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STRONG LOCALIZED PERTURBATIONS OF EIGENVALUE
PROBLEMS*

MICHAEL J. WARD AND JOSEPH B. KELLER$

Abstract. This paper considers the effect of three types of perturbations of large magnitude
but small extent on a class of linear eigenvalue problems for elliptic partial differential equations in
bounded or unbounded domains. The perturbations are the addition of a function of small support
and large magnitude to the differential operator, the removal of a small subdomain from the domain
of a problem with the imposition of a boundary condition on the boundary of the resulting hole,
and a large alteration of the boundary condition on a small region of the boundary of the domain.
For each of these perturbations, the eigenvalues and eigenfunctions for the perturbed problem are

constructed by the method of matched asymptotic expansions for small, where is a measure of
the extent of the perturbation. In some special cases, the asymptotic results are shown to agree well
with exact results. The asymptotic theory is then applied to determine the exit time distribution for
a particle undergoing Brown|an motion inside a container having reflecting walls perforated by many
small holes.

Key words, eigenvalues, strong localized perturbations, solvability conditions, asymptotic
expansions
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Introduction. A perturbation of large magnitude but small extent will be called
a strong localized perturbation. It may be contrasted with a weak perturbation, which
is of small magnitude but may have large extent. We shall show how to calculate the
effects of strong localized perturbations on the solutions of eigenvalue problems.

Three examples of strong localized perturbations that we will consider are the
addition of a function of small support and large magnitude to a differential operator,
the removal of a small subdomain from the domain of a problem with the imposition
of a boundary condition on the boundary of the resulting hole, and a large alteration
of the boundary condition on a small region of the boundary of a domain.

Problems analogous to those of the first kind arise in the measurement of the
electrical properties of a sample of material by the change it produces in the resonant
frequency of a cavity oscillator in which it is placed. Problems involving the effect
of perturbing the boundary condition occur in calculating the change in resonant fre-
quencies in room acoustics due to absorbing material on portions of the wall or ceiling.
They also occur in analyzing the escape of particles from nearly closed containers.

Strong localized perturbations are singular perturbations in the sense that they
produce large changes in the solutions of the problems in which they occur. However,
these large changes are themselves localized. Consequently, the perturbed solutions
can be constructed by the method of matched asymptotic expansions. An inner ex-
pansion can describe the large changes in the solution in a neighborhood of the strong
perturbation. An outer expansion, valid in the region away from the strong perturba-
tion, can account for the relatively small effects that the perturbation produces there.

*Received by the editors July 8, 1991; accepted for publication August 12, 1992.

Department of Mathematics, Stanford University, Stanford, California 94305.
SDepartments of Mathematics and Mechanical Engineering, Stanford University, Stanford, Cal-

ifornia 94305. This research was supported by the National Science Foundation, Offce of Naval
Research, and the Air Force Office of Scientific Research.

770



STRONG LOCALIZED PERTURBATIONS OF EIGENVALUE PROBLEMS 771

These two expansions can be matched to determine the undetermined coefficients in
both of them and in the expansion of the eigenvalue.

In 1 and 2 we consider the effect of a strong localized potential on the eigenvalues
of the Schrodinger operator in a domain D of Rn where n >_ 3. In 3 we determine
the effect of deleting a small subdomain from D when n >_ 3. The corresponding two-
dimensional case is considered in 4. The results proved previously by Ozawa [3]-[6]
in some special cases are reproduced in 3 and 4. For some special geometries, we
also show that the asymptotic results for the perturbed eigenvalues agree well with
corresponding exact analytical results.

In 5 we treat the case of a strong localized perturbation of the boundary condi-
tion. The results are applied in 6 to determine the exit time distribution for a particle
undergoing Brownian motion inside a container having reflecting walls perforated by
many small holes.

The present analysis has been adapted in [9]-[11] to treat the effect of strong
localized perturbations on nonlinear eigenvalue problems. Corrections to fold points
of S-shaped response curves were obtained and applied in combustion theory. Some
related work is found in [2].

1. Perturbation by a strong localized potential (n _> 3). Let us consider
the following unperturbed eigenvalue problem for the Schrodinger operator in a domain
D of the n-dimensional space Rn"

(1.1a)
(1.1b)

[-A+U(x)]u0(x)-A0p(x)u0(x), x e D,

Ion + b(x)]uo(x) O, x E OD,

U(X) p(x) dx 1.

The potential U(x), the weight function p(x) > 0, and the boundary impedance b(x)
in (1.1) are given smooth functions. We assume that (1.1) has a simple isolated
eigenvalue A0 with a corresponding eigenfunction uo(x). If D Rn, condition (1.1b)
is to be omitted.

Now we introduce a strongly perturbed form of this problem by adding to (1.1a)
the perturbing potential e-2V(y), where y (x- x0)/. Here x0 is an interior
point of D, and is a small parameter proportional to the range of the perturbing
potential. We require that V(y) tend to zero sufficiently rapidly as lYl tends to infinity.
Some examples of the perturbing potentials that we can treat are those that decay
exponentially as y -- c, those that have sufficiently fast algebraic decay as y --, c in
a sense to be made precise below, or those that have compact support. Then as e - 0,
-2 V[(x x0)/e] tends to zero for all x : x0. In order that the perturbation produce
an appreciable effect on the eigenvalue and eigenfunction for small values of e, the
strength of the perturbation potential is made proportional to e-2 for x- x0 O(e).
Thus the strongly perturbed problem is to find u(x, ) and A(e) satisfying

(1.2a)
(1.2b)

(1.2c)

[- A + U(x) +
[On + b(x)]u(x, ) O, x e (D,

DU2(X, e) p(x) dx 1.

xD,

To reveal the nature of the spectrum associated with (1.2), we introduce the local
variables y e-l(x x0) and v(y, ) u(xo + ey), defined near the support of Y.



772 MICHAEL J. WARD AND JOSEPH B. KELLER

Then we obtain the following inner eigenvalue problem:

(1.3) -Ayv + V(y)v #p(xo)v, y E Rn v O asyo.

This problem has a finite number of discrete eigenvalues #k as well as a continuous
spectrum. The full problem (1.2) has a discrete eigenvalue near the eigenvalue #k-2

associated with the inner problem. The full problem (1.2) also has a discrete eigenvalue
near any isolated eigenvalue of the outer problem (1.1). The analysis below is limited
to this latter case in which A() tends to a simple isolated eigenvalue /k0 of (1.1). A
technical assumption that we shall need throughout the analysis below is that (1.3)
does not have a zero eigenvalue.

We seek a solution of (1.2) for small, for which () - 0 as -- 0. We expect
that the corresponding perturbed eigenfunction u(x, ) will differ appreciably from
uo(x) for x near x0, but that it will differ little from u0 for x far from x0. Therefore,
we shall represent u(x, ) by two different asymptotic expansions for 1, an "inner"
expansion forx near x0 and an "outer" expansion for x far from x0.

The outer expansion of u must begin with u0, and the expansion of must begin
with A0; so we write

(1.4)
t(X, ) t0 (X) -[- //1 ()tl (X) -[- //2 ()t2 (X) -]- //3 ()t3 (X) t_

(.) () 0 + - () + -() + -() +....

Here the gauge functions//(e), which satisfy//(e) << 1 and//() >> + () as e 0,
are to be found. Now we substitute (1.4) and (1.5) into (1.2) and equate terms of each
order in e. The terms of order 0 yield (1.1) for x x0 while the terms of order
yield

(1.6) 1 V(x) 1 + o p(x) 1 -1 p(x) o x x0[ >>
(1.6b) [0, + b(x)] u (x) 0, x e OD,

(1.6c) ] uo (x) u (x) p(x) dx O

Since the behavior of Ul(X) as x tends to x0 is not yet known, the function u is not
yet completely defined. However, u0 was defined as a solution of (1.1), so it is regular
t x0.

To write the inner expansion of u, we introduce the stretched variable y
(x x0)/e and set v(y, ) u(xo + y, ). Then (1.2a) becomes

(.) -v + [v() + v(0 + )] (x0 + ).
Now for n 3 we write the inner expansion of u as

(1.s) (x0 + , ) (, ) 0() + , () + () +....

Next we substitute (1.5) and (1.8) into (1.7) and equate coefficients of 0, e, and ez to
get

(.9) 0 v() 0 0,

(.10) 1- v() 1 =0,

(.11) v() -0 (x0)0 + u(x0) v0.
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The inner and outer expansions must be asymptotically equal in some overlap
domain within which y is large and z- z0 is small. Thus in this domain the matching
condition is

(1.12) tO (X) + /21 ()1 (X) -- /]2 ()t2 (X) -I- VO (y) -- Vl (y) -t- 2V2 (y) nt-’’"

From the terms of order e0 in (1.12), we obtain the first matching condition, vo(y) -u0 (x0) as y --+ oc. Under the assumption that # 0 is not an eigenvalue of (1.3), there
exists a unique solution g0(y) of (1.9) that satisfies d0(y) --+ 1 as y -- oc. Therefore,
the leading-order inner solution is vo(y) uo(xo)go(y). To proceed further with the
matching, we need more terms in the behavior of g0(y) for y -- oc. We assume that
lylkV(y) 0 as lYl- oc for k n / 1. Then (1.9) reduces to Laplaces’s equation for

lYl--* oc and

C C y
(1.13) g0(Y) 1 t- +....

The coefficients C and Ci in (1.13) are uniquely determined by the solution d0(y), so
they are determined by the perturbing potential V(y). In three dimensions (n 3),
C has the dimensions of length, and it is called the "scattering length" of V.

We now use vo(y) uo(xo)?o(y) in (1.12) and set y (x- xo)/e. Then the
second term in the far field form of uo(xo)do(y) becomes -en-2u0(x0)C/Ix- x01n-2,
which must be matched by the second term ul (e)tl (X) on the left-hand side of (.2).
Therefore, the first gauge function must be /21 (() en-2, and then

(1.14) (x) - o(xo)C/Ix xol x --, xo

This condition determines the previously unknown behavior of ltl (X) aS Z tends to z0.
Problems (1.6) and (1.14) are an inhomogeneous form of (1.1), so they will have a

solution only if the inhomogeneous terms satisfy a solvability condition. To derive it,
we multiply (1.6a) by u0 and integrate the resulting equation over the region outside
a small sphere D of radius a centered at z0. Upon using Green’s theorem and the
boundary conditions (1.1b) and (1.6b), or the assumed decay of u0 and tl at infinity
if D R,, we obtain

(1.15) --,1 (x) dx fo. (UOOn Ul Ul (On UO dx

Here 0n. corresponds to the outward normal derivative to D\D. Now, by using the
behavior (1.14) of 1 near z0, we can evaluate the limit of the right-hand side of
(1.15) as a tends to zero. The integral on the left-hand side tends to 1 because u0 is

normalized, and we obtain

(1.16) ,1 (t- 2) COn C [t0(x0)] 2

Here w, 2r"/2/r(n/2) is the area of the unit sphere in n dimensions, and r(z) is
the gamma function.

With A1 given by (1.16), problems (1.6) and (1.14) can be solved for Ul. The
solution is made unique by the orthogonality condition (1.6c). Substituting u (x) and

() e,-2 into (1.4) gives the first correction term in the outer expansion of u(x, e).
The leading term in the inner expansion is vo(y) uo(xo)5o(y). The first correction



774 MICHAEL J. WARD AND JOSEPH B. KELLER

to the eigenvalue is A1 given by (1.16). We summarize our results in the following
statement.

PROPOSITION 1. For dimension n >_ 3, assume that lylkV(y) -- 0 as lYl --* cz

fork n + l and that# 0 is not an eigenvalue of (1.3). Assume that A(e) is an
eigenvalue of (1.2) that tends to a simple isolated eigenvalue Ao of (1.1) as -- O.
Then, for << 1,

2 7rn/2
(1.17) A(e) /0 -]- n-2 (Tt 2) r(n/2

C [to(x0)] 2 - O(n-1) n 3.

Here uo (x) is the normalized eigenfunction of (1.1) corresponding to Ao. The normal-
ized eigenfunction u(x, ) corresponding to A() is given by the two expansions

(1.18) u(x, ) uo(x) - 6.n-2 1 (X) -- 0(n-1 ), IX XOI ,
(.9) (X,) 0(0)0 (X--XO)+ 0(), ’X--Xo’=O().

The function ul satisfies (1.6) and (1.14), while o satisfies (1.9) and o(oc) 1.
The constant C in (1.17) is determined by the solution o via (1.13). The composite
expansion of u(x, ), valid everywhere in D, obtained by adding (1.18) and (1.19) and
subtracting their common part, is given by
(.o)

[ (x_x0) (t(X, () 0(X) + n-2l (X) + 0(X0) 0 1 n- +’""]x xo

2. Higher-order terms (n >_ 3). Now we will extend the calculations of 1 to
obtain further terms in the expansions. These terms are essential when uo(xo) 0,
for then the correction term A1, given in (1.16), vanishes.

By using y (x- xo)/e in (1.13), we find that the third term is of order n-1.
Thus, when (1.13) is used in the matching condition (1.12), it follows that 2() en-.
Then, with this gauge function, and assuming a sufficiently rapid decay of V(y) as
y -- ec, we substitute (1.4) and (1.5) into (1.2) to obtain the following equation
for u2:

(2.1a)
/?-t2 V(x) 2 + 0 fl(x) 2 -2(x) 0 1 p(X)ln3, x xo[ O(),

(2.1b) [0 + b(x)]u 0, x e OD,

(2.1c) j [2u0u2 + u531 p(x) dx O.

We now must determine the singular behavior of u2 as x tends to x0.
To do so, we first calculate the next term in Ul for x near x0 by using (1.6) and

(1.14). We find that it is given by

0(X0) C Ix xo[4-n for n 5,
(2.2) u,(x)-lx_xol_2-auo(xo)C [logx-xo for n=4,

1 for n=3.

Here a is a constant, independent of C but depending on n, which is determined
uniquely by the solution u. Writing (2.2) in inner variables, expanding uo(xo + ey)
uo(xo) +e [0 u0 (x0)] yi +’", and then using the mtching condition (1.12), we obtnin

(.3) v,(v) [oo(xo)]v-o(xo)Ch, s .
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This condition determines a unique solution of (1.10) for Vl (y), provided that we
require that further terms in the expansion of vl vanish as lYl -- oc. Then, as in the
case of v0, we can express the solution Vl (y) in the form

Vl (y) [Ox; t0 (X0)] 1i (Y) O t0 (X0)C (n3 0(Y)

Here )0(y) was defined below (1.12), and li(y) is the unique solution of (1.10) sat-
isfying )li(y) yi + o(1) as y - oc. In particular, assuming that lylkV(y) 0 for
k n + 2 then the far field form of li(y) is

](2.5) li(Y)-- Yi lyln_2 - lyln --’’" &S lY]--+ (:X.

The constants B and Bj are determined by the solution )(y) and thus by the
potential V(y).

We now use (2.4), (2.5), and (1.13) in the matching condition (1.12) with y
e- (x- x0). Then the terms of order en- yield the following condition on u2 as x
tends to x0:

?.to(xo)Ci (xi xoi) [Oxi to(xo)Bi - oo(xo) C2 n3)(2.6) u2(x) +

By proceeding as before and using (1.15), with Ul, /1 replaced by u2, A2, we derive
the solvability condition for (2.1) and (2.6), and from it we get

)2 --’ltO(XO)Cdn Ci Ox,io(xo) + (2 )Cdn t0(X0)[OxiO(xo)Bi zr- o to(xo) C2 (n3]

Then problems (2.1), (2.6) can be solved uniquely for u2. Now both (1.17) for A(e) and
(1.19) for the inner expansion of u can be extended to another term. We summarize
our results as follows.

COROLLARY 1. For dimension n >_ 3, assume that lyl kV(y) --. 0 as [Yl oc

for k n + 2 and that # 0 is not an eigenvalue of (1.3). Assume that A(e) is an
eigenvalue of (1.2) that tends to a simple isolated eigenvalue o of (1.1) as O.
Then, .for << 1,

(e.8)

(2.9) t(X,) t0(X) -- n-2 tl(X) t_ n-1 t2(X) -’’" IX-- X0I ,

(xo (x-x

[ (x_xo (2.10) + OxUO(XO))li ouo(xo)Cn3O
x xo

Ix- x01-
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Further terms can be obtained by continuing in the same way.
We will not calculate any further in general. However, in the special case when

u0(x0) 0, both corrections /1 and A2 vanish, and then we must proceed further to
obtain a nonzero correction to A0. Since A1 0 and u0(x0) 0, we find from (1.6)
and (1.14) that ul 0. However, we observe from (2.1) and (2.6) that u2 does not
vanish identically. To determine the first nonvanishing correction to the eigenvalue,
we choose ua(e) en so that the next term in expansions (1.4)and (1.5) are eua(x)
and en Aa, respectively. Using these expansions in (1.2), and assuming a sufficiently
rapid decay of V(y) as y - oc, we find that ua satisfies

(2.11a) /\ua U(x)ua + A0 p(x)ua -Aa p(x)to [x x0[ >> O(e),
(2.11b) [0, + b(x)]ua 0, x E OD,

DUO p(x) dx O.t3(2.11c)

To determine the singular behavior of ua, we first must calculate the next term
in u2 for x near x0 when u0(x0)- 0. From (2.1) and (2.6), we find that

(2.12) Ox uo (xo) B
XO n- 2

Ix- xol4-" for

1 for

n>5,
n- 4,

Here is a constant, independent of Bi, determined uniquely by the solution u2. We
now write (2.12) in inner variables, expand u0(x0 + y) through terms of order e2, and
use the matching condition (1.12) to obtain

(2.13)

When uo(xo) O, the equation for v2 is obtained from (1.11) upon setting v0 0.
The solution to (1.11) and (2.13) can be written in the form

(2.14) ,() [Ox.Oo(xo)] ,() + oo(xo) B , ,().

Here ?2ij (y) and O2(y) are solutions of (1.11) with the following asymptotic forms as

1 Dij E
(2.5) () + iv[,_

+..., ()- + I1,_
+....

When (2.4), (2.5) and (2.14), (2.15) are used in the matching condition (1.12),
the terms of order e yield the following condition on ua as x tends to x0:

(2.16)
[O:.,Oxuo(xo)] Dij O.,uo(xo)Bi"yE5,.a

(:)
o., o (xo) B (x xo + +

Ix-xoi. lx-xo.- Ix-xol.,-

Invoking the solvability condition (1.15) on (2.11), (2.16), and using uo(xo) O, we
obtain ha as

(2.17) -oo(xo) o.. o(xo ).

Then (2.11) and (2.16) can be solved uniquely for ua. We summarize our results as
follows.
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COROLLARY 2. For dimension n >_ 3, assume that tyl kV(y) 0 as lYl -- cx for
k n + 3 and that # 0 is not an eigenvalue of (1.3). Assume that uo(xo) 0 and
that )() is an eigenvalue of (1.2) that tends to a simple isolated eigenvalue )o of (1.1)
as -- O. Then, for << 1,

(2.18)
(2.19)

() o Ox o (xo) Ox o (xo) +...,
t(X, ) t0(X0) -[- (n-lt2(X) q- nt3(X) q-’’" IX X01 ) (,

(2.20)

3. Deletion of a small subdomain (n _> 3). We now perturb the eigenvalue
problem (1.1) by removing from D a small subdomain D of "radius" O(e), centered
at some point x0 in D, and we impose a boundary condition on the resulting hole.
The perturbed problem is

(3.1a)

(3.1b)
(3.1c)

(3.1d)

/

/(x, ) + [() (x) U(x)) (, ) o, x D\D
O (x, ) + ,(x) (x, ) O, x e OD
e 0, u(x, ) + t u(x, e) O, x OD,

U2 (x, e) p(x) dx 1.
\D

Here is a constant and O,u is the directional derivative of u along the outward
normal to D\D. The domain D is obtained from a fixed domain D1 by shrinking
the distance from every point of OD1 to x0 by the factor e. If D has no boundary,
(3.1b) is vacuous.

We will now solve (3.1) for > 0. In the outer region away from the hole D, we
expand u, A, as in (1.4), (1.5) with ul (e) n-2 and u2(e) n-1 to derive (1.6) for
the correction ul and (2.1) for the correction u2. The solvability condition for Ul is
given in (1.15), with an analogous condition holding for u2. To determine the singular
behavior for Ul and u2 as x tends to x0, needed for the solvability condition, we must
construct an inner expansion near D. In the inner region, we write y e-l(x- x0),
v(y, e) u(xo + ey, e) to obtain, in place of (1.7),

(.) /’,, # U(xo + ) -# , p(xo + ) v D,
(3.2b) O,.v + v O, y OD1.

In (3.2) Ay and 0n. denote derivatives with respect to y and D1 is the domain D in
the y variable. Expanding v in powers of e as in (1.8), we obtain the following inner

problems (3.3)-(3.5) in place of (1.9)-(1.11)"

(3.3) /yVo O, y D1 Onvo + nvo O, y OD1
(3.4) Ayvl 0, y D1 OnVl + I’ Vl O, y OD1

(3.5) /yV2 (U(xo)- ,kop(xo))vo, y DI OnV2 + IV2 O,
\ /

y OD1.



778 MICHAEL J. WARD AND JOSEPH B. KELLER

The matching condition for the inner and outer solutions is expressed in (1.12).
Rather than repeating the analysis of 1 and 2, we observe that the calculation

parallels that in those sections if we replace the inner problems (1.9)-(1.11) by (3.3)-
(3.5). Then the far field forms of the solutions of the inner problems (3.3) and (3.4)
are still as given in (1.13), (2.4), and (2.5), with the constants C, Ci, Bi, Bij, and so
forth, depending on a. The constant c in (2.2) is independent of a. To obtain 1, we
match the leading terms in (1.12) to obtain the matching condition vo(y) uo(xo)
as lYl oc. Writing vo(y) uo(xo)o(y), where 0 satisfies (3.3) and )0(oc) 1,
we obtain the far field behavior of 0 given in (1.13). Proceeding as in (1.14) and
(1.15), we find that/1 is given by (1.16) in which C C(). Then we can proceed as
in (2.1)-(2.6) to derive (2.7) for the second correction to the unperturbed eigenvalue.
The results are summarized in the two term expansion for A(), and the inner and
outer solutions given in (2.8)-(2.10).

In the special case when uo(xo) 0, the terms in (2.8) of orders O(en-2) and
O(en-1 both vanish. To obtain the first nonvanishing correction to A0, we proceed as
in the derivation of (2.17). All the results of (2.11)-(2.16) apply to the present case
if we replace the inner problems (1.9)-(1.11) by (3.3)-(3.5). The constants Dij and
E in (2.15) depend on whereas the constant in (2.12) is independent of n. The
results for this case are then summarized in (2.18)-(2.20).

The conclusion is that Proposition 1 and Corollaries 1 and 2 hold when a hole is
deleted from the domain, instead of a potential being added, provided that v0, Vl, and
v2 are the solutions of (3.3)-(3.5). These results are not useful when t 0 because
then the corrections they yield for A(e) vanish.

We now consider the case where 0. In this case, we have d0 1, and thus
C(0) 0, Ci(0) 0, and so forth. Therefore, it follows from (1.6), (1.14), and (1.16)
that A1 0 and ul --- 0. In addition, from (2.5) we obtain that Bi(0) 0, and thus
from (2.1), (2.6), and (2.7), we conclude that A2 0 and u2 0. Therefore, in this
case, the expansion of A(e) is A() A0 + n A3 +"" The corresponding expansions of
the outer and inner solutions are u u0 + e u3 +... and v u0 (x0) + vl + v2 +...,
respectively. Substituting the outer expansion into (3.1), we find that u3 satisfies
(2.11). Substituting the inner expansion into (3.2) and setting 0, we obtain

(3.6) /yvl 0, y D1 OVl 0, y OD1

(U(xo) ,op(xo) u0(x0), y D1 OnV2 0, y cOD1.(3.7)
\ /

From the matching condition (1.12), we find that Vl [OxO(XO)]Yi and
v2 [OxOxUo(xo)] yiyj/2 as y oc. The solution for vl can be written as v
[0; u0(x0)] 1, where 1 is the solution to (3.6) for which
Its asymptotic form is given in (2.5) with Bi(0) 0, and thus

(3.8) vl(y) --[Oxto(Xo)])li(Y) Yi -Jc-
ly[n

as y ---->

To solve (3.7), we write v2(y) as

(3.9) +

Substituting this form into (3.7) and using (1.1a) evaluated at x0, we obtain

(3.10) gk. 0, y D1; 0nO --1 [Ox,. Oxt0(X0)]. On (Yi Yj) y GgD1
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Imposing the condition that - 0 as lYl --* oc, we find that -E/lyln-2. To
determine E, we apply the divergence theorem to (3.10) in the region outside D1 to
obtain

(3.11) fo [OxOxo(xo)] o () .(n e) E

Then, applying the divergence theorem to the interior of D1 and using (1.1a), we
derive

(3.12) E 1/D (Ao p(xo) U(xo)) uo(xo) V1

(n ) ZXo(xo) dx
(n- )

Here V1 is the volume of D1. Therefore, from (3.9) the far field behavior of v2 is

1 E[oOx,o(xo)] s oo(3.13) v2(y) - lyl_

Using (3.8) and (3.13) in the matching condition (1.12), we obtain the following
singular behavior for u3 as x -+ x0"

(3.14) (x) [o. o (xo)] B (0) (x xo)
Ix -- ii E

X01n-2

Imposing the solvability condition on the problem for u3, defined by (2.11) and (3.14),
we determine Aa as

(3.15)  (xo)  (xol) I o(xo)l Ox  o(xo) Ox  o(xo)

Problems (2.11) and (3.14) can then be solved uniquely for u3. We summarize our
results in the following statement.

COROLLARY 3. For dimension n >_ 3, assume that n 0 in (3.1c). Let ;(e) --, ;o
where o is a simple eigenvalue of (1.1). Then, for e << 1,
(3.16)
/()- /0 nt- (n [VI (,op(xo)- V(xo))[t0(x0)] con(xiUO(XO)Bij(O)OxjO(XO)] --""

(3.17) u(x,e) uo(x) + e u3(x) +-.., Ix xol >> O(e),

(3.18)

t(X,() t0(X0) +( [0x,t0(X0)] )li + [(x, Oxjto(Xo)] (Xi --Xoi)(Xj --Xoj)

+(x-xo)+..., Ix xo, O()

We note from (3.16) that the coefficient of order e does not vanish when uo(xo) O,
and thus (3.15) still gives the first nonvanishing correction to the eigenvalue in this
case.

The constants C(n) and Bij(n) appearing in (2.8), (2.18), and (3.16) are known
for some special hole geometries. In particular, when D1 is a sphere of radius a and
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n > 3, then C(t) eta-l/[(n-2)+na]. For n 3 and n oc, the constant
C(oc) appearing in (2.8) is the capacitance of D1, which is known explicitly for some
domains, D1. When D1 is a sphere of radius a, we have C(oc) a; for a circular
disk of radius a, C() 2a/; for an oblate spheroid with semi-axes al a > a3,

C() (a -a)l/2/cos-(a3/a); for a prolate spheroid with semi-axes a > a2

a3, C() (a -a)’//cosh-(a/a). For a general ellipsoid,
(3.)

C() 2 d/R() where R()= (a + )1/2(a + )l/2(a] + )1/2.

Szeg6 [8] has shown that the sphere has the smallest capacitance of all domains of
the same volume. Thus among all such domains, deleted at z0, a sphere produces the
smallest first-order perturbation of each eigenvalue.

When n 0 and n 3, Bij(0) is called the polarizability tensor of D1, which
can also be found explicitly for various hole geometries. If D1 is an ellipsoid with
semi-axes ai aligned with the coordinate axes, then

V 1 jo dr(3.20) Bij(O) (1 hi)- ij where ni -ala2a3 R(rl) (a + rl)

Here V1 47rala2a3/3 is the volume of D1. If D1 is a sphere of radius a, then ni 5,
and thus Bij (0) a35ij/2. In addition, if ec and D1 is an ellipsoid with semi-axes
ai, which are aligned with the coordinate axes, then

(3.21) Bij(oc)
47r ni

5ij

Finally, if D1 is a sphere of radius a and n 3, then

(3.22) l j t a3 < 1- ta )2+ "
Thus, in the limiting cases oc and --+ 0, we obtain Bij(o) -a35ij and
Bij(O) a35ij/2 for a sphere of radius a when n 3.

The expansion (2.8) for A(e) simplifies when 0x uo(xo) 0 or when D1 has special
symmetry. In particular, when D1 is a sphere then Ci () B (n) 0 and thus in this
case the term of order e in (2.8) vanishes when n > 3. For a sphere with n 3, (2.8)
provides an almost explicit two-term expansion for A(e) in terms of uo(xo) and the
known quantity C(n), given above. The constant c in (2.8), which can be determined
only from the solution to (1.6) and (2.2), cannot be found explicitly for arbitrary
domains D and hole locations. It will be determined explicitly in a special case below.
Finally, we note that (2.8) can be simplified as n --+ 0, by using the limiting behaviors
C(N) Sln/[(n- 2)a..], Ci() o(1) and Bi(t) o(1) for << 1. Here S is the
surface area of OD. Thus if n eec0, with 0 independent of e, (2.8) reduces to

(3.23) A(e) ,0 - (yn-1 q’l n0 [0(X0)] 2
"Jr-’’’, (N N0).

3.1. Deletion of a small subdomain (n 3): Examples. Now we con-
sider some examples of the theory developed above. For some simple geometries, our

asymptotic results will be compared with exact analytical results and with some re-
sults obtained previously in certain limiting cases. To construct explicit solutions, we
assume below that p 1, U 0, and b constant in (1.1) and (3.1).
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If D is a hole of arbitrary shape with n oc and n 3, the result (1.17) applies
with C(oc) being the capacitance of/91. This result was proved by Ozawa [5], and
some related results were proved earlier by Swanson [7]. When our two-term result
(2.8) is applied to a spherical hole of radius with oc and n 3, then C 1,
Ci 0, and Bi 0. This result was also proved by Ozawa [3]. Our Proposition 1
and Corollaries 1-3 extend these results to the case of arbitrary hole shape, arbitrary

_> 0, and vanishing u0 (x0).
If D is a sphere of radius 1, then the unperturbed eigenfunctions and eigenvalues

for (1.1) are known explicitly. We now determine the corrections to the unperturbed
eigenvalues corresponding to spherically symmetric eigenfunctions as a result of placing
a small hole, centered at some point r0 Ix01 < 1, inside the unit sphere.

These eigenfunctions and associated eigenvalues for (1.1) are given by
(3.24)

(A0)1/2( cos2(x/000))-l/2 tan(0)- x/0-no(r)=Nojo(v/Aor), N0= 1+
b-1 1-b’

where jo(z) =- z-1 sinz. For the perturbed problem (3.1), the first correction to A0
was determined above for three ranges of . From (2.8), (3.23), and (3.16), we obtain

(3.25a) A() A0 + 4reCNj(oro),

-47r2N3jo(xoro) [V/0J’0(0r0) x--i (B + C) + cjo(V/ooro)C2] +... > O,
ro

(3.25b) A() Ao + S 2 ao N j oro) + n eao

(3.25c)

() o + 3oNo2 Vlj)(oro)- r--(j’o(Voro) xoiBij(O)xoj +...,

Here $1 is the surface area of ODI, V is the volume of D, and D is the domain D
magnified by e-1. The constants c, C(), Ci(), Bi(), Bij(O) were defined in (2.2),
(.13), and (2.5). Explicit expressions for C(), Bij(O) were given above for some hole
geometries.

In particular, if Dlis a sphere of radius a, then Bij(O) a35ij/2. In this case,
(3.25c) becomes

4r a3 ea 3 2(a.) X() Xo + a X0 o [jg(00) (j’o(0o)) +’", - 0.

Suppose that b oc in (3.24) so that u 0 on r 1. Then, for the smallest eigenvalue
A0 7r2 of (1.1), a numerical calculation shows that the coefficient of order e3 in (3.26)
is positive if r0 < .5845 and negative if .5845 < r0 < 1. A similar result occurs for the
nonlinear eigenvalue problems arising in combustion theory, which we considered in

[10]. In that context, the change in sign of A(e) Ao was shown to have an interesting
physical interpretation.

In the special case when r0 0 and > 0, it is possible to determine explicitly
the constant c appearing in (3.25a). Since j0(0) 0, then (3.25a) reduces to

(3.27) A(e) Ao + 4 r e C() Ng 4 r e2 a C2(n) Ng +....
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The constant a is found from the solution to (1.6) and (2.2), which become

2
tlrr q- --Ulr nu /0 Ul --/1 U0 in 0 < r < 1,

r

Ulr + bul 0, on r 1,

f01 ?-tO Ztl r2 dr O, 721 --C(6;)Zto(O) p-1 or- ct -- 0(1) as r -+0.

The solution to (3.28) is

(3.293)
/1 cos(v/-or)tl(r) No 0

c(.) cos(v 0 )

where

rr N0 -3 + 4 sin2(v/0)(3.29b) a=
Ao Ao 2

Using (3.29b) in (3.27) gives an explicit two-term expansion for A(e) when a hole of
arbitrary shape is located at the center of a sphere of radius 1. In particular, if b
then from (3.24) we find 0 nr, -N0/0 1/2, and thus (a.2r) boms

(3.30) + + a +...].
We now compare the asymptotic results (3.25b), (3.25c), and (a.a0) with the

exact eigenvalues of (a.1) when b oc and D is a sphere of radius ea centered at the
origin. For two concentric spheres, the exact eigenvalue relation for (a.1) is

(3.31) jo(z) yo(z) [ e_Z2o(az) jo(az)
z y’o(aez) yo(aez)

Here z x/ and yo(z) z-1 cosz. Expanding k in powers of e for t > 0,
eta0 and 0, we readily recover (3.25b), (3.25c), and (3.30) with r0 0,

C() a2/(1+ a), S1 4rra2 and V1 4rraa/3. In Table 1 we compare the
asymptotic result (3.30) with the smallest eigenvalue of (3.1) obtained by solving (3.31)
numerically when 1. In Table 2 we compare our asymptotic result (3.30) with the
smallest eigenvalue of (3.1) for oc, which is given explicitly by A(e) rr2(1-e) -2
From these tables, we observe that the three-term expansion (3.30) for the smallest
eigenvalue of (3.1), when a 1, is within 3 percent of the exact value even when
e 1/2. We would expect similar agreement for the case of a hole of arbitrary shape.

Now, if > 0 and A0 is not the minimum eigenvalue of (1.1), then jo(v/oro) 0
for some r0. For a deletion centered at a point on such a nodal line, the corrections
to 0 of orders e and e2 in (3.25a) both vanish. The first nonzero correction is O(ea),
which is given in (2.17). From (2.18), the expansion of A(e) is

A(e) k0 4rr ea A,o [j; (X/ oro)]2 XOi Bij (n) Xoj -Jr-’’’

The tensor Bij(oc) was given explicitly in (3.21) for ellipsoids, and Bij(n) was given
in (3.22) when D1 is a sphere of radius a.
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TABLE

Concentric spheres: 1.0, b oc, lowest eigenvalue.

(3.30) (2 term) A (3.30) (3 term) A (3.31) (exact) perc. err., 3 term

0.010

0.050

0.100

0.125

0.150

0.175

0.200

9.9683

10.363

10.857

11.103

11.350

11.597

11.844

9.9690

10.382

10.931

11.219

11.517

11.823

12.140

9.9691

10.383

10.946

11.251

11.574

11.919

12.289

0.001

0.011

0.137

0.284

O.492

0.805

1.213

TABLE 2

Concentric spheres: oc, b oc, lowest eigenvalue.

0.010 10.067

0.050 10.857

0.100 11.844

0.125 12.337

0.150 12.830

0.175 13.324

0.2O0 13.817

(3.30) (2 term) ,k (3.30) (3 term) A (3.31) (exact) perc. err., 3 term

10.070

10.931

12.140

12.800

13.497

14.231

15.002

10.070

10.936

12.185

12.891

13.660

14.501

15.421

0.001

0.046

0.369

0.706

1.193

1.862

2.717

4. Deletion of a small subdomain (n 2). Now we analyze the perturbed
eigenvalue problem (3.1) in two dimensions. Substituting the outer expansion (1.4)
and the eigenvalue expansion (1.5) into (3.1), we obtain (1.6) for the outer correction

Ul. In the inner region, in place of (1.8), we allow for the more general asymptotic
expansion

(4.1) v(y, ) #0() VO(y) nt- #1(()Vl(y) nu 2(()v2(y) -t-’’"

Here the #i(e) are gauge functions to be determined. Substituting (4.1) into (3.2), we
obtain

(4.2) /kyvo 0, y D1 On Vo nu n vo O, y 0D1

The matching condition, analogous to (1.12), is

(4.3)
tO (X)-t- /21 (([)tl (X)-t- /22 (()t2 (X)nt- 0 (()VO(y)+ #1 (()Vl (y) -- #2 (()v2(y) -t-

We first consider the case where a > 0 in (3.1c). In two dimensions, (4.2) has a
solution ?(y) with the asymptotic behavior

(4.4) ?(y) log lYl- log [d(n)] +.-. as
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For > 0, this solution is unique, and the constant d(n) is determined. It is given
explicitly below for some simple hole geometries. When n oc, d(oc) is called the
logarithmic capacitance of D1. It is well known that a circular domain has the smallest
logarithmic capacitance of all domains of the same area (see [1]).

The leading terms in (4.3) are uo(xo) on the left and #0(e)v0(y) on the right.
They match if

1
(4.5) #0(e) -log led(n)] (x0)

Then the right side of (4.3) contains the singular term (-1/log [ed()])uo(xo) log
x01 which must match , (e)u (x). Thus we conclude that

1
(4.6) //1 (e) -’og, [at)]re-’’n’l ltl (X) t0(X0) log IX X01 aS X -- X0.

The solvability condition (1.15) applied to problems (1.6) and (4.6) for Ul determines
A1 to be

(4.7) A1 2 7r [u0(x0)] e

Then u is the unique solution to (1.6) with singular behavior (4.6).
We now calculate further terms in the expansion of the eigenvalue. In the outer

region, we choose the gauge functions as j(e) (-1/ log [ed(t)] for j 1,2,
Then, substituting (1.4) and (1.5) into (3.1), we obtain the following equations for

j-1

i=1

Ix-z01 >>

(4.8b) [&, + b(x)]uj =0, x OD,

(4.8c) fD Ui Uj-i f)(X) dx O.
i=0

In the inner region, we take #j(e)= (-1/log[ed(n)])j+l for j 0,1,2, Substitut-
ing (4.1) into (3.2), we find that vj(y) satisfies (4.2) with v0 replaced by vj. We allow
vj(y) to grow logarithmically as lYl ec, so we write vy(y) ajuo(xo)(y), where
the aj are constants to be determined. Here (y) is the solution to (4.2) with far field
behavior (4.4). From the leading-order match (4.5), we found that a0 1. Writing
the right side of the matching condition (4.3) in outer variables, we have

()i_logled(n)]
1

(4.9) v(y, e) ao uo(xo) +E
Comparing (4.9) with the left-hand side of (4.3), we find that Uj must have the fol-
lowing singular behavior as x -, x0:

(4.10) uj (X) aj-1 uO (Xo) log Ix x01 for j 1, 2,
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Now uj is the solution of (4.8) and (4.10). Applying the solvability condition
(1.15) to this problem for uj, we obtain

j-1

(4.11) ,j--27raj_1 [uo(xo)]2-EAj_i(ui,uo) for j--1,2,
i=1

Here we have defined the inner product (u, v) by (u, v) fD uvpdx. Substituting
(4.11) into the right-hand side of (1.5) gives the expansion for A(e). To determine the
aj, we must calculate the next term in uj as x - xo. From the unique solution to
(4.8), (4.10), we obtain

(4.12) uj(x) uo(xo)[aj-1 loglx- xo[ +/3j] for j 1,2,

Here/3j is a constant determined by the solution uj to (4.8) and (4.10). It depends
on the unperturbed solution and the hole location but is independ.ent of the shape of
D1. Then matching the remaining terms of order (-1/log [ed()]) in (4.9), we get

(4.13) aj =j for j=1,2,

Substituting (4.13) into (4.11), and using a0 1 determines j. We summarize our
results in the following statement.

PROPOSITION 2. For dimension n 2, assume that > 0 in (3.1c). Let ;(e)
o as --, O, where o is a simple eigenvalue of (1.1). Then, for e << 1,

(4.14a) ,(e) ,o + 27r [uo(xo)] 2 + ;kj + ...,

where

j-1

(4.14b) .j 27r/3j-1 [uo(xo)] e E’J-i (ui, uo) for j 2, 3,
i=1

Here j for j 1,2,... is found from (4.12).
given by

The outer and inner expansions are

1 )(4.15) u(x,e) uo(x) + E. -log[ed()] uj(x) +..., ix- xot >> e,
j=l

(4.16)

)
j=O

j/l

The outer solution uj satisfies (4.8) and (4.10) with aj_ replaced by/j_. In (4.16)
we have labeled o 1.

Similar analyses can be done to treat the cases when uo(xo) 0 or when n
0. The main results are summarized below, and the details can be found in the
appendices.
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COROLLARY 4. For dimension n 2, assume that uo(xo) O. Let () ),o as-- O, where )o is a simple eigenvalue of (1.1). Then, for 1,

(4.17) A(e) Ao +A* +..., * -2 o o(xo) () o o(xo),

(x)(x)() +*(x)+ Ix(4.18) u(x, ) uo(x) + (log[ed(n)] + )

(4.19)

u(x, ) vo + [(x- xo)/] OxO(Xo)B()
(log[ed(n)] + )

+..., Ix-xol=O().

In (4.17)-(4.19), the function vo(y) and the constants Bi(n), Bij(n) satisfy

(4.20a) /kyvo=0, yD1; 0nvo+vo=0, yEODI,

( Bij(t)yj +...) Y-’-(4.205) vo [OxUo(xo)] yi + Bi(g) + lye[

In (4.18) the function u* (x) satisfies

(4.21b)

(4.21c)

/, U(x), + o p(x), -,p(x)o x o,

[o + (x)] , o, e OD ./ o()* (x) () dx O,

*(x) [0 o(o)] B()(x zoo)

The function g(x), which is proportional to the Green’s function for (4.21), satisfies
(4.21a), (4.21b) with * O, subject to the singular behavior g(x)
as x -- xo. The constant appearing in (4.18) and (4.19) is defined uniquely by
g(x) log Ix xol + o(1) as x xo. Finally, the function (y) and the constant
d(n) are found from the solution to (4.2) with far field behavior (4.4). The details of
this calculation can be found in Appendix A.

COROLLARY 5. For dimension n 2, assume that n 0 in (3.1c). Let () -- oas -- O, where o is a simple eigenvalue of (1.1). Then, for 1,

(4.22))(e) =Ao+2/+..., .k =2e2[Euo(xo)-0xUo(xo)Bj(0)0uo(xo)],

(4.23) u(x,

(4.24)

(x ) o(xo)+ [Ox,,o(xo)] + [o,Oxo(o)] (x xo) (x xo)

+ ( log ) E + (x x ) +’", Ix-oI-O().

In (4.22) the constants Bj(O) are found from (4.20) with O. The constant E is

given in terms of the area A of DI by

E A-2-1 (o p(xo)- U(xo))uo(xo).
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In (4.23) the function u satisfies (4.21) with u*, * replaced by Ul, 1 and with (4.21c)
replaced by

(4.26) tl (x) [Ox uo(xo)] Bij(O)(xj xoj) + Elog Ix xol as x xo

In (4.24) the function "/li(y) i8 the solution to (4.20a), with /% O, having the far
field behavior li(y) yi + Bj(O)yj/lyl 2 +’". Finally, the function (y) appearing
in (4.24) is the solution to (3.10) with the far field form (y) E log lYl. The details
of this calculation can be found in Appendix B.

The constant d(/%) defined in (4.4) and the tensor Bj(/%) defined in (4.20b) are
known explicitly for some hole geometries. When D1 is a circle of radius a, then

(4.27a) d(/%) a exp(- 1/ BiJ(/%) a2 ( 1-+ /%a
5ij

If D1 is an ellipse with semi-axes a and a2, aligned with the coordinate axes, then
(4.27b)
d(c) (al 4. a2)/2, Bij(c) -(al 4. a):Sij/4, Bij(O) (al 4- a:)eSij/4.

Finally, we note that (4.14a) can be simplified when/% -- 0. By using the diver-
gence theorem and the definition of d(t) given in (4.4), we find that

271
(4.28) log[d(/%)]

L1/%
as /% -- 0.

Here L1 is the length of OD1. Thus, if/% e/%0, with/%0 independent of e, a two-term
expansion for ,k(), obtained by using (4.28) in (4.14a), is given by

(4.29) A() A0 + L1/%0 [u0(x0)] 2
+’", /% (/%0)

4.1. Deletion of a small subdomain (n 2): Examples. Now we consider
some examples of the theory developed above, and we compare our results with some
previous results. We take p-- 1, U -_-0, and b constant in (1.1) and (3.1).

If D is a circle of radius e, then, from (4.14a), (4.22), (4.25), and (4.27a), we
obtain

(4.30a)

(4.30b)

1 2
() 0 + (--) [0(x0)] +..., - ,+ i o(xo)l +..., o.

\ /

These results were proved by Ozawa [6], [4]. See also Swanson [7]. Our Proposition
2 and Corollaries 4 and 5 extend these results to the case of arbitrary hole shape,
arbitrary >_ 0, vanishing u0(x0), and in the case where/% > 0 to further terms.

To illustrate the theory, we let D be a circular cylindrical domain of radius 1.
The normalized radially symmetric eigenfunctions and associated eigenvalues for (1.1)
are

(4.31)

(),o)-/ /- 0(x/X) b
to(r) No Jo(xor), No 1 + 2- J’o(X/) Jo(vf)
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We now determine the correction to Ao as a result of placing a small hole, centered at
some point ro Ixol < 1. From (4.14a), (4.14b), (4.29), and (4.22), we obtain
(4.32a)

() Ao + 2rN J(v/oro) -log [d(g)]
/ fll -log [ed()]

/"" > 0,

(4.32b) A() AO / L1 to N J3 oro) /’.., t ergo,

(4.32c)
27r 2A(e)=Ao+e2AoNo2 A1J(oro)- r---.(Jo(oro)) xoiBij(O)xoj +..., n=0.

The constant 1 in (4.32a) is determined from the solution to (4.8) and (4.12). Explicit
expressions for d(n) and Bij(O) were given in (4.27) for some simple hole geometries.

in particular, if D1 is a circle of radius a, then Bij (0) a2 &j. In this case, (4.32c)
becomes

A(e) Ao + ra e2Ao N (Jg(oro)- 214(oro)] z) +-’-, t 0.

If b oc, then, for the smallest eigenvalue of (1.1), a numerical calculation shows
that the coefficient of order d in (4.33) is positive if r0 < .2008 and negative if
.2008 < r0 < 1.

In the special case when r0 0 and n > 0, it is possible to determine explicitly
the constant fll appearing in (4.32a). This constant is determined from the solution
to (4.8) and (4.12), which become

(4.34)

1
ul,.+-ulr+Aoul =-/luo in O<r< 1,

Ulr / bul 0 on r 1,

uoulrdr-O, ul u0(0) logr+31 as r -- 0.

The solution to (4.34) is
(4.a5 )

1 (T) No Jo(V/oT) / Yo(T) + ("1 1og(/2) ) g0(T)

where

(4.35b) 1
(i + A0/b2) -2

2 J (x/o)(1 + Ao/b2)
+log (y/o/2)

Xo

Here 3’ .5772... is Euler’s constant. Using (4.35b) in (4.32a), and setting r0 0,
we obtain an explicit three-term expansion for A(e) when a hole of arbitrary shape is
located at the center of a circular cylinder of radius one.

We now compare the asymptotic results (4.32) with the exact eigenvalues of (3.1)
when b oc and D is a circle of radius e centered at the origin. In this case, we find
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TABLE 3

Concentric circles: 0, b c, lowest eigenvalue.

0.010

0.050

0.100

0.150

0.175

0.200

0.225

A (4.32c) A (4.36)(exact) perc. err.

5.785

5.837

5.998

6.266

6.440

6.641

6.869

5.785

5.836

5.993

6.254

6.424

6.624

6.854

.0001

.009

.076

.199

.252

.27O

.228

0.001

0.005

0.010

0.025

0.050

0.075

0.100

0.125

TABLE 4

Concentric circles: cx, b oc, lowest eigenvalue.

A (4.32a) (2 term) A (4.32a) (3 term) A (4.36) (exact) perc. err., 3 term

6.857

7.184

7.395

7.795

8.260

8.648

9.006

9.352

7.027

7.473

7.777

8.391
9.163

9.856

10.535

11.226

7.048

7.518

7.845

8.519

9.391

10.189

10.982

11.800

0.294

0.605

0.872

1.510

2.419

3.263

4.075

4.864

from (4.27a) that d() exp(-1/). For two concentric circles, the exact eigenvalue
relation is

(4.36) Jo (z) yo (z) [
_
z Yo () go (z) 1
z (z) o() ]

where z v/. Expanding A(e) for e << 1 in (4.36), we readily recover (4.32).
In Table 3 we compare the expansion (4.32c) for the smallest eigenvalue of (3.1),

when b oc, with the corresponding exact result obtained from the numerical solution
to (4.36). The asymptotic result is found to be within 1 percent of the exact result
even when e .1 In Table 4 we compare our three-term result (4.32a), (4.35b) for the
smallest eigenvalue of (3.1), in the cases where b oc and n oc, against the exact
result obtained from the numerical solution to (4.36). In this case the constant/1 is
found to be 1 1.092. The asymptotic and exact results agree to within 5 percent
for < .125.

We now compare our asymptotic results for some higher eigenvalues of (3.1) for
two concentric cylinders. Specifically, we consider b oc and we label the unperturbed
eigenvalues by v/ z02, where J0 (z0) 0 for n 1, 2, In Table 5 we compare
the three-term result (4.32a), (4.35b) for these higher eigenvalues, when b oc, oc,
and e .03, against the exact results obtained from (4.36). The agreement between
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TABLE 5

Concentric circles: a c, b , .03, higher eigenvalues.

n

5

9

13

17

A (4.32a) (2 term) A (4.32a) (3 term) A (4.36) (exact) perc. err., 3 term

7.899

2.363 102
7.805 102
1.641 103
2.816 103

8.559

2.464 102
8.032 102
1.677 103
2.868 103

8.707

2.572 102
8.433 102
1.766 103
3.024 103

1.701

4.199

4.758

5.006

5.150

the asymptotic and exact results for A(e) deteriorates as n increases. This is not
surprising since the validity of our asymptotic theory is restricted to the case where
2 A0 o(1), and so our result is not uniform in n as n -- c. Although our asymptotic
results have only been compared to exact results for concentric cylinders, we anticipate
a similar agreement for other values of , b, hole geometries, and hole locations.

We now show how, for r0 0, we can get a better determination of the perturbed
eigenvalue than that given by (4.32a). For simplicity, we take b c. Then, upon
neglecting terms of order in (4.36) and setting c, we obtain,

7 [ og, + +

Let A A* () be the solution branch to this transcendental equation emanating from
an eigenvalue A0 of the unperturbed problem. If we were to expand A* () in a series
in powers of (-1/log ), we would recover (4.14a), (4.145) with coefficients A1, A2,
for two concentric circles. For a hole of arbitrary shape with any n - 0, located at
r0 0, the series (4.14a) expresses A in powers of (-1/log[d(n)]). The coefficients
Aj are independent of and of the shape of the hole. Therefore the sum of the series
is just A* [d(n)]. Thus, for a cylinder of radius one with b oc, which contains a hole
of arbitrary shape located at r0 0, we have

(4.38) /(e) =/k* [d(n)] + O (/log e)

In Table 6 we compare (4.38) with the exact solution from (4.36) for two concentric
circles with for which d(c) 1. The comparison is made for the lowest
eigenvalue of (1.1). In this table, we also give the result for the renormalized series

A(e) A0-2rN3 (log [ed()] + fll )-1, which is based on the first three terms in (4.32a)
when b c and r0 0. From this table, we observe that (4.38) agrees significantly
better with the exact results than either (4.32a) or the renormalized series. A more
general procedure to sum logarithmic expansions resulting from singularly perturbed
eigenvalue problems is given in [12].

Now, if t > 0 and A0 is not the minimum eigenvalue of (1.1), then Jo(voro) 0
for some r0. The expansion for A() in this case is given in (4.17), which becomes

(4.39) () 0 2 N0 j, x0 B (n) x0 +....

The tensor Bij(cx) was given in (4.27b) for elliptical holes aligned with the coordinate
axes, and Bij() was given in (4.27a) for circular holes.
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TABLE 6

Concentric circles: (x, b c, lowest eigenvalue.

0.025

0.050

0.075

0.100

0.125

0.150

0.175

A (4.32a) (3 term) A (renormalized) A (4.38) (transc.) A (4.36) (exact)

8.391

9.163

9.856

10.535

11.226

11.953

12.715

8.644

9.686

10.742

11.921

13.307

15.012

17.196

8.517

9.381

10.155

10.899

11.625

12.337

13.027

8.519

9.391

10.189

10.982

11.800

12.660

13.577

5. Perturbations of boundary conditions (n 2,3). Next, we consider
a strong perturbation of the boundary condition (1.1b) within a sphere of radius e
centered at a point x0 on OD. For simplicity, we consider the case with b constant in
(1.1b) and we assume that this constant is changed to e-la within that sphere. The
perturbed problem is

(5.1a)

(5.1d)

Au(x, ) + [)()p(x) U(x)) u(x, ) O, x E D,

On u(x, ) + b u(x, ) O, x e OD,
On u(x, e) + u(x, ) O, x OD,

(x, dx

Here is constant, OD is that part of the boundary within the sphere of radius on
which b has been changed, and OD is the rest of the boundary of D.

We proceed to solve this problem for e << 1 by the method of 2-4. In particular,
if n 3 the equations of 3 still apply if we modify the inner problems so that they are
solved in the half-space bounded by the tangent plane to OD at x0. The solvability
condition (1.15) also still applies if we now note that OD denotes only that part
of OD lying in D and that part tends to a hemisphere as a tends to zero. As a
consequence, 4r must be replaced by 2r when we adapt the results in 3 with n 3
to (5.1). Corresponding changes must be made in the two-dimensional case.

5.1. The two-dimensional case. In the neighborhood of x0, we introduce
orthogonal curvilinear coordinates (s, n) with origin at x0, where s is arclength along
OD and -n is the distance from x to OD. Then (5.1) transforms exactly to

1 1 ( )u,., +u,. + u.. + i p(x)-U(x) u=O x e D
p + n (1 +p-ln)2

(5.2) O,.u+bu-O, on n-0, Isl >,
O,.u+u=O, on n=0, Isl <,

where p is the radius of curvature of OD. Here u and x are to be expressed in terms
of s and n.

In the inner region, we introduce e-s, r/- e-n, v(,/,e) u(s,n,e) and
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we expand v tto(e)vo + #1 ({)Vl q-.. From (5.2), we obtain to leading order

The matching condition for the inner and outer solutions, analogous to (1.12), is

(5.4)
0(0, O) q--n (Ono (O, O)q-8(Os’tto(O, 0)q-l.! ()?Zl (8, n)q- #0 (e)v0 (y)-}-,1 ()Vl (y) q--

We now determine the first correction to A0 for three different ranges of b and n.
If b < and n 0, (5.3) has a solution with the asymptotic form

vo(y) u0(0,0) (logIy[- logd()+ ...) as ]y[- (2 + .2)1/2
__

cx:).

Then the first term on the right-hand side of (5.4) matchesIf n oc, then d(c) 3"
u0(0, 0) if tt0(e) (-1/log led(n)]). Since the second and third terms on the left-hand
side of (5.4) are O(e), we must next match the fourth term on the left-hand side of
(5.4) to the rest of vo(y), which results in
(5.5)

( 1 ) uo(O,O) log(n2+s2) as n2+s2._+O"ul () -log led(n)] 1 (8, n) T

Using (5.5) in (1.15) determines /1. Then from (1.5) we obtain, for b < cxz and n =fi 0,

1 ) [u0(x0)]2+ - og +"

If b cxz and # cxz, then u0 (0, 0) 0, &uo (0, 0) 0, and thus the correction to
A0 in (5.6) vanishes. In this case, the matching condition (5.4) requires that #o()
and v0(, 7]) 7] 0,,to(0, 0) as 7] - -cxz. Then there is a solution to (5.3) that has the
asymptotic form

)(5.7) vo(, 7]) [0nt0(0, 0)] 7] -+- 2
_

?-]2 -- aS 2

for some constant e(n). Matching v0 to the term "1 (()tl in (5.4) yields

Using (5.8) in the solvability condition (1.15) determines AI, and then from (1.5) we

obtain, for b cx and n :/: cx,

(5.9) A(e) 0 7r e e(n)[O,.uo(xo)] +....

When t 0, the exact solution to the problem for v0 is

(5.10)

0)] v , (b=oc, a=O).
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Here J1 (#) is the Bessel function of order 1. Upon expanding the integral in (5.10)
for 2 + 712 oc and comparing the result with (5.7), we find that e(0) 3’

If b < oc and e0, then, in general, u0(0,0) 0. In this case, we take
#0(e) 1 and 1 (() ( and we expand v u0(0, 0) + evl +.... Then from (5.2), we
find that Vl solves
(5.11)

0rVl -b0 (0, 0), I1 > 1, 0V --0 U0 (0, 0), I1 < 1 on 7] 0.

By using the divergence theorem, it follows that the solution to (5.11) has the asymp-
totic form

(5.12) Vl (, 7]) -bT]to(0, 0) 1--(b 0)to(0, 0)log(2 -+- 7]2) at_ 0stO(0, 0) -I-

We now write (5.12) in outer variables and note that Ouo(O, O) + buo(O, 0) 0. Then
we find that the far field behavior of the inner solution is given by
(5.13)
v no(O, O)+nOuo(O, O)+sOuo(O, O)+-(b-no)no(O, O) (2 log e-log(n +s)) +-...

Comparing (5.13) with (5.4) shows that

1
(b- eco)uo(O, 0) log(n + s2) as(5.14) ul (e) e, ul (s, n) - n2 -t- 82 ---+ O.

The term of order e log e in (5.13) is unmatched thus far, which shows that we must
include a term (e log e)?(y) in the inner expansion. Since 3 satisfies Laplace’s equation
with ,0? 0 on 7] 0, we can take ? -2(b- n0)u0(0, 0)/Tr to exactly cancel the
unmatched term in (5.13). Using (5.14) in (1.15) determines hi. Then from (1,5) we

obtain, for b oc and n en0,

(5.15) A(e)-/0 + 2e(n0 -b)[u0(x0)] 2 +

We note that (5.15) can be derived by regular perturbation theory by writing
(5.1) as

/

(5.16a) u + o p(x) U(x)) u (,ko ,k) p(x)u, x E D,

(5.16b) On u + bu (b o) u L, x e OD U OD

Here 0 is an eigenvalue of (1.1), and L is the indicator function, which is defined to
be unity if x OD and zero otherwise. Applying Green’s identity to (1.1) and (5.16),
we derive

(5.17) (-o) f uo up(x)dx= (o-b) f uo uds.
JD JOD

Since u differs from uo by an amount of order e even in the vicinity of x0, we can
replace u by u0 in (5.17). Then, since u0 is normalized and the length of OD is 2,
(5.17) reduces to (5.15).

5.2. The three-dimensional case. The procedure followed in the two-dimen-
sional case can be adapted to treat the three-dimensional case. Since the analysis is
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similar, we will omit the details. We will give expressions for the first correction to A0
for the same ranges of b and n considered in the two-dimensional case.

If b < oc and n 0, the expansion for A(e) is given by

(5.s) () 0 + c()[0(x0)]: +

The constant C() is determined from the solution to the following leading-order inner
problem:
(5.19)

V0I 1 -jr- V022 + V0
0rV0 =0 (1,2) OD1,

v0 0(0)[- c()/ll + ...]

=0, <0
OrlVO -Jr- nVO 0 (1,2) E OD1 on 0,

as lyl ( + + 2)1/2
_

oc.

Here OD1 denotes the perturbing patch OD magnified by e-1.
patch of radius 1 and n ec, then the exact solution to (5.19) is

If ODI is a circular

By expanding the integral in (5.20) asymptotically, we obtain C(ec) 2/r, which is
the capacitance of a circular disk of radius 1.

If b oc and n 5/: oc, the expansion for A(e) is given by

(5.21) ,() ,0 2 7r 3 e(N) [0nt0(Z0)] 2

--’’"
The constant e(), representing one element of the polarizability tensor, is determined
from the following leading-order inner problem:
(5.)

v0 +v02 +v0 =0, r/<0
V0 0 (1, 2) OD1, Orlvo -- Nvo 0 (1, 2) OD on 0,

If OD is a circular patch of radius 1 and 0, then the exact solution to (5.22) is

/02
jl (#)etrt Jo(#P)d# p (12 -k- )1/2(5.23) v0 Onuo(xo) rl- -Here j (#) is the spherical Bessel function of order 1. By expanding the integral in

(5.23) asymptotically, we obtain e(0) 2/3r.
If b < oc and e n0, the expansion for A(e) is given by

(5.24) A(e) ,0 + A e2 (no -b)[u0(x0)] 2 +.-..

Here A1 is the area of the scaled patch ODx.
6. Exit time distribution. We now give an application of the results in 5.

Suppose that a particle starts from y at time zero and performs a Brownian motion
in a three-dimensional domain D with a reflecting wall OD perforated by N small
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holes, each of radius e, with the ith hole centered at x. We denote by p(x, y, t, e)
the probability density that the particle is at x at time t. Then, assuming a constant
diffusion coefficient > 0, p satisfies

(6.16) pt k/xp, x E D,
(6.1b) O, p O, x OD p 0, x OD,
(6.1c) p 5(x y), t O.

for i=l,...,N,

The solution of (6.1) is

(6.2)

Here An is the nth eigenvalue and un the corresponding normalized eigenfunction of
the problem

(6.3) /xUn (X, e) -A, (e) Un (X, e) x e D; /D U2n (X’ e) dx 1,

with the boundary conditions (6.1b). The probability P(y,t, e) that the particle is in
D at time t is given by

(6.4)
n-I

If the initial position y is uniformly distributed over D, then we multiply (6.2) by
V-1, where V is the volume of D, and integrate it with respect to y to get

pO(x,t,()-- V-1 Eexp[-An(e) kt]un(x,e) fD u(y,e)dy.
n--1

The probability P0(t, e) that the particle is in D at time t is

(6.6) Po(t,e) J2po(x,t,e)dx- v-1 Eexp[-An(e) kt] Un(X,e) dx
n=l

We denote by An0 and UnO the nth eigenvalue and normalized eigenfunction cor-
responding to e 0. To determine the correction to An0, we must construct an inner
expansion near each x, and one outer expansion valid away from the perforations. A
straightforward generalization of the results of 5 shows that

N

(6.7) An (e) An0 + 27reE Ci (oe) [u0 (x)]2 +’",
i=l

(6.8) l.tn(X,) ttnO(X) -Jr-ttnl(X) -l [X-- Xl > O(), l,...,N,

(6.9) u,. (x, e) v x-x +’", [x-xl-O(e), i-l,...,N.
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In (6.7), Ci(oc) is the "capacitance" of the ith hole, defined in (5.19), In the outer
expansion (6.8), the correction term u,,1 (x) satisfies

(6.10a) AxUnl / AnO Unl --Anl UnO, X D; 6,Unl O, x cOD,
(6.10b) nl(X)-uo(x)Ci(oc)/Ix-xl as x---,x, i-l,...,N.

The expansion (6.9) is the inner expansion of u(x, e) near x. In terms of a local
curvilinear coordinate system near x each term v satisifes (5.19)’0’

The first eigenvalue in the absence of the holes is 10 0 and the corresponding
normalized eigenfunction is Ulo(x) V-1/2. Since the u0 are orthogonal, we have

fD uno(x)dx 0 for n >_ 2. We now use this fact and (6.8) to get

(6.11)

Upon using (6.7) and (6.11), the sums in (6.5) and (6.6) collapse to

(6.12)

Ci(ec 1 + 2V-1/2 u11(x)dz + o()

(6.13) p0(zt, e) V-exp[ 2ekt
c() +o()V

For t >> O(-log e), (6.5) gives the more refined result

(6.14) po(x,t,e) --V-1 exp
V i=1Ci(c)

(1/ V1/2 tll (x)/( 7-1/2D tll (y)dy/

If each hole is circular and has radius e, then C (oc) 2/r for 1,..., N, and we
can replace the exponential in (6.13) and (6.14) by exp (-4e kt N/V).

A similar analysis can be done for the corresponding two-dimensional case. If
each absorbing segment ODi has length 2e, then, upon using (5.6) with d(oc) 3,
we have in place of (6.12)

(6.15) Po(t,e) exp |
V P()I (1 /2p(e)V-1/2 /DUll(X) dx/[P(e)])

Here (e) [-log(e/2)] -1 and V is the area of D. The outer solution is Ul0
+..., where tll satisfies (6.10) with n- 1 and with (6.10b) replaced by

tll(X) V-1/2 log Ix xl as x x, i-- 1,...,N.

Appendix A. Two dimensions (uo(xo) 0). In the inner region, we expand
v as

o
1

(1.1) v(y, e) e vo(y) + E -log led(n)]
vi(y) +....

i=1
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Substituting (A.1) into (3.2) and using the matching condition (4.3) with #i(e)
e(-1/log led(n)]) for > 0, we find that v0 satisfies (4.20a)with vo(y) [Ox. u0(x0)] yi

as y - oc. Further terms in the far field form of v0 are given in (4.20b). Using (4.20b)
in (A.1), we find that the term on the right-hand side of (4.3) that must be matched
next is the constant term eB()Ox uo(xo). This term cannot be matched by the outer
solution. To match this term, and similar terms appearing at higher order, we take
v(y) a9(y), for > 1, where the ai are to be determined. Here 9(y) is the solution
to (4.2) with far field form (4.4). We now choose al -Ox uo(xo)Bi(t) to cancel the
constant term of order e generated by v0. Then, writing the far field form of (A.1) in
outer variables, we obtain

(A.2)

The form (A.2) suggests that we take the outer and eigenvalue expansions as

(A.3b)

( )ilog led(n)]

o
1

(x, ) 0(x) + (x) +* (x) +...,

1
() 0 + +* +..-.

i--

Substituting (A.3a), (A.3b) into (3.1), we find that u*, A* satisfy (4.21), while ui, Ai,
for >_ 1, satisfy (1.6) with ul, A1 replaced by ui, Ai. Using the matching condition
(4.3), we find that ui(x) ai loglx xo] + ai+l as x x0. Since uo(xo) 0, the
solvability condition (1.15) applied to ui, yields Ai 0 for >_ 1. Consequently, ui can
be written as ui(x) aig(x), where 9(x) is the unique solution to

(A.4a)

(A.4b)

(A.4c)

/ U(x) + ),op(x) o, x xo

[&, + b(x)] g O, x e OD ./ uo(x)g(x)p(x) dx O,

g(x)=loglx-xol+fl+o(1) as xx0.

The constant is determined from the solution to (A.4).
Since ui.(x) ai loglx x01 + ai as x x0, we conclude that ai+l ai for

>_ 1. Then, recalling that al -OqxiO(xo)Bj(), we have

ai _fli-1 [OxjZl,o(Xo)Jj(K,)] for i-- 1,2,

Now substituting vi(y) ai5(y), ui(x) aig(x) into (A.1) and (A.3a), we obtain two
geometric series, which can be summed explictly when Ifl/log led(n)] < 1. Finally,
applying the solvability condition (1.15) to the problem for u* determines A*. The
results are summarized in Corollary 4.

Appendix B. Two dimensions (n 0). In the inner region, we expand v as
v uo(xo) + Vl + 2v2 +.... Substituting this expansion into (3.2), we find that
vl and v2 satisfy (3.6) and (3.7). The far field form for Vl is given in (3.8) with
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n 2. To obtain v2, we proceed as in (3.9) and (3.10), where we now require that
(y) E log lYl as y - c. Instead of (3.12), we find that E is given by (4.25). Thus
from (3.9) the far field form of v2(y), in analogy with (3.13), is

(B.1) v2(y) -1 [OxOxjuo(xo)] y yj + E logly +-.. as y

In the outer region, we expand u u0 + eeul +..- and A() A0 + eA1 +’".
Substituting these expansions into (3.2) and using the matching condition (4.3), we
find that Ul satisfies (1.6) with

(B 2) tl [Oxiuo(xo)]
Bij(O)(xj xoj) + Elog ix xol

Imposing the solvability condition (1.15) then determines 1. The term -E(e2 log e)
is unmatched so far. Thus we must insert a switchback term of the form (ee log )E
into the inner expansion. The results are summarized in Corollary 5.
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