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7y g s =1 Hence the eritical point s an asymptotically stable node. On the
other hand, the characteristic equation of the pertuwrbed systom i+ 4 29 4+ 1 L ¢ o
0, with roots 19 = ~1 &+/~c. He>0, then ry= s/ are complex
roots. The critical point is a stable spiral. If ¢ <0, then vy = ~1 4 \/—!Ff are
real and both negative {[¢] <0 1), The critical point remains & stable node.
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(b) The critical points are solutions of the system of equations
{15 —a - 05y} =0

The four aritical points are (0,0}, (0,2), (1.5,0) and (0.8,1.4).

(¢} The Jacobian matrix of the vector field is

Jo (322 /2 a2
J o= ~ 3/ 2w Bwfd— 2y




At the critical point (0.,90), fhe coctlicient matrix of the lincarized system is

3/2
3(0,0) = (3{} (D .

The elgenvalies and clgenvectors are
AR (“
T 1)

The elgenvalues are positive, hence the origin is an anstable node.
At the eritieal point (¢ .2, the coeflicient matrix of the lineavized system is

) 20
5(0,2) = (Wé ) )) _

The elgenvaines andl eigenvectors are

. ¢ e 0
perje €= { g)im= = (1)

The eigenvalues are of opposite sign. Hence the eritical point is & sacddle, which is

unstable.
At the critical point (1.9 L), the cocfficient matrix of the linearized system is

, s 075
15,00 = ( 0 ().875)'

The eigenvaines and elgenvectors are

1 . ~0.31579
‘7‘_1 e l 5 L ﬁ(l) = ((}) ! T‘Z o 0875 Y &(2) s ( ] ? )

The elgenvalues arc of opposite sigh. Hence the critical point is also a saddle, which
is unstable.
At the eritical point (0.8,1.4), the coefficient magrix of the Lnearized system )

0.8 —04
0.8,14) = ( RV .
R R
The eigenvalies andl elgenvectors ate

, 11 VBl i B 1 VBl L) !
AR TR T v oo CET T aaviL

4

The elgenvalues are both negaive. Hence the critd sl point 18 2 atable node, which
i3 asy11‘.11)1:0t51(;a.1‘11.y stable.
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(1) Except for initial conditions lying on the coordinate axes, ahnost all trajectories
converge to the stable node at {0.8,1.4).

2.(a) &X[é_hﬁ X[iS” X“’*O‘*EY)J A‘}/dt? ‘TI (ZW’G&S‘{«I,EX

(h) The critical points are the solution set of the system of equations
(1.5 -2 —-0.5¢
{2
The four critical points wre (0,0, {0,4), (1.5,0) and (1, 1).

(¢} The Jacobian matrix of the vector field is

Doy /2 /2
3y/2 D e B )2y

At the origin, the coefficient matiix of the lnearized system is
" (
J(0,0) = )

&

The cigenvalues and eigenvectors are
0

=2, ¢ =




The (;ige}‘waﬂn(-zs ave positive, honee

At the critical poinb

—1/2

-0
The elgenvalues and elgenvectors are

T = )

The cigenvalues ate both negasive,

which 18 asyrm)l;oti(;a‘lly stable.

_3/2
31(3/2,0) = 2{

The cigenvalues and eigenvectors are

- e ‘1
= '3/2 s é‘,(l) E= 0

T =

The elgenvalues are
15 asymptoti ally stable.
At the critical point (1,1, (he coefficient

- 1

Jon=1_ 3/'2

The eigenvalues and eigenvectors are

glgn, hence

Phe eigenvalies are of opposite

(d,e)

(he origin s
(0,4) che coeflicient matrix of the lineavized system is

)
L=l )T

At the critical point (3 /2,0, the coelficient matrix of the

~1/4 &('2') -

e T

(1) s a gaddle,

(!

415

adl unstable node.

0
—9

hence the eritical point (0,4) s 2 stable node,

Jinearized systent is

-3 / 4

3

-5

Both negasive, hence the eritical point ia a stable node, which
to)

matrix of the Jineavized system i

YD)
12

JRNS—

3 @ . 5;('3) -

which is unskable.
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{I) Trajectories approaching the eritical point {(1,71) form a separatrix. Solutions
on either side of the separatrix approach either (0,4) or (1.5, 0).

4.4a) df/dt‘ Y[0.75-y- 0.128 X)

(0,75 -y = 0.1252) = 0.
The four critical points are (0,0), {0,3/4), (3,0) and (2,1/2).

(¢} The Jacobiay malrix of the vector field is

J (3/2 I S 1)

5,

3/4 /8~ 21;) )

At the origin, the coeflicient matrix of the lincarized system is

3/2 0
J(0,0) = ( é 3/_4)'

The cigonvalues and cigenvectors are

1
’,"] el (3/2 s é(j) frusd (

4]
0 ]

1

== 3/’] s é()} e
The etgenvalues are positive, hence the origin is an unstable node. .
At the critical point (0, 3/4), the coefficient matrix of the Nnearized systent i

o 3/4 0
J(0,3/4) = (.,..3//32 -3/4

The eigebvalues and eigenvectors are

. —16 0
ry = 3/4 t g(l) = ( ] ) P —3/4 3 5(2) = (1)

The eigenvalues are of opposite sign, hence the critical point (0.3/4) 3
which is unstable.




(3,0), the coeificient magrix of the Jinearized systen is

» 32 -3
13.0) «( Y 3/3)'

The lgenvaliues and eigenvectors are
1 -3
578 , £ = .

1 e —73/2 . &U) o= ’ ’]"r.z o .)

Ak the critical point

The € cigenvalues 8t o of opposite s sign, henee (he critical point (0,3/ 4y is & gacdle,
which s unstable.
1/2), the coefficient matrix of the lineayized systenm is

At the critical point (2,
Ji(2.1/2) = .
12,1/2 = e 12

The cigenvalies and eigenvectors are
-3 g (1 ) 3 b (2 0 .
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(¢) The J
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() The critica Al poinks are golutions of the system of equations
(1.5~ 0.54y) =4
{05 z) =4

The WO critical points ave (0,0) and (055 3.

acobian magrix of { the vector field 18

)

/24w
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3/2 0
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©.0=1 o —\ /2
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The uneuva,lu(‘s ave of opposltc sig, hencee the origin is & saddic, which 18 unstable:
At the or qtical point (0.5, 3y, the (()c‘[hcm‘)t, matrix of the Jipearized gystem 8
. (o e
FI05,3) '
(0530 = 3 0
The sigenvalies and eigenvectors are
L \/ 5w 1 ' 1
1 — 1 N freny - . Y L) = T o e
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() Except for solutions along the coordinate axes, almost all trajectories are closed

curves about the critical point (0.5, 3}

2.(a) ax/dtﬁ X ““’0»5 ?)

[+ 0.25+ 0.5 %)

{(h) The critical points are the solution sct of the system of equations

'1(i e 05 :U) oo 0

The two critical points are (0,0) and (0.5,2).

Jacobian matrix of the vector field is

. L—y/2 /2
I= ( y/ié ~1/4 + rz:/Q) ‘

At the eritical point (0,0), the coeflicient matrix of the linearized systen IEE

J(0,0) = (5 ?/4-) '

The eigenvalues and eigenvectors are

o= 1 : é,(l) = ((l)> y e = *I/Kj . };('2) — ([}])

(¢) The
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The eigenvalues are of opposite sign, nence the origin s & saddle, whiclh is unstable.
At the eritical point (0.5,2), the coefficient matrix of the linearized systemt is

0o o—1/4

J05.0 =7 o

The eigenvalies anel elgenvectors are

1 . 1
o T/Q 3 g(i) = 94 L s H?.'/?‘ ! 5(2) = 94

The eigenvalies are purely imaginary. {lence the eritical poing is a center, which s

stable.

{d,e)

12141618 3 2722428
%

() Except for solutions along the coordinate axes, aliriost adl frajectories are closed
curves aboub the critical point (0.5,2).

Ao} Ax/dt = X {C%n){“ﬁl) A‘f/c}{ 2 ‘} (wl ¢ ¥

143 4
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{(h) The critical points are the solution set of the system of sguations

{98~z — y/2) =10
y(—1 + zy=0.

he three eritical points are (0,0), (8/8 ,0) and (1,1 J4).
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(¢) The Jacobian matrix of the vector field is

I o /8 - 20— y/2  —uf2
T i 4w/’

At the eritical point (0, 0), the coeflicient matrix of the lincarized system Is

3(0,0) = (%8 ﬁ]) '

The eigenvalues and elgenvectors are

o= 978, ¢ = (()) T (?)

The eigenvalues are of opposite sign, hence the origin is a saddle, which is unstable.
fasl
At the critical point (9/8,0), the coefficiont matrix of the linearized system is

The eigenvalues and eigenvectors are

a ] 1 . 2}
e o= S - (2) = .
Y ‘ € (—20)

The eigenvalues are of opposite sign, hence the eritical point (9/8,0) is a saddle. .
which is unstable, -
At the eritical point (1,174}, the coefficient matrix of the linearized system is

e (i, 5.

The eigenvalues and eigenvectors are

- 2 A \/ﬂ E(J) (_ ; \/2) g ) : 5(2) _ (wg W]' \@) |

4

The eigenvalues are both negative. Hence the critical point ig a stable nade, \\'_i__n_\
is asymptotically stable. :
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