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The transverse stability of localized stripe patterns for certain singularly perturbed two-component reaction-diffusion (RD)
systems in the asymptotic limit of a large diffusivity ratio is analyzed. In this semi-strong interaction regime, the cross-
sectional profile of the stripe is well-approximated by a homoclinic pulse solution of the corresponding 1-D problem. The
linear instability of such homoclinic stripes to transverse perturbations is well-known from numerical simulations to be a
key mechanism for the creation of localized spot patterns. However, in general, owing to the difficulty in analyzing the
associated nonlocal and non self-adjoint spectral problem governing stripe stability for these systems, it has not previously
been possible to provide an explicit analytical characterization of these instabilities, including determining the growth rate
and the most unstable mode within the band of unstable transverse wavenumbers. Our focus is to show that such an explicit
characterization of the transverse instability of a homoclinic stripe is possible for a subclass of RD system for which the
analysis of the underlying spectral problem reduces to the study of a rather simple algebraic equation in the eigenvalue
parameter. Although our simplified theory for stripe stability can be applied to a class of RD system, it is illustrated only
for homoclinic stripe and ring solutions for a subclass of the Gierer-Meinhardt model and for a three-component RD system
modeling patterns of criminal activity in urban crime.
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1 Introduction

For certain two-component singularly perturbed reaction-diffusion (RD) systems in 2-D spatial domains, various types of
spatially localized patterns consisting of either spots, stripes, mixed spot-stripe patterns, or space-filling curves, have been
observed and studied both numerically and analytically. In particular, the Gierer—Meinhardt (GM) activator-inhibitor
system modeling biological morphogenesis admits a wide range of spot and stripe patterns (cf. [11], [16], [25]). A more
intricate set of spatial-temporal localized patterns, such as self-replicating spots, oscillating spots, and labyrinthine stripe
patterns occur for the Gray-Scott (GS) model of theoretical chemistry (cf. [33], [30], [31], [6]). Localized stripe patterns
have also been studied in other diverse settings including, a hybrid chemotaxis RD system modeling fish skin patterns on
growing domains (cf. [21], [32]), the Swift-Hohenberg model (cf. [12]), a generalized Schnakenberg RD system modeling
root hair initiation in the epidermal cells of plants (cf. [4]), and an RD system modeling urban crime (cf. [47]).

For a two-component RD system, a homoclinic stripe occurs when either one or both of the two solution components
becomes localized, or concentrates, on a planar curve in the 2-D domain. We shall consider the so-called semi-strong
interaction regime that arises when the ratio of the two diffusivities is asymptotically large, so that only one of the
two solution components (the fast component) is localized to form a stripe. The cross-sectional profile of the stripe is
then closely approximated by a homoclinic pulse solution of the corresponding 1-D fast subsystem. The two simplest
types of homoclinic stripe solutions are a stripe of zero curvature, which results when a 1-D homoclinic pulse solution is
trivially extended along the mid-line of a rectangular domain, and a homoclinic ring solution, which occurs when a pulse

is concentrated on a circular ring that lies concentrically within a disk. The main goal of this paper is to show that, for
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a certain sub-class of reaction kinetics in the RD system, it is possible to readily analyze the linear stability of these two
simplest types of homoclinic stripe solutions to 2-D transverse perturbations.

In the simpler context of a one-dimensional spatial domain, there has been much work over the past decade in analyzing
the existence, stability, and dynamics of steady-state and quasi steady-state state pulse solutions to various RD systems
in the semi-strong interaction regime, such as the GM, GS, Schnakenberg, and Brusselator, models (see [5], [7], [8], [13],
[14], [17], [27], [30], [34], [39], [40], [42], [43], [44] and the references therein).

There have been relatively fewer studies on the existence and stability of homoclinic stripe and ring solutions in 2-D
spatial domains for two component RD systems in the semi-strong interaction regime. The conditions for the existence of
steady-state homoclinic ring solutions for the GM model in N-D radially symmetric domains with N > 2 was investigated
in [29]. However, no stability analysis of such solutions was given. In [9] and [19] the stability of a homoclinic stripe
solution of zero curvature to transverse perturbations was analyzed for the GM model in a rectangular domain. A similar
stability analysis of homoclinic stripe and ring solutions for the GS model was given in [26] and [20]. More recently, in
[4] the transverse stability of a homoclinic stripe solution in a rectangular domain for a generalized Schnakenberg-type
system was investigated, with applications to root hair formation in plants.

In many semi-strong RD systems, the spatial profile of a pulse is a C? smooth homoclinic solution w(y) satisfying
(1.1a) w’ —w+ flw) =0, —oo<y<oo; w—=0 as |yl oo, w'(0)=0, w(0)>0,
where f(w) is assumed to satisfy
(1.1d) f(w) is C' for w >0, f(0)=0, f(0)<1.
Upon defining Q(w) = —w + f(w), we assume that Q(w) has the following properties:
Q0)=0, Q(0)<0; Q(s)=0, Q'(s)>0, for s>0, Qw) <0 for 0 <w<s,

(L) Qw) >0 for s <w < wy, /Q(n)dnz().
0

Under these conditions, Theorem 5 of [3] guarantees the existence of a unique homoclinic solution to (1.1 a). We remark
that the condition w’(0) = 0 in (1.1 a) eliminates the translation invariance and ensures that w(y) is an even function.
Since f'(0) < 1, we have that w ~ ae~*¥ as y — +o00, where b = m, for some constant a > 0.

In particular, (1.1b) and (1.1¢) hold when f(w) = wP where p > 1. For this nonlinearity the homoclinic is given
explicitly by

" ) (23;1>1/<p1> (SeCh {(p;l)y])%jl) |

We remark that homoclinic solutions can exist for (1.1 a) under slightly milder conditions on f(w). In particular, for the
choice f(w) = wlogw, f is C! for w > 0, the conditions in (1.1 ¢) still hold, but f’(w) — —oc as w — 0T. For this choice,
it is readily shown that there is a homoclinic solution to (1.1 a) given explicitly by w = €%/ 2¢=v*/ 4 which has a faster
decay as |y| — oo than does (1.2).

The main technical challenge in the stability analysis of either localized pulses or homoclinic stripes for RD systems
in the semi-strong interaction regime is that one must analyze the spectrum of a class of nonlocal eigenvalue problem
(NLEP) for a C? eigenfunction ®(y) of the form

(1.3 a) Lo@fx()\)h(w)/g(w)q)dy:/\q), —00 <y < 00} ®—0 as |yl — o0,

— 00
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where w is the homoclinic satisfying (1.1). Here x()), depending on the eigenvalue parameter, is assumed to be analytic
in Re(A) > 0, and Ly is the linearized operator defined by

(1.30) Lo® =" — &+ f(w)d.
In (1.3 a), we assume that g(w) and h(w) are C? smooth on w > 0, and that they satisfy
(1.4)
g(0)=0, g(w)>0 for w>0, gw)=0w*), as w—0"; h(0) =0, h(w)=0w*?), as w— 0",

for some a3 > 0 and ay > 0. Since the NLEP (1.3 a) is non-self-adjoint and non-local, it is difficult to find sufficient
conditions that guarantee that all discrete eigenvalues of (1.3 a) satisfy Re(\) < 0. For simple power nonlinearities where
flw) = wP with p > 1, h(w) = w™ with m > 1, and g(w) = w? with ¢ > 2, there are many rigorous results for the
spectrum of (1.3 a) for some range of the exponents p, m, and ¢ (see the survey [45]). However, the theory is intricate
and still incomplete.

More recently, in Lemma 2.4 of [28], it was shown that if f(w) = w? and g(w) = w"~! with p = 2r — 3 and r > 2, then

any unstable eigenvalue in Re(A\) > 0 for (1.3 ) must be a root of the equation
(1.5) A= (r? =2r) — x(\) / h(w)w"™ ! dy.

Since h(w) is smooth for w > 0, with h = O(w*2) as w — 0 for some s > 0, the exponential decay of w as |y| — oo
guarantees that the integral in (1.5) is finite. We refer to such NLEP problems as “explicitly solvable”. In §2 we first
extend the analysis of [28] by deriving a condition between f(w) and g(w) in (1.3) for which the problem of determining
any unstable discrete eigenvalues of (1.3 a) is reduced to that of determining the roots to a similar simple and explicit
function of the eigenvalue parameter.

In [28], the observation (1.5) was an essential element for providing a comprehensive theory for the stability of a

one-pulse solution for a class of 1-D RD system of the form
1

(1.6) V= 205 — U + a(u)v2T—3 , TUL = Ugg + (up — u) + =b(u)v" |
€

for r > 2 on the infinite line. Here u, is a constant, and the functions a(u) and b(u) satisfy certain mild conditions.

The specific goal of this paper is to extend the 1-D pulse stability analysis of [28] to study the transverse stability of
homoclinic stripes and rings for RD systems in the semi-strong interaction regime for which the associated NLEP problem
is explicitly solvable. Instead of considering stripe and ring solutions for the general system (1.6) in a 2-D context, for
simplicity we will only illustrate our simplified theory for analyzing the transverse stability of a stripe in the context of
a subclass of the generalized GM model for which we set r = 3, a(u) = v™9, b(u) = u=%, up = 0, with ¢ > 0, s > 0 and
3¢/2—(s+1) > 01in (1.6). We remark that most of the previous rigorous results of [9] and [19] for stripe stability do not
apply to the range of exponents of the nonlinear terms for our subclass of the generalized GM model.

For this subclass of the generalized GM model, we shown that the associated NLEP characterizing the transverse
stability of homoclinic stripe and ring solutions is explicitly solvable in the sense that any unstable eigenvalue of the
NLEP satisfies a rather simple and explicit transcendental equation. In this way, in §3 we readily analyze the transverse
stability of a homoclinic stripe solution centered along the mid-line of a rectangular domain. In particular, in terms of the
wavenumber m of the transverse mode, we show that for all 7 > 0 there is a band m_ < m < m of unstable modes where
m_ = O(1) and my = O(e~!) as € — 0. For 7 < 1, both the growth rate and the most unstable mode within this band

are identified analytically. Moreover, we characterize precisely the Hopf bifurcation value of 7 that occurs for transverse
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wavemodes on the range 0 < m < m_. Such a precise and explicit characterization of transverse instabilities of a stripe
solution was not available for the particular GM models studied in [9] and [19] owing to the difficulty in analyzing the
underlying NLEP. Similar explicit results for the transverse stability of homoclinic ring solutions for our subclass of the
GM model are given in §4. The importance of characterizing transverse instabilities is that these instabilities are known
to lead to the disintegration, or breakup, of the homoclinic stripe or ring into localized spots (cf. [9], [19]).

In §5 we extend our simplified theory for stripe stability to the two-component RD system of [37] modeling spatial-
temporal patterns of residential burglary. This chemotactic-type system characterizes the evolution of both the “attrac-
tiveness” of the environment for burglary and the density of criminals, where the criminals are assumed to undergo a
biased random walk, or drift, towards regions of higher attractiveness. For details of the development of this model see
[36] and [38]. Previous analytical and numerical studies of this model include a weakly nonlinear analysis of Turing-type
patterns in [37], an analysis of the stability of localized hot-spot patterns in [18], and a study of homoclinic snaking
behavior in [24]. In §5 we extend this previous work by analyzing the transverse stability of a localized stripe of criminal
activity in a 2-D rectangular domain. For our stripe stability analysis we consider the more general 3-component RD
system of [35] that models the additional effect of police deployment, and that reduces to the model of [37] in the absence
of police. For this problem, we show that the underlying NLEP is explicitly solvable in certain cases. In this way, we
are able to explicitly identify a band of unstable transverse wavenumbers, and calculate both the growth rate and most
unstable mode within this band. This instability is shown to lead to the breakup of the stripe into a localized hot-spot of

criminal activity. Finally, a brief discussion and some open problems are given in §6.

2 Explicitly Solvable Nonlocal Eigenvalue Problems

In this section we introduce a class of problems for which the discrete spectrum of the associated NLEP reduces to the
study of a simple algebraic equation for the eigenvalue parameter. We begin by recalling a rigorous result, established in

Theorem 5.4 of [2], for the spectrum of the local operator Ly in (1.3 b) associated with the homoclinic satisfying (1.1).

Lemma 2.1 Assume that f(w) in (1.1a) satisfies (1.1b) and (1.1¢), so that (1.1a) has a homoclinic w. Consider the
local eigenvalue problem Loy = vip on R for ¢p € HY(R). This problem admits the eigenvalues vy > 0 and v; = 0.
The eigenvalue vy is simple, and the corresponding eigenfunction g has one sign. When v1 = 0 we have 11 = w'. The

continuous spectrum is the portion Re(A\) < —1+ f'(0) < 0 with Im(\) = 0 of the negative real axis.

This result, proved in Theorem 5.4 of [2], also establishes that 1o has exponential decay as |y| — oo. A similar result
for some specific choices of f(w) is given in [23]. In addition, we remark that depending on the specific form of f(w),
there may be other discrete eigenvalues v; for j > 1 satisfying —1 + f’(0) < v; < 0. In fact, in Proposition 5.6 of [7] an
explicit determination of the discrete spectrum of Ly was determined for the power law nonlinearity f = w? for p > 1.

We now introduce a sub-class of (1.3 a) for which any unstable discrete eigenvalue of (1.3 a) can be determined in terms
of the roots of a certain algebraic equation in A. Suppose that f(w) and g(w) are related in such a way, through the linear

operator Ly = j—; — 1+ f(w), that

(2.1) Lo [9(w)] = og(w),
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for some constant o > 0, where g(w) satisfies (1.4). This implies that the principal eigenpair 19 and vy in the spectrum
of the linearization of the spike solution, determined by f(w), is simply ¥y = g(w) > 0 and vy = o, i.e. Loty = voibo.
Whenever (2.1) holds, the NLEP (1.3 a) is explicitly solvable in the following sense:

Principal Result 2.2 Suppose that (1.4) and (2.1) hold, where w = w(y) is the homoclinic of (1.1). Then, any unstable

discrete eigenvalue of (1.3 a) must satisfy

oo

(2.2) A= =x(N) [ gwhu)dy.

— 00

where the integral can be evaluated through a simple quadrature as

(2.3) 7g<> dy—f/ ﬁ V(w) = - /w[ 0+ F) d

Here w,, is the amplitude of the pulse defined in (1.1c).

To establish (2.2) we use Green’s identity on g(w) and ®. Since Ly is self-adjoint, we use the decay of ® and g [w(y)]
as |y| — oo, together with (2.1) and (1.3 a), to obtain

0= / (g(w) Lo® — BLog(w)) dy = | ¢ / h(w)g(w)dy + A — o / g(w)® dy.

Therefore, for eigenfunctions for which [*_g(w)®dy # 0, we get that (2.2) holds. Next, consider the eigenfunctions for
which f w)® dy = 0, which correspond to any discrete eigenvalues of Ly not equal to vy. In fact, since g(w) is the
unique and one—51gned principal eigenfunction of Ly (see (2.1) and Lemma 2.1), and any two eigenfunctions of the self-
adjoint operator Ly must be orthogonal, it follows that these other eigenfunctions must belong to the set of eigenfunctions
of Ly corresponding to the zero eigenvalue and any negative real eigenvalues of Ly. Therefore, any unstable eigenvalue of
(1.3 a) in Re(A) > 0, must be a root of the algebraic equation (2.2). Finally, the integral [*_g(w)h(w)dy is finite owing
to the decay of w as |y| — oo and the assumed behavior in (1.4) as w — 0 of g(w) and h(w). The result in (2.3) follows
from changing variables after determining w’(y) from a first integral of (1.1 a).

We conclude that if (2.1) holds then any discrete eigenvalue of (1.3 a) is either a discrete eigenvalue of Ly not equal
to vy or it solves (2.2). Next, we show that for a given g(w), there is a simple linear first order ODE that determines a
reaction dynamics f(w) so that (2.1) holds. For certain g(w), this ODE can be integrated explicitly to identify an explicit

closed form expression for f(w). This ODE is characterized as follows.

Principal Result 2.3 Let 0 > 0 and g(w) satisfying (1.4) be given. Then, if (2.1) holds, f(w) satisfies the ODE

s @)-A(E )

with f(0) = 0. In this first order ODE, the primes denote derivatives with respect to w.

/ (s £(s) = 5g'(s) + (0 + )g(s),
0
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To establish this result, we first suppose that (2.1) holds. Then, since d2w/dy? = w — f(w) and (dw/dy)* = w? —2F (w),
where F(w) = [ f(s) ds, we calculate that
dw\ > d*w
L - _ ! — 1" - 1 !/
09 = 52 lg(w)] —g+fg=9g (dy) 9 g+1fyg,
=g" (= 2F) +¢' (2w —2f)+4'f + 9/ —wg' -y,

where f' = df /dw, and ¢’ = dg/dw. Upon setting Log = cg, we get
9 (w? = 2F)]" + (f9) = &(w) = wg' + (o + 1)y,

where primes denote derivatives with respect to w. By integrating this equation, and setting f(0) = ¢g(0) = 0, we get

w? —2F(w) + fg/g = X(w)/g', where X(w) is defined in (2.4). We differentiate this equation with respect to w to get

e 9)- ()%
g g g g

where we used F/ = f. Finally, upon multiplying by the integrating factor (gg’)~! we obtain (2.4).

Principal Result 2.3 shows that in terms of g(w), the problem for determining f(w) such that (2.1) holds is reduced to
a simple quadrature. We now give two examples to illustrate this result.
Example 1: A simple class of explicitly solvable NLEP’s is obtained by setting (3/¢’)’ = 2w in (2.4). This yields that
g(w) satisfies Euler’s equation w?g” 4+ wg’ — (o + 1)g = 0, which has the bounded solution g = wYH for o 4+ 1 > 0.
Then, (2.4) yields f/(gg') = C, so that f = Cw?V°+1=1 We set C' = 1 for convenience, and define o + 1 = ¢2, to obtain
the following power-law class of explicitly solvable NLEP’s:

(2.5) g=w?, f=w',  Lyg=(¢—-1)g, for ¢>1.

For ¢ > 1, (1.1 ¢) holds, and so (1.1 @) has a homoclinic. We remark that for the special case ¢ = 3/2, for which f = w?
and w = (3/2)sech?(y/2), the spectrum of the linearized problem Ly® = v® has been analyzed in the context of of
wave-scattering by a sech? potential well (cf. [22]). It is well-known (cf. [22]) that Lo®q = (5/4)®o with &y = sech?(y/2),
which agrees with our result Low? = (¢* — 1)w? when q = 3/2.

Example 2: Let g(w) = w and choose ¢ > 0. Then, we calculate £(w) = wg’ 4+ (0 + 1)g = w(o + 2), so that Z(w) =
(0 +2)w?/2 from (2.4). Therefore, (2.4) gives

!/ !/
1 2
i = —= 7(0-—1—2)11] — 2w :ga
w w? 2 w
with f(0) = 0. This gives f = cwlogw. For this form of f(w), there is a homoclinic satisfying (1.1 a) given explicitly by
w = e(0+2)/(20) g=y*0/4 T, verify this result we use w” — w + cwlogw = 0 to calculate

Low=w"—w+of (ww=w"—w+oc(l+logw)w =ocw.

In §3-5 below we analyze the stability of localized stripes for several RD systems for which the underlying spectral

problem is an explicitly solvable NLEP in the sense of Principal Result 2.2.

3 Stability of a Stripe for the GM Model

Next, we analyze the stability of a stripe in a rectangular domain €2 for a subclass of the GM model given by

3 3
(3.1) vt:62Av—v+U—; Tut:Au—u—i—U—; x = (x1,22) € 092,
ud eus
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with homogeneous Neumann conditions d,,u = 9,v = 0 on 9. In (3.1), the rectangular domain € is defined by
(32) QE{($1,$2)‘7Z<I1<Z, O<Iz<d}.

The GM exponents ¢ and s are assumed to satisfy the standard conditions (cf. [13])

3
(3.3) ¢>0, s>0, with E?qf(s+1)>0.

In (3.1) we have, without loss of generality, set the diffusivity of u to unity since it can be absorbed into ¢, d, and .

To construct our stripe solution, we must first construct a 1-D pulse solution to (3.1) in the limit ¢ — 0, that is
independent of x5, and is such that v concentrates at 1 = 0. By using the method of matched asymptotic expansions in
the limit € — 0 such a solution was constructed formally in [13], and the result is given below in (3.4). A mathematically
rigorous construction of this 1-D pulse, with the same asymptotic description as in (3.4), is given in Chapter 1 of [46].
A homoclinic stripe solution results from a trivial extension of this 1-D pulse in the transverse direction. The result is

summarized in the following formal statement (see Principal Result 2.1 of [19]):

Principal Result 3.1 For ¢ — 0, an equilibrium homoclinic stripe solution to (3.1), labeled by ve(z1) and uc(z1), is

given by
_ Gi(r1)
3.4 e(z1) ~ U Y1) e(z1) ~Ue .
(3.4) Ve (1) Tw (5 ml) ue(x1) Gi(0)
Here w(y) = V2sechy is the unique homoclinic solution to
(3.5) w' —w+w =0, —00 <y < 00; w—0 as |yl — oo,

with w(0) > 0 and w'(0) = 0. The constants Ue, v, and Gi(0) in (3.4), are defined by

T 1
bz/w3dy:\/§7r; 75%; Gl(O)zicothl,

— 0o

where ¢ is defined in (3.3). The Green’s function Gi(x1) in (3.4) satisfies

1
(3.6) Uus = TAOR

cosh (I — |z1])
3.7 G -G =-6 <l; Gz (£l) =0; G =—
( ) lryzy l (I1)7 |1’1| ) lﬂh( ) ) l(xl) 2 sinh (l)
To analyze the stability of the stripe to transverse perturbations, we introduce the perturbation
kw

d )

where k is an integer. The relation m = kn/d results from the Neumann conditions on o = 0,d of 9. In the analysis

(3.8) v = v, + 6)‘t+im“¢(:€1) , U= U + eAHim”n(xl) , with m=

below we treat m as a continuous variable and determine a band of instability for m. Values of k for which kx/d lie within

this band represent unstable perturbations. Substituting (3.8) into (3.1), we obtain the eigenvalue problem

(3.9a) e2¢ —¢+3UZ¢7 av; =(A+em?)d, |z <15 ¢ (£) =0

: ARGV CoT =T e ’
9 3v2 sv?

(39b) n$1$1_(1+7-)\+m)n:_€u8¢+5uﬁn7 |.’I,‘1|Sl, nw1<il)20

We remark that since instabilities may occur for high spatial frequencies we must analyze (3.9) for 0 < m < O(e™1).
Next we derive an NLEP governing the stability of the stripe on an O(1) time-scale. The corresponding localized

eigenfunction has the form ¢(z1) ~ ® (¢~ 1), where [* w?®(y) dy # 0. Since unstable eigenfunctions of this type are
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found to lead to a disintegration of the stripe into spots, this instability is termed a breakup instability (cf. [19]). Since the
NLEP governing breakup instabilities of a homoclinic stripe solution was derived in Appendix A of [19], and summarized
in Principal Result 2.2 of [19], we will only briefly highlight its derivation here. For the related problem of analyzing the
stability of a 1-D homoclinic pulse, a detailed derivation of an NLEP was given in §3 of [13] and in §2 of [43].

We now outline the derivation of the NLEP. In terms of the inner variable y = z1 /e, we use v, ~ UJw(y) and u, ~ U,
from (3.4) to obtain from (3.9 a) that ®(y) satisfies

(3.10) " — & + 3w?d — UV > wn(0) = (A+e*m?) @, —oo<y<oo, ®—0 as |yl — .

Since the equation in (3.90) for n is not singularly perturbed, 1(0) is determined from the outer solution for n(z1). By

using (3.4) and (3.6) to calculate the coefficients in (3.9 b) in terms of Dirac masses, we obtain that n(z1) satisfies

s U=

(3.11) Nayay — 037 = Gl(o)”(o) ©bG(0)

/w2<1>dy S(z1), |l <l; me () =0,

To solve (3.11), we introduce G (z1) satisfying
cosh [0y (I — |z1])]

2
(3 12) G)\ 1z 6,\G,\ (5(1‘1) |.%'1| l G)\ l(ﬂ:l) 0 G)\(l'l) 29}\ sinh (0)\1)
By writing n(z1) in terms of G (x1), and then using (3.7) and (3.12), we calculate 7(0) as

U T, 0y tanh(6x1)] "

where 6\ = V1 + m? + 7 is the principal value of the square root. With this choice, 7(0) is analytic in Re(\) > 0 and
has a branch cut on the portion Re(\) < —(1 +m?)/7, Im()\) = 0 of the negative real axis in the A-plane. This choice
also ensures that G — 0 as |z1]| — oo for the infinite line problem where [ = cc.

By substituting (3.13) into (3.10), we obtain the following NLEP governing breakup instabilities of a stripe:

Principal Result 3.2 Let ¢ — 0 and suppose that ffooo w2®dy # 0. Then, ®(y) satisfies the NLEP

(oo}

(3.14 a) Loq)—xwg/wQCDdy:(/\—l—stQ)@ —o<y<oo; P—=0 as |yl — oo,
3 0 tanh(0,0)] " T

(3.14b) XE—q s—i—L()‘) , bE/w3dy:\/§7r, Orx=vV1+m2Z2+7A.
b tanh

Here x = x()\), and Lg is the local operator defined by Lo® = ®" — ® + 3w?®.

In §2 and Appendix A of [19] some rigorous results were obtained for the stability of a stripe for a general GM model
under various ranges of the exponents of the nonlinearities in the reaction kinetics. These ranges where the rigorous results
of [19] apply do not include the subclass (3.1) of the GM model, which results in the NLEP of (3.14).

We observe that the NLEP of (3.14) is explicitly solvable in the sense of Principal Result 2.2. Since Low? = 3w?
(see (2.5) of Example 1 of §2), we conclude by replacing A, o, g(w), and h(w) in (2.2) with A + &2m?, 3, w?, and w?,
respectively, that any unstable eigenvalue of (3.14) must satisfy A + e?m? = 3 — x [*_w® dy. Moreover, since the local
problem Lot = v has no discrete eigenvalues in —1 < v < 0 (see Proposition 5.6 of [7]), it follows that (3.14) has no

other nonzero discrete eigenvalues. By using (3.14 b) for x and ffooo w® dy = 37/\/2, we obtain the following main result:
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Principal Result 3.3 Any unstable discrete eigenvalue X of (3.14) must be a root of the transcendental equation

9q 0 tanh(6,0)] "
—_ 2,2 4 A PRNIAY = 2
(3.15) A=3—¢c"m 5 [s—i— o , On=vV1+m2+7A,

where 0y = v/1+ m?2 + 7 denotes the principal value of the square root.

We now proceed to analyze (3.15) for the two cases 7 = 0 and 7 > 0. For the case where 7 = 0, (3.15) reduces to

(3.16) A=3—¢e’m?— % ls—i—

2

-1
V1 + m?2 tanh(v/1 + m2l)
tanh

Moreover, if we let [ — oo in (3.16), so that the effect of the sidewalls is insignificant, we get
9q

3.17 A=3-¢e*m?— ——— .

(3.17) 2 [s +V1+ m2]

For 7 =0 and ¢ < 1, a simple calculation shows that the instability band for (3.16) is

3 3gtanhl
(3.18) A>0 for 0<m_<m<myg, m+~£—&+

= SR o),

and where m_ ~ /22 — 1 when ¢ < 1. Here z_ > 1 is the unique root of x(z) = 0 in z > 1, where

(3.19) n(z)z%};sl)—(gn), =391 >o0.
Since £ > 0, we have that x(z) satisfies k(1) < 0, £'(2) > 0 for z > 1 and k(z) — +00 as z — +00. Hence, there exists
a unique root z_ > 1 to k(z) = 0. In contrast, for 0 < m < m_ or m > my, we have A < 0. To determine the mode
M = Mgom i1 M_ < m < my, corresponding to the largest growth rate within the instability band, we set d\/dm = 0 in

(3.16) and solve for m. For ¢ < 1, we readily obtain that

9¢tanh]"?
(3.20) Maom ~ € 2/3 {qzn] >1 for [ >0.
For the case | = oo, we obtain that m_ ~ y/£2 + 2¢ for € < 1, and can readily derive a two-term expansion for mgom as
1/3
9q 25
21 om ~ e 3 (2 - =
(3.21) mq € 1 3

For 7 =0, =0.05, ¢ =1 and s = 0, in Fig. 1(a) we plot A versus m for a few values of [. Similar plots are shown in
Fig. 1(b) for ¢ = 2. For | = 0o and ¢ = 1, the asymptotic predictions for the edges of the instability band and the most
unstable mode are compared with numerical results from (3.16) in the caption of Fig. 1.

The most unstable mode Mg, within the instability band can be used to predict the number of localized spots that
occur from the transverse (breakup) instability of the stripe. From the form of the perturbation in (3.8), we predict that
the stripe will break up into N spots, where N is the closest integer to mgomd/(27) and d is the width of the rectangle.

The asymptotic theory is compared with results from full numerical computations of (3.1) in §3.2.

3.1 Stripe Stability For 7 > 0

Next, we consider the case where 7 > 0 in (3.15), for which (3.15) is a transcendental equation in A. For simplicity, we
first restrict the analysis to the case of no sidewalls for which | = co. For [ = co, we obtain from (3.15) that

9q . T

7

2[s+VI+m2VI+7A]’ 1+m?"

(3.22) A=3—e*m? -
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Figure 1. Plot of A versus m for ¢ = 0.05, s = 0 and 7 = 0, for several values of [. Left panel: ¢ = 1. Right panel: ¢ = 2.
The dotted, solid, and heavy solid curves in the two panels are for I = 0.5, [ = 1, and [ = oo, respectively. For [ = oo and
g = 1, the asymptotic result (3.18) predicts the instability band 1.11 < m < 33.89, while the numerical result from (3.16)
yields 1.12 < m < 33.86. Morover, the most unstable mode from the asymptotic theory (3.20) is mgom ~ 9.65, which
compares very favorably with the numerical result of mgom ~ 9.60 from (3.16).

Then, (3.22) is equivalent to finding the roots of F(A) = 0, where

d
(3.23 a) FA) =2V1+7A -G\, g(A)EdO—T_lA,
and dg < 0, d; < 0, and S are defined by

2s 9q 2 2
3.23b dy= ————o <0, di=-——t—<0, =3—2m?.
(3.23) 0= e S Y e 8 m

In (3.23 a), the principal value of the square root is taken so that n(z;1) in (3.8) is analytic except on a portion of the
negative real axis (see the discussion following (3.13)). An eigenvalue relation similar to (3.23) was derived and studied
in [28] for the stability analysis of a one-pulse solution for a class of RD system.

Let J denote the number of roots of (3.23) in Re(A) > 0. To determine J for various parameter ranges of dy, dy, 3, and 7,
we use the argument principle. We choose the counterclockwise contour consisting of the imaginary axis —¢R < Im\ < iR
and the semi-circle I', given by |A| = R > 0, for —7/2 < arg\ < 7/2. We observe that when m > v/3/¢, G()\) is analytic
in Re(A) > 0, and when 0 < m < /3/e, G(\) has a simple pole in Re(\) > 0 at A = . For # > 0, we have that
F(X\) ~ 27X as |A| = oo on T'g, so that the change in the argument of F(\) over I'g as R — oo is 7/2. By using the

argument principle, together with F(X) = F()\), we obtain for any 7 > 0 that

1 1 _[1 for 8 >0,
(3.24) J_4+H(ﬂ)+7r[arg]:]rl, where H(ﬁ)—{ 0 for < 0.

Here [arg }"]FI is the change in the argument of 7 when the semi-axis I'; = i\;, 0 < A\; < oo is traversed downwards.

Along the imaginary axis A = i\ for A\; > 0, we can decompose F(i\;) = Fr(Ar) +iFr(Ar), where
di8

B2+ AT

f[()\[)E/C,(%A[)—f—&' ’Ci(C)E\/Q{ 1+C2:|:1}1/2

(3.25)  Fr(A1) =K (7A1) —do + B2+ A2

Since 7 > 0, Fr ~ 2v/7A; and F; ~ 24/TA; as A\ — 00, then arg (F(iA;)) — 7/4 as A\ — oo. We further calculate that

d 2d1 A1

(3.26) Fr0)=2-6(0);  F(0)=0,  F=Fr(h) =7KL(FA) — N
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Next, we note that G(0) = 2 when A = 0 is a root of F(A) =0 in (3.23 a). We readily calculate that

V3

(i) G(0)<2 when m_<m<mgy or m>-—,

€
(3.27) /3

() G(0) >2 when my<m<-—, or 0<m<m_.
€
Here m_ ~ /€2 +2¢ and m; ~ v/3/e — 3q/4 4+ o(1) as ¢ — 0. Our first result characterizes the range of m for which

there are no Hopf bifurcations as 7 is varied.

Principal Result 3.4 Let J denote the number of roots in Re(A) > 0 of F(A) =0 in (3.28). Then, for any 7 > 0,
(I) J =0 when m>m,y ~V3/e—3q/4+0(1),
(3.28) (II) J=1whenm_ <m<my,
(IIT) J=0orJ=2when0<m<m_ ~ /€ +2€.

For (II) the root is located on the positive real azis in the interval 0 < X < 8. In (III), there are two positive real roots in

0 < A < B when 7 is sufficiently large. Moreover, for0 <m <m_, J =0 for 0 <7 < 1.

To establish (I) we consider two sub-cases; (Ia) m > v/3/¢ and (Ib) my ~ v/3/e — 3q/4 +o(1) < m < \/3/e.

For (Ia) we have from (3.27) that Fg(0) = 2 — G(0) > 0. In addition, since dg < 0, d; < 0, and 8 < 0, we have from
(3.25) that Fr(Ar) > 0 for all A; > 0 and 7 > 0. Since arg F(iA;) — 7/4 as A; — oo, it follows that [arg ] = —7/4.
Then, since 8 < 0, we conclude from (3.24) that J = 0.

For (Ib) we have from (3.27) that Fr(0) = 2 — G(0) < 0. Since 8 > 0 and dy < 0, it follows from (3.26) that
d%qub(/\i) > 0 with Fr(Ar) — 400 as A\; — oo. It follows that there is a unique root A5 to Fr(A7) = 0. If we can show
that Fr(\7) <0, it would then follow that [arg F].. = —57/4, and consequently J = 0 from (3.24). To verify this sign of
F1(X\%) we first calculate the root A5 of Fr(A%) = 0. On the range v/3/e —3¢/4+0(1) < m < V/3/e, we set m = /3 /e +my,
where —3¢/4 < m; < 0. This determines 8 as 8 = 3 — &?m? ~ —2v/3m¢e for € < 1. For € — 0, it is readily shown that
the root to Fr(A}) = 0 occurs when A} ~ e\rg. Upon using (3.25) and (3.23 b) for dy and dy, we set Fr(\}) = 0 to get
(3.29) K4 (0) + o(1) ~ —2—\;; - 1271:%‘111;% :

Upon solving for A\;g we obtain Ao = \/—9¢m; — 12m?, which exists for —3¢/4 < m; < 0. Since d; < 0, A\; = O(e),
B~ 3—e?m? ~ —2v/3mye and K_(0) = 0, we calculate from (3.25) that
9gA10

Fr(\P) ~K_(etApg) - ———r————
D) ( ) \/5[127"%‘*‘)‘%0}

<0.

Thus, F7(A}) < 0 as claimed, and consequently J = 0.

To establish the second statement (II) in (3.28), we have from (i) of (3.27) that G(0) < 2 when m_ < m < m. Thus,
Fr(0) =2—-G(0) > 0. Moreover, since &J-—R(x\]) > 0 from (3.26), we conclude that Fr(A;) > 0 for all 7 > 0 and A\; > 0.
Then, since arg F(iAr) — 7/4 as A\ — oo, it follows that [arg F]. = —m/4, and consequently J = 1 from (3.24). We now
show that this root is on the positive real axis in the interval 0 < A < 8. To show this, we plot 2¢/1 + 7X and G(\) from
(3.23 a) on the real axis A > 0. On 0 < A < 3, we have G(0) < 2, G'(\) > 0, G”(\) > 0, and G(\) — +o0 as A — . Since
24/1 + 7\ is an increasing concave function it follows that there theere is a unique root to 2v/1+7X = G(A) on 0 < A < f3.

Finally, we establish (III) in (3.28). For 0 < m < m_, we have G(0) > 2 so that Fr(0) = 2—G(0) < 0. Since d; < 0 and
B > 0, we have &fR(A[) > 0 from (3.26). Since Fr(A;) — +oo as A\ — o0, it follows that there exists a unique root
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A7 >0 to Fr(A7) = 0. If Fr(A7) > 0, we obtain [arg F]., = 37/4, and conclude from (3.24) that J = 2. If F;(A}) <0,
we obtain [arg F|p = —57/4, and conclude from (3.24) that J = 0. When 0 < 7 < 1, it is readily shown that J = 0. For
7> 1, there are two real positive roots to 2v/1+7X = G(A\) on 0 < A < 8. Thus J = 2 for 7 >> 1. This completes the
derivation of Principal Result 3.4.

The key result (II) of Principal Result 3.4 shows that there is a unique unstable real eigenvalue for any ¥ > 0 in the
breakup instability band m_ < m < m,. Since eigenvalues cannot cross through the origin A = 0 as 7 is varied, Property
(ITI) of Principal Result 3.4 proves the existence of a Hopf bifurcation value 75 of 7 when 0 < m < m_.

We now show that 7 is unique and determine it explicitly. To do so, we first set Fr = F; = 0 in (3.25) to get

d diA
(3.30) V2 [va+1]"? :do—%ﬁ, V2[va-1]"?=- 141 L a=1+702, =82+ A2,
Upon dividing these two equations we get
d
(3.31) Va+1=7%A, where A= —dLC.
1
Since the first equation of (3.30) can be written as v/2 [v/a + 1]*/? = —dy A/, we obtain from using (3.31) that 27 AY/2 =
—dyA/¢. Upon solving for 7, and recalling that A = 5 — do(/d;, we obtain
d? a2 (B do

.32 A S Nt B

(332 a3 (a )

which determines 7 in terms of ¢. To determine ¢ we square and add the two expressions in (3.30). This yields that
4va = (do — di18/C)* + d3A\2/¢%. Then, by using \/a = —1 + 7A, A\? = ¢ — 32, and (3.32) for 7 in terms of A, we get
that —4 + 24%d}/¢? = d}A?/(* + d3 (¢ — B?) /¢%. Finally, we solve for A? and recall that A = 8 — do(/d; to obtain
C—B2+4¢2/d? = (B — do¢/dy)?. By rewriting this expression we get that ¢ > 52 must be a root of the quadratic equation

(3.33) M(Q) = (dy — 4) ¢* — (df +2Bdody) ¢ +2B8%d7 = 0.

By analyzing the roots of M(£) = 0 we can characterize the Hopf bifurcation value of 7 on the range 0 < m < m_:

Principal Result 3.5 Suppose that 0 < m < m_ = /&2 + 2§ where { = 3q/2 — (s+1) > 0. Then, there exists a unique
value Ty = Tg(m) > 0 of T for which A = i\; is a root of F(iAr) = 0 in (3.28). This yields a Hopf bifurcation value

T = (1 +m?)7y for the equilibrium stripe solution of (3.1). The Hopf bifurcation point 75 and \rp is given by

d? d
(3.34) %HzﬁA, i = /¢ — B2, where Azﬁ—dif.

Here ( is the smallest root of the quadratic equation (3.33) on the interval ( > (2, given explicitly by

2dod1 B + d3 1
¢ = ( 2[261126_ B ) ) \/(2d0d15 +d2)® —8(d2 —4)B2d%,  when dy# —2,
(3.35) 252; 0
— 1 _—
C—d1_46, when dop=—2.

Here 3 =3 —&?m?, dy = —2s/v/1+m?2 <0, and d; = —9q/v/1 +m?2 < 0. When s = 0, for which dy = 0, we have

2 2

c c
1+ — 1+ —
+2+c +4

d1 9(]

T2 020 e )3 —etm?)

(3.36) u

b

_!
B

The derivation of this result consists of examining the roots of M(() = 0 for three cases: Case 1: —2 < dy < 0; Case 2:
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do = —2; Case 3: dy < —2. For 0 < m < m_, we have G(0) > 2 and d; < 0 from (3.27). For each case, (3.33) yields

(337) M%) = —a5t + 5t (5 - 2801 ) = 5 (160" - )

Since G(0) > 2, we conclude that M(5?) > 0.

For Case I where —2 < dy < 0, we have that M({) — —oo as ( — £oo. Therefore, from the intermediate value theorem
there exists a unique root (_ to M(¢) = 0 in 3% < ¢ < oo, while the other root is in —co < ¢ < 2. Since ( = 5%+ A2, the
relevant root is (_. At this root we must show that A = 8—do(_/dy > 0, so that 7 > 0 from (3.34). For —2 < dy < 0, we
use G(0) > 2 to obtain dy /8 < dy — 2. Therefore, since dy < 0 and (_ > 0, we obtain that —do(_/d1 > —do(_/(B(dy — 2).

From this inequality we calculate that

doC— e doG— _ do(¢— —B?) +2p° >0,
dy Bldo —2) B(2 — do)
since —2 < dp < 0 and (_ > 3%2. Therefore, when —2 < dy < 0, (3.33) has a unique root in ¢ > %, for which 7 > 0 in
(3.34). This root is given by the first expression in (3.35).
Next, consider Case II where dy = —2, for which M(¢) = —(d? — 48d;)¢ + 23%d3. Since d; < 0, then M({) — —c0 as
¢ — 400, while M(3?) > 0 from (3.37). Therefore, the unique root ¢ = 253%d;/(d; — 48) to M({) = 0is in ¢ > B2. At

this root we calculate A as

A=B-

A=p-2E_pe X

since d; < 0. Thus, 75 > 0 in (3.34).
Finally, we consider Case III where dy < —2. This case is more intricate since M(¢) — 400 as ¢ — +o0o and M(3?) > 0.

C 4 Bd;

bt g1

Therefore, the behaviour of the roots of M(¢) = 0in ¢ > 2% is not immediately clear. To analyze these roots it is convenient
to define (. = d16/dp to be the value of ¢ for which A = 0. For ¢ < (. we have A > 0, while for ¢ > (., we have A < 0.
Moreover, (. > 32 since dy — d1 /8 > 2. We now calculate M((.) as

d? d d?p? drd
(3.38) A«g):@ﬁ—4):£ @F+2%mﬂ)lﬁ+2ﬁw2 :ﬁ Pg—4— %ﬂ.
0 0
Since dg — dy /8 > 2 and dy < 0, we have —dyd; /S < do (2 — dp). By using this estimate in (3.38), we obtain
di B dip?

M@g<d2w&4+mwwa: [2do — 4] .
0

dg
Thus, since dy < 0, we have M((.) < 0. By the intermediate value theorem, it follows that M (¢) = 0 must have two real
roots (4, which satisfy 2 < (_ < (. and (. < (4. However, since A > 0 for ( = (_ < (, and A < 0 for ¢ = {4 > (., only
the smaller of the two roots yields a 7 > 0 from (3.34). Therefore, the smaller root (_ gives the Hopf bifurcation, and
this root determines A; as Ay = /C_ — 2. In this way we obtain the first of (3.35).

When dy = 0, we readily calculate from (3.34) and (3.35) that M(¢) = 0 has a unique root in ¢ > 32 given by

d% ﬁde
(339) C:CO—F\/CT, Coz—g, c1 = 64+ 5
Then, from (3.32) with dy = 0, we get
d2p 1 2 d2p

S S —2

T2 <co + ﬁ) g e (0T 20V
Since ¢ — ¢; = —32d? /2, we obtain the following expression which is equivalent to (3.36):

2

%:%@ 22 §i+ﬁ%i+§i ﬁwﬁpﬁ R P Sy S i
2 \pdZ) |327 2 4 Ves " 2 3 | 1682 28v2 3232
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This completes the derivation of Principal Result 3.5.

3.0 T T T

2.0
1.5
1.0

0.5

0.0

Figure 2. Plot of A versus m in the instability band computed numerically from (3.22) for the infinite-line problem with
l=00,e6=0.057=2,and s =0, with ¢ =1 (top curve) and ¢ = 2 (bottom curve).

In Fig. 2 we illustrate (II) of Principal Result 3.4. For [ = oo, ¢ = 0.05, s = 0, 7 = 2, and for both ¢ = 1 and
g = 2, we plot the real unstable eigenvalue )\, computed from (3.22), within the instability band m_ < m < m.. Since
0 < A < 3—¢e?m?, we conclude on the range O(1) < m = O(e~!) that V1 +m2 + 71X ~ v/1+m?2 when 7 = O(1).

Therefore, except near the lower threshold m_ where m = O(1), changing 7 by O(1) has a rather negligible effect on the

dispersion relation. This is evident by comparing the curves in Fig. 2 and Fig. 1.

6.0 ' ' ' 2.5 0

2.0 - B

15F i
| A A \\

TH '

m m

Figure 3. Plot of 7y (left panel) and the Hopf bifurcation frequency Arg (right panel) versus m when 0 < m < m_ for
the infinite line problem where [ = 0o, as computed from (3.34) and (3.35) of Principal Result 3.5. The parameter values
are € = 0.05, s = 0, while the solid and heavy solid curves are for ¢ = 1 and ¢ = 2, respectively.

From Fig. 2, we observe that as m — m_ from above, we have A — 0 when ¢ = 2 but A — A\g > 0 when ¢ = 1. This
result is readily explained from Fig. 3(a) where the Hopf bifurcation threshold 74 for 7 is plotted on 0 < m < m_ for
g =1 and g = 2. The corresponding Hopf bifurcation frequency Ay is plotted in Fig. 3(b). In Fig. 3(a), we observe for
q = 1 that the value 7y ~ 1.5 when m = m_ = 1.12 is below the value 7 = 2 used in Fig. 2. In addition, we observe
that the stripe is unstable for any m in 0 < m < m_ when 7 = 2. Alternatively, for ¢ = 2, we have from Fig. 3(a) that
TH ~ 6.12 when m = m_ ~ 2.85. From Fig. 3(b) we conclude that Ay — 07 as m — m_ from below. From Fig. 3(a) we
conclude that 7 = 2 < 7y for any m in 0 < m < m_. Thus, the stripe is stable for all modes in 0 < m < m_ when 7 = 2.

Finally, we briefly consider the case where [ is finite and 7 > 0. Then, the roots A to (3.15) are equivalently the roots
of Fi(\) =0, where

B — (tanh [IV1 4+ m?V1+ 7] B dyy
(3.40 @) ]:l(/\):2\/1+7')\< tanh [I1 T m? > -GN, gl(/\):dol_ﬁv
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and dyg; <0, dy; <0, and § are defined by
2s tanh ( 9q tanh(

_ <0, di = —
v 1+ m? tanh [l\/1+m2] - ! v 1+ m? tanh [l 1+m?2

Let m_ and m be the two values of m for which G;(0) = 2. For these values, A = 0 is a root of F;(0) = 0 in (3.40 a). For

(3.40 b) doy = <0, f=3-e*m?.

e — 0, we readily calculate that

V3 3gtanhl
3.41 ~— -

(3.41) My~ — 1T
where z_ > 1 is the unique root of x(z) = 0 in z > 1, as defined in (3.19). With these definitions of m_ and my we

can use (3.40 a) for G;(X) to derive the same result (3.27) for G;(0) for the different ranges of m. The second key result

o(1), m_ ~/z22 —1,

concerns the real part Fri(A;) = Re[F;(i\)], given by

d . A
(3.42) ‘FRZ()\I):CRZO\I)—CZO‘FﬁleB)\Q, CPJ(/\])ERQ (2 1+Z7’)\I
I

tanh [l\/l +m2y/1+ if')\[]
tanh [l 1+m?2 '

In §3 of [43], it was shown that Cg;(Ar) is a monotone increasing function of A;, and as such since d; < 0 we have that
dFri(Ar)/dAr > 0 for A;. For the case | = oo, this key monotonicity property was established previously in (3.26).

Given that the key properties (3.27) for G;(0) (with the new definitions of m+) and dFg(A;)/dA; > 0 for A\; > 0 both
still hold, it is easy to show that Principal Result 3.4 for the case | = oo still applies to the case of finite [. The details
of the derivation are left to the reader. As such, from (II) of Principal Result 3.4, for any [ there is a unique unstable
eigenvalue for any 7 > 0 when m lies within the instability band m_ < m < m_. This eigenvalue is on the positive real
axis in 0 < A < .

We remark that Principal Result 3.5 for the range 0 < m < m_ does not apply to the case where [ is finite. For this
range of m, there are two eigenvalues on the positive real axis in 0 < A < 8 when 7 > 1, and none when 7 = 0, and that
eigenvalues cannot enter Re(\) > 0 through the origin A = 0 as 7 is varied. As such, by the continuity of the eigenvalue
path as 7 is varied, there must exist a Hopf bifurcation value 7 for each m on 0 < m < m_. However, it is an open

problem to prove that 7 is uniquely determined.

3.2 Numerical Validation of the Stability Theory

Next, we demonstrate the breakup instability phenomena by performing some numerical experiments on

3 3

9 v v

(3.43) v =¢e5Av—v+ —, Tur = DAu—u+ —,

U €o
in the rectangular domain 0 < z < 1, 0 < y < dy with homogeneous Neumann conditions. Upon introducing the new
variables (Z,%,9,4) by @ = 2lz — I, § = 2ly, © = v/(2l), and @ = u/(4l?), and defining ¢, I, and d by

1

2D’

we obtain that (3.43) transforms to the original system (3.1) with ¢ =1, s = 0, in the domain |Z| <l and 0 < g <d.

(3.44) e = (2)eo, d = 2ldy where l=

We solve (3.43) numerically on a uniformly spaced N x N grid with enough resolution to spatially resolve the narrow
spatial scale near the stripe. In our computations we take N = 300. The system is solved using centred finite differences
in space and the stiff solver ode15s with Jacobian in Matlab for the time-stepping. As initial data for (3.43) we use the
solution in Principal Result 3.1, when written in terms of the transformed variables of (3.43), in which we add a random
perturbation sampled uniformly on [—§, §] with § = 0.001.

We undertake three numerical experiments on (3.43). For experiment 1 we take ¢g = 0.05, D =1, 7 = 0.1, and dy = 2.
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Figure 4. Ezperiment 1: Contour plot of the solution v to (3.43) at four times with parameter values ¢y = 0.05, D = 1,
7 =0.1, and dyp = 2. This corresponds to e =0.05,1 =1/2, 7 = 0.1, and d = 2 in (3.1).

For experiment 2 we take eg = 0.05, D =1, 7 = 0.1, and dy = 3, and for experiment 3 we take eg = 0.05, D = 0.1, 7 = 0.1,
and dp = 2. Experiments 1 and 2 correspond to e = 0.05 and [ = 1/2 for (3.1). From the dotted dispersion relation in the
left panel of Fig. 1 we observe that there is a large band of unstable modes with roughly comparable growth rates near the
dominant mode mgom =~ 7.42. In particular, for the parameters from experiment 1, the band 5 < m < 14 of modes have a
growth rate within 95% of that for the maximal mode. We therefore expect a strong interference with several modes which
will inhibit an accurate prediction of the number of spots. Furthermore, since the random perturbation does not favour
positive or negative amplitudes, there will be a phase correction to consider depending on the initial random perturbation.
To alleviate these issues, we compute the discrete Fourier transform of the difference between the computed solution v
at a given time and its steady-state stripe profile along the mid-line = 1/2. This plot indicates which discrete Fourier
modes, «, have the largest amplitude contribution. In order to test our spot pattern predictions from the asymptotic
theory, we consider a solution composed of the inverse discrete Fourier transform of the mode with the largest amplitude
so that we can artificially remove the interference from the other large eigenvalue modes.

In Fig. 4 we plot the results from experiment 1 at four different times ¢ = 0 (a), t = 2.64 (b), t = 3.16 (¢), and t = 5
(d). In Fig. 5 we plot the discrete Fourier transform results at the same times. We refer to the term “dominant modes”
as any modes that have an amplitude within 95% of the maximum mode amplitude. At the bottom of each figure we
plot an inverse Fourier transform solution of the most dominant mode which removes the interference of other modes and
gives the best prediction of spot breakup. The wave modes « in the Fourier transform diagram are the discrete Fourier
wave modes and do not correspond to either m or the integer k& modes in the actual perturbation (3.8). From Fig. 4b at

t = 2.64 we observe that several spot structures have emerged from the initial stripe, but with no clear pattern owing to
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Figure 5. Ezperiment 1: Discrete Fourier transform of the solution v to (3.43) at four times with parameter values
€g = 0.05, D=1, 7 = 0.1, and dy = 2. The upper left plot shows the amplitudes from the Fourier transform while the
upper right plot displays the phase. Dominant modes are defined as any modes that have an amplitude within 95% of the
largest amplitude mode. The bottom graphic in each panel shows an inverse Fourier transform of a solution comprised of
only the most dominant mode.

the large number of modes near the dominant mode that have comparable growth rates. This is shown through the Fourier
transform in Fig. 5b. By ¢t = 3.16, the two-spot pattern has begun to emerge, as predicted by the dispersion relation in
Fig. 1. As t increases further, secondary instabilities occur and by t = 5 we are left with a single spot solution.

Fig. 6 and Fig. 7 show the spatial and Fourier results for experiment 2 at times ¢ = 0 (a), t = 2.42 (b), t = 2.64 (c),
and t = 5 (d). The difference between experiment 2 and experiment 1 is that the width dy of the domain is increased to
dy = 3. While the dispersion relation as a function of m is unchanged by altering dy and leaving [ fixed, the actual integer
modes, k (and similarly the discrete Fourier modes, a), get scaled by a factor of dy. For both experiments 1 and 2 the
band 5 < m < 14 contains eigenvalues that are 95% that of the maximal mode amplitude. For dy = 2 as in experiment 1
this corresponds to 3 < k < 8 while in experiment 2 with dy = 3 this corresponds to 4 < k < 13. The large clustering is
then dispersed over a wider range and therefore there will be less competition between adjacent modes. This is noticed
most evidently in the Fourier transform of the solution in Fig. 7. In experiment 1 there was a competition between Fourier

modes a = 3 and a = 5, whereas in experiment 2 there is a competition between modes o = 5 and a = 8. The usefulness
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Figure 6. Ezperiment 2: Contour plot of the solution v to (3.43) at four times with parameter values ¢y = 0.05, D = 1,
7 =0.1, and dyp = 3. This corresponds to e =0.05,1 =1/2, 7 = 0.1, and d = 2 in (3.1).

of looking at the Fourier transform is most evident here because it clearly outlines that the most dominant mode produces
the predicted four spot pattern starting at ¢ = 2.42 and continuing until secondary instabilities have dominated by ¢t = 5.
Conversely, the interference from the competing modes makes it hard to resolve a four spot pattern in Fig. 6b.

Fig. 8 and Fig. 9 show the spatial and Fourier results for experiment 3 at times ¢ = 0 (a), t = 2.64 (b), t = 4.34 (¢),
and t = 5 (d). This experiment resets dy = 2 but uses D = 0.1, so that € = 0.05v/10 ~ 0.1581, [ = v/10/2 ~ 1.58, 7 = 0.1,
and d = 2¢/10 ~ 6.32 in (3.1). By computing the dispersion curve from (3.15) we obtain that the most unstable mode has
decreased to myom ~ 4.24. Moreover, for this parameter set, the band of unstable eigenvalues has been narrowed and there
is a smaller range of modes that are near 95% of the maximal value. This reduced clustering means that the dominant
wave mode should emerge very prominently with little competition from other modes. This is evident in Fig. 8c, which
confirms the theoretical prediction that the stripe breaks up into a four-spot pattern. A further effect of increasing [ is that
the magnitude of the unstable eigenvalues decreases, so that a breakup instability takes longer to form. For experiments
1 and 2, breakup instabilities had been initiated by ¢ = 2.64. However, for experiment 3 there is no evidence of a breakup
instabilities at this time (see Fig. 8b). Both the reduced competition and longer time for instability initiation are also
evident through the Fourier transform results in Fig. 9. At the end time ¢ = 5 we observe from Fig. 9d that we are still

well within the linear stability regime and, as such, secondary instabilities have not yet occurred.
4 Existence and Stability of a Ring for the GM Model
In this section we analyze the stability of a ring solution inside a disk €2 for a subclass of the GM model given by

3 3
v v

(4.1) v =20V — v+ —; Tup = Au—u+ —; r e,
ud eu’
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Figure 7. Ezperiment 2: Discrete Fourier transform of the solution v to (3.43) at four times with parameter values
€g = 0.05, D=1, 7 = 0.1, and dy = 3. Upper left and right plots are the amplitudes and phase, respectively, from the
Fourier transform. The bottom graphic in each panel shows an inverse Fourier transform of a solution comprised of only
the most dominant mode.

with d,u = 0,v = 0 on 0. Here ¢ and s satisfy (3.3), and Q = {(r,0)| 0 <r <[, 0 <6 < 27} with r = |z|.

A ring solution is one for which v concentrates on a circle r = rg > 0 concentric with Q. A steady-state ring solution
is a ring solution for which 7 is not arbitrary, but satisfies an equilibrium constraint (see (4.13) below). In our analysis
below we will construct a ring solution, determine the equilibrium constraint, and then analyze the stability of the ring
solution to instabilities that lead to the breakup of the ring into spots. For the exponent set (3.3), the stability analysis
is rather simple since the associated NLEP is explicitly solvable.

We first construct the ring solution by the method of matched asymptotic expansions. A construction based on a

Lyapunov-Schmidt reduction was given in [29]. In the inner region near the ring at r = rg, we introduce

(4.2) v=V(y) =Vo+eVi+---, u=U(y)=Up+eU +---, y=¢e'(r—ro).

We substitute (4.2) into the steady-state problem for (4.1), and collect powers of €. To leading order we get

Vo = Ujw(y), Y=q/2,
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Figure 8. Ezperiment 3: Contour plot of the solution v to (3.43) at four times with parameter values ¢ = 0.05, D = 0.1,
7 = 0.1, and dy = 2. This corresponds to ¢ = 0.05v/10 = 0.1581, I = v/10/2 =~ 1.58, 7 = 0.1, and d = 2v/10 = 6.32 in
(3.1).

where w(y) = v/2sech y satisfies (3.5), and Up is an unknown constant. At next order, we find that V; and U; satisfy

V! qu V3
— " 2 0 0 /A MR _
Upon integrating the equation for U; over —oo < y < 0o, we get
(4.4) U (4+00) — Ul (=o0) = 030/~ / w®dy.
—o0
Since LV{ = 0, the solvability condition for the V; equation in (4.3) yields
1 r "2 . q T 31//

(45) = [ dyUgH/VovoUldy.

Upon substituting Vo = Ujw into (4.5), and noting that U]’ is even, we obtain after two integration by parts that

1 ql
4. — = =
(1.6 © = — 2 (0] (o0) + Ul (—00)] = —5= [0 (o0) + UL (—o0)]
where we have used that I = [~ _w*dy/ [*_(w')” dy = 4. After calculating U{(+00) below, (4.6) yields a transcendental

equation, referred to as the equilibrium constralnt7 for the equilibrium ring radius rg.

To determine Uj(£o00) we must consider the outer region. In this region v is transcendentally small and u ~ wug, where
1
(4.7 ug—k;ug—uozﬂ, O<r<ry, ro<r<l; ug(l) =0, up(0) finite.

The matching conditions between the inner and outer solution are that uy(ro) = Uy, uy(rg) = Uj(+00), and uf(ry ) =
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Figure 9. Ezperiment 3: Discrete Fourier transform of the solution v to (3.43) at four times with parameter values
€0 = 0.05, D =0.1, 7 = 0.1, and dy = 2. Upper left and right plots are the amplitudes and phase, respectively, from the
Fourier transform. The bottom graphic in each panel shows an inverse Fourier transform of a solution comprised of only
the most dominant mode.

U{(—00). Therefore, from (4.4), we have that ug must satisfy

o}

(4.8) ug(ro) = Vo, UB(TJ) - UB(TO_) = —Uégqmis / w? dy .

— 00

The solution to (4.7) with ug(rg) = Uy is

(49) Ug = 10(7') + K()(T‘) .

ol QS 0TS G =h0), G =

Gi(ro)Ga(ro) | Gi(ro)Ga(r), 10 <7<,

Here I, (%) and K, (z) are the modified Bessel functions of the first and second kinds of order v. Upon enforcing the jump

condition in (4.8), we obtain, in terms of the Wronskian W (a, b) = ab’ — a’b, that Uy satisfies

W(Ga,G1) _3q
4.10 Us = e , =
(4.10) 0 Gi(r0)Ga(ro) [~ w? dy ¢ 2

—(s+1)>0.
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Since W(Gs, G1) = W (Ko, Ip) = 1/r¢ and ffooo w? dy = /27, (4.10) determines Uy as

—£
(4.11) Uo = [\/57”"091(7“0)92(7"0)] .
Next, we calculate uj(ri) from (4.9) and use the matching condition to obtain
/ UoG1(ro)Ga(ro) _ ) sy UoGi(ro)Gs(ro) _ -,
4.12 dy= 0770 = ZoY10)F\T0) _ rrr oy .
(4.12) ug(rg ) G1(r0)Ga(r0) Up(400), ug(ro ) G1(r0)Ga(r0) Ui (—00)

Finally, upon substituting (4.12) into (4.6), we obtain that an equilibrium ring radius must be a root of the transcendental
equation H(rg) = 0, where

(4.13) Hirg) = - + 4 <Qi(ro) N gé(ro)) _

To 5

Gi(ro)  Ga(ro)

700 01 02 03 04 05 06 07 08 09 10 700 01 02 03 04 05 06 07 08 09 10
7o/l ro/l

Figure 10. Plot of H(rg) versus ro/l, defined in (4.13) for ¢ = 1 (left panel) and for ¢ = 2 (right panel). In the left panel
the curves from left to right near o/l = 0 are for [ = 20, [ = 10, l = 4, and [ = 1. In the right panel the curves from left
to right near ro/l = 0 are for [ = 10, 1 = 5, | = 3.622, and | = 2. For ¢ = 1, there are no roots to H(rg) = 0. For ¢ = 2,
there are two ring equilibria for [ > [, &~ 3.622 created in a saddle-node bifurcation at [ = [..

The final step in the construction of the equilibrium ring solution is to investigate the conditions for which (4.13) has
roots. This requires a numerical computation of H(rq). For several values of [, in Fig. 10(a) and Fig. 10(b) we plot H(rg)
versus 1o/l for ¢ = 1 and g = 2, respectively. Our numerical results show that there are no equilibrium ring radii on
0 <79 <l when g =1. For ¢ = 2, there are two equilibria when [ > [, &~ 3.622 and none when [ < [.. These equilibria are
created in a saddle-node bifurcation when [ = [.. In Fig. 11 we plot the two equilibrium ring radii versus [ for [ > [, when

g = 2, as obtained by numerically computing the roots of H(rp) = 0 from (4.13).
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Figure 11. Plot of the equilibrium ring radii versus [ for [ > [, ~ 3.622 when ¢ = 2, where [, is the saddle-node point.

We remark that (4.13) was also derived in [29] in a more general context. However, no NLEP analysis of the stability of
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the ring solution to non-radially symmetric perturbations was given in [29]. In the next subsection, we derive this NLEP,
show that it is explicitly solvable, and obtain a simple transcendental equation for any unstable eigenvalue. In this way,

a band of unstable angular modes m is readily identified.

4.1 The Stability of a Ring Solution for the GM Model

Let v, and u, denote the ring solution with ring radius ry. To examine the stability of this solution to breakup into spots

on an O(1) time-scale we let 7,8 denote polar coordinates and we introduce the perturbation
(4.14) v = v, + M0 (r) w = g + IO (Y

To enforce 27 periodicity in 6 we take m > 0 to be an integer. Upon substituting (4.14) into (4.1), we obtain that

1 2,,2 3 2 3
22 <¢//+¢/)_(1+57’;’l >¢+ Ue¢_ qqlffln:)\d)’
r r Ue

ud

1 m? 1 (302 sv3
(77”+ ?7’) - (HTH 2> n=- ( 0 Jﬂ) :
r T S Ug Ue

with ¢’(1) = 7/(1) = 0 and ¢, n bounded as r — 0.
In the inner region where y = =1 (r — o) with |y| = O(1), we use ue ~ Uy, ve ~ g/zw, and expand ¢ = ®(y) + ---

and n = Ng + &Ny + -+ -, where Ny is a constant to be determined. From (4.15), we obtain that

(4.15)

2
(4.16) D" — &+ 3w ® — qUI > wdN, = (/\ + 5";) d, —oco<y<oo.
o

Upon integrating the resulting equation for N; we get
(4.17) Ni(+00) — Nj(—00) = —3UJ* / w?® dy + sUS / wdy | Ny .

In the outer region, 0 < r < rg and ro < r <[, we expand n =1y + - - -, to obtain from (4.15) that ny satisfies

/! 1 / m2 / :
(4.18) no + =mo — (L+7X)no — —5m0 =0, O<r<ryg or ro<r<l; no(l) =0, 1no(0) finite.
r r

The matching conditions between the inner and outer solution are that 19(ro) = No, 75(rd) = N{(+00), and nj(ry ) =
Ni(—o00). Thus, from (4.17), we conclude that

(4.19) no(r0) = No , no(ro ) —mo(rg ) = =305 ~° / w?® dy + sU§ / w®dy | No.
The solution to (4.18) with ny(r¢) = Np is

No Gim (027)G2m (Or70) 0<r<rg,
4.20 a =
( ) o glm(akro)g%n(e)\TO) { glm(GATO)QQm(GAT) ) ro <1< lv
where we have defined

K, (0\1)

(420 b) g1m(9)\7‘) = Im(6‘)\r) R ggm(e)\’r) = Km(H,\r) — 717”,(9)\’)“) s 0x=vV1+T1A.

I15,(0x0)
Here I,,,(z) and K,,(z) are the two modified Bessel functions of order m, and again we have chosen the principal branch

of 147X (see the discussion following (3.13)). Upon enforcing the jump condition in (4.19), we obtain an algebraic
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equation for Ny, with solution

[e’¢) o -1

(4.21) No =no(ro) =303 / w?® dy sUé/dey—i-

— o0 —00
The Wronskian in (4.21) is evaluated as W (Gam, Gim) = W [Kp, (0x70), Im (0x70)] = 1/79. Then, by substituting (4.21)
into (4.16), and using (4.10) for Ug, we obtain an NLEP for ®, which is summarized formally as follows:

W(g2m7 glm)
Gim (QATO)QQW (QATO)

Principal Result 4.1 Let ¢ — 0 and consider a ring solution for (4.1) where the GM exponent set satisfies (3.3). Let
ro > 0 be the radius of the ring that is concentric with the disk 0 < r <l and satisfies ro < l. Then, the stability of this
ring solution on an O(1) time-scale is determined by the spectrum of the NLEP

e2m?

L0¢—Xw3/w2<1>dy: (/\-l-

)<I> —o00 <y <o00; ®—0 as |yl — oo,
(4.22 a) —oo

_ 3q G1(r0)G2(r0) -
X= [T widy {S N G1m (0x710)Gam (Or70)

where G, Go and Gim, Gom are defined in terms of ro, TA, and m by (4.9) and (4.20b), respectively. In (4.22a), Lo® =
O — ® + 3w ®. Any unstable eigenvalue of (4.22a) is a root of the transcendental equation R()\) = 0, where

2G1(r0)G2(ro)

_ 9 _ e?m?
_g*()\)a g*()\):—28—m7 ﬁ:?)_ 7,(2]

(4.22b) R(\) =

= Gim(0270)Gam (0270)

Figure 12. Plot of A versus m within the instability band, as computed from (4.23), for the two equilibrium ring solutions
with 79 /&~ 2.56 and ¢ ~ 1.08 that exist when [ = 5 and ¢ = 2 (see Fig. 11). The other parameter values are ¢ = 0.05
and s = 0. Left panel: 7 = 0. The heavy solid and solid curves are for the larger and smaller equilibrium ring radii,
respectively. Right panel: the curves in the left panel are compared with the dispersion relations (dotted curves) obtained
from changing 7 = 0 to 7 = 4. The curves in the left panel are rather insensitive to changes in 7.

To derive (4.22 b) from (4.22 a) we simply note that (4.22 a) is explicitly solvable and use Principal Result 2.2 together
with [ w®dy = (ffooo w? dy) (3/2). The roots of (4.22 b) can be equivalently written as
e2m? 9 st G1(ro)G2(ro) -
3 2 G1m (0x70)Gam (OA70)

We remark that (4.23) becomes an explicit expression for A when 7 = 0 since 0, = 1. By using well-known asymptotics

(4.23) A=3—

for K,,(z) and I,,(2) for large orders m, it follows for ¢ — 0 and 7 = 0 that A\ < 0 when m > my ~ v/3ry/e. For 7 = 0,
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e = 0.05, and s = 0, in Fig. 12 we use (4.23) to plot A versus m within the instability band for the two equilibrium ring
solutions with radii rg ~ 2.56 and ro =~ 1.08 that exist when [ =5 and ¢ = 2 (see Fig. 11). From the left panel of Fig. 12,
we observe that the maximum growth rates for the two ring solutions are roughly the same, but that there are fewer
unstable modes for the solution with the smaller ring radius. In the right panel of Fig. 12 we show the marginal effect on
the dispersion curves of changing 7 from 7 = 0 (solid curves) to 7 = 4 (dotted curves). The dispersion curves for 7 = 4
were obtained by using Newton’s method on the transcendental equation (4.23) for A.

Finally, we briefly outline the computer-assisted derivation using (4.22 b) that for any 7 > 0 there is a unique unstable
eigenvalue in Re(A\) > 0 for any m in some band 0 < m_ < m < m4. To determine the edges m_ and m of the band
we set A = 0 in (4.23). To determine the upper band edge m, > 1 as € — 0, we use well-known large order expansions
of K(z) and I,,(2), to derive from (4.20 b) that for m — oo,

1 1
(4.24) Gim(r0)Gam(ro) ~ o {1 + e_2m(l_m)} ~—, for ry<I.

2m’
We then substitute this expression into (4.23), where we set A = 0, to obtain for m > 1 that

B e2m?  9q 1 9¢q

~ 22 ~ +0O(m™2).
72 2 <s+2mg1(ro)gz(7’o)> 4mG1(ro)Ga(ro) (m™)
Upon solving for m, we calculate for € — 0 that

3 3
(4.25) my ~ V3o I +o(1), as €—0.

e 8Gi(ro)Ga(ro)

In contrast, for e — 0, the lower edge m_ of the band, with m_ = O(1), is a root of M(m) = 0, where

2G1(r0)G2(ro)
g1m(7“0)gzm(7"0)

We calculate M(0) =2 (1 + s — 3¢/2) < 0 from (3.3). In addition, since Gy, (79)G2m (o) is a monotone decreasing function

(4.26) M(m) = + (25 —3q).

of m with asymptotics G, (70)Gam (10) ~ 1/(2m) as m — oo (see (4.24)), it follows that M(m) is monotone increasing in
m with M(m) — +o00 as m — oco. Therefore, there exists a unique root m_ to (4.26).

A winding number argument, which relies on a numerical computation, is then used to show that there is a unique root to
(4.22b) in Re(A) > 0 for any m on the range m_ < m < m. Proceeding as in §3.1, we choose the counterclockwise contour
consisting of the imaginary axis —iR < ImA < iR and the semi-circle T'g, given by |A| = R > 0, for —7/2 < arg) < 7/2.
On the range m_ < m < my, R(\) is analytic in Re(A) > 0 except at the simple pole A = 8. By using the large argument
expansions of K., (z) and I,,(2), valid for Re(z) > 0, we readily derive that R(\) ~ 2rovV7AG: (r0)G2(r0) as |A| — oo on
T'r. Therefore, the change in the argument of R(X) over 'y as R — oo is m/2. By using the argument principle, together
with R(A) = R()), we obtain for any 7 > 0 that the number .J of unstable eigenvalues in Re(\) > 0 is

5 1
(4.27) J = i p larg R]p, -

Here [arg ]:]FI is the change in the argument of F when the semi-axis I';y = iA;, 0 < A\; < oo is traversed downwards.
To calculate [arg R} , we decompose R(iAr) = Rr(Ar) + iR(Ar). On the range m_ < m < my, we have R(0) > 0
and R;(0) = 0. Moreover, we have R(i\;) ~ 2r0e™/*/TA1G1(10)Ga(r0) as \; — oo. Therefore, it follows that [arg Rlp, =
—7/4, and consequently J = 1 from (4.27), if one can guarantee that Rg(A;) > 0 for all A; > 0. The analytical verification
of this inequality is difficult, as it requires detailed computations of global properties of modified Bessel functions of
complex arguments. However, a simple numerical computation of these Bessel functions shows that this inequality is
indeed satisfied. We conclude that, for any 7 > 0, there exists a unique unstable eigenvalue on the positive real axis for

the ring solution when m lies within the band m_ < m < m,.
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5 Hot Spot Patterns of Urban Crime: The Stability of a Stripe

The urban crime model of [35] that incorporates the effect of police has the form

(5.1a) Ay =e?AA—A+pAta, z€Q; OnA=0, z=(x1,22) €00,
(5.10) pt =DV - (A*V (p/A?)) —pA+y—a—-U, z€Q; Opp=0, 2€0Q,
(5.1¢) Ui = DV - (AIV (UJ/A?)) , x € Q; onU=0, ze€dQ,

where  is the rectangular domain of (3.2). Here A measures the attractiveness to burglary, while p and U denote the
densities of criminals and police, respectively. The diffusivity of criminals and police is D and D/, respectively. We will
assume that 7, > 0 with 7, = O(1). In (5.1), the constants o > 0 and v — @ > 0 model the baseline attractiveness and
the background rate of criminal re-introduction after a burglary, respectively. The drift, or convection term, in (5.1 b) and
(5.1 ¢) model biased random walk of the criminals and police towards regions of higher attractiveness, respectively, with
the parameter ¢ > 0 measuring the strength of this drift for the police. For ¢ = 2, the police mimic their drift response to
that of the criminals. Further details of the model, as well as related models for including the effect of police, are given in
[36]-[38], [15], and [47]. In the construction of the steady-state stripe solution below, we will need to assume that g > 1.
For the case ¢ = 3, it will be shown that the NLEP governing the transverse stability of this stripe is explicitly solvable.

We will analyze the transverse stability properties of a steady-state stripe solution for (5.1) for the regime O(1) < D <

O(e72). As motivated by the scalings in [18], we introduce the new variables v, Dy, and u by
(5.2) p=c*vA?, U =uA?, D = Dy/e?,

where we will assume that Dy > O(g?) so that D >> 1. In terms of these new variables, (5.1) becomes

(5.3a) Ay =?AA - A+ +a, 2€Q; OA=0, z=(x1,12) € 0N,
(5.3b) 52(UA2)t:D0V'(A2Vv)—asz3+'y—a—qu, x € Opv =0, z€dQ,
(5.3¢) e, (A%), = DoV - (AVu) , z€Q; Opu=0, z€0Q.

We now construct a steady-state stripe solution consisting of a localized region of high attractiveness, which we center
along the mid-line z; = 0 of the rectangle. To do so, we simply construct a steady-state 1-D pulse A = A(z1), v = v(x1),
and v = u(x1), and extend it trivially in the x5 direction. Since the total number of police is conserved due to (5.1 ¢),
we have fQ U(z,t)dx = U for all time, where U > 0 is the initial number of police deployed. As such, we have for the
steady-state stripe solution that fil U(z1)dxy = Uy = U/d, where d is the width of Q. It follows from (5.3 ¢) that the

steady-state 1-D solution u(x1) is a constant given by

l
(5.4) w(zy) = Uy / [A(21)] das
]

and that the steady-state 1-D problem for A(x;) and v(xy), from (5.3 a) and (5.3b), is

(5.5a) €2 Apyn, — A+ 2 0A3 +a =0, lz1| <1 Az, (£l) =0,
A4
(5.5b) Dy (AQU;EI)I —62UA3+’}/—01—lU07=O, |z1] <1 Vg, (£1) =0,
! ffl Ad dil?l

In the inner region |z1]| < O(e) near the pulse we set y = x1/¢ and expand A = Ag/e+--- and v =vg+ -+ as in [18].
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We readily obtain that v is a constant and Ag,, — Ao + v A3 = 0. This yields the leading order inner solution
1
5.6 A ~ —— s ~ s
(5.6) (21) =/ (21/¢) v~ v
where w(y) = \/isechy satisfies (3.5), and where the constant vy is to be determined. To determine the constant vy, we
integrate (5.5b) over |z1| < to get —&? fil vA3dry + 2l(y — o) — Uy = 0. Since A = O(e~!) in the inner region, while
A = O(1) in the outer region, the integral above can be calculated asymptotically as 2 fil vA3dxzy ~ val/z ffooo wddy =
110_1/2\/§7r. In this way, provided that 0 < Uy < 2I(y — «), we calculate vy as
27?2

7 P RIG-0) - ta

Therefore a stripe solution exists only if the total police deployment Uy per cross-sectional area satisfies Uy < 2I(y — «).
In the inner region, the police concentration U(z1), given by U(z1) = ©A?, becomes

DAt Uy w9

T Avde, e [T widy

(5.8) lz1] < O(e).

In the outer region, we have from (5.5 a) that Aoy = o + O(e?). To determine the leading-order outer problem for
v, we first need to estimate the integral fiz A%dzy in (5.5b). Since A = O(e71) in the inner region |z1| < O(e), while
A = O(1) in the outer region O(e) < |z1] < 1, it follows that when ¢ > 1 the contribution to the integral fil A%dz; from
the inner region is dominant, with the estimate fil Aldxy = O(e'79) > 1. We will henceforth assume that g > 1, so that
the nonlocal term in (5.5 b) can be neglected to leading-order in the outer region. Then, from (5.5 b) we obtain that the

leading-order outer problem for v is v ~ ¥y + o(1), where ¥y satisfies

" - " .
(59) Vozi2, = — D0a2 R 0< |Zl| < l, Vo, (:tl) = O, ’Uo(O) =19 .

This yields the leading-order outer solution for 7y as given below in (5.12).

Finally, we calculate u. Since ¢ > 1, we use A ~ e~ tw/ /vy to estimate the integral in (5.4). This yields that

2
UO q—1~ ~ Uovg/
~ el U, , where Ue =

(5.10) w=——"2 ———.
fil Ad dml f—oo w dy

We summarize our result in the following statement.

Principal Result 5.1 Fore <1, D> 1, and Uy < 2l(y—«), the steady-state pulse solution for (5.3) is given to leading
order in the inner region by
Uo wq

1
(511) A(xl) ~ —W (1’1/6) R v~ g, U($1) ~ ?mv

€4/Vo
where vy = 272 21(y — ) — Up) ™2, Uy = U/d, and w = v/2sech (z1/€). In the outer region, O(e) < |z1| < I, we have

71| < O(e),

(v=a) 2 2 —1 US/Z
5.12 A~ ~ “— (- U~ Upa? .
(5-12) @ U aDga? (= fnl)’] + o, o i dy

The criminal density in the inner and outer regions, as obtained from (5.2), is

(5.13)  p(z1) ~ |w (:1:1/5)]2 , |z =0(e); p(x1) ~?a? {vo + (QPYD_O;) <l2 - (- |x1)2)} , Oe) < x| <.

In Fig. 13(a) we plot the asymptotic results for A and p in the inner region, as obtained from Principal Result 5.1, for
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12 -

10 -

0.3

Figure 13. Plot of the steady-state pulse from Principal Result 5.1 in the inner region for € = 0.05, [ = 1.0, v = 2, and
a = 1. Left panel: The attractiveness A ~ w (x1/€) /(ey/vo) + o (heavy solid curve) and criminal density p ~ w (z1/¢)
(solid curve) Right panel: The police density U from (5.12) for ¢ = 2 (heavy solid curve) and for ¢ = 3 (solid curve).

€ =0.05,1=1,v =2, and a = 1. These results are independent of ¢. In Fig. 13(b) we plot the corresponding police
density U(z1), as given in (5.11), for ¢ = 2 and ¢ = 3. The police density for ¢ = 3 is slightly more narrow and has a
larger peak than for g = 2.

5.1 The Stability of a Stripe

Next, we will derive an NLEP governing the stability of the stripe solution to transverse perturbations that lead to the
breakup of the stripe into localized hot spots. Let A., ve, and u. denote the steady-state solution constructed in the
previous subsection and summarized in Principal Result 5.1. We then extend it trivially in the x5 direction to make a

stripe. To determine the stability of this stripe with respect to transverse perturbations we introduce
(5.14) A= Ae(l‘l) + e)\t+imr2¢(x1) , v = 'Ue(xl) 4 eM+imz2€’(/J(l‘1) 7 U= U + e)\t+imm2€qn(x1) .

Here m = kn/d where d is the width of the rectangle and k > 0 is an integer. The relative sizes in ¢ in (5.14) are such

that ¢, ¥, and 7 are all O(1) in the inner region. Upon substituting (5.14) into (5.3), we obtain on |z1| < that

(5.15a) 2000, — (1+*m?)p 4 36?0 A%¢ + 3 Ap = N\,
(5.15b) Do [eAZu, + 2Acver, @], — em* DAt — 3”0 A2 — 2P AT — e1AIn — AT tued = Ne® (AT + 24c0e9) |
(5.15¢) Dy [e?Aln,, + qufluemlng]ml —eIm? Dy Al = 7, \ (e7Aln + qufluegb) .

In the analysis of (5.15) we must allow for spatial perturbations of high frequency as ¢ — 0. As such, we consider the
range 0 < m < O(e~1). Below, we show that the upper stability threshold occurs when m = O(e~1).

In (5.15b) and (5.15 ¢), we note that ue,, = 0 and u, ~ €97 4,, where i, is given in (5.10). In the outer region where
A, ~ a we obtain from (5.15 a) that ¢ou = O(e3¢out). when 0 < m < O(e~1). Next, we estimate the terms in (5.15b) in
the outer region. We obtain from (5.10), and our estimate of ¢oyut, that ¢AZ  u.p = O(e9 294yt ). Moreover, since ¢ > 1,

we have e9A49n < O(e). In this way, we obtain in the outer region that (5.15 b) reduces to
(5.16) Voray —m*Y =0, O(e) <z <13 4, (£) =0.
Similarly, since 7, = O(1) and uz, = 0, we obtain from (5.15 ¢) that to leading order
(5.17) Neye, — M2 =0, O(e) < |z| < Nay (£ =0.

In the inner region, we look for a localized eigenfunction for ¢ in the form ¢ = ® (x; /¢). Since the equations for ¢ and
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7 are not singularly perturbed, we obtain that ¢ ~ ¢(0) and 1 ~ 7(0) to leading order in the inner region. Then, since
A, ~ e 'w/\/v, and ve ~ vg in the inner region, as obtained from (5.11), we find from (5.15 a) that ®(y) satisfies

1
(5.18) " — & + 3uw?d + Wuﬁw(O) = (A+e’m?) @, —00 <y < o00.
0

Next, we derive the jump conditions for 1 and 1 across x = 0. To do so, we introduce an intermediate length-scale §

with O(e) <« § < 1 and integrate (5.15b) from —0 < 21 < ¢ and use A, ~ o at x1 = £. This yields that

(5.19a) €0 [V, ]g = €19(0) + ean(0) +e3,

where we have defined [0, ], = ¢y, (01) — 90, (07). Here ¢; for j =0,...,3 are defined by

Dym? T 1 T
eo = Doa®, elZST/deerT/g w®dy
0 —00 Yo —00
(5.190) o o o
1 Qe _
62:W /wqdy, 63:3/w2©dy+ (—1)/2 /wq IQ)dy
Yo —o0 —oo Yo —o0

In a similar way, we integrate (5.15 ¢) across —§ < x1 < 0 and use A ~ « at 1 = +¢§. This yields that

(5.20 a) fo[Me:lo = fin(0) + fa,
where f; for j =0,...,2 are defined by
Dom2e'=1 [ i E3Ugir A [
(5200)  fo=Doa’, ﬁZJ%ﬁ*/w”“‘qJ /W@’ ﬁ=4%%%/@w%@'
Uy . Uy . vy .

In (5.19b) and (5.20 b), @, is given in (5.10).

Next, we must solve for ¢(z1) and n(x1) from the solution to (5.16) and (5.17) subject to the jump conditions (5.19) and
(5.20), and the boundary conditions ¢, (£l) = 1, (£l) = 0. From this solution, we calculate 1)(0), which then determines
the NLEP for ®(y) from (5.18). To solve for n, we introduce Gy, (1) satisfying
cosh [m(l — |x1])]

. —m? = _ <1 —_0. _
(5.21) Gmzyzy — MG, 0(x), x| < Gz, (£1) = 0; G (21) Smsnh(ml)
for m > 0. In terms of Gy, (21), and using [Gme, |, = —1, the solution to (5.17) with (5.20) is
Gm(zl) f2
5.22 1) = (0 , ) JE R L —
(5.22) (1) = n(0) () n(0) = - /G (0)
Similarly, for m > 0, the solution to (5.16) subject to (5.19) is
Gn(71) ean(0) + e3
5.23 — (0 : 0)= 2 Tes

We estimate the asymptotic order of the terms in (5.200) as fo/G.n(0) = mtanh(ml)O(1), fi = m2e!790(1) +
e3797,0(1), and fo = 3797,0(1). As such, when 7, = O(1) and ¢q > 1, we conclude for any m > 0 with m > O(e) that

B f2 _0EY
fi+ fo/Gm(0)  O(e'~9m?)

fo D0m251_q

fe =D [wrdy. w0 -

— (2 /2
G (0) 08/2 =0("/m") < 1.

—o0
Since 1(0) < 1 when ¢ > 1, 7, = O(1), and m > O(¢), we conclude from (5.23) that, in this parameter regime,

€3

(5.24 a) YO~ — e
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Upon using (5.10) for ., the coefficients in (5.24 a) are

by C wildd D 17
(5.24b) 63:3/ 2<I>dy—|—qv1/2Uofqudyy e1 = Om / w?dy + 3/2 w3dy, eq= Dya?.

— 00 — 00

Upon substituting (5.24 a) into (5.18), and by using (5.7) for vy together with ffooo w?dy = 4 and fix;o w3 dy = V2,

we obtain the following NLEP with two nonlocal terms:

’ r > witlod
__Xow' 2 1/2 w - _
(5.25a) Lo® T~ wddy 3 / P dy + quy’ U 1= widy = (A +e*m?) @,
(5.25b) w= (14 4Dym?e ™! ADya’n*m tanh(ml) \
' ' 207 —a) ~Uo] Ity —a)— U

The analysis of the spectrum of (5.25) is more challenging than the NLEP’s of §3 and §4 owing to the presence of the
two nonlocal terms. In our analysis below, we will focus on the special case ¢ = 3 for which this NLEP reduces to
s WP dy 6l(y — ) }

T wtdy 20(y—a) - Us|
which is explicitly solvable. Here xq is defined by (5.25b). It is an open problem to analyze (5.25) for arbitrary ¢ > 1.

The NLEP (5.26) for ¢ = 3 is a special case of the class of explicitly solvable NLEP’s of Principal Result 2.2. Upon
replacing A, o, g(w), and h(w) in (2.2) with A + &2m?, 3, w?/ ffooo w? dy, and w?, we obtain the following result for the

(5.26) Lo® — yw =(A+e’m?) @, X = Xo [

spectrum of (5.26):

Principal Result 5.2 Let ¢ —+ 0, ¢ = 3, 7, = O(1), Uy < 2l(y — a), with m > 0 and m > O(e). Then, the transverse

stability of a stripe solution for (5.1) on an O(1) time-scale is determined by the sign of the discrete eigenvalue

(5.27) Neg_ 2yt v —a) ADym®c~'  4Doa’7®m tanh(mi)
[20(y — &) = Ud] 20(y — a) — Uy)®

Rit—a) -0y |

To determine the edges of the instability band for a stripe, we set A = 0 in (5.27) and solve for m. For ¢ < 1, the upper

edge m.. of the instability band is my ~ v/3/e, with A < 0 for m > m.. In contrast, the lower edge m_ of the instability

1/2

band satisfies m_ ~ e*/“mg_ where mq_ satisfies

9l(y — ) 4Dym3 -t
2y — ) — U] (1 TR —a) - Uo]) '

Upon solving for mg_, we conclude for € < 1 that A > 0 when

3~

1/2 V3 _ iy —a)+ Uy

02 J— A - =
(5.28) e/ mo_ <m < = mo 1Dq

We remark that the lower O('/2) edge of the band is consistent with the assumption m > O(e) used to derive (5.27).
In addition, we note that the lower edge of the band increases with the level Uy of police effort. This shows that as Uy
increases, less transverse modes become unstable.

Finally, we estimate the mode mgo, within the instability band that has the largest growth rate. To do so, we set
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d\/dm =0 in (5.27), and obtain that mqem is the root of

2 9(y — ) 4Dgm?e =1 -2 8Dom
2em [QZ(VG)UO]([2Z(704)U0]+ ) (e[zzwa)w* )

For € < 1, this reduces to 16Dym* ~ 36le~1(y — ). For ¢ < 1, this yields the most unstable mode

9 1/4
(5.29) Maom ~ /4 [4Dol('y - a)} )
which is independent of Uy. We predict that a stripe for the RD crime model on a domain of width d will break up into
N localized hot-spots, where N is the closest integer to maomd/27.

In Fig. 14(a) we use (5.27) to plot A versus m for the parameter set ¢ =0.05, Dy =1,y =2, a =1,1 =1, and Uy = 1.
In the caption of the figure, the asymptotic predictions for the edges of the instability band, as obtained from (5.28), are
compared with results from (5.27). From (5.29), the asymptotic prediction for the most unstable mode is mgom ~ 2.59,
which compares well with the numerically computed result mgom =~ 2.44 as computed from (5.27). In Fig. 14(b) we

compare A versus m near the lower threshold m_ for Uy = 1 and for Uy = 1.5.

3.5 35
3.0 3.0
2.5 1 2.5
2.0 2.0
\ 1.5 1.5
1.0 1.0
0.5 0.5
0.0 0.0
—0.5 -0.5 L
0.0 0.2 0.4 0.6 0.8 1.0
m m

Figure 14. Left panel: Plot of A versus m, as given in (5.27), for e = 0.05, Dy =1,v=2, a=1,1 =1, and Uy = 1. The
asymptotic prediction as e — 0 for the instability band from (5.28) is 0.158 < m < 34.64. The corresponding numerical
result is 0.131 < m < 34.56. Right panel: plot of A versus m near the lower threshold m_ for Uy = 1 (solid curve) and
Up = 1.5 (heavy solid curve). The lower edge of the instability band increases as Uy increases.

As compared with the most unstable mode associated with the dispersion relation for the GM stripe or ring solutions,
as studied in §3 and §4, the most unstable mode mgoy, for the crime problem has a significantly smaller value. This
suggests that a stripe for the crime problem will break up into significantly fewer spots than that for the GM model. For
the parameter values in Fig. 14(a) suppose that d = 2 so that maemd/2m = 2.59/7 &~ 0.82. This suggests that a stripe on
a square domain of side-length two should break up into only one spot. To validate this claim we computed full numerical
solutions to (5.3) for the parameter set ¢ = 0.05, Dg = 1, v = 2, a = 1, Uy = 1, and [ = 1. The computations were
done using the adaptive grid finite difference solver VLUGR [1]. The initial conditions were taken to be the steady-state
stripe solution of Principal Result 5.1 in which the attractiveness field is perturbed by 1% uniformly distributed random
noise near the stripe location. The results for A at different times, as shown in the gray-scale plot of Fig. 15, confirm the

theoretical prediction that the stripe breaks up into only one spot.

6 Discussion

We have given an explicit analytical characterization of the instability of either homoclinic stripes or rings to transverse

perturbations for some RD problems for which the study of the associated NLEP can be reduced to the analysis of some
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Figure 15. Gray-scale plot of the attractiveness A, as computed numerically from (5.3) in a square domain of side-length
2 for the parameter set ¢ = 0.05, Dg =1, v = 2, a = 1, and Uy = 1. The initial condltlon was the steady-state solution
of Principal Result 5.1 in which A is perturbed by 1% uniformly distributed random noise near the stripe location. Left:
t = 0.01. Left Middle: ¢t = 3.21. Right Middle: ¢t = 3.41. Right: ¢ = 3.61. The stripe breaks up into a solitary spot.

simple algebraic equations in the eigenvalue parameter. A similar simplified stripe stability analysis can also be done for
the class (1.6) of RD system.

We remark that RD systems of the form (1.6), for which the associated NLEP is particularly tractable, can also be used
as a starting point to investigate qualitatively new problems in the stability theory of pulses. In this general direction,
[41] provides an analysis of delayed bifurcations and instabilities of 1-D pulse patterns due to slowly varying control
parameters for some specific RD systems of the class (1.6). Moreover, in [10] an analysis of pulse stability in the presence
of a time delay in the reaction-kinetics for a subclass of the GM model was given.

We conclude with a brief discussion of some open problems. One problem is to analyze the linear instability of a
steady-state ring solution in a concentric sphere for our subclass of the GM model, for which the associated NLEP is
explicitly solvable. For this 3-D problem the transverse perturbation can be written in terms of spherical harmonics. Only
the steady-state problem was investigated previously in [29]. A second problem is to give a more comprehensive analysis
of (2.4) of Principal Result 2.3 in order to identify further simple, but non power-law, nonlinearities that lead to explicitly
solvable NLEPs. This would then lead to a generalization of the class (1.6) of RD systems for which the associated NLEP
is explicitly solvable. A third open problem is to analyze the stability of a stripe pattern for the crime model (5.1) for the
general case where ¢ # 3 and ¢ > 1. In this case, the analysis of the NLEP is challenging owing to the presence of two
nonlocal terms. Finally, for RD systems associated with explicitly solvable NLEP’s, it would be interesting to develop a
weakly nonlinear theory for the instability of homoclinic stripes to transverse perturbations and to show analytically that

this instability is in fact subcritical and leads to the formation of localized spots.
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