AARMS Course: Homework 2

Problem :

Consider the following problem in the 2-D circular disk © = {x | |x| < 2} that contains three small holes

3
Au=0, xe\) 9, (0.1)

j=1
u = 4cos(20), |x| =2, (0.2)
u=qj, x€de,, j=1,...,3. (0.3)

(1) Apply the theory for summing infinite logarithmic expansions to first derive a linear system for the source
strengths v; for j = 1,...,3. (Hint: You will need to know the Green’s function for a disk, which can be

obtained by the method of images.)

(2) Now assume that each of the three holes has an elliptical shape with semi-axes € and 2e. Assume that the holes
are centered at the cartesian coordinate locations x; = (1/2,1/2), x2 = (1/2,0), and x3 = (—1/4,0). Take
the boundary values ay = 1, ag = 0, and a3 = 2. By solving the system in (1) numerically, output the source

strengths ; for j =1,..,3 versus € for 0 < € < 0.15.
Solution:
We let the holes be centered at x1,...,7x. In the outer region, defined away from Q¢ for j =1,..., N, we expand
u(x;e) ~ Upg (x) + Up(x;v) + o(e)Ur (x5v) + -+ -, (0.4)

where we assume that ¢ < v™ for any integer m > 0. Since the holes have a common shape, we have that
v = —1/log(ed) where d is the common logarithmic capacitance of the holes. In (0.4), Upg (x) is the smooth function

satisfying the unperturbed problem in the unperturbed domain €2
AUpg =0, x€Q; Upg =, X € 00. (05)

Substituting (0.4) into (0.1) and (0.3), and letting e, — x; as ¢ — 0, we get that Uy satisfies

AU():O, XEQ\{Xh...,XN}, (06&)
Up=0, x € 092, (0.6 b)
Up issingularas x—x;, j=1,...,N. (0.6 ¢)

The singularity behavior for Uy as x — x; will be found below by matching the outer solution to the far-field behavior
of the inner solution to be constructed near each Q.

In the jth inner region near ¢, we introduce the inner variables y and v(y;e) by
y=elx—x%;), olyie) =ulx; +eyie). (0.7)
We then expand v(y;e) as

v(y;e) = aj +vyve(y) + po(e)Vi(y) +--- (0.8)
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where 7; = v;(v) is a constant to be determined. Here pg < v* as ¢ — 0 for any k > 0. In (0.8), the logarithmic

gauge function v is defined by
v =—1/log(ed), (0.9)
where d is specified below. By substituting (0.7) and (0.8) into (0.1) and (0.2), we conclude that v.;(y) is the unique
solution to
Nyve; =0, y¢Q;; v,;=0, yeo;, (0.10 a)
vej(y) ~logly| —logd +o(1), as |y|] — co. (0.100)
Here Q; = a‘ngj, and the logarithmic capacitance, d, is determined by the shape of 2;. Since the holes were assumed
to have the same shape then d is independent of j.

Writing (0.10 b) in outer variables and substituting the result into (0.8), we get that the far-field expansion of v

away from each Q; is
v~ aj oy teyloglx =%, j=1,...,N. (0.11)
Then, by expanding the outer solution (0.4) as x — x;, we obtain the following matching condition between the
inner and outer solutions:
Uor (x5) + Uy ~ a; +v; +vyjlog|x — x|, as x—x;, j=1,...,N. (0.12)
In this way, we obtain that Uy satisfies (0.6) subject to the singularity structure
Up ~a; — U (x5) +v; +vylog|x — x| +0(1), as x—x;, j=1,...,N. (0.13)

Observe that in (0.13) both the singular and regular parts of the singularity structure are specified. Therefore, (0.13)
will effectively lead to a linear system of algebraic equations for v; for j =1,..., N.

The solution to (0.6 a) and (0.6 b), with Uy ~ vv;log|x — x| as x — x;, can be written as
N
Up(x;v) = —QWVZ%G(X; Xi) s (0.14)
i=1

where G(x;x;) is the Green’s function satisfying

AG=-§(x—x;), x€Q; G=0, x€IQ, (0.15a)

1
G(X;xj)N—glog\x—xﬂ—|—R(Xj;xj)+o(1), as X — Xj. (0.150)

Here R;; = R(x;;x;) is the regular part of G.
Finally, we expand (0.14) as x — x; and equate the resulting expression with the required singularity behavior
(0.13) to get

N
v;log |x — x| — 2mvy; R — 27TI/Z’}/Z'G(X]';XZ') =a; — Upnu(xj) +v; +vyjlog|x —x;|, j=1,....,N. (0.16)

=L
i#]



In this way, we get the following linear algebraic system for ; for j =1,..., N:
N
- (1+27TVRjj)—27TVZ’inji :Oéj—UvOH(Xj)7 ]: 1,...,N. (017)
%
Here G;; = G(x;;%;) and v; = —1/log(ed;). We summarize the asymptotic construction as follows:

For ¢ < 1, the outer expansion from (0.4) is
N
u~ Upg(x) — QWVZ%-G(X; x;), for |x—x;]=0(1). (0.18 a)
i=1
The inner expansion near ¢, with y = el (x —x;), is
u~ o +vy0e(y),  for [x—x;|=0(e). (0.18 b)

Here v = —1/log(ed), d is defined in (0.10 b), v.;(y) satisfies (0.10), Upm satisfies the unperturbed problem (0.5),
while G(x;x;) and R(x;;x;) satisfy (0.15). Finally, the constants v; for j = 1,..., N are obtained from the N
dimensional linear algebraic system (0.17).

For the problem under consideration we have f = 4 cos(26) = 4(cos? § — sin?6) = 22 — y2 on (22 + y?)V/? = 4.

Thus, the solution to the unperturbed problem (0.5) is simply
Uon (z,y) = 2% — y?. (0.19)

Next, the Green’s function satisfying (0.15) and its regular part are calculated from the method of images as
G(x;xj) = —% log <|X2|fx_;|X;{L|> , Rj; = R(xj;xj) = —% log bxj_iﬂxj'] . (0.20)
Here x; is the image point of x; in the unit disk of radius two.

Next, we note that since each of the holes has an elliptic shape with semi-axes € and 2¢, then from the Table of the
class notes their common logarithmic capacitance is d = 3/2. The holes are assumed to be centered at x; = (1/2,1/2),
x2 = (1/2,0) and x3 = (—1/4,0), and have the constant boundary values o1 =1, ag =0 and a3 = 2.

Therefore, upon defining v = —1/log (3e/2) we obtain from (0.17) that ; for j = 1,...,3 is the solution of the

linear system

—v1 [1 4+ 27vRy1] — 27w [12G(x1;%x2) + 13G(x1;%3)] = 1, (0.21 a)
—2 [1 + 27V Ras] — 270 [11G(X2;X1) + 713G (%25 X3)] = —1/4, (0.210)
—v3 [1 + 27V R33] — 27v [11G(X3; X1) + 72G(x3;%2)] = 31/16. (0.21¢)

Here R;; and G(x;;x;) are to be evaluated from (0.20).

We solve this linear system numerically for 7; as a function of €. The curves 7;(e) as a function of € are plotted in
Fig. 1. We observe that the leading-order approximation to (0.21), valid for v < 1, is simply 71 = —1, 72 = 1/4 and
3 = —31/16. From Fig. 1 we observe that this approximation, which neglects interaction effects between the holes,

is rather inaccurate unless ¢ is very small.
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Figure 1. Plot of v; = 7;(e) for j = 1,2,3 obtained from the numerical solution to (0.21).



