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STRONG LOCALIZED PERTURBATIONS OF EIGENVALUE
PROBLEMS*

MICHAEL J. WARD! anp JOSEPH B. KELLER}

Abstract. This paper considers the effect of three types of perturbations of large magnitude
but small extent on a class of linear eigenvalue problems for elliptic partial differential equations in
bounded or unbounded domains. The perturbations are the addition of a function of small support
and large magnitude to the differential operator, the removal of a small subdomain from the domain
of a problem with the imposition of a boundary condition on the boundary of the resulting hole,
and a large alteration of the boundary condition on a small region of the boundary of the domain.
For each of these perturbations, the eigenvalues and eigenfunctions for the perturbed problem are
constructed by the method of matched asymptotic expansions for € small, where ¢ is a measure of
the extent of the perturbation. In some special cases, the asymptotic results are shown to agree well
with exact results. The asymptotic theory is then applied to determine the exit time distribution for

a particle undergoing Brownian motion inside a container having reflecting walls perforated by many
small holes.
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Introduction. A perturbation of large magnitude but small extent will be called
a strong localized perturbation. It may be contrasted with a weak perturbation, which
is of small magnitude but may have large extent. We shall show how to calculate the
effects of strong localized perturbations on the solutions of eigenvalue problems.

Three examples of strong localized perturbations that we will consider are the
addition of a function of small support and large magnitude to a differential operator,
the removal of a small subdomain from the domain of a problem with the imposition
of a boundary condition on the boundary of the resulting hole, and a large alteration
of the boundary condition on a small region of the boundary of a domain.

Problems analogous to those of the first kind arise in the measurement of the
electrical properties of a sample of material by the change it produces in the resonant
frequency of a cavity oscillator in which it is placed. Problems involving the effect
of perturbing the boundary condition occur in calculating the change in resonant fre-
quencies in room acoustics due to absorbing material on portions of the wall or ceiling.
They also occur in analyzing the escape of particles from nearly closed containers.

Strong localized perturbations are singular perturbations in the sense that they
produce large changes in the solutions of the problems in which they occur. However,
these large changes are themselves localized. Consequently, the perturbed solutions
can be constructed by the method of matched asymptotic expansions. An inner ex-
pansion can describe the large changes in the solution in a neighborhood of the strong
perturbation. An outer expansion, valid in the region away from the strong perturba-
tion, can account for the relatively small effects that the perturbation produces there.
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These two expansions can be matched to determine the undetermined coefficients in
both of them and in the expansion of the eigenvalue.

In §81 and 2 we consider the effect of a strong localized potential on the eigenvalues
of the Schrodinger operator in a domain D of R™ where n > 3. In §3 we determine
the effect of deleting a small subdomain from D when n > 3. The corresponding two-
dimensional case is considered in §4. The results proved previously by Ozawa [3]-[6]
in some special cases are reproduced in §§3 and 4. For some special geometries, we
also show that the asymptotic results for the perturbed eigenvalues agree well with
corresponding exact analytical results.

In §5 we treat the case of a strong localized perturbation of the boundary condi-
tion. The results are applied in §6 to determine the exit time distribution for a particle
undergoing Brownian motion inside a container having reflecting walls perforated by
many small holes.

The present analysis has been adapted in [9]-[11] to treat the effect of strong
localized perturbations on nonlinear eigenvalue problems. Corrections to fold points
of S-shaped response curves were obtained and applied in combustion theory. Some
related work is found in [2].

1. Perturbation by a strong localized potential (n > 3). Let us consider
the following unperturbed eigenvalue problem for the Schrodinger operator in a domain
D of the n-dimensional space R™:

(1.1a) [- A+ U()]u(z) =X p( Jup(z), z €D,
(1.1b) [On + b(z)]uo(z) =0, z€dD,
(110 [ @ ot da=1.

The potential U(z), the weight function p(x) > 0, and the boundary impedance b(x)
in (1.1) are given smooth functions. We assume that (1.1) has a simple isolated
eigenvalue A9 with a corresponding eigenfunction uo(z). If D = R", condition (1.1b)
is to be omitted.

Now we introduce a strongly perturbed form of this problem by adding to (1.1a)
the perturbing potential ¢~2V(y), where y = (z — zo)/e. Here zo is an interior
point of D, and ¢ is a small parameter proportional to the range of the perturbing
potential. We require that V(y) tend to zero sufficiently rapidly as |y| tends to infinity.
Some examples of the perturbing potentials that we can treat are those that decay
exponentially as y — oo, those that have sufficiently fast algebraic decay as y — oo in
a sense to be made precise below, or those that have compact support. Then as € — 0,
€~2V|[(x — zo0)/€] tends to zero for all z # xo. In order that the perturbation produce
an appreciable effect on the eigenvalue and eigenfunction for small values of €, the
strength of the perturbation potential is made proportional to =2 for x — xg = O(e).
Thus the strongly perturbed problem is to find u(x, €) and A(e) satisfying

(1.2a) [—-A+U(z)+ € 2V|(z — 20)/e]]u(z,€) = A(e) p(z) u(z,€), z€D,
(1.2b) [On + b(z)]u(z,€) =0, =z €D,

(1.2¢) / u2(z,€) p(x)dx =1.
D

To reveal the nature of the spectrum associated with (1.2), we introduce the local
variables y = e~ 1(z — xo) and v(y,€) = u(xo + ey), defined near the support of V.
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Then we obtain the following inner eigenvalue problem:
(1.3) —Nyv+V(y)v=pp(xo)v, y€R"; v—0 asy— 0.

This problem has a finite number of discrete eigenvalues p; as well as a continuous
spectrum. The full problem (1.2) has a discrete eigenvalue near the eigenvalue pe=2
associated with the inner problem. The full problem (1.2) also has a discrete eigenvalue
near any isolated eigenvalue of the outer problem (1.1). The analysis below is limited
to this latter case in which A(¢) tends to a simple isolated eigenvalue Ag of (1.1). A
technical assumption that we shall need throughout the analysis below is that (1.3)
does not have a zero eigenvalue.

We seek a solution of (1.2) for € small, for which A(e) — Ao as € — 0. We expect
that the corresponding perturbed eigenfunction u(z,€) will differ appreciably from
ug(x) for x near xp, but that it will differ little from ug for z far from z9. Therefore,
we shall represent u(z, €) by two different asymptotic expansions for € < 1, an “inner”
expansion for x near xo and an “outer” expansion for x far from xg.

The outer expansion of u must begin with up, and the expansion of A must begin
with Ag; so we write

(1.4)
u(z,€) = uo(x) + v1(€) ur (z) + va(e) uz(x) + v3(e) ug(x) + - -,
| — x| > O(e),

(1.5) Ae) = o +vi(e) A +rv2(e) Ag +v3(e) A3 + -+ - .

Here the gauge functions v;(€), which satisfy v;(e) << 1 and v;(€) > vitr1(€) as e — 0,
are to be found. Now we substitute (1.4) and (1.5) into (1.2) and equate terms of each

order in €. The terms of order € yield (1.1) for x # o while the terms of order v (¢)
yield

(1.6a) Auy —U(x)ur + do p(z)ur = =X p(x) uo |z — xo| > O(e),
(1.6b) [On + b(2)] wi(z) =0, x€ 0D,
(1.6c) / uo(x) ui (z) p(z)dz = 0.

D

Since the behavior of u;(x) as = tends to zg is not yet known, the function u; is not

yet completely defined. However, ug was defined as a solution of (1.1), so it is regular
at xp.

To write the inner expansion of u, we introduce the stretched variable y =
(x — x0)/€ and set v(y, €) = u(xo + ey, €). Then (1.2a) becomes

(1.7) =Dy + [V(y) + e Ulzo + ey)] v=e2 Ap(z0 + ey) v.
Now for n > 3 we write the inner expansion of u as
(1.8) u(zo + ey, €) = v(y, €) = vo(y) + evi(y) + v2(y) + -+ .

Next we substitute (1.5) and (1.8) into (1.7) and equate coeflicients of €, ¢, and €2 to
get

(1.9) Dyvg —V(y)ve =0,
(1.10) Dyv1 = V(y)v =0,
(1.11) Dyvy = V(y)va = =g p(xo) vo + U(xo) vo -



STRONG LOCALIZED PERTURBATIONS OF EIGENVALUE PROBLEMS 773

The inner and outer expansions must be asymptotically equal in some overlap

domain within which y is large and x — x is small. Thus in this domain the matching
condition is

(112) () +wi()ua(x) +va(ejuz(x) + -+ ~vo(y) + evi(y) + Eva(y) +---

From the terms of order €? in (1.12), we obtain the first matching condition, vy(y) —
up(xo) as y — oco. Under the assumption that g = 0 is not an eigenvalue of (1.3), there
exists a unique solution ¥ (y) of (1.9) that satisfies vo(y) — 1 as y — oo. Therefore,
the leading-order inner solution is vy(y) = wuo(xo)vo(y). To proceed further with the
matching, we need more terms in the behavior of v(y) for y — co. We assume that

lyl*V(y) — 0 as |y| — oo for k = n+ 1. Then (1.9) reduces to Laplaces’s equation for
ly] — oo and

B C +Ciyi
[yl»=2 [yl

The coefficients C and C; in (1.13) are uniquely determined by the solution v (y), so
they are determined by the perturbing potential V(y). In three dimensions (n = 3),
C has the dimensions of length, and it is called the “scattering length” of V.

We now use vo(y) = uo(z0)vo(y) in (1.12) and set y = (x — xz9)/e. Then the
second term in the far field form of ug(zo)vo(y) becomes —er—2ug(zo) C/|z — x|~ 2,
which must be matched by the second term vy (€) ui (x) on the left-hand side of (1.12).
Therefore, the first gauge function must be v (€) = "2, and then

(1.13) vo(y) = 1 T

(1.14) ur () ~ —ug(zo) C/|lz —xo|"~2 asx — xo .

This condition determines the previously unknown behavior of u(z) as x tends to xo.

Problems (1.6) and (1.14) are an inhomogeneous form of (1.1), so they will have a
solution only if the inhomogeneous terms satisfy a solvability condition. To derive it,
we multiply (1.6a) by up and integrate the resulting equation over the region outside
a small sphere D, of radius o centered at xyo. Upon using Green’s theorem and the
boundary conditions (1.1b) and (1.6b), or the assumed decay of up and u; at infinity
if D = R", we obtain

(1.15) —)\1/ ud(z) p(x) dz =/ (uoBpur — u1Gpup) dx .
D\D, oD,

Here 0, corresponds to the outward normal derivative to D\D,. Now, by using the
behavior (1.14) of u; near xzg, we can evaluate the limit of the right-hand side of
(1.15) as o tends to zero. The integral on the left-hand side tends to 1 because ug is
normalized, and we obtain

(1.16) Al=(n—-2)w, C [uo(:vo)]2 .

Here w, = 27"/2/T'(n/2) is the area of the unit sphere in n dimensions, and I'(z) is
the gamma function.

With A; given by (1.16), problems (1.6) and (1.14) can be solved for ui. The
solution is made unique by the orthogonality condition (1.6¢c). Substituting u;(x) and
v1(€) = =2 into (1.4) gives the first correction term in the outer expansion of u(z, €).
The leading term in the inner expansion is vy(y) = uo(x0)0o(y). The first correction
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to the eigenvalue is A1 given by (1.16). We summarize our results in the following
statement.

PROPOSITION 1. For dimension n > 3, assume that |y|*V(y) — 0 as |y| — oo
for k =n+1 and that u = 0 is not an eigenvalue of (1.3). Assume that A(e) is an

eigenvalue of (1.2) that tends to a simple isolated eigenvalue Ao of (1.1) as e — 0.
Then, for e < 1,

(1.17) Ae) = o +en—2 (n—2)%—(7:—:/—%%6’[uo(:z:o)]2 + O(en1), n>3.

Here uy(x) is the normalized eigenfunction of (1.1) corresponding to Ao. The normal-
ized eigenfunction u(x,€) corresponding to A(e) is given by the two expansions

(1.18) u(z,€) = up(z) + €2 ur(z) + O(en=1), |z — xo| > €,
(1.19) u(z, €) = uo(zo0) Vo (x — xo> +0(e), |z —x0|=0C(e).

The function ui satisfies (1.6) and (1.14), while 9 satisfies (1.9) and 9(c0) = 1.
The constant C in (1.17) is determined by the solution 9y via (1.13). The composite
expansion of u(x,€), valid everywhere in D, obtained by adding (1.18) and (1.19) and
subtracting their common part, is given by

(1.20)

u(@,€) = uo(2) + e~ 2uy () + uo (20) [ﬁo (””'””") - (1 —E—nlz—g—)] .

€ - |z — @o|n—2

2. Higher-order terms (n > 3). Now we will extend the calculations of §1 to
obtain further terms in the expansions. These terms are essential when ug(zo) = 0,
for then the correction term i, given in (1.16), vanishes.

By using y = (# — x¢) /€ in (1.13), we find that the third term is of order er—1.
Thus, when (1.13) is used in the matching condition (1.12), it follows that o (€) = en—1.
Then, with this gauge function, and assuming a sufficiently rapid decay of V(y) as

y — 00, we substitute (1.4) and (1.5) into (1.2) to obtain the following equation
for us:

(2.1a)
Dug — U(x) uz + Ao p(x) uz = —A2p(x) up — A1 p(x) 16,3, |z — z0| > O(e),
(2.1b) [On +b(z)]ue =0, =z €D,
(2.1¢c) / [2uouz + uibns] p(z)dz = 0.
D

We now must determine the singular behavior of uz as z tends to xp.
To do so, we first calculate the next term in u; for x near x¢ by using (1.6) and
(1.14). We find that it is given by

uo(z0) C | — xold—m for n>5,
(2.2) uy (z) ~ ‘Eg_(‘;—)ln—_g — aug(zo) C {log|x~x0| for n=4,
0 1 for n=3.

Here « is a constant, independent of C' but depending on n, which is determined
uniquely by the solution u;. Writing (2.2) in inner variables, expanding ug(zo + €y) =
uo (o) +€ [0z, uo(x0)] yi +- - -, and then using the matching condition (1.12), we obtain

(2.3) v1(y) ~ [0z, u0(20)] yi — cuo(xo) C bn3  as |y| — oo.
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This condition determines a unique solution of (1.10) for v;(y), provided that we
require that further terms in the expansion of v; vanish as |y| — co. Then, as in the
case of vy, we can express the solution v; (y) in the form

(2.4) v1(y) = [0, uo(@0)] 91: (y) — o (wo) C bn3 Do (y) -

Here 0p(y) was defined below (1.12), and ©1;(y) is the unique solution of (1.10) sat-
isfying 01:(y) ~ yi + o(1) as y — oo. In particular, assuming that |y|*V (y) — 0 for
k = n + 2 then the far field form of 0;;(y) is

Bi Bi'y'
25) o) = [+ oy + D
( e T

+] as |y| — oo.

The constants B; and B;; are determined by the solution ©;;(y) and thus by the
potential V' (y).
We now use (2.4), (2.5), and (1.13) in the matching condition (1.12) with y =

€~1(x — x0). Then the terms of order e»~! yield the following condition on uy as x
tends to xg:

. . X . 2
(2.6) w (.’L’) N uo(xo)C, (a:z :(:()z) n [6;,. Up (xo)Bz -+ a’LLo_(2xo) C 5n3] .
|z — xo|™ |x — xo|™

By proceeding as before and using (1.15), with u;, A; replaced by uz, A2, we derive
the solvability condition for (2.1) and (2.6), and from it we get
2.7)

Ao = —uo(xo)wn C; Or, up (:170) + (2 — n) Wy uO(.’Eo) [6zi uO(.’Eo)Bi + OzuO(:IJ()) C? §n3] .
Then problems (2.1), (2.6) can be solved uniquely for uz. Now both (1.17) for A(e) and

(1.19) for the inner expansion of u can be extended to another term. We summarize
our results as follows.

COROLLARY 1. For dimension n > 3, assume that |y|*V(y) — 0 as |y| — oo
for k =n+2 and that p = 0 is not an eigenvalue of (1.3). Assume that A(€) is an

eigenvalue of (1.2) that tends to a simple isolated eigenvalue Ao of (1.1) as € — 0.
Then, for e < 1,

A€) =Xo + €=2(n — 2) wy C [ug (300)]2
(2.8) + €r~Lug (zo )wn [Bzi uo (o) ((2 —n)Bi - Ci)

+ (2 —n)aug(x)C? 6n3] 4+,

(2.9) u(z,€) = uo(x) + € 2ur(x) + e tug(z)+ -+, |r—z0| > €,

u(z, €) =ug(x0) o (a: —€x0>

(2.10) + € [61,. uo (o) 014 (:I: — xo) — aup(zo) Cénsto (SL' ﬁewo) } NI

€
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Further terms can be obtained by continuing in the same way.

We will not calculate any further in general. However, in the special case when
up(xo) = 0, both corrections A\; and Az vanish, and then we must proceed further to
obtain a nonzero correction to Ag. Since A\; = 0 and up(zp) = 0, we find from (1.6)
and (1.14) that u; = 0. However, we observe from (2.1) and (2.6) that uy does not
vanish identically. To determine the first nonvanishing correction to the eigenvalue,
we choose v3(€) = € so that the next term in expansions (1.4) and (1.5) are e*u3(x)
and € \3, respectively. Using these expansions in (1.2), and assuming a sufficiently
rapid decay of V(y) as y — oo, we find that us satisfies

(2.11a)  Auz —U(x)us + do p(x) uz = — A3 p(x) uo , |x — 20| > O(e),
(2.11b) [On +b(z)]us =0, z€dD,
(2.11c) / wous p(xz)dx =0.

D

To determine the singular behavior of uz, we first must calculate the next term
in us for x near xp when ug(x9) = 0. From (2.1) and (2.6), we find that

0z, uo (o) B |z —xolt-"  for n>5,
(2.12) up(x) ~ ﬁ:—l———oi—?"l——% + Oz, uo(z0) Bi vy {log |z — zo| for n =4,
’ 1 for n =3.

Here 7 is a constant, independent of B;, determined uniquely by the solution uz. We
now write (2.12) in inner variables, expand ug(zo + €y) through terms of order €2, and
use the matching condition (1.12) to obtain

(2.13) v2(y) ~ 5 [0z, 00, u0(z0)] i y; + O, uo(mo) Biy bz as |y| — oco.

When ug(z9) = 0, the equation for vy is obtained from (1.11) upon setting v9 = 0.
The solution to (1.11) and (2.13) can be written in the form

(2.14) v2(y) = [Bz; Bu;u0(x0)] D2ij(y) + Bz, w0 (o) Bi v 6n3 T2 (y) -

Here 02;;(y) and ¥ (y) are solutions of (1.11) with the following asymptotic forms as
ly| — oo

E
4+, g =14 — 4.
) ly|n 2

When (2.4), (2.5) and (2.14), (2.15) are used in the matching condition (1.12),
the terms of order e” yield the following condition on uz as x tends to xg:
(2.16)

B, uo (o) Bij (x5 — mo;) | [0r,8z,u0(20)] Dij | Or,u0(x0) Bi v E duy
ug(x) ~ + )
|z — xo|™ | — xo|n—2 | — zo|n—2

. 1 D;;
(2.15) 02 (y) = 5Yiys + -2

Invoking the solvability condition (1.15) on (2.11), (2.16), and using up(zp) = 0, we
obtain A3 as

(2.17) )\3 = —Whn 31,.11,()(:170) Bjj af[j U[)(CL‘()) .

Then (2.11) and (2.16) can be solved uniquely for uz. We summarize our results as
follows.
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COROLLARY 2. For dimension n > 3, assume that |y|*V (y) — 0 as |y| — oo for
k =n+ 3 and that u = 0 is not an eigenvalue of (1.3). Assume that up(xo) = 0 and

that \(€) is an eigenvalue of (1.2) that tends to a simple isolated eigenvalue Ao of (1.1)
as € — 0. Then, fore < 1,

(2.18) A(€) = Ao — €" wn Os, uo (o) Bij Or, uo(wo) + -+,
(2.19) w(z,€) = up(zo) + € Lug(x) + €rug(x) +- -, |z — 0| > €,

€

u(z, €) = € [0z, uo(T0)] D1 T + €2 [axi Or; uo (xO)] D24 T
(2.20) ( € > ( )

+623z,.u0(mo)Bi’75n3'D2 (.T—€$0> + ey, I:I,‘—SL‘()I = O(e).

3. Deletion of a small subdomain (n > 3). We now perturb the eigenvalue
problem (1.1) by removing from D a small subdomain D, of “radius” O(e), centered
at some point xy in D, and we impose a boundary condition on the resulting hole.
The perturbed problem is

(3.1a) Au(z, €) + (A(e) plz) — U(x)) u(z,€) =0, xeD\D.,
(3.1b) On u(z,€) + b(x)u(x,e) =0, xz€dD,
(3.1¢) €0y u(z,€) + ku(z,e) =0, z € 0D,
(3.1d) / u?(z,e) p(z)dz=1.
D

€

Here k is a constant and O,u is the directional derivative of u along the outward
normal to D\D,. The domain D, is obtained from a fixed domain D; by shrinking
the distance from every point of dD; to xo by the factor e. If D has no boundary,
(3.1b) is vacuous.

We will now solve (3.1) for « > 0. In the outer region away from the hole D., we
expand u, A, as in (1.4), (1.5) with v1(e) = =2 and v»(€) = €~ to derive (1.6) for
the correction u; and (2.1) for the correction us. The solvability condition for u; is
given in (1.15), with an analogous condition holding for us. To determine the singular
behavior for u; and ug as x tends to xp, needed for the solvability condition, we must
construct an inner expansion near D.. In the inner region, we write y = e~1(z — o),
v(y, €) = u(xo + €y, €) to obtain, in place of (1.7),

(3.2a) Dyv— €2 U(xo + ey)v = —e2 Xp(xo +ey)v, y ¢ Dy,

(3.2b) Ohv+rkv=0, ye€oD;.

In (3.2) A, and 8, denote derivatives with respect to y and D; is the domain D, in
the y variable. Expanding v in powers of ¢ as in (1.8), we obtain the following inner
problems (3.3)—(3.5) in place of (1.9)-(1.11):

(3.3) Dyvo =0, y¢Di; Gpvo+kw=0, yedD,

(3.4) Ay’U1=0, y¢D1; Ohv1 + kv =0, y€6D1,

(3.5) Ayvy = (U(xo) - )\op(xo))vo, y¢ Di; Opva+kKkv2=0, ye€oD:.
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The matching condition for the inner and outer solutions is expressed in (1.12).

Rather than repeating the analysis of §§1 and 2, we observe that the calculation
parallels that in those sections if we replace the inner problems (1.9)-(1.11) by (3.3)-
(3.5). Then the far field forms of the solutions of the inner problems (3.3) and (3.4)
are still as given in (1.13), (2.4), and (2.5), with the constants C, C;, B;, B;j, and so
forth, depending on k. The constant « in (2.2) is independent of k. To obtain A;, we
match the leading terms in (1.12) to obtain the matching condition vg(y) — uo (o)
as |y| — oo. Writing vo(y) = uo(zo)do(y), where 9y satisfies (3.3) and @g(o0) = 1,
we obtain the far field behavior of 9 given in (1.13). Proceeding as in (1.14) and
(1.15), we find that A; is given by (1.16) in which C = C(k). Then we can proceed as
in (2.1)-(2.6) to derive (2.7) for the second correction to the unperturbed eigenvalue.
The results are summarized in the two term expansion for A(e), and the inner and
outer solutions given in (2.8)—(2.10).

In the special case when ug(zo) = 0, the terms in (2.8) of orders O(e?~2) and
O(en=1) both vanish. To obtain the first nonvanishing correction to Ao, we proceed as
in the derivation of (2.17). All the results of (2.11)—(2.16) apply to the present case
if we replace the inner problems (1.9)—(1.11) by (3.3)—(3.5). The constants D;; and
FE in (2.15) depend on k whereas the constant v in (2.12) is independent of k. The
results for this case are then summarized in (2.18)—(2.20).

The conclusion is that Proposition 1 and Corollaries 1 and 2 hold when a hole is
deleted from the domain, instead of a potential being added, provided that vg, v1, and
vy are the solutions of (3.3)—(3.5). These results are not useful when x = 0 because
then the corrections they yield for A(e) vanish.

We now consider the case where k = 0. In this case, we have vy = 1, and thus
C(0) = 0, C;(0) = 0, and so forth. Therefore, it follows from (1.6), (1.14), and (1.16)
that A\; = 0 and u; = 0. In addition, from (2.5) we obtain that B;(0) = 0, and thus
from (2.1), (2.6), and (2.7), we conclude that A2 = 0 and up = 0. Therefore, in this
case, the expansion of \(€) is A(€) = Ao +€” A3 +- - - . The corresponding expansions of
the outer and inner solutions are u = up + €"u3 +--- and v = ug(zo) + €v1 +eva + - -,
respectively. Substituting the outer expansion into (3.1), we find that us satisfies
(2.11). Substituting the inner expansion into (3.2) and setting « = 0, we obtain

Ay’01=0, y¢D17 an’UIZOa yeaDla
(3.7) ADyve = (U(xo) - )\op(xo)) uo(zo), y¢D1; Opva=0, yedD.
From the matching condition (1.12), we find that vi ~ [0 uo(z0)]y: and
Vo ~ [8,5,. O, uo(aro)] ¥iy;/2 as y — oo. The solution for v; can be written as v; =

[0z, uo (z0)] D1:, where 91; is the solution to (3.6) for which 91; — y; = o(1) as y — oo.
Its asymptotic form is given in (2.5) with B;(0) = 0, and thus

38 01(0) = 0 un(an)]01ats) = n (e (3 + P4 4} a5y oo,
To solve (3.7), we write v2(y) as
(39) V2 (y) = % [81,830, UO(xO)] YilYj + ¢(y) .

Substituting this form into (3.7) and using (1.1a) evaluated at zo, we obtain

(3.10) Ayp=0, y¢ Di; 6n¢:—% [8@8@,’“0(550)] On (yiyj), y€OD:.
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Imposing the condition that ¢ — 0 as |y| — oo, we find that ¢ ~ —E/|y|»~2. To

determine E, we apply the divergence theorem to (3.10) in the region outside D; to
obtain

(3.11) wn (n—2)E = %/ [0z, 0w, w0 (20)] On (y:y5) ds.
D,

Then, applying the divergence theorem to the interior of D; and using (1.1a), we
derive

| (% pla0) = Ua0)) wo(awo) i

(312) E = —m D, A’U/O(.’L'())dx = on (n — 2)

Here Vi is the volume of D;. Therefore, from (3.9) the far field behavior of vy is

1

(3.13) va(y) = = [Or, Oz, w0 (w0)] i yj —

D) + - as Yy — 0o.

|y|n—2

Using (3.8) and (3.13) in the matching condition (1.12), we obtain the following
singular behavior for us as x — xg:

Bi;(0) (z; — o) E

(314) US(CE) ~ [83;1 UO(:EO)] lx _ xoln - |l‘ — x0|"“2 ’

Imposing the solvability condition on the problem for ug, defined by (2.11) and (3.14),
we determine A3 as

(3.15) A3 =W ()\0 p(xo) — U(:B())) [U()(:E())]2 — wn O, u0(0) Bij(0) Or, uo(x0) -

Problems (2.11) and (3.14) can then be solved uniquely for uz. We summarize our
results in the following statement.

COROLLARY 3. For dimensionn > 3, assume that k = 0 in (3.1c). Let A(e) — Ao

where Ao 1s a simple eigenvalue of (1.1). Then, for e < 1,
(3.16)

Ae) = Ao + [vl ()\op(:vo) - U(:vo)) [0 (20)]” = wn B, o (w0) Bi; (0)0%, uo(aco)] L.

(3.17) u(z,€) = uo(x) + € uz(x) +-- -, |z — zo| > O(e),
(3.18)
) = wofa) + ¢ [0 w0 o) v

T — g

) + % [81?:' O, uO(xO)] (z: — ®oi) (x5 — zoj)

€

vas (T4, -l =00,
We note from (3.16) that the coefficient of order €" does not vanish when ug(xo) = 0,
and thus (3.15) still gives the first nonvanishing correction to the eigenvalue in this
case.

The constants C(x) and B;;(k) appearing in (2.8), (2.18), and (3.16) are known
for some special hole geometries. In particular, when D; is a sphere of radius a and
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n > 3, then C(k) = ka""1/[(n—2)+ ka]. For n = 3 and K = oo, the constant
C(o0) appearing in (2.8) is the capacitance of D;, which is known explicitly for some
domains, D;. When D; is a sphere of radius a, we have C(o0) = a; for a circular
disk of radius a, C(c0) = 2a/7; for an oblate spheroid with semi-axes a1 = a2 > a3,
C(o0) = (a? — a2)1/2/ cos~!(a3/a1); for a prolate spheroid with semi-axes a1 > az =
a3, C(00) = (a2 — a2)!/2/ cosh™* (a1 /as). For a general ellipsoid,

(3.19)

Cloo) =2( [ an/men) ", where R(n) = (af +)2(a3 + )}/2(a} + )2

Szegd [8] has shown that the sphere has the smallest capacitance of all domains of
the same volume. Thus among all such domains, deleted at xy, a sphere produces the
smallest first-order perturbation of each eigenvalue.

When « = 0 and n = 3, B;;(0) is called the polarizability tensor of D;, which
can also be found explicitly for various hole geometries. If D; is an ellipsoid with
semi-axes a; aligned with the coordinate axes, then

(3.20) B-4(0)~Yl(l—n')—15~ where nl—laaa /oo———dﬂ——-

- 7 —471’ ] %] z‘—21230 R(n)(a?—l-n)'
Here Vi = 4majazas3/3 is the volume of D;. If D, is a sphere of radius a, then n; = %,
and thus B;;(0) = a36;;/2. In addition, if kK = 0o and D; is an ellipsoid with semi-axes
a;, which are aligned with the coordinate axes, then

1%

6i]' .

Finally, if D, is a sphere of radius a and n = 3, then

1-ka
(3.22) B = (352 8.
Thus, in the limiting cases kK — oo and kK — 0, we obtain Bj;(co) = —a3d;; and

B;;(0) = a36;;/2 for a sphere of radius a when n = 3.

The expansion (2.8) for A(e) simplifies when 9;; ug(xp) = 0 or when D; has special
symmetry. In particular, when D, is a sphere then C;(k) = B;(k) = 0 and thus in this
case the term of order "1 in (2.8) vanishes when n > 3. For a sphere with n = 3, (2.8)
provides an almost explicit two-term expansion for A(e) in terms of ug(xo) and the
known quantity C'(k), given above. The constant « in (2.8), which can be determined
only from the solution to (1.6) and (2.2), cannot be found explicitly for arbitrary
domains D and hole locations. It will be determined explicitly in a special case below.
Finally, we note that (2.8) can be simplified as k — 0, by using the limiting behaviors
C(k) ~ S16/[(n = 2)w,], Ci(k) = o(1) and B;(k) = o(1) for k <« 1. Here S} is the
surface area of OD;. Thus if k = exp, with k¢ independent of €, (2.8) reduces to

(3.23) Ale) = Ao + €1 S} Ko [uo(xo)]2 + (k = €ko) -

3.1. Deletion of a small subdomain (n = 3): Examples. Now we con-
sider some examples of the theory developed above. For some simple geometries, our
asymptotic results will be compared with exact analytical results and with some re-
sults obtained previously in certain limiting cases. To construct explicit solutions, we
assume below that p =1, U =0, and b = constant in (1.1) and (3.1).
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If D, is a hole of arbitrary shape with x = 0o and n = 3, the result (1.17) applies
with C(00) being the capacitance of D;. This result was proved by Ozawa [5], and
some related results were proved earlier by Swanson [7]. When our two-term result
(2.8) is applied to a spherical hole of radius € with kK = 0o and n = 3, then C =1,
C; =0, and B; = 0. This result was also proved by Ozawa [3]. Our Proposition 1
and Corollaries 1-3 extend these results to the case of arbitrary hole shape, arbitrary
K > 0, and vanishing ug (o).

If D is a sphere of radius 1, then the unperturbed eigenfunctions and eigenvalues
for (1.1) are known explicitly. We now determine the corrections to the unperturbed
eigenvalues corresponding to spherically symmetric eigenfunctions as a result of placing
a small hole, centered at some point ry = |zg| < 1, inside the unit sphere.

These eigenfunctions and associated eigenvalues for (1.1) are given by

(3.24)
~ NV, o= (22)7 (14 SR g = Y20

9

o

where jo(z) = z-!sinz. For the perturbed problem (3.1), the first correction to Ay
was determined above for three ranges of x. From (2.8), (3.23), and (3.16), we obtain

(3.25a) Ae) = Ao + 4meCNE 52 (v Xoro),
—4me2 N jo (v Aoro) [\/ 0Jo (V Aor0) = (Bi + Ci) + ajo(v/oro) 02] -k >0,
(3.25Db) Ae) =X+ S1 €2k NEj2(V/ Xomo) ++++, K =¢€kro,

(3.25¢)

A€) = Ao + €3 X N2

‘/1J0 \/_TO)—_(]O \/_TO ) sz 1] 0):1»'0]:| + -, k=0.

Here S; is the surface area of 0D, Vi is the volume of Dy, and D; is the domain D,
magnified by e~1. The constants «, C(k), Ci(k), Bi(k), Bi;(0) were defined in (2.2),
(1.13), and (2.5). Explicit expressions for C'(k), B;;(0) were given above for some hole
geometries.

In particular, if D; is a sphere of radius a, then B;;(0) = a36;;/2. In this case,
(3.25¢) becomes

(3:26) A(e) = Xo + 47”;3 Y N§ [Jﬁ(\/%m) - %(j{)(\/XEm))?] e k=0,

Suppose that b = co in (3.24) so that u = 0 on 7 = 1. Then, for the smallest eigenvalue
Ao = 72 of (1.1), a numerical calculation shows that the coefficient of order €3 in (3.26)
is positive if ro < .5845 and negative if .5845 < ro < 1. A similar result occurs for the
nonlinear eigenvalue problems arising in combustion theory, which we considered in
[10]. In that context, the change in sign of A\(€) — A¢ was shown to have an interesting
physical interpretation.

In the special case when g = 0 and k > 0, it is possible to determine explicitly
the constant a appearing in (3.25a). Since j,(0) = 0, then (3.25a) reduces to

(3.27) Me) =X +4meC(k) N —4me2aC?(k) N2 +
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The constant « is found from the solution to (1.6) and (2.2), which become

2 .
Ulrr+;ulr+>\0ul=_)\luﬂ, in 0<r<1,

(3.28) uir +bup =0, on r=1,
1
/ wpurrtdr =0, uy = —C(m)uo(O)(r—l +a) +o(1), as r—0.
0

The solution to (3.28) is

(3.29a)

ui(r) = [5)\)‘— cos(v/ Aor) — cos (Vor) — \/_ ( C(k) 5/}15) sin(\/s\;r)] ,
where

(3.29Db) a= fgﬁ [—3 +4 (Wi\gg ) sin?(v/%0) ]

Using (3.29b) in (3.27) gives an explicit two-term expansion for A(e) when a hole of
arbitrary shape is located at the center of a sphere of radius 1. In particular, if b = oo
then from (3.24) we find Ao = n2n2, TNZ /Ao = 1, and thus (3.27) becomes

)

(3.30) A€) = Xo [1+2C’(m)e+302(n) €2 +] .

We now compare the asymptotic results (3.25b), (3.25c), and (3.30) with the
exact eigenvalues of (3.1) when b = oo and Dk is a sphere of radius ea centered at the
origin. For two concentric spheres, the exact eigenvalue relation for (3.1) is

) . €z jo(aez) — k jo(aez)

(3.31) i) = w(2) Lzy,o o wo(m)} .
Here z = VX and y(z) = 2-1cosz. Expanding X\ in powers of ¢ for k > 0,
k = ero and k = 0, we readily recover (3.25b), (3.25¢), and (3.30) with ro = 0,
C(k) = ka?/(1+ ka), S1 = 4ma? and Vi = 4ma3/3. In Table 1 we compare the
asymptotic result (3.30) with the smallest eigenvalue of (3.1) obtained by solving (3.31)
numerically when k = 1. In Table 2 we compare our asymptotic result (3.30) with the
smallest eigenvalue of (3.1) for kK = 0o, which is given explicitly by A(e) = n2(1 —€)~2.
From these tables, we observe that the three-term expansion (3.30) for the smallest
eigenvalue of (3.1), when @ = 1, is within 3 percent of the exact value even when
€= % We would expect similar agreement for the case of a hole of arbitrary shape.

Now, if & > 0 and )¢ is not the minimum eigenvalue of (1.1), then jo(v/Ao70) = 0
for some ry. For a deletion centered at a point on such a nodal line, the corrections
to Ao of orders € and €? in (3.25a) both vanish. The first nonzero correction is O(e?),
which is given in (2.17). From (2.18), the expansion of A(e) is

(3.32) Ale) = Ao — 4 63

[J(] \/——TO] zo; B 1] )x0j+"'

The tensor B;;(o0) was given explicitly in (3.21) for ellipsoids, and B;;(k) was given
in (3.22) when D is a sphere of radius a.
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TABLE 1

Concentric spheres: k = 1.0, b = 00, lowest eigenvalue.

783

€ A (3.30) (2 term) A (3.30) (3 term) A (3.31) (exact) perc. err., 3 term
0.010 9.9683 9.9690 9.9691 0.001
0.050 10.363 10.382 10.383 0.011
0.100 10.857 10.931 10.946 0.137
0.125 11.103 11.219 11.251 0.284
0.150 11.350 11.517 11.574 0.492
0.175 11.597 11.823 11.919 0.805
0.200 11.844 12.140 12.289 1.213

TABLE 2
Concentric spheres: k = 00, b = 00, lowest eigenvalue.

€ A (3.30) (2 term) A (3.30) (3 term) X (3.31) (exact) perc. err., 3 term
0.010 10.067 10.070 10.070 0.001
0.050 10.857 10.931 10.936 0.046
0.100 11.844 12.140 12.185 0.369
0.125 12.337 12.800 12.891 0.706
0.150 12.830 13.497 13.660 1.193
0.175 13.324 14.231 14.501 1.862
0.200 13.817 15.002 15.421 2.717

4. Deletion of a small subdomain (n = 2). Now we analyze the perturbed
eigenvalue problem (3.1) in two dimensions. Substituting the outer expansion (1.4)
and the eigenvalue expansion (1.5) into (3.1), we obtain (1.6) for the outer correction

ui. In the inner region, in place of (1.8), we allow for the more general asymptotic
expansion

(4.1)

v(y,€) = po(e) vo(y) + p1(€) vi(y) + p2(e) v2(y) +--- .

Here the p;(e) are gauge functions to be determined. Substituting (4.1) into (3.2), we

obtain

(4.2)

The matching condition, analogous to (1.12), is

(4.3)

up(z) + vi(e) ui (z) + va(e) ua(z) + - - -

Dyvg =0,

y¢ Di; Ohvo+ku =0,

y € 0D .

~ po(€) vo(y) + p1(€)vi(y) + pa(e) va(y) +--- .

We first consider the case where k > 0 in (3.1c). In two dimensions, (4.2) has a
solution ©(y) with the asymptotic behavior

(4.4)

i(y) = log |y| —log [d(k)] + - --

as |y| — 0.
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For k > 0, this solution is unique, and the constant d(k) is determined. It is given
explicitly below for some simple hole geometries. When k = oo, d(o0) is called the
logarithmic capacitance of D;. It is well known that a circular domain has the smallest
logarithmic capacitance of all domains of the same area (see [1]).

The leading terms in (4.3) are up(zo) on the left and po(€)vo(y) on the right.
They match if

(4.5) po(e) = —m, vo(y) = o (0) () .

Then the right side of (4.3) contains the singular term (—1/log [ed(k)]) uo(z0) log |z —
xo| which must match v (e)ui (z). Thus we conclude that

(4.6) vi(e) = *l—oﬁg_[e—ld_(/—-cj]— , ur(x) ~ up (o) log |z — 0| as T — T .

The solvability condition (1.15) applied to problems (1.6) and (4.6) for u; determines
A1 to be

(4‘7) Al =2m [U() (CL‘())]2 .

Then u; is the unique solution to (1.6) with singular behavior (4.6).

We now calculate further terms in the expansion of the eigenvalue. In the outer
region, we choose the gauge functions as vj(e) = (~1/log[ed(k)])’ for j = 1,2,....
Then, substituting (1.4) and (1.5) into (3.1), we obtain the following equations for
uj(z):

j-1
(4.8a) Auj~U(x)uj+op(z)u; = —\; p(x) U(]-—Z Aj—ip(x)ui, |x—z0] > O(e),

i=1

(4.8b) [On +b(x)]u; =0, z€dD,

J
(4.8¢) g /D uiuj—; p(x)de =0.

In the inner region, we take p;(e) = (—1/log [ed(k)])' ™! for j =0,1,2,.... Substitut-
ing (4.1) into (3.2), we find that v;(y) satisfies (4.2) with vy replaced by v;. We allow
vj(y) to grow logarithmically as |y| — oo, so we write v;(y) = ajuo(z0)d(y), where
the a; are constants to be determined. Here 0(y) is the solution to (4.2) with far field
behavior (4.4). From the leading-order match (4.5), we found that ag = 1. Writing
the right side of the matching condition (4.3) in outer variables, we have

(4.9) v(y,€) ~ ao UO(CL'O)'F;.E1 (—m> uo (X0) <a¢_1 10g|w-—x0|+ai) 4o,

Comparing (4.9) with the left-hand side of (4.3), we find that u; must have the fol-
lowing singular behavior as ¥ — zo:

(4.10) u;j(x) ~ aj—1 uo(xo) log |z — x| for j=1,2,....



STRONG LOCALIZED PERTURBATIONS OF EIGENVALUE PROBLEMS 785

Now wu; is the solution of (4.8) and (4.10). Applying the solvability condition
(1.15) to this problem for u;, we obtain

(4.11) Aj =2ma; uo :L'() Z)\] i (ui,up) for j=1,2,....

Here we have defined the inner product (u,v) by (u,v) = [, uvpdz. Substituting
(4.11) into the right-hand side of (1.5) gives the expansion for A(¢). To determine the

a;, we must calculate the next term in u; as * — zo. From the unique solution to
(4.8), (4.10), we obtain

(4.12) uj(z) ~ up(xo) [aj_l log |z — zo| + Bj] for j=1,2,....

Here f; is a constant determined by the solution u; to (4.8) and (4.10). It depends
on the unperturbed solution and the hole location but is independent of the shape of
D;. Then matching the remaining terms of order (—1/log [ed(k)])’ in (4.9), we get

(4.13) aj; = ﬂj for ] =1,2,....

Substituting (4.13) into (4.11), and using ap = 1 determines A;. We summarize our
results in the following statement.

PROPOSITION 2. For dimension n = 2, assume that & > 0 in (3.1c). Let A\(e) —
Xo as € — 0, where Ao is a simple eigenvalue of (1.1). Then, for e < 1,

o0 J
1 2 1
4. = ]2 e AN+
(4.14a) A(e) = o + ( Tog [ed(n)]) s [uo(xo)] + ;2 ( Tog [ed(n)]) G+,
where
Jj—1
(4.14b) Aj = 2w -1 uo(:co) ZAJ i (g, u0) for §=23,....
Here B; for j = 1,2,... is found from (4.12). The outer and inner erpansions are
given by

o J
(4.15) u(z, €) = up(x) +z < onT €1d(ﬁ)]) uj(@) 4+, |z—z0| >k,
j=

(4.16)

- j+l
u(x,e)zuo(xo)@(x_e‘“)2(-@) Bty |o—m0|=O0(e).

j=

The outer solution u; satisfies (4.8) and (4.10) with aj—1 replaced by Bj—1. In (4.16)
we have labeled By = 1.
Similar analyses can be done to treat the cases when ug(zo) = 0 or when k =

0. The main results are summarized below, and the details can be found in the
appendices.
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COROLLARY 4. For dimension n = 2, assume that ug(xo) = 0. Let M(€) — Ao as
€ — 0, where Ay is a simple eigenvalue of (1.1). Then, for e < 1,

(4.17) Ae) = o+ 2N+ - A = —27€? Oy, u()(.'l:o) Bij(.‘c) 811. up (o),

_ € g(x) Oz, uo(xo) Bi (k) . . _
(4.18)  w(z,€) = up(x) + (loged(%)] + B) +eur(z)+---, |z —x0| >k,
(4.19) [

B T — o €D (:v—:zo)/e] O, ug (20) Bi(k) _
u(z,€) = evy ( . > + (logled(=)] + B) +--, |z —m0| = O(e).

In (4.17)-(4.19), the function vy(y) and the constants Bi(k), Bij(k) satisfy
(4.20a) Dyvo =0, y¢Di; Opvo+kwvw=0, yedD,
(4.20b) vy = [695,. uo(xo)] (yl + Bi(k) + %g?—yi + - ) , Y —00.

In (4.18) the function u*(x) satisfies

(4.21a) Aur —U(x)u* + Ao p(x)u* = =X p(z)ug , x # xg

(4.21b) [0 +b(a)]us =0, «€dD; / wo(@)u* () plz) dz = 0,
D

(4.21c) w* (z) ~ [0, uo(zn)] 22 ({:0)8” ;izxw)

as T — xgo.

The function g(x), which is proportional to the Green’s function for (4.21), satisfies
(4.21a), (4.21b) with A* = 0, subject to the singular behavior g(xz) ~ log|z — ol
as T — x9. The constant B appearing in (4.18) and (4.19) is defined uniquely by
g(z) —log |z — xo| = B+ 0(1) as x — x¢. Finally, the function 4(y) and the constant
d(k) are found from the solution to (4.2) with far field behavior (4.4). The details of
this calculation can be found in Appendiz A.

COROLLARY 5. For dimension n = 2, assume that x = 0 in (3.1c). Let A(€) — Ao
as € — 0, where Xy is a simple eigenvalue of (1.1). Then, for e < 1,

(4.22) AMe)=Xo+ €A+, A =2we[Eup(xo) — O, uo(x0)Bi;(0)0z, uo(20)],
(4.23) u(z,€) = up(x) + € ur(z) +---, |z — zo] > O(e),
(4.24)

u(z, €) = ug(xo) + € [0z, uo(z0)] D1 (f_—e_x_o) + % [0z, 82, uo(z0)] (mi — m0i) (x5 — o)

T — X0

+(e2loge)E+e2¢( )+ & — 20| = 0(6).

In (4.22) the constants B;;(0) are found from (4.20) with k = 0. The constant E is
gwen in terms of the area A1 of Dy by

Ay

(4.25) E=tl (Ao p(w0) — U(m0)> o (o) .
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In (4.23) the function w1 satisfies (4.21) with u*, A\* replaced by w1, A1 and with (4.21c)
replaced by

(4.26) m(w)~[axiuo<xo>1@il?(”—’m‘,;ﬂ’ﬁ+frlogux~xo| as T 0.
— &0

In (4.24) the function 01;(y) is the solution to (4.20a), with k = 0, having the far
field behavior 91:(y) ~ yi + Bij (0)y;/|y|> + ---. Finally, the function ¢(y) appearing
in (4.24) is the solution to (3.10) with the far field form ¢(y) ~ Elogly|. The details
of this calculation can be found in Appendiz B.

The constant d(x) defined in (4.4) and the tensor B;j(k) defined in (4.20b) are
known explicitly for some hole geometries. When D; is a circle of radius a, then

(4.27a) d(k) = aexp(—1/ka), Bij(k) = a? (i ; :Z) bij -

If D, is an ellipse with semi-axes a; and az, aligned with the coordinate axes, then
(4.27b)

d(oo) = (a1 +a2)/2,  Bij(00) = —(a1 +a2)%6;;/4,  Bi;j(0) = (a1 + a2)%6i;/4.

Finally, we note that (4.14a) can be simplified when x — 0. By using the diver-
gence theorem and the definition of d(k) given in (4.4), we find that

(4.28) log[d(k)] ~ —5— as k—0.

Here L, is the length of 9D;. Thus, if kK = exg, with ¢ independent of ¢, a two-term
expansion for A(e), obtained by using (4.28) in (4.14a), is given by

(4.29) A(€) = o + € L1 ko [uo(xo)]2 +-, (k= €kp) -

4.1. Deletion of a small subdomain (n = 2): Examples. Now we consider
some examples of the theory developed above, and we compare our results with some
previous results. We take p =1, U =0, and b constant in (1.1) and (3.1).

If D, is a circle of radius ¢, then, from (4.14a), (4.22), (4.25), and (4.27a), we
obtain

(4.30a) )\(e)=)\0+(—i-§g—€)27r[uo(x0)]2+..., K = 00,
(4.30b)  A(e) = Ag + €2 (77/\0 [uo(xo)]2 -2 |Vu0(a:0)|2) +--, k=0

These results were proved by Ozawa [6], [4]. See also Swanson [7]. Our Proposition
2 and Corollaries 4 and 5 extend these results to the case of arbitrary hole shape,
arbitrary x > 0, vanishing uo(zo), and in the case where £ > 0 to further terms.

To illustrate the theory, we let D be a circular cylindrical domain of radius 1.

The normalized radially symmetric eigenfunctions and associated eigenvalues for (1.1)
are

(4.31)
M\ e Jo(V o b
w() = Noh(ar), o= (1457 ) T v
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We now determine the correction to Ay as a result of placing a small hole, centered at

some point 79 = |xo| < 1. From (4.14a), (4.14b), (4.29), and (4.22), we obtain
(4.32a)

2
Ae) = Mo + 27N J3( A"m)[(—m)jwl(bm) +} o

(4.32b) A€) = Ao + Ly eko N J2(v/ Xoro) + -+, K =eho,
(4.32¢)
o,
Ae) = Ao + M Ng [Al J (v doro) — %(JO(\/AOTO)Y o Bij(0) x(,]] 4 k=0.
0

The constant 51 in (4.32a) is determined from the solution to (4.8) and (4.12). Explicit
expressions for d(x) and B;;(0) were given in (4.27) for some simple hole geometries.

In particular, if Dy is a circle of radius a, then B;;(0) = a?6;;. In this case, (4.32¢)
becomes

(4.33)  A(€) = Ao + a2 g N2 (Jg( Noro) — 2[J3(\/A_0m)]2) o, Kk=0.

If b = oo, then, for the smallest eigenvalue of (1.1), a numerical calculation shows

that the coefficient of order €2 in (4.33) is positive if ro < .2008 and negative if
2008 < rg < 1.

In the special case when ro = 0 and « > 0, it is possible to determine explicitly
the constant 31 appearing in (4.32a). This constant is determined from the solution
to (4.8) and (4.12), which become

1
Ulrr+;u1r+>\oulz—)\lu0 in 0<r<1,

(4.34) ur +buy =0  on r=1,
1
/ugulrdr:(), u1~u0(0)(logr+ﬁ1) as r—0.
0

The solution to (4.34) is
(4.35a)

w(r) = No [% rJo(V2ar) + 2 Yo (v har) + (81 = log(v/30/2) = 7) o w)},

where

v (Yo (/30) = VA0 Yo (VA)/b) (14 2o/12)2

(4.35b) B = D) J(l)(\/:\“o) (14 Ao /b2) +log (\/)_‘3/2) +7+m .

Here v = .5772... is Euler’s constant. Using (4.35b) in (4.32a), and setting ro = 0,
we obtain an explicit three-term expansion for A(e) when a hole of arbitrary shape is
located at the center of a circular cylinder of radius one.

We now compare the asymptotic results (4.32) with the exact eigenvalues of (3.1)
when b = oo and D is a circle of radius € centered at the origin. In this case, we find
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TABLE 3

Concentric circles: kK = 0, b = oo, lowest eigenvalue.

€ A (4.32¢) A (4.36) (exact) perc. err.
0.010 5.785 5.785 .0001
0.050 5.837 5.836 .009
0.100 5.998 5.993 .076
0.150 6.266 6.254 .199
0.175 6.440 6.424 252
0.200 6.641 6.624 .270
0.225 6.869 6.854 .228
TABLE 4

Concentric circles: k = 00, b = 00, lowest eigenvalue.

€ A (4.32a) (2 term) A (4.32a) (3 term) A (4.36) (exact) perc. err., 3 term
0.001 6.857 7.027 7.048 0.294
0.005 7.184 7.473 7.518 0.605
0.010 7.395 7777 7.845 0.872
0.025 7.795 8.391 8.519 1.510
0.050 8.260 9.163 9.391 2.419
0.075 8.648 9.856 10.189 3.263
0.100 9.006 10.535 10.982 4.075
0.125 9.352 11.226 11.800 4.864

from (4.27a) that d(k) = exp(—1/k). For two concentric circles, the exact eigenvalue
relation is

ez Jy(ez) — K Jo(e2)
€z2Yy(e2) — kYp(e2) |’

(4.36) Jo(2) = Yo(z)

where z = v/X. Expanding \(e) for € < 1 in (4.36), we readily recover (4.32).

In Table 3 we compare the expansion (4.32¢) for the smallest eigenvalue of (3.1),
when b = oo, with the corresponding exact result obtained from the numerical solution
to (4.36). The asymptotic result is found to be within 1 percent of the exact result
even when € ~ ;. In Table 4 we compare our three-term result (4.32a), (4.35b) for the
smallest eigenvalue of (3.1), in the cases where b = co and k = oo, against the exact
result obtained from the numerical solution to (4.36). In this case the constant (i is
found to be 81 = 1.092. The asymptotic and exact results agree to within 5 percent
for e < .125.

We now compare our asymptotic results for some higher eigenvalues of (3.1) for
two concentric cylinders. Specifically, we consider b = oo and we label the unperturbed
eigenvalues by v/\o,, = 22,, where Jy(20,) = 0 forn = 1,2,.... In Table 5 we compare
the three-term result (4.32a), (4.35b) for these higher eigenvalues, when b = oo, k = o0,
and e = .03, against the exact results obtained from (4.36). The agreement between
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TABLE 5

Concentric circles: kK = 00, b= 00, € = .03, higher eigenvalues.

n A (4.32a) (2 term) A (4.32a) (3 term) A (4.36) (exact) perc. err., 3 term
7.899 8.559 8.707 1.701

5 2.363 x 102 2.464 x102 2.572 x10? 4.199

9 7.805 x102 8.032 x10? 8.433 x102 4.758

13 1.641 x108 1.677 x103 1.766 x103 5.006

17 2.816 %103 2.868 x 103 3.024 x103 5.150

the asymptotic and exact results for A(e) deteriorates as n increases. This is not
surprising since the validity of our asymptotic theory is restricted to the case where
€2 Ao = o(1), and so our result is not uniform in n as n — co. Although our asymptotic
results have only been compared to exact results for concentric cylinders, we anticipate
a similar agreement for other values of k, b, hole geometries, and hole locations.

We now show how, for rp = 0, we can get a better determination of the perturbed
eigenvalue than that given by (4.32a). For simplicity, we take b = co. Then, upon
neglecting terms of order € in (4.36) and setting k = 0o, we obtain,

Jo(V) T
Yo(Vx) 2

Let A = A*(¢€) be the solution branch to this transcendental equation emanating from
an eigenvalue Ag of the unperturbed problem. If we were to expand \*(¢) in a series
in powers of (—1/loge), we would recover (4.14a), (4.14b) with coeflicients A1, A, ...
for two concentric circles. For a hole of arbitrary shape with any s # 0, located at
o = 0, the series (4.14a) expresses X in powers of (—1/log[ed(x)]). The coefficients
Aj are independent of « and of the shape of the hole. Therefore the sum of the series
is just A*[ed(k)]. Thus, for a cylinder of radius one with b = 0o, which contains a hole
of arbitrary shape located at ro = 0, we have

(4.37)

[log e + log(VA/2) + ’y]_l )

(4.38) A(e) = A*[ed(k)] + O (¢/ loge) .

In Table 6 we compare (4.38) with the exact solution from (4.36) for two concentric
circles with kK = oo for which d(co) = 1. The comparison is made for the lowest
eigenvalue of (1.1). In this table, we also give the result for the renormalized series
Ae) = Xo—27 N (log [ed(k)] + B ™!, which is based on the first three terms in (4.32a)
when b = 0o and rp = 0. From this table, we observe that (4.38) agrees significantly
better with the exact results than either (4.32a) or the renormalized series. A more
general procedure to sum logarithmic expansions resulting from singularly perturbed
eigenvalue problems is given in [12].

Now, if & > 0 and X is not the minimum eigenvalue of (1.1), then Jy(v/Ao7o) = 0
for some 9. The expansion for A(e) in this case is given in (4.17), which becomes

(4.39) Ae) =X — 2me?

NZXo o
gZ - [JO(\/ )\07’0)]2 zoi Bij (k) ®oj + -+ - .
0

The tensor B;;(o0) was given in (4.27b) for elliptical holes aligned with the coordinate
axes, and B;j(k) was given in (4.27a) for circular holes.
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TABLE 6

Concentric circles: k = 00, b = 00, lowest eigenvalue.

€ A (4.32a) (3 term) A (renormalized) A (4.38) (transc.) A (4.36) (exact)
0.025 8.391 8.644 8.517 8.519
0.050 9.163 9.686 9.381 9.391
0.075 9.856 10.742 10.155 10.189
0.100 10.535 11.921 10.899 10.982
0.125 11.226 13.307 11.625 11.800
0.150 11.953 15.012 12.337 12.660
0.175 12.715 17.196 13.027 13.577

5. Perturbations of boundary conditions (n = 2,3). Next, we consider
a strong perturbation of the boundary condition (1.1b) within a sphere of radius e
centered at a point x¢ on dD. For simplicity, we consider the case with b constant in

(1.1b) and we assume that this constant is changed to e~ 1« within that sphere. The
perturbed problem is

(5.1a) Au(z,€) + (/\(e) pz) — U(x)) u(z,€) =0, zeD,
(5.1b) Onh u(z,€) + bu(z,e) =0, z€0D,
(5.1c) €0n u(zx,€) + Ku(z,e) =0, x € 0D,
(5.1d) / u?(z,€) p(x)de =1.
D

Here k is constant, 0D, is that part of the boundary within the sphere of radius € on
which b has been changed, and 0D is the rest of the boundary of D.

We proceed to solve this problem for € < 1 by the method of §2—4. In particular,
if n = 3 the equations of §3 still apply if we modify the inner problems so that they are
solved in the half-space bounded by the tangent plane to 3D, at xy. The solvability
condition (1.15) also still applies if we now note that 0D, denotes only that part
of 0D, lying in D and that part tends to a hemisphere as ¢ tends to zero. As a
consequence, 47 must be replaced by 2w when we adapt the results in §3 with n = 3

o (5.1). Corresponding changes must be made in the two-dimensional case.

5.1. The two-dimensional case. In the neighborhood of xp, we introduce
orthogonal curvilinear coordinates (s,n) with origin at zo, where s is arclength along
0D and —n is the distance from z to dD. Then (5.1) transforms exactly to

1 1
Unn+mun+muss+()‘p(x)_U(x))u—O’ zeD,

(5:2) Ohu+bu=0, onn=0, Is| > e,

edhu+rku=0, onn=0, Is| <€,

where p is the radius of curvature of D. Here u and x are to be expressed in terms
of s and n.

In the inner region, we introduce £ = e~1s, n = e~ 1n, v(§,n,€) = u(s,n,€) and
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we expand v = po(€)vyg + pi(€)vr + -« -. From (5.2), we obtain to leading order

’l)o§§—|—’vom,=0, ’l’[<0
(5.3) Ovo=0 (b<oo) or vpy=0 (b=o0), n=0, [{>1
Opvo + kg =0, =0, [§<1.

The matching condition for the inner and outer solutions, analogous to (1.12), is
(5.4)

u0(0,0)+n 3 up(0,0)+ 5 dsup(0,0)+v1 ()ur (s,n)+- - - ~ pol€)vo(y)+p1(€)vi(y)+- -

We now determine the first correction to Ay for three different ranges of b and k.
If b < 00 and & # 0, (5.3) has a solution with the asymptotic form

vo(y) = u(0,0) (log|y| —logd(k) + -+ ) as |y| = (€2 + n2)1/2 - .

If k = oo, then d(0o0) = §. Then the first term on the right-hand side of (5.4) matches
u0(0,0) if po(€) = (—1/log [ed(x)]). Since the second and third terms on the left-hand
side of (5.4) are O(e), we must next match the fourth term on the left-hand side of
(5.4) to the rest of vy (y), which results in

(5.5)

_ 1 uO(OaO) 9 2 2 2
vi(e) = log[ed(n)]>’ ui(s,n) 5 log (n? + s2) as n?+s 0.

Using (5.5) in (1.15) determines A1, Then from (1.5) we obtain, for b < co and k # 0,

(56) /\(6) =X + (—l—o—g—[gd—(,;—)‘]') s [Uo(ato)]2 4+

If b = 0o and &k # oo, then ug(0,0) = 0, dsue(0,0) = 0, and thus the correction to
Ao in (5.6) vanishes. In this case, the matching condition (5.4) requires that po(e) = €

and vo(€,n) ~ 1 9pup(0,0) as n — —oo. Then there is a solution to (5.3) that has the
asymptotic form

5.7 w(&n) = [Buuo(0,0)] (n+ ;2(?7’]72 4 ) as £ 4m? o o0,

for some constant e(x). Matching vy to the term v (€)uy in (5.4) yields

- e(r)n
(5.8) vi(€) = €2, ur(s,n) ~ [Gnuo(0,0)] 2 as n?+4+s2—-0.

Using (5.8) in the solvability condition (1.15) determines A1, and then from (1.5) we
obtain, for b = co and & # o0,

(5.9) A€) = Ao — me? e(k) [Buuo (z0)]* + - -
When k = 0, the exact solution to the problem for vy is

(5.10)
vo(&,m) = [Onu0(0,0)] (77 - /O ﬂ%l en cos(uf)cip) ., (b=o0, k=0).



STRONG LOCALIZED PERTURBATIONS OF EIGENVALUE PROBLEMS 793

Here J;(u) is the Bessel function of order 1. Upon expanding the integral in (5.10)
for £2 + 12 — oo and comparing the result with (5.7), we find that e(0) = .
If b < oo and kK = €Ky, then, in general, u9(0,0) # 0. In this case, we take

to(€) =1 and pi1(e) = € and we expand v = ug(0,0) + ev; + -+ -. Then from (5.2), we
find that v, solves
(5.11)

vige +vy =0, n<0
Opv1 = —bup(0,0), [£ >1, Oyv1 = —koup(0,0), [€|<1 on n=0.

By using the divergence theorem, it follows that the solution to (5.11) has the asymp-
totic form

(5.12) vi(§,n) ~ —bnuoe(0,0) — %(b — ko) u0(0,0) log(&2 +n?) + £ 05u0(0,0) + - .

We now write (5.12) in outer variables and note that 8,u0(0,0) + bup(0,0) = 0. Then
we find that the far field behavior of the inner solution is given by
(5.13)

v ~ u9(0,0)+n duo(0,0)+s dsup (0, 0)+;€r-(b—/i0)u0(0,0) (2loge—log(n?+s2)) +- - .

Comparing (5.13) with (5.4) shows that
1
(5.14) vi(e) =€, ui(s,n) ~ —;r—(b — k0)up(0,0) log(n? +s?) as n?2+s2—0.

The term of order eloge in (5.13) is unmatched thus far, which shows that we must
include a term (eloge)?d(y) in the inner expansion. Since ¥ satisfies Laplace’s equation
with 8,9 = 0 on n = 0, we can take o = —2(b — ko)uo(0,0)/7 to exactly cancel the
unmatched term in (5.13). Using (5.14) in (1.15) determines A;. Then from (1.5) we
obtain, for b = oo and kK = ekg,

(5.15) A€) = Ao +2€(ko —b) [uo(a:o)]2 +---

We note that (5.15) can be derived by regular perturbation theory by writing
(5.1) as

(5.16a) A+ ()\0 p(z) — U(a:)) u= (do—A)p(x)u, zeD,
(5.16b) Onu+bu=(b—ro)ul, x€0DUD. .

Here Ao is an eigenvalue of (1.1), and I is the indicator function, which is defined to

be unity if z € D, and zero otherwise. Applying Green’s identity to (1.1) and (5.16),
we derive

(5.17) ()\—Ao)/l)uoup(a:)dxz (fso—b)/a up uds.

D,

Since u differs from uy by an amount of order € even in the vicinity of xp, we can

replace u by up in (5.17). Then, since uy is normalized and the length of D, is 2,
(5.17) reduces to (5.15).

5.2. The three-dimensional case. The procedure followed in the two-dimen-
sional case can be adapted to treat the three-dimensional case. Since the analysis is
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similar, we will omit the details. We will give expressions for the first correction to Ay
for the same ranges of b and k considered in the two-dimensional case.
If b < 0o and k # 0, the expansion for A(e) is given by

(5.18) A(€) = Ao + 2em C(k) [uo(x0)]* + - -

The constant C'(k) is determined from the solution to the following leading-order inner
problem:

(5.19)
Vogi ¢y + Vogy¢, + V0 =0, 1 <0
Ogvo =0 (&,&) ¢ 0D1, Oyvo+ kv =0 (£,&) €0D, on n=0,

v~ uo(@o)[L= Cl)/lyl+-+]  as [yl = (& +& +n2)/> = oo

Here 8D; denotes the perturbing patch 8D, magnified by e-1. If dD; is a circular
patch of radius 1 and x = oo, then the exact solution to (5.19) is

2 [ si
(5.20) vo=uo(zo)[1—; /0 liueﬂ"Jo(up)du, p=(E+&)/2.

By expanding the integral in (5.20) asymptotically, we obtain C(oo) = 2/, which is
the capacitance of a circular disk of radius 1.
If b = oo and Kk # o0, the expansion for A(e) is given by

(5.21) A€) = Xo — 27 €3 e(k) [Bnuo(w0)]” +- -

The constant e(k), representing one element of the polarizability tensor, is determined
from the following leading-order inner problem:
(5.22)

Vg6 + V0&s¢, + Vony =0, 7 <0
v9 =0 (§1,£2)¢8D1, Opvo + kvo =0 (51,52)66D1 on n=0,

e(k
o~ Buneo)] (n+ T4} e Iyl = (& + G+ ) oo,
If 8D, is a circular patch of radius 1 and x = 0, then the exact solution to (5.22) is

(5.23)  wo = Opuo(xo) [n - -72;/0 J1(w) ern Jo(up) du] , o p=(G ).

Here ji(u) is the spherical Bessel function of order 1. By expanding the integral in
(5.23) asymptotically, we obtain e(0) = 2/3.
If b < 0o and k = € kg, the expansion for A(e) is given by

(5.24) A(€) = Ao + A1 € (ko — b) [uo(20)]” + - .
Here A; is the area of the scaled patch dD;.

6. Exit time distribution. We now give an application of the results in §5.
Suppose that a particle starts from y at time zero and performs a Brownian motion
in a three-dimensional domain D with a reflecting wall 8D perforated by N small
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holes, each of radius €, with the ith hole centered at z). We denote by p(x,y,t,€)

the probability density that the particle is at = at time ¢t. Then, assuming a constant
diffusion coefficient xk > 0, p satisfies

(6.1a) pt=klzp, €D,
(6.1b) d,p=0, z€dD; p=0, z€8D, for i=1,...,N,
(6.1c) p=é(z—y), t=0.

The solution of (6.1) is

(6.2) p(z,y,t,€) Zexp n(€) kt] un (z,€) un(y,€) .

Here )\, is the nth eigenvalue and u, the corresponding normalized eigenfunction of
the problem

(6.3) DNpun (z,€) = =X\ (€) un(x,€), =€ D; / uz(z,€)dr =1,
D

with the boundary conditions (6.1b). The probability P(y,t,e€) that the particle is in
D at time t is given by

(6.4) P(y,t,e) =/ p(z,y,t,€)dx = Zexp 7 (€) kt] un (v, e)/Dun(x,e) dz .

n=1

If the initial position y is uniformly distributed over D, then we multiply (6.2) by
V-1, where V is the volume of D, and integrate it with respect to y to get

(6.5) po(z,t,e) =V~ 1X:exp[ An (€) kt] up (x, €) /Dun(y,e)dy.

The probability Py(t,€) that the particle is in D at time ¢ is

2
(6.6) Po(t,e)=/p0(a: te)dr=V- 1zexp[ A (€) k) (/Dun(x,e)dx) .

n=1

We denote by Ano and u,o the nth eigenvalue and normalized eigenfunction cor-
responding to € = 0. To determine the correction to A,o, we must construct an inner
expansion near each z¥), and one outer expansion valid away from the perforations. A
straightforward generalization of the results of §5 shows that

N

(6.7) An(€) = Ano +2me > C¥(00) [uno(ah)]* +- -
i=1

(6.8) un(x,€) = uno(x) +€upi(z)+---, |x_x6|>>0(€), i=1,...,N,

i
(6.9  un(z,€) = v (x €x0)+---, |l — x| = O(e), i=1,...,N.
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In (6.7), Ci(oc0) is the “capacitance” of the ith hole, defined in (5.19). In the outer
expansion (6.8), the correction term wuy1(x) satisfies

(6.10a)  Azuni + Mo Unt = =M1 Uno, T E€D; Oun =0, z2€0D,
(6.10b)  up1(x) ~ —uno(zh) Ci(oo)/|lz — x| as x —zf, i=1,...,N.

The expansion (6.9) is the inner expansion of u,(x,e€) near zi,. In terms of a local
curvilinear coordinate system near zi, each term v}, satisifes (5.19).

The first eigenvalue in the absence of the holes is A\jp = 0 and the corresponding
normalized eigenfunction is ujg(z) = V~1/2. Since the uyo are orthogonal, we have
Jp tno(z) dz = 0 for n > 2. We now use this fact and (6.8) to get

(6.11) / un (z,€)dr = V1/26,, +6/ Un1(z) dz + of€) .
D D

Upon using (6.7) and (6.11), the sums in (6.5) and (6.6) collapse to
(6.12)

Py(t,€) = exp

N
_27r‘e/kt ;Ci(oo)] (1+26V‘1/2/Du11(55)d5”+0(6)) ’

2mekt e
(6.13) po(z,t,e) =V-1lexp [—— 5 C”(oo)} (1 + O(e)) .
i=1

|4

For ¢t > O(—loge), (6.5) gives the more refined result

2mekt o
(6.14) po(zx,t,€) =V-1exp [—— Z Ci(o00)

vV S
. <1+6V1/2u11($)+6V‘1/2/ ull(y)dy+0(e)> :
D
If each hole is circular and has radius ¢, then Ci(o0) = 2/m for ¢ = 1,..., N, and we

can replace the exponential in (6.13) and (6.14) by exp (—4 ekt N/V).

A similar analysis can be done for the corresponding two-dimensional case. If
each absorbing segment 9D., has length 2¢, then, upon using (5.6) with d(co) = 3,
we have in place of (6.12)

(6.15)  Po(t,€) = exp [—“\‘r/kty(e)] (1-!—21/(6) Vo172 /D uu(:v)dx+o[u(e)]) .

Here v(e) = [ log(e/2)] ", and V is the area of D. The outer solution is u1g +v(€)u11
+ -+, where ui; satisfies (6.10) with n = 1 and with (6.10b) replaced by

(6.16) ui(x) ~V-12loglx —xi| as z -z, i=1,...,N.

Appendix A. Two dimensions (uo(zo) = 0). In the inner region, we expand
v as

(A1) (5,€) = evoly) + ¢ (————) )+
v o ; log [ed(k)] vy
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Substituting (A.1) into (3.2) and using the matching condition (4.3) with ui(e) =
€(—1/log [ed(k)])" for i > 0, we find that vy satisfies (4.20a) with vo(y) ~ [0z, uo(z0)] ¥i
as y — oo. Further terms in the far field form of vy are given in (4.20b). Using (4.20b)
n (A.1), we find that the term on the right-hand side of (4.3) that must be matched
next is the constant term eB;(k)9y, uo(xo). This term cannot be matched by the outer
solution. To match this term, and similar terms appearing at higher order, we take
vi(y) = a;9(y), for ¢ > 1, where the a; are to be determined. Here 9(y) is the solution
0 (4.2) with far field form (4.4). We now choose a1 = —0%, uo(x0)B; (k) to cancel the

constant term of order e generated by vy. Then, writing the far field form of (A.1) in
outer variables, we obtain

v ~ O, up(z0) (@i — Tos +ez< log[ed ) (ailog|x~x0|+ai+1)

Bii(k)(x; —x
+€231,-u0(x0) ”(|x)(_;0|2 01)

(A.2)

The form (A.2) suggests that we take the outer and eigenvalue expansions as
A. = . 20 .
(A.3a) u(zx, €) = uo(x +ez< log[ed )u(:c)-i—eu(a:)Jr

(A3b) )\(6) = AO +€ Z (—m) )\1‘ + 62)\* -+

i=1

Substituting (A.3a), (A.3b) into (3.1), we find that u*, A\* satisfy (4.21), while wu;, A;,
for ¢ > 1, satisfy (1.6) with u;, A; replaced by u;, A;. Using the matching condition
(4.3), we find that u;(x) ~ a;ilog|z — xo| + aix1 as © — xo. Since ug(zo) = 0, the
solvability condition (1.15) applied to u; yields A; = 0 for 4 > 1. Consequently, u; can
be written as ui(x) = a;g(z), where g(x) is the unique solution to

(Ada) Ag—U(z)g + dop(z)g =0, T # xo
(A.4b) [On +b(x)]g=0, =x€dD; uo(z)g(x)p(z)dx =0,

(A.4c) g(x) =loglr —xo| +B+0(1) as z— xo.

S

The constant 3 is determined from the solution to (A.4).
Since ui(x) ~ a;log|r — xo| + ;8 as * — =z, we conclude that a;+1 = Ba; for
i > 1. Then, recalling that a; = —0,, uo(20)B;(k), we have

(A.5) a; = —3i-1 [31,- up(x0)B; (K,)] for 1 =1,2,....

Now substituting v;(y) = a;0(y), ui(x) = a;g(z) into (A.1) and (A.3a), we obtain two
geometric series, which can be summed explictly when |3/ log[ed(x)]| < 1. Finally,
applying the solvability condition (1.15) to the problem for u* determines A\*. The
results are summarized in Corollary 4.

Appendix B. Two dimensions (x = 0). In the inner region, we expand v as
v = ug(x0) + €vi + €2vy + - --. Substituting this expansion into (3.2), we find that
v; and vy satisfy (3.6) and (3.7). The far field form for v is given in (3.8) with
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n = 2. To obtain v, we proceed as in (3.9) and (3.10), where we now require that
¢(y) ~ Elogly| as y — oo. Instead of (3.12), we find that F is given by (4.25). Thus
from (3.9) the far field form of v2(y), in analogy with (3.13), is

(B.1) v2(y) = § 00,0z, u0(x0)] wiy; + E loglyl+---  as y—oo.

In the outer region, we expand v = up + €2u; + --- and A(e) = Ao + €A1 + ---.

Substituting these expansions into (3.2) and using the matching condition (4.3), we
find that u; satisfies (1.6) with

(B.2) uy ~ [0 uo(x0)] Bij (0)(=; = 20;) + Elog |z — o] .
Ix - :170|2

Imposing the solvability condition (1.15) then determines A;. The term —E(e? loge)
is unmatched so far. Thus we must insert a switchback term of the form (e2 loge)E
into the inner expansion. The results are summarized in Corollary 5.

Acknowledgments. We thank Dr. Peter Castro for bringing the problem con-
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