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1 Introduction

The method of matched asymptotic expansions is a powerful systematic analytical method for asymptotically calcu-
lating solutions to singularly perturbed PDE problems. It has been successfully used in a wide variety of applications
(ct. [5], [6]).

In the first week of the class we consider various classes of perturbation problems with localized imperfections
in multi-dimensional domains. A perturbation of large magnitude but small extent will be called a strong localized
perturbation. It may be contrasted with a weak perturbation, which is of small magnitude but may have large extent.
We shall show how to calculate the effects of strong localized perturbations on the solutions of elliptic PDE problems
and reaction-diffusion systems.

The examples of strong localized perturbations that we will consider are the removal of a small subdomain from
the domain of a problem with the imposition of a boundary condition on the boundary of the resulting hole, a large
alteration of the boundary condition on a small region of the boundary of the domain, a large but localized change
in the coeflicients of the differential operator, and nonlinear reaction diffusion problems where the nonlinearity is
effectively localized in the domain.

Strong localized perturbations are singular perturbations in the sense that they produce large changes in the
solutions of the problems in which they occur. However, these large changes are themselves localized. Consequently,
the perturbed solutions can be constructed by the method of matched asymptotic expansions. An inner expansion
can describe the large changes in the solution in a neighborhood of the strong perturbation. An outer expansion, valid
in the region away from the strong perturbation can account for the relatively small effects that the perturbation
produces there. These two expansions can be matched to determine the undetermined coefficients in both of them.

For strong localized perturbations in a 2-D domain, the asymptotic expansion of the solution often leads to infinite
logarithmic series in powers of v = —1/loge, where ¢ is a small positive parameter, it is well-known that this method
may be of only limited practical use in approximating the exact solution accurately. This difficulty stems from the
fact that v — 0 very slowly as e decreases. Therefore, unless many coefficients in the infinite logarithmic series
can be obtained analytically, the resulting low order truncation of this series will typically not be very accurate
unless € is very small. Singular perturbation problems involving infinite logarithmic expansions arise in many areas

of application in two-dimensional spatial domains, including; low Reynolds number fluid flow past cylindrical bodies,
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eigenvalue problems in perforated domains, the calculation of the mean first passage time for Brownian motion in a
domain with small traps, localized spot patterns for reaction-diffusion systems, etc.
One primary goal of the notes in this first week of class is to highlight how a common analytical framework can be

used to treat a wide range of problems with strong localized perturbations arising from different areas of application.

2 Strong Localized Perturbations in 3-D

We first recall a few basic results from potential theory. Suppose that Au — k?u = 6(z — xo) with € Q € R? and
that £ > 0 a constant. Here A is the 3-D Laplacian. Then,

1

“r dmlx — x|

as T — xg. (2.1)

To derive this simple result, we introduce a small sphere of radius o about zq so that Q, = {z| |z — 2| < o}. Then

we define r = |z — x|, and we look for a local radially symmetric solution to
2
Au— K*u =t + “up — kK*u =0,
r

for > 0, that has a singularity at r = 0. We get u = Ae™*"/r for some constant A. Upon integrating the PDE over

Q, and then applying the divergence theorem, we obtain

/Audx—k2/ udm:/ 0(x —xo)dr =1,
Q, Q, Q,

0
Vu~nd5’—k:2/ udx:47r(r2u )—k2/ udr =1.
0Ny Qs or r=c Qo
Upon substituting « = Ar~'e™*" into the formula above, and taking the limit as ¢ — 0, we obtain A = —1 /4,

which yields (2.1).
The key point here is that the leading-order behavior of the singularity is independent of the lower-order term in
the operator. In particular, for a problem in 3-D of the form

Au+ p(x)u = §(x — x0)

where p(z) is a smooth function, we will always have to leading order as * — ¢ that u ~ 1/(4w|z — z¢|). However,
the higher order behavior of u as x — x¢ does depend on p(z).

Therefore, if we want to solve in R? the problem

Au=0, x € WN\{xo}; u=0, x € 00,

A
U~ — T — o,
|x — x|
we use the formal correspondence
! — o )
- x— ),
drlx — x| 0
to get waiAwo\ — —4wAd(x — xg). Thus, the problem above can be written in the domain  in terms of a singular

“delta forcing” as

Au = —47Ad(x — x9), x€Q; u=0, x € 0.
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2.1 Eigenvalue Asymptotics in R3

Our first example in the asymptotic theory of strong localized perturbations concerns finding the effect on an
eigenvalue of the Laplacian when a small hole is cut out from a bounded 3-D domain. Let © be a 3-D bounded

domain with a hole, or “trap”, of “radius” O(e), that is removed from . We consider the perturbed problem

Au+Adu=0 for x € Q\Q.
u=20 for x € 992

(2.2)
u=20 for x € 052,

fﬂ\ﬂe wdr=1.

We assume that . shrinks to a point 2y as e — 0. For instance, €. could be the sphere |z — 29| < €, but more
generally we will allow for holes of arbitrary shape. However, our assumption that €2, tends to a point xy as € — 0,
precludes the more challenging case where €2, tends to a finite length curve or surface, each having zero measure in

3-D, as e — 0.

The unperturbed problem corresponding to (2.2), where the hole is absent, is

Ap+pup=0 forzeQ
=0 for z € 002 (2.3)

Jod*de=1.

This is a classical problem. It is well-known that there are an infinite set of eigenpairs p;, ¢;(x), for j = 0,1,...,
with the property that 0 < pg < p1 < po < ps3.... In addition, the eigenfunctions have the orthogonality property
fQ ¢;j¢r do = 0 for j # k, with ¢g(x) > 0 for € Q. The eigenfunctions form a complete set in the sense that any
function in L? can be expanded in terms of them. The first eigennpair 1o and ¢y are non-degenerate, but in general
when the domain is symmetric other eigenstates for j = 1,... can be degenerate, i.e. more than one independent
eigenfunction for an eigenvalue p; with j > 1. In this case these independent eigenfunctions, corresponding to the
same eigenvalue, can be orthogonalized via a Gram-Schmidt process.

Our goal is to show formally that there is an eigenvalue of (2.2) for which A(e) — po as € — 0, and to calculate
the precise rate of convergence as € — 0. This is done using the method of matched asymptotic expansions.

We now look for an eigenpair of (2.2) near the unique principal eigenpair ¢o(x), po. We proceed by the method of

matched asymptotic expansions. We first expand the eigenvalue for (2.2) as
)\N[L0+V(€)/\1+"' R

where v(e) — 0 as € — 0 is some gauge function to be determined.

In the outer (or global) region away from the hole, we expect that the perturbation has little influence on the

eigenfunction, and so we expand

u=¢o(x)+v(e)u + - .
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Now since Q. — {zo} as e = 0, it follows that u; satisfies
Auq + Houl = —/\1¢0 for x € Q\{Z‘o}
up =0 for x € 002 (2.4)
fQ (5% (b() dz =0.
Next, we construct an inner (or local) expansion near the hole. We let y = ¢~ !(z — z0) and we define v(y;¢) =
u(zg + €y). Then, v(y) satisfies
A+ Av=0 forxz g
v 7 S (2.5)
v=0 for x € 09 .
Here Qp = ¢~ 1Q. is the magnified hole as expressed in the stretched y variable. Then, we expand v = vg+v/(e)vy+- -,
to obtain that v satisfies
Ayvg =0 for y & Q
vo=0 for y € 0N (2.6)
vo = ¢o(x0) as|y| = oo.
The matching condition between the outer and inner solutions is that as x — x¢ the outer expansion must agree

with the far-field behavior as |y| — oo of the inner expansion. We write this formally as
do(x) +v(e)ug + - ~vg+v(e)vy +---, as x — x and |y| = oo. (2.7)

Now we write the solution to (2.6) as

vo = ¢o(wo) (1 —ve(y)) (2.8)
where v.(y) satisfies the classic electrostatic capacitance problem ([4]), given by

Ayve =0 fory & Qo
ve=1 for y € 0Q (2.9a)
ve — 0 as |y| = co.

With the exception of a few simple shapes €)g, the solution for v. cannot be found in closed form. However, it does

have the well-known far-field asymptotic behavior

C p-y
_ + -
lyl — lyl?

where C' > 0 is called the electrostatic capacitance of {2y, and the vector p, is called the dipole moment of Qg (cf. [4]).

+O0(ly ™%, as |yl = oo, (2.90)

Ve

Further terms in the far-field asymptotics are the quadrapole terms etc.., but these are not needed.
As a remark, for the special case of a spherical trap of radius e, then Q. = {x | | — x| < €} and Qo = {y| |y| < 1}.
We let 7 = |y| so that in R3, v, = v.(r) satisfies
o/ + 20, =0 forr>1
v, =1 forr=1
Ve — 0 as r — 00.
The explicit solution for v, is readily found as v, = 1/r for » > 1, so that C' =1 and p = 0.
The capacitance C, defined by (2.9), has two key properties. Firstly, it is invariant under rotations of the trap

shape. Secondly, with respect to all trap shapes  of the same volume, C' is minimized for a spherical-shaped trap.
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Trap Shape Qo =& Q¢

Capacitance C'

sphere of radius a

hemisphere of radius a

C=a

C:2a( —%)

flat disk of radius a C= Q?G
/a2 _p2
prolate spheroid with semi-major and minor axes a, b C= 7wsh_1(:/b)
“/a2—_p2
oblate spheroid with semi-major and minor axes a, b C= 7@;1(;&)

ellipsoid with axes a, b, and ¢

-1
O =2 (@ +m) 207 )V )7 dn)

Table 1. Capacitance C' of some simple trap shapes, defined from the solution to (2.9).

This second statement is a famous isoperimetric inequality due to G. Szegé [9]. Although C' must in general be
calculated numerically from (2.9), typically using a boundary integral method, when €y has an arbitrary shape, it
is known analytically for some simple shapes. Many of these tabulated results, which are typically found by solving
the exterior Laplace’s equation in special separable coordinate systems, are summarized in Table 1. The capacitance
C'is also known in a few other situations. For instance, for the case of two overlapping identical spheres of radius ea,

that intersect at exterior angle ¢, with 0 < ¢ < , then C is given by (cf. [2])

C =2asin (f) /Om {1 — tanh(r7) tanh (w;ﬂ dr . (2.10)

For 1» — 0, (2.10) reduces to the well-known result C = 2alog 2 for the capacitance of two touching spheres. In the
analysis below, we will treat C' as either a known or easily-computed quantity.

Now we return to vy and write its far-field behavior as

C
v ~ ¢(z0) <1—|y|+-~) , as |yl — o0.
We let y = e~ !(x — z¢) and use the matching condition of (2.7) to obtain
eC
Bo(x0) +v(€)ur ~ do(zo) — ¢0($0)m +---, as T —xg.

This determines both the gauge function v(e) and the singularity behavior of u; as * — xg as

v(e) =€, up — —qbo(aco)‘ as T — xg.

T — x|’
With the singularity behavior of u; as * — xg now provided by the matching condition, we return to (2.4) and

write the problem for u; as

Aug + pou; = =Mdg  for z € Q\{zp}

u; =0 for x € 99
Uy — 7@50(350)% as r — Io
fQuqude:O.

Upon using the correspondence Wﬁwo‘ — §(x — x0), this problem is equivalent to

Lu = Auy + prour = =M1 ¢o + 47C¢o(w0)d(x — z9) in Q
wp =0 on Of).
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To determine A1, we use a solvability condition. This condition arises since the homogeneous problem L¢ = 0 in ),
with ¢ = 0 on 912, has a one-dimensional nullspace of L, i.e. that ¢ = ¢ is the unique element in the nullspace (up
to a multiplicative constant).

To derive this solvability condition, we simply integrate Lu over 2 and use the Green’s second identity to get

/(¢0LU1 — uqubo) da: = / ((boanul — ’U,lan(bo) dS
Q

o0

Since both ¢g = u; = 0 on 992, and L¢g = 0, we obtain that the equation above reduces to
0= ¢0LU1 dr = ¢50(—/\1¢0 +47TC¢0($0)5($ —l‘o))dﬂ?,
Q Q

which determines A\; as
_ 4nClo(x0)]?

A=
Jo d5dx
In summary with v(€) = ¢, we obtain the following two-term result for the expansion of the principal eigenvalue:

4 Clgo(x0)]?
Ao+ M4y A = LIO0WT0)]
0 1 1 fQ(bgd.’L'

This is the main result of this section. A rigorous derivation of this leading-order result, and similar leading-order

(2.11)

results in different dimensions, is due to Ozawa [7], [8]. A higher order analysis in different dimensions, and various
related problems, as obtained by the method of matched asymptotic expansions, is given in [10].
We now consider a specific geometry where an exact solution to (2.2) can be found, which serves as a partial check

on our asymptotic result (2.11).

Example: (Concentric Spheres)

Consider the special case of two concentric spheres with an inner sphere of small radius. The radially symmetric
eigenfunctions, under Dirichlet conditions, satisfy

{ueriurJr)\u—() fore<r<1,
u(l)=0, wu(e)=0.

By making the substitution u = f(r)/r, we readily find that f”/ + Ar = 0. As such, by expressing the solution for f
in terms of a convenient phase shift, we obtain that the exact eigenfunction is v = r~!sin (\A(r — e)) By satisfying
u(1) = 0, we get V(1 —¢€) = nm. The lowest eigenvalue, for which n =1, is A\ = % ~ m2(1+2€e+---). Using the

binomial series, we get A ~ w2 + 2en? + - - -.

Now use the asymptotic formula given in (2.11). In (2.11), we set g = 72, ¢o = 7~ sin(nr), so that ¢g(0)
lim,_,0 327 — 7. In addition, Jo bt de = 4x fol (r=2sin®(mr)) r2dr = 2m. Then (2.11) with C' = 1 yields A ~

T

w2 4+ 2em? + - -+, in agreement with the expansion of the exact eigenvalue relation as shown above. |

We now make some remarks on possible extensions of our main result, and the limitations on our analysis.

Remarks:

(1) Multiple Holes: If there are N small holes that are separated by O(1) distances, we can proceed in a similar
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way so as to obtain the leading-order asymptotics

(b0 ()]

74_’
fﬂ(z%dx

N
A~ g + 4me Z C;
j=1
where C is the capacitance of the jth hole centered at z; € €. Therefore, to leading order the effect on the

eigenvalue is simply a superposition of the individual effects of the N traps.

Degenerate Eigenfunctions: We assumed that the unperturbed eigenfunction is non-degenerate. In the
degenerate case, where there are several independent eigenfunctions for the same eigenvalue 7, we can proceed
in a similar way, replacing ¢;(x) by ¢;(z) = va a;¢;i(x) in the theory, where ¢;; for i = 1,...,m are the
m-eigenstates, made into an orthonormal set, for the eigenvalue j1;. There will then be m-solvability conditions

to derive an m x m linear algebraic system for the vector a = (a1, ...,a,)? and the eigenvalue A;. The key

issue is whether the effect of the hole breaks the degeneracy in the leading-order eigenstate ;.

High Frequency Asymptotics: Our analysis is effectively limited to the case of “small eigenvalues”. In
particular, since p; — +00 as j — oo, the eigenfunctions corresponding to these high eigenstates will exhbit
rapid spatial variation across the domain. As such, the effect of a small hole on these eigenstates will be
rather pronounced, and in fact we cannot make the approximation in (2.5) that 62,uj < 1. In other words, our

asymptotic analysis for € — 0 is not uniformly valid as n — oo for pi,.

Viewpoint of Numerics: To solve (2.2) numerically using numerical methods, one needs to have a refined
mesh near the hole to resolve any large gradients in the solution. Then, inverse iteration or a similar numerical
procedure, needs to be used to extract the numerical approximation of the principal eigenvalue. A key issue
is that, since the domain is changing as € is decreased, one must re-mesh and re-compute at each different e.
In contrast, the leading order asymptotics (2.11) gives the eigenvalue correction for all € small. Moreover, by
changing the shape of the trap, one needs to only compute a single quantity, namely the capacitance C, to

determine the eigenvalue.

2.2 Reflecting Boundary Conditions: The Neumann Problem

An important problem with regards to applications, and which we discuss below, is where the condition © = 0 on

0 in (2.2) is replaced by the no-flux or Neumann condition d,u = 0 on 9§2. In this case, it is readily seen that the

unperturbed problem

Ap+pup=0 forxe
O =0 for x € 92
ngdex:l,

has the principal eigenpair

1
ro =0, ¢0=7|Q|1/27 (2.12)



8 M. J. Ward

where |Q| is the volume of . In this case, we can readily calculate from (2.11) that
dreC
2]

We consider a simple application of the result (2.13) to a Brownian motion problem with a constant diffusivity

A (2.13)

D. Consider Brownian motion in a 3-D domain, with a reflecting outer wall, that has a small trap of “radius” O(e).
Let p(x,t) denote the probability that the diffusing particle is at point € Q\Q, at time ¢, and has not yet been
absorbed by the trap. A schematic plot of the domain is shown in Fig. 1.

e

wandering parti

X2
K small absorbihg holes
X1 \
n
reflecting
walls

Figure 1. A schematic plot of Bronwian motion in a domain with K small traps.

Assuming that the Brownian motion starts at some given £ € Q\Q,, it is well-known that p(x,t) satisfies the

diffusion equation

p: = DAp for z € Q\Q,
Onp =0 fi € 0N

P o (2.14)
p=20 for z € 09

p(l‘,O) = 5(33‘ - 5)

We assume, as before, that 2. is a small trap centered at zq, for which Q. — zg as € — 0.
We now relate the long-time behavior of p(z,t) for ¢ — co to our singularly perturbed eigenvalue problem. We can

readily separate variables and represent p(x,t) as an eigenfunction expansion of the form

p(z,t) = Z bty (z)e~ Pt
n=0

where b,, are constants to be determined. Here u,,, A\, are the eigenpairs for n > 0 of the Neumann problem

Au+Adu=0 for x € Q\Q.
Opu =0 for z € 09} (2.15)
u=20 for x € 09,

fQ\Qe wdr=1.

By satisfying the initial condition for p, and then using the orthogonality of the eigenstates, we have that

S —&) = buun(x),
n=0
yields that b, = u,(§). Thus, the solution to (2.14) can be written as the eigenfunction expansion

p(x,t) = Z U (€t ()™ DL (2.16)
n=0
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Next, for t > 1, we observe that the first term in the eigenfunction series of (2.16) dominates, and so we have
p(x,t) ~ ug(&)ug(x)e 0Pt for t>1.

However, we have previously worked out the asymptotics for ¢ — 0 of the principal eigenpair of (2.15). In particular,
from (2.12) and (2.13) (in a slightly different notation), we have ug ~ |Q|=1/2 and \g ~ 47e/|Q|. This yields the

long-time behavior

Q|
——e /T T= | . 2.17
|Q|e ’ 4meC (217)

The time-scale T for the capture of the wandering particle is inversely proportional to the capacitance of the trap.

p(x,t) ~

For a trap that has many appendages so that it is far from a simple spherical shape, the capacitance can be rather
large. For such a trap, the estimate (2.17) shows that the Brownian particle is captured quicker than for a simple
spherical shape (as expected intuitively).

The key observation here, and a limitation of our analysis so far, is that the leading-order estimate of 7" and )\ is
independent of the location xy of the trap. A key question is the following:
Q1: Calculate the next term in the asymptotic expansion of the principal eigenvalue for this Neumann problem (2.15)
, s0 as to determine the effect on the eigenvalue of the location of the trap inside the domain. Extend to the case of
multiple traps. This problem has been worked out recently in [1].

A second interesting question is to study the asymptotics for p(x,t) for O(1) times for a small trap, and not simply

for ¢t > 1. This has been recently considered in [3].

References

[1] A. Cheviakov, M. J. Ward, Optimizing the Fundamental Eigenvalue of the Laplacian in a Sphere with Interior Traps,
Mathematical and Computer Modeling, 53, (2011), pp. 1394-1409.

[2] B. U. Felderhof, D. Palaniappan, Electrostatic Capacitance of Two Unequal Overlapping Spheres and the Rate of Diffusion-
Controlled Absorption, J. Appl. Physics, 86, No. 11, (1999), pp. 6501-6506.

[3] S. A. Isaacson, J. Newby, Uniform Asymptotic Approximation of Diffusion to a Small Target, Phys. Rev. E, 88, 012820,
(2013).

[4] J. D. Jackson, Classical Electrodynamics, Wiley, New York, 2nd Edition, (1945).

[5] J. Kevorkian, J. Cole, Multiple Scale and Singular Perturbation Methods, Applied Mathematical Sciences Vol. 114,
Springer-Verlag, (1996), 632pp.

[6] P. A. Lagerstrom, Matched Asymptotic Expansions, Applied Mathematical Sciences Vol. 76, Springer-Verlag, New York,
(1988), 250pp.

[7] S. Ozawa, Singular Variation of Domains and Eigenvalues of the Laplacian, Duke Math. J., 48(4), (1981), pp. 767-778.

[8] S. Ozawa, An Asymptotic Formula for the Eigenvalues of the Laplacian in a Three-Dimensional Domain with a Small
Hole, J. Fac. Sci. Univ. Tokyo Sect. 1A Math., 30, No. 2, (1983), pp. 243-257.

[9] G. Szegd, Ueber Einige Extremalaufgaben der Potential Theorie, Math. Z., 31, (1930), p. 583-593.

[10] M. J. Ward, J. B. Keller, Strong Localized Perturbations of Figenvalue Problems, STAM J. Appl. Math., 53(3), (1993),

pp. 770-798.



