial pattern has ten equi-distributed spots on a slightly perturbed ring of initial radius ro = 0.3. The final
equilibrium state is an equi-distributed three-ring pattern with four spots on each of the two larger rings and two spots on the
smaller ring.

Experiment 9 (Spot-Splitting on One Ring): To illustrate spot-splitting behavior on a ring, we consider three
spots that are initially equi-distributed on a ring of radius ro = 0.3 for the parameter values ¢ = 0.02, a = 30 and
D = 1. For this initial pattern, S; = 5.0 > ¥, for j = 1,...,3 from (3.6). Therefore, we predict that all of the spots
will split simultaneously starting at ¢ = 0. This splitting process is shown in Fig. 16 where we plot full numerical
solutions computed from (1.2). The spots are shown to split in a direction roughly tangential to the ring. The spots
then become equi-distributed on a slowly expanding ring. The final six-spot pattern has a ring radius of r = 0.642,

which is consistent with the equilibrium ring radius r. as predicted by (5.10).

5.2 A One-Ring and Center Spot Pattern in the Unit Disk

Next, we consider a quasi-equilibrium ring pattern in the unit disk with K — 1 spots equi-distributed on a ring of

radius 7 and with an additional spot at the center of the disk. The points are labeled in complex form as
x; =™/ (K=1) i1 K -1, xrg =0, (Pattern II) , (5.11)

where i = v/—1. The spots on the ring have a common source strength S; = S, for j = 1,..., K — 1, while the spot
at the center has strength Sk.

We will assume that K > 3 so that there is at least two equi-distributed spots on the ring. For this case, (3.17)
predicts that the center spot is stationary (i.e. 2% = 0), while the K — 1 spots on the ring satisfy

= —2me®y(S,) [(%) Vo, Flz1,...,2x-1) + SkVG(z;;0)| , j=1...,K—1. (5.12)
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FIGURE 16. Contour plot of v computed from (1.2) for an initial three-spot pattern with spots equi-distributed on a ring of
initial radius 7o = 0.3. The parameter values are € = 0.02, a = 30, and D = 1. Each of the spots split leading to a six-spot
pattern on a ring. The ring radius then slowly relaxes to its equilibrium value of r. &~ 0.642 consistent with (5.10).

Here F(z1,...,zx) was defined in (5.6). From (5.7) and (4.2) we calculate

1 ’ , 1 1\ s
Vo, Flx1,...,0x) = mp'[(_l(r)e%”/([{_l) , j=1,...., K -1, VG(z;;0) = o (r — ;) i/ (K=1)
(5.13)
Upon substituting (5.13) into (5.12) we obtain an explicit ODE for the ring radius r(¢) in terms of the as yet unknown
source strengths S, and Sk. The result for the asymptotic dynamics is given below in (5.17) of Principal Result 5.2.
The unknown source strengths S. and Sk can be obtained from (3.7). Upon defining S, = (S.,. .., S¢, Sk)!, and
by using (5.11) for z;, we readily calculate the jth row, (GSy);, of the matrix vector product GS, in (3.7) as
pK—lSc .
(QSU)j:ﬁ—I—aSK, jZ].,...,K—].; (gSU)KZ(K—l)OZSC-F,BSK. (514)
Here px—1 = px—1(r) is defined in (5.4), while o = a(r) and 3 = B(r) are defined in terms of the Green’s function

and its regular part by

aEG(r;O):—iﬂlogr—i————, 8=R(0;0) = ——. (5.15)
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Then, by substituting (5.14) into (3.7), we readily derive the following two equations for S. and Sk:

pK—lsc _ (

S. — Sk + 27v K1

K —-1)aS. + (a—0)Sk | +v[x(S.) — x(Sk)] =0, (5.16 a)
= alQ|
=5 /D’

By eliminating Sk in (5.16) we obtain a nonlinear algebraic equation for S.. The result is summarized as follows:

Principal Result 5.2: Let Q be the unit disk with center at x = 0. Att = 0 we assume that K —1 spots, with K > 3,

(K —1)Se+ Sk = p, (5.16 b)

are equi-distributed on a ring of radius ro, with 0 < ro < 1, at the locations x; = roe2™/ (K= for i =1,... K —1,
and that there is a spot at the center xx = 0 of the disk. Then, assuming that S, < X9 =~ 4.3 and Sk < X for each
t > 0, as t increases the center spot xx remains at the origin while the other K — 1 spots remain equi-distributed on

a ring of radius r(t), where r(t) with r(0) = ro satisfies the nonlinear first-order ODE

_ _1)2K-3
7= —e2y(S.)S. |- (KZT 2 + (Ii — 7121(_2 +r(K—-1)+ SSK <7“ - 1)] . (5.17)

c r

The equilibrium ring radius re of (5.17), with 0 < r. < 1, is given by the root(s) of

(Sk/Sc+ (K —2)/2) 2_( (K —1) ) F2K—2
(K -1 +5x/S.  ~\(K-1)+5/S.) 1-p2K2"

In (5.17), Sc(r) is the common source strength for the spots on the ring (i.e. S; = S. for j =1,...,K — 1), which

(5.18)

is a root of the nonlinear algebraic equation

27V (pK_1

cl—
S{JFK K—1

(K =18 =2 )| + % Prvla = 5) 1] = 1 e SK - D)~ x(5] . (519

on the interval 0 < S. < p/(K —1). In terms of S, the source strength S = Sk (r) of the center spot is given by
Sk =pu— (K —1)S.. Herev=—1/loge, a = a(r) and 8 = B(r) are defined in (5.15), and u is defined in (5.16b).

Principal Result 5.2 shows that the existence and dynamics of the quasi-equilibrium K-spot ring pattern (5.11) is
reduced to the study of the coupled DAE system for the dynamics of the ring radius (5.17) and the single nonlinear
algebraic equation (5.19). In Fig. 17 we plot the numerical solution to (5.19) for S. = S.(r) and Sk = Sk(r) as a
function of r for e = 0.02, D = 1, but for several different values of a and K. The results show that the common ring
spot strength S, has a fold point behavior with respect to r. Hence, quasi-equilibrium ring patterns of the type (5.11)
exhibit bistable phenomena and exist only when r exceeds some fold point value ry. For r > rf, there are exactly
two values of S, with S, = O(1). Since S = u— (K —1)S,, the upper (lower) branches for S, vs.  in Fig. 17(a) and
Fig. 17(c) correspond to the lower (upper) branches for Sk vs. r in Fig. 17(b) and Fig. 17(d), respectively. In Fig. 17
the equilibrium ring radius r. for the dynamics (5.17) is indicated. The crosses in Fig. 17 indicate those points where
either S, or Sk is at the spot-splitting threshold ¥y ~ 4.3.

In Fig. 18(a) we plot the numerical solution r vs. ¢ to the reduced DAE system (5.17) and (5.19) with initial value
r(0) = 0.55 corresponding to the lower branches of the solid curves for S, vs. r in Fig. 17(a) and Fig. 17(c). The
solid curve in Fig. 18(a) for the parameter set € = 0.02, a = 60, D = 1, and K = 9, has an equilibrium ring radius
of r. = 0.709. This parameter set and equilibrium ring radius is precisely the value obtained from the full numerical
solutions of (1.2) shown in Fig. 15(a) of Experiment 8 in §5.1.

Experiment 10 (Convergence to a Ring with Center Spot Pattern): Ring patterns of the type (5.11) can

also arise as the steady-state limit of an arbitrary arrangement of initial spots locations in the unit disk. An example

of this is shown in Fig. 19 for the parameter set € = 0.02, a = 36, D = 1, and K = 6, with initial spot locations as
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FIGURE 17. S. vs. r (left figures) and Sk vs. r (right figures) for the ring pattern (5.11) in the unit disk calculated from
(5.19) for e = 0.02 and D = 1. Top row: K = 3, and a = 18.5 (heavy solid curves); K = 6, and a = 36 (solid curves). Bottom
Row: K =9, and a = 74 (heavy solid curves); K = 9 and a = 60 (solid curves). The bullets are the equilibrium points for the
dynamics (5.17). The crosses indicate where either S. or Sk is at the spot-splitting threshold .
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FIGURE 18. Left figure: asymptotic ring radius vs. ¢ with 7(0) = 0.55, € = 0.02 and D = 1 for the ring pattern (5.11) in the
unit disk computed from (5.17) and (5.19) for two lower solution branches in Fig. 17(a) and Fig. 17(c); a = 36 and K = 6
(heavy solid curve); a = 60 and K = 9 (solid curve). Right figure: distances r; vs. t for each of the six spots shown in Fig. 19.
The solid curves are obtained by solving the DAE system (3.6) and (3.17) numerically, while the discrete points are computed
numerically from (1.2). As t increases the ring radius approaches r. & 0.68, which is consistent with the equilibrium point for
the heavy solid curve in the left figure.
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FIGURE 19. Numerical results computed from (1.2) in the unit disk for an initial six spot pattern with spot locations =1 = (0, 0),
z2 = (0.0,0.4), z3 = (—0.6,—0.6), x4 = (0.5, —0.3), x5 = (0.5,0.5), and z¢ = (—0.4,0.7). The parameter values are £ = 0.02,
a =36, and D = 1. The final equilibrium state has five spots on a ring together with a spot at the center of the disk.
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FI1GURE 20. Numerical results computed from (1.2) in the unit disk for an initial pattern with eight spots equi-distributed on
a ring of initial radius ro = 0.63 together with a spot at the center of the disk. The parameter values are € = 0.02, a = 74, and
D = 1. The ring slowly expands and the spot at the center undergoes a splitting process resulting in an equilibrium solution
that has two equi-distributed spots on an inner ring and eight such spots on an outer ring.

given in the caption of Fig. 19. In Fig. 18(b) we compare the asymptotic results from the full DAE system (3.6) and
(3.17) with corresponding numerical results computed from (1.2) for the distance of each of the spots to the center
of the unit disk. The final equilibrium pattern has five spots equi-distributed on a ring with a spot at the center of
the unit disk. The equilibrium ring radius r. ~ 0.68 for this pattern is precisely the equilibrium value for the lower
branch on the solid curve in Fig. 17(a). Therefore, as t — oo, the initial pattern in Fig. 19 approaches the equilibrium
point on the lower branch of the solid curve in Fig. 17(a).

Finally, we use the plots of S. and Sk versus r in Fig. 17 to show that a ring pattern of the form (5.11) that is
initially stable to spot-splitting at ¢ = 0 can become unstable to spot-splitting at a later time before the ring radius
reaches its steady-state limiting value. This is referred to as a dynamically induced or triggered instability. Different
types of dynamically induced instabilities are well-known to occur for spike solutions in one-spatial dimension (see
[41]). To illustrate this behavior in our two-dimensional setting we now consider a specific example.

Experiment 11 (Dynamic Instability for a Ring with Center Spot Pattern): Consider the parameter set
€ =002 a="74,D =1, and K = 9, and let 7(0) = 0.63 be the initial ring radius. This gives an initial point

on the lower branch of the S, versus r (heavy solid) curve in Fig. 17(c) and, correspondingly, an initial point on
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the upper branch of the Sk versus r (heavy solid curve) in Fig. 17(d). At this initial ring radius r(0) = 0.63, we
calculate from (5.19) that S, ~ 4.19 and Sk ~ 3.45, which are both below the spot-splitting threshold ¥ =~ 4.3. As
t increases, the ring radius slowly expands and Sk slowly increases on the upper branch of the heavy solid curve in
Fig. 17(d). However, we calculate that Sk ~ 4.54 > Y5 at the equilibrium value r = r. &~ 0.709, and Sk ~ 4.3 when
r = 0.69. Therefore, the source strength Sx for the spot at the center exceeds the spot-splitting threshold 35 before
the equilibrium ring radius is attained. Theoretically, we then predict that the spot at the center will undergo a
spot-splitting event through a dynamically triggered instability. In Fig. 20 we show a confirmation of this prediction
from full numerical solution of (1.2).

A very similar argument shows that a dynamically triggered instability will occur for each spot on the ring for
the parameter set ¢ = 0.02, @ = 18.5, D = 1, and K = 3, with initial ring radius r(0) = 0.33, corresponding to an
initial point on the upper branch of the S, versus r (heavy solid) curve in Fig. 17(a). At ¢ = 0 and r(0) = 0.33, we
compute from (5.19) that S, ~ 4.15 and Sk =~ 0.95, and that S, ~ 4.35 when r = r, = 0.489. Therefore, S. exceeds
the spot-splitting value for some r in 7(0) < r < r., leading to a dynamically triggered spot-splitting behavior for

the two spots on the ring.

6 The NLEP Regime: Stability Analysis for D = O(v~1!)

We now consider the limiting case D > 1 with D = Dy /v, where v = —1/loge and Dy is an O(1) parameter. In this
regime, it was shown in [54] that the stability of a multi-spot pattern is determined by a certain nonlocal eigenvalue
problem (NLEP). By applying stability results of [48] and [52] for this NLEP, it was proved in [54] that a K-spot
pattern, with spots of equal amplitude, is stable when K > 1 if and only if
a2 |Q|2 oo 9
Dy < Doy = ———, by = dp . 6.1
o < Dok 12K 2b, 0 /0 plw(p)]” dp (6.1)

There is no stability threshold for a one-spot pattern when Dy = O(1). Here w(p) is the unique positive radially
symmetric ground-state solution of Ayw —w + w? = 0 in R?. In this section we show how to recover this result from
the eigenvalue problem (3.26) and (3.20) of §3 in the regime D = Dy /v.

To do so, we first must construct approximate solutions to the core problems (3.2) and to the nonlinear system
(3.6) for the source strengths when D = Dy/v > 1. The constraint in (3.6) indicates that S; = O(v/?) when
D = O(v~1). This fact suggests that we must expand S;, U;, V}, and xj, in (3.2) as

D) ()] ()l )
-y Iy +ee ], =y +v 4+ 6.2
< Vi ) Voj Vi U; Uo; Uy, (6.2)

Upon substituting (6.2) into (3.2), and collecting powers of v, we obtain that Up; and Vp; satisfy

1 1
VO’;+;VO’J.—V0J-+U0%§:0; U3;+;U{)j:o, 0<p<oo, (6.3a)
Voj — 07 Uoj — Xo; as p— 0. (6.3 b)
At next order, Uy; and Vi, satisfy
1 1

Vi + ;V{j — Vij 4 2U0;Vo;Vaj = U1V ; Uy + ;U{j = Uo; Vi 0<p<oo, (6.3 ¢)

Vi; — 0, Uij — Sojlogp+x1; as p—o0. (6.34d)
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Then, at one higher order, we get that Us; satisfies

1
Uélj—l—;Uéj :Ule02j+2U0jV0jV1j, 0<p<oo; UQj N;S’lj logp+x2j as p—00. (63 6)

The solution to (6.3 a) with far-field conditions (6.3 b) is simply

Uoj = Xoy 5 Voj = w/xoj - (6.4)

Here xo; is a constant to be found, and w(p) is the radially symmetric ground-state solution of Ayw —w + w? = 0.

To determine Sp; we apply the Divergence theorem to the Uy; equation in (6.3 ¢) to obtain

oo b oo
Soj = / pUo Vi dp=—, by = / pw? dp. (6.5)
0 X0j 0
It is then convenient to decompose Uy; and Vi; in terms of new variables Ul and \71 by
N 1 N
Ui = — oy +01) s Wiy = = [—xepasw+ Vi - (6.6)
X0j X0;

Upon substituting (6.4), (6.5), and (6.6), into (6.3 ¢) and (6.3 d), and using the identity Ayw — w + 2w?* = w?, we

readily obtain that Uy and V; are radially symmetric solutions of
LoVi = —Uw?, U{’—i—%(j{:wQ, 0<p<oo; Vi—0, Ul—bologp—>0 as p— oo, (6.7)
with V/(0) = U{(0) = 0. Here we have defined the “local” operator £ in terms of w by
LB =" + %@’ — &+ 2u0d. (6.8)
By specifying that there is no O(1) term in the far-field asymptotics of Uy in (6.7), then Uy and V; are independent of

j and can be uniquely determined. Finally, we use the Divergence theorem on the Us; equation in (6.3 e) to determine

S1j, and we simplify the resulting expression using (6.4) and (6.6). In this way, we obtain for S;; that
bo b1 Y B S -
Slj =—X15 | =7 + — by = P (Ulw + 2UJV1) dp. (69)
X0j 0j 0
Equations (6.5) and (6.9) relate So; and Si; to the as yet unknown constants xo; and x1;. To obtain a closed
system of equations, we substitute (6.2) into (3.6) and set D = Dy /v. Then, we expand u. in (3.6) as
U = v 1?2 (Ueo + VUer ++-+) . (6.10)
Upon collecting powers of v in the resulting expressions, we obtain that

alQ|
27‘[’\/ DO ’

K
Soj+X0j:—27T’u,co, j=1...,K,; ZSQJ‘: (6].].66)
j=1

K K
S1j+X1j + 2R ;S0; + 21 Y GijSoi = —2mucr, j=1,....K; Y Si;=0. (6.11b)
i=1 =1
i#]
We look for a K-spot solution with spots of equal height. Therefore, upon recalling (6.5) for xo;, we can solve

(6.11 a) to obtain ucy and the common values for Sp; and xo; given by

CLlQ| 1 bo bo
So; =S0= ————, w=——|(So+—=—), i=X0= — . 6.12
0j 0 9K VDo Uco 27r< o+SO> X0 = Xo S ( )



40 T. Kolokolnikov, M. J. Ward, J. Wei

To determine S1;, x1;, and u.;, we first substitute (6.9) for Si; into (6.11 b), and then solve the resulting system for

x1; and uc1. A simple calculation yields a linear system for x,1 = (x11,-..,x1k)" in the form
by p
(I = p&) xv1 = —p | —5e + 2718y (g——])e . (6.13 a)
X0 K
In terms of this solution, u.; is given by
1 t
Ue] = T K (6 Xvl + 271’50]?) . (6.13b)
In (6.13), G is the Green’s function matrix of (3.8), e = (1,...,1)* and
1
EEFeet, p=pz1,...,25) = e'Ge, pt=1—-bo/x2E. (6.13 ¢)

Since £ has rank one, together with £e = e and p # 1, then (I — ué’)_l exists and is readily calculated with the
Sherman-Woodbury-Morrison formula. Finally, in terms of the solution to (6.13 a), S1; is given by (6.9). We remark
that when the spot locations z1, ..., 2k are such that e is an eigenvector of G (i.e. G is a circulant matrix as in §5.1),
then y,1 is given by the common value x,1 = pbie/[x3(n — 1)] from (6.13 a). This completes the derivation of the
approximate solution to (3.2) and (3.6) when D = Dy /v > O(1) with Dy = O(1).

Next, we show that for D = Dy /v the multi-spot stability problem (3.26) and (3.20) reduces to the NLEP problem
of [54]. Since V; ~ v'/2w/xq; and U; ~ v=1/2x; from (6.2) and (6.4), then (3.20) with D = Dy /v reduces to

Dyw? 1 w? 2w
LO, + ——N; =)\, , N{’+—N{:V<—N-+—<I’- , 0<p<oo, 6.14 a
J X0; J J i X0; I Dy p ( )
®;, —0, N;j~Cjlogp+B; as p— oo. (6.14b)

Here L&; = & + p~'®) — ®; + 2w®;. Therefore, for v < 1, we conclude that C; = O(v) and that Bj is arbitrary.

This motivates the expansion
Bj = Bjo + Vle + 0(1/2) , Cj = I/Cjo + 0(1/2) , Nj = Bjo + I/le + 0(1/2) . (615)

Upon substituting (6.15) into (6.14), and collecting linear terms in v, we find that Nj; satisfies

1 2 2
N+ =N}, = (w—BjO + —“’@j) , 0<p<oo: Njy~Cjplogp+Bj as p— oo. (6.16)
P X0j Do

The Divergence theorem on the N;; equation then determines Cjo in terms of By as
Cjo = X—Bjo + = pw®; dp, by = pw* dp . (6.17)
j 0 0

Next, we substitute (6.15) into (3.26) to obtain to leading order in v that
K
ﬁ:Bj0+Cj0, j=1,....K,; ZCjO:O' (618)
j=1

We solve (6.18) and use (6.17) to eliminate Cjjo. This yields 7 = K~* Z;il By, where Bjo satisfies

K

b 1 2 o .

<1+—20> Bjo—F E Bjoz—D—/ pw®; dp, j=1,... K. (6.19)
X0 j=1 0Jo

Then, by substituting (6.19) into the equation (6.14 a) for ®;, we obtain K coupled nonlocal eigenvalue problems.
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In matrix form this system can be written for ®, = (®1,...,Px)! as
7 pwH®, d
LD, — 2u? foogw—gp —AD,, 0<p<oo, (6.20 a)
Jo~ pw?dp
where the matrix H is defined in terms of a diagonal matrix D and the vector e = (1,...,1)! by
_ 1
H=D(I+D-&) ", S:Eeet; Djjzbo/xgj, ji=1,...,K. (6.20b)

By diagonalizing (6.20) we recover the following result of [54]:
Principal Result 6.1: Let € — 0 and suppose that D = Do/v > 1, where v = —1/loge with Do = O(1). Then, the

stability of a K -spot solution is determined by the spectrum of the nonlocal eigenvalue problems

> d
ﬁ@/}—?w?mfooopingp:)\w7 0<p<oo; v —0 as p— o0, (6.21)
Jo~ pw?dp
where k; for i =1,..., K are the eigenvalues of the matriz H defined in (6.20b). For a one-spot solution we have

stability (i.e. Re(A\) < 0) for any value of Dy = O(1). Alternatively, a symmetric K-spot pattern with K > 1, for
which x0; = Xo for j=1,...,K, is stable if and only if Do < Dox, where the threshold Dox was given in (6.1).
To prove this result, we calculate for a symmetric K-spot pattern that the eigenvalues of H are simply
m:b_g[ub_g} 1, i=1,....K—-1, kg=1. (6.22)
X0 X0
The stability criterion of Theorem 5.1 of [48] and of [52] proves that Re(\) < Oifand only if x; > 1/2fori=1,..., K
(see also Appendix B of [54]). Therefore, since kx = 1, a one-spot solution is always stable. For K > 1, we use
(6.22) for k; to conclude that a K-spot pattern is stable if and only if xo/vby < 1. Finally, by using (6.12) for xo
we obtain the threshold value Dog of (6.1). In principle by using a higher order expansion for the solutions to the
quasi-equilibrium problem (3.2) and (3.6) and of the eigenvalue problem (3.26) and (3.20), we should be able to

calculate an O(v'/2) correction term to the threshold Dyp.

7 Discussion

We have developed a formal asymptotic analysis to derive a DAE system (3.6) and (3.17) describing the dynamics of a
collection of spots for the Schnakenburg model (1.2). By studying the stability properties of a single spot numerically,
we have formulated a criterion for the occurrence of spot-splitting behavior in (1.2) in terms of the solution to the
DAE system. By solving this DAE system numerically, and analytically for special ring-type patterns of spots, we
have favorably compared our asymptotic results for spot dynamics with full numerical solutions of (1.2).

There are several open problems for the Schnakenburg model that warrant further study. The first, and most
important, such problem is to provide a rigorous mathematical theory to supplement the formal asymptotic analysis
presented here. Motivated by the bistable phenomena discovered in §5.2 for certain ring-type patterns of spots in the
unit disk, a second key open problem is to perform a detailed bifurcation study of the equilibria of the DAE system
(3.6) and (3.17) in order to characterize all possible equilibrium spot-type patterns in an arbitrary domain and to
investigate how these solution branches depend on the parameters. A third important open problem is to derive
correction terms to the leading-order NLEP theory of §6 to determine thresholds for spot stability when D > O(1),
and to numerically study the matrix problem of (3.28) governing the stability of the core solution to locally radially

symmetric perturbations when D = O(1). A fourth open problem is to numerically calculate the solution branch
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that bifurcates off of the radially symmetric core solution at the critical value where a peanut-splitting instability is
initiated.

With regards to more general systems, a key open problem is to investigate whether the asymptotic methodology
developed here can be readily extended to other multi-component reaction-diffusion systems in the semi-strong limit
of small diffusivity of only one of the components. Such related systems include the Gierer-Meinhardt and Gray-Scott
models. More specifically, for which class of reaction-diffusion models can one guarantee that the primary instability
of the core solution is to a peanut-splitting instability that initiates a spot-splitting event? For such systems it should
be possible to derive related DAE systems governing the dynamics of a collection of spots and to formulate a criterion
for the initiation of spot-splitting. In contrast to the Schakenburg model studied in this paper in a finite domain, it
should be possible to analyze spot patterns for these other reaction-diffusion models on infinite domains provided
that the relevant Green’s function associated with the inhibitor concentration decays at infinity. Finally, it would also
be interesting to develop a similar asymptotic methodology to analyze various bifurcations associated with localized

spot patterns on slowly growing domains.
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