CONFOAMAL MAPPING AND FLLD FLOW
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coONJIDER A STEAB‘I,tYWO‘DlMFNIlONAL Flow OF AN INCOMPRE ss0p LE , INVIS 1D FLWID,

LET v : l\" V) 8F  Twt VEtociy  VECTOR  Foa THE  FLuiD, WE  WiLlL AJjuME
() V-v:o0 —>  INCOMPREsgi81F  FLUID

i)  VYxy: 0 — IMOTATONAL FLUID ( No VORTICITY )

SNCE Viv:p TUERE 5 A PuNcTION flx,y} CALLED  TWE VEIOCITY FoTENTIAL

V: VP — v,:M/dx Vl=6§/61,

FROM Tutﬁ MA)j - (ONJIRNAT (ON  (ONDITION (i) WE HAVE
1
1) V§:=0

NOW  INTRODUCE A CoMPLEX  VEWCITY  POTENTIAL JY(Z ) GIVEN &Y

(2)  Rlz):z §ay

B W v THE HARMONIC  ONTUGATE To § , THEN JU(z) 1 ANAITIC

NOW aliz) - 9,7 1 W, . 8l uxz.gy BY CAUCHY RIEMANN EQUATION,

HENCE alzy: Bl
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THE JPEED OF THE Fiow 14 NMENVARAD

A JTACNATION POINT of THE  Ftow 5 A VALUE of (X y) FoR

WHICH VIO W oty wory, Jucw 4 eoinT sATuERIES | pli7)] : 0
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Now Wt wTegRefT Y

FIRIT  NOTICE  THAT V-V =0 A/ Foltows FeoM  THE CAUCHY RiFMANN

EQUATIONS,  BuT v: VE  ano HENCE

V-Yj:0
CoN(DER A LEVEL  LINE 'm'(xl\”: C . THEN Y o L 10 TH LEVEL (INE
AND V- V= 0. 7Hw v s PARALLEL TO A TANCENT VECIOR oN T YF
LEVEL  LINE Wexy) e €.

THERERORE, WE (ALl LEVEL  LINK Y= COMTANT  STREAMLINES  SmCE
Tty REPREJENT TUL  OIRECT(ON  OF  Tuk PATH)  OF  Tut FLUD  PARTIC (R
TRAN/PORTES  BY  THE  Frow, Y o called  the Areamfunchion .

v
Y Yixy): C
)
EXAMPLE Finp Y 4E (OMPLEX vEtotITy POTENTIAL CORRKJPONDING 70 A UNMEFORM
Fubip  Frow i THE POSITINE  X- DIRE CTION.
( —
WE  WANT v=iv,0) S
N % . N V, comtant
Ag 2 V d§ = Q
7Y /JX o 131
— §= v, X [ We con neglu’r the addit tve cowstant ),
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Niz): V12 b tomprex velouh pohnhql For YN IFOkm

Flow v po:d we - x - Jnec" ON.



FXAMPLE FIND THE VELOCITY POTENTIAL  AND cOMPLEX VELOCITY POTENTIAL  FOR Flow A7 @

————eeeern

AN ANGIE & ABOVE  THE  HORIZONTAL,

J wai V= V) cand
// Vo: Voumé
/ 55 40 35/“ : Yotor ‘)Q/Jyz VoJINS
/// X
WE WAVE o iz)s 9§, - id]j/ay
T .
THEron alizy= Vo lwosg-ioms) = Ny @ —  Nz): V2 e"‘g i comnlx VELO (il
POTENT 1AL

Flow OVER AN  OBJECT

WANT To OETUIMMNE  JTREAMLINES AN VFLOLTY For Fiow ¢ yER A 2-D
OBTECT. wF  AysuME  THAT THERF o A UNIFORM STREAM IN  X-OECiON FAR

FaOM THE  Bopy

N
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WE  AlUo  REQUIRE TYAT  THE 0O UNDARY  OF  Tuf BODY 1 A
STREAMULINE  OF  TuE  FLOW., HENCE No Flow PENETRATE INTo THE
BODY.  WRITING No: iy Taw el TRAT [ Y s RFANFUNGTION],

A I A
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aiz)c (2o ey )

WHAT TYpE OF FLlOWw DOES THL (ORREJPOND To)' A lzl—> w WE  HAVE
Niz) — VoZ  WHICH 15 A LUNFORM STREAM IN  X- DIRECTGON.



NOW  CALCU tATE 3 ao . @

A @131{-‘-’ Vo( l‘e.“'# 3_1 e‘;a)
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altzys Ve (1= ) = Vo [1- 8 e
r

No w

1 i 2 .
_ll'(z) s (Vo R ¢ ) : (Vo ‘VQ_ (OJZQ) - l‘l._(_l_l Jlﬂzq
rl rl rl
HENCE V, : Vo(l- a‘/r1 (o;Zq) V,* -V o' sn2aq,
rl
4 |
NOW K [ - 28" (0,29 __4]/' v, magndude of velouty,
- r r



©

THE STAGNATION powrs AR WHERE R/ (z):0. Swcr n’(z)f\f,(f-ai/z,)

WE wAVE R'(z):0 ar zsta (Pown A BWFGURE) Ty u wiERE V:g.

- -
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Fiow OVER AN E LLIPSE

Fwo THE (OMPLEX VELOCITY POTRNTIAL FOR Fiow QvEr 4
THn ELUIPSE wWiTu A UNMORM STREAM AT INFNTY A JHOWN,

\f0 Y 2- p LMK,
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wE o Rpcae T QL[] Vo [+ 8/, ) compstows vo 4 uiik o
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7+ 4 nl 7- PLANE
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T GVE THE  MAP z=6+r7/4_ WE WANT THE INVERJE 0

MAP  4: §lz)  WE HAVE 62-Sz+ A 0, on §-z4 ?7/6 : 0
wE  GFT $= Z ¢t (21-47’)%% B RANC oouw AT "
2 Zh ¢ (a- b)
WE OBJERVE THAT BRANCW Pomyy ARE A1 THE FocAl powy of THE
ELUPSE, WwE  Pyr A BAANCH cur BETWFEN  Zf, ! e b)h lo THAT
G(z) » ANALYTic ouT/mE  E 1Lk, WITH THI CHOICE TME + fleN

So TUN A lz -0, lj‘—)d’ Am 4N 7 AT wWEwY,

" 4-PLANE

OUR MAPPING i ) .

29 LANE 6-2{'(2-47') ’ R‘j*_b
Z{" {Z'h

FwAllY OuR CoMPLEx VElLoCITY POTENTIAL U

Nlz)s Dlstm] = Vo[ st e b ], Re b,

2
dow WwE  DETEAMWE  TyF  VEwocry krowy Nliz): v V- iV,or THE ELUNE,
BY cuaw  RULE, in . )n, d¢ A0 . V(- szl
dz dé Jz E ( ‘l)
d5 (1= 2Yia ) =1 By DIFFEReaAn
(J 2 R R " [’ ) v
TG VES 2. ( - .
JZ Ve ;1_ 7‘") WIT Y R la*b)/4 T (QI-BI)/4

o Fwdo  VELOLITY AT EACH Ponwr oN ELIPSE WE CAN
ser 4rRe'l W P 0 osTaN
a,_.ﬂ i ’Vo( QZEQ-I ) Wiy ?)/Rl . (a-b)lash) . &_}2

4 | i -?7/R1

OR ’;‘7/R1 3 L "b/“) .

I+b]a




(GRREJ PONDING To A PONT on BouNdaly W [~ p1aNE WE

JAVE FRoM  THE  MAP  Tual
i 1 - rot, gl i
7 - Re'(?f-le’(e-_ Rle + 1@ ]
R
TAEREFORE, W TERM ob TAE PAmAMETEL @ W 0¢ @/l

WE  CAN PARAMETMZE THE VELOCTY od  ELUNE By

- - -2:¢
AT T A )
dz

A
: 1
' - i, o, wiry T ((-b/a
Xtiy Z = R[e +ET€ ] — Hb/a,

THD P Lty G IVE) Vi, \, W TEAMJ oF FAcu PO oN
BounpAay oF ELLIMNT,

S FE 2

Now OBSERVE TaaT b G iR QT o X*31=R(".'_T_/=‘R(".t)

Rl R1
-~ - b l.. lﬂ-b/ - B . .-
8 R(-:7 . 142 ____/ .50 :R—)Zwboi eLLiple
0T ( /Rl) 1 ( (a+b) 6 ! P
‘ v ,luewl/e, l,;-iR - 2‘:-51) oy eLLpr
. wo
::'R v ;b
‘IR .;b\ Fl'o v

WE  CALCUIMTE AT POy 2=f?l> THAT  wiTH ([)-*'/l/ (,O'R;(("’/l

VR -\io( ————e'.,_”-‘,) - LV (;'*’/,:m) : ZVO( ‘ :No(
, PR ‘%

Taefgartors V20 Vp® Wo(”%),

S (L ])( a  WE HAVE Vn ( Qvo



EXAMPLE  ( Flow PAIT A PLATE)

CONS ipER THE  (OMPLEX VELOCITY POTE NTIAL

th |

niz) s (2% ')
TME BAANCH  CUT BETWERN  Z:iQ, Z:i-iaq,

wE cHoufF

TuE  ANGLE)  ARE  DEFINED BV ‘l?l_ <0< Ly < @, < m , WHICH G IvEs THE
' 1 2 1 l

BAANCH  culs AJ JuowN. WwE  wpar Diz7): I’hl',ll »Mr(h)/z LUK ] F’,='Z+3‘ll, Lelz-ial

Now on THE +JOF OF THE PLOTE 17/1/ ~-n/ , WHICH 6 IVE)

, A ),
D= (Z’f Q)'/l= lz+iallz-ial . T Uy l‘): M) :

ox THF - JoEF ofF THE PLATE @ ‘37’/1 Qz"T/z
/l th ', ’Zfl/z ‘/‘ 1
N (z'va') lz+iallz-7al ¢ < <1z 4iallz- el THy W= MID)=,

WEWCE, on  EUHER JF of TYE  PINME  wF  MAVE  IMIU) =0, j0 THAT

TWE PWATE 4 THE STAFAMLNE L,l= 0. Now

! At @)
niz) = Izl+a‘l/' P b

!
) g mMfa) sl S [ (@t )/2) 1y THE  STAEAMF NGO
WHERE -3dn 3w - . -
__zj(w.clzr,/ _1..<c91<‘2- NOTICE  THAI Q:Qd0 — Y=0, A
TWAT  @* )T —s =0 F WE PloT LFVFL CURVE OF ‘i’ wE
GET
NOTE n/
. . 1
g (1) .D.(Z)- ['*“] A 2( -...‘?:.+.¢)
ko w:o 2z
= ‘I'_e W20 . | rn Izl
\_ —s Niz)a z ror lzl =¥ [free stream)
"lﬂ ~‘/‘;
(i) 2lzye z02%al) . vRoary Yo

Vo= AN(z) NOIE V: 0 WHEN

7:0 , MNp V U w{wljre wl\ed 7= 1 }Q.

(iit) ON POSITIVE REML A ALl
@i=-Q; So P:0. SAME of WEGATIVE REML AXI§



FORCE DUF Yo FLuid PREJJURE @

TUE Mawuuh (AW 1S

PeoLp Y R d = owranr along each staeamuive,
2

MAIN REJULT LET  C BF A JSTREAMLWE  RFPREJENTING A BODY., LET N (Z)

BE TWE  CORREsPONDING  VELOCITY POTENTIAL, LET f:F,-,F BF  THE

FORCE ON THE 8ODY. TUEN C

iff’ [ 2)12]" dz Q
2 ¢

FQUIVALENTLY  SINCE .Q’(Z) o ANALYTie ouTsioE C o THEN O WE (AN WIF

{111
¢

THE AESUE THEOREM 10 CALCUATE Fooas

F=p I f [ 0127 dz WHERE  Cp A CIRCLF

17 R Ca L (s
of aadw R [lzl=R) 1wt ENce® (. _’/ ¢ \\
DERIATION  cowsmEx THE  ForcE  dF  iwduced Q
oN A SMALL JQSMQN} dS of C A1 JSHowN N
Y df dF, ‘ ',sz = - Psing ds + 1P cosq ds
T Hs dF - iPetds.
. Now  dz: dys Tdy = o ds + ismy ds - e}w ds. - dz: equS

now  nlz) s v, -0V, WiTH (\I,/\ILJWVIQ"Q — _n,’lz)=l\lle’“?.

Now  UJF  BERNOULLIY LAW JF : ‘( d-.;_le‘)ew dS.

wou | dge'tds =aJ dz: 0. Taug
¢

¥}

. - . - . .29
P?S v'e'tds — F _'jﬁ) vi*e QJSthj)lvlle dz .
) K I 2 ¢ LR

: jt’g [2izT 4z
e

howkEvir  a'(z) . Nle' , 10 THAT

1Tt



SINKJ, SOURCES, AND  VORTICES

A POINT JOURCE HA THE  FORM

niz) - Hoj[z-a)l WHERE K >0 AN K RFAL

61 nlzys K. WE CALCGUIATE, wWiTH z-¢=re.'¢
Z-a
| - g ) .
alizy: K = Ke U= Kfwe-iawg) = V-V
z-0, r r

TH) iz Ks@ Yyt KSINg V= W) } %
r T l 7

TS REPRESENT) OuTwWARD Flow FROM A JiNGU(AR PO INT,

THE JTAEAMLNES  ©mBroms 1o [ niz)] s onTant. — rlieom tve

(ORREIPOND  TO @ * CONJTANT,

A POINT J(NW LIKE WL F NAs  TuE  FORM JZ(ZJ=-K“’0JlZ-Ct} WITH

K REAL  AND K >0, | I\:§<
: ' =K<
@

A VORTEX  CORREUPONDS TO  SWwWIRLING FLow AROUND JoME  POINT,

cou’uyoi'k Niz) = .IK%\?tZ-Q) wiTh K>0 And  REAL.

. A . "l
WE LET 7= Q¢ re't  aw  cAwcyiaTE Nlizy= K = XK e (Q,

Z-0 r
WE o GET Az) s Kwa ricosg) =N, -V,

J WaM ] v, | v,

THU V= Koamg, V- Kotorq, NOTICF . 70 | <0

” / p (WiTH 10) I >0 >0

I <0 >0

NOW  STREAMLINE  ARE  IM[ D) = CoNoTANT. g <0 <0
THY  IMPLIES  WITH 403(24) : 403 |z-al +iq | clockwue
6ivE) THE  Flow /E\\\ JWIRL

THAT [ 2 (ONJTANT. THU
\U
v %% whw K20,
Ko — counfenclockwie Jwiry,

13



EXAMPLE FOR FLow OVER A CIRC(E OF RADINS Qq AT AN GD

ANGLE oF ATTACK o A) JHOWN  WE  §iNPLY REPLACE Z W

K Vo(2+q1/2)

(3 '
WITH Ze"o(.

/1

THE (OMPLEx VELOCITY POTEWNIAL 1§ THIN
-id )
ﬂ[Z/: \/0 ( Ze l + __a'__ }

ze™ '

1 ]
EXAMPLE (ONJIDER  FLOW oOVER AN ELuNE X/qlfY/bﬁ'

WIERE @ > b oy umt TuAT FaR kagw  Tur ELLIPSE TR

Pl Hp grked Vo a0 thcuwEDd AT e Aot X> 0

WITH REJPECT  To THE PONiTIVE  X- AKIS

(1) DERWVE  <oMPLEX VELOGTY PoTENIAL Fop THE Frow

cij  FWNO A FORMULA FOR  THE S pERy OF Tup Flow AT
AN PomT oN  TUE ELLINNE.

(ii;  WHERE  ARE  THE JTAGHAT (g N #own? AT WUAT Popr oN

TN ELUME 0 TUE §PEED MAXMUM | WHAT 1 THE
MAX MUM P EED |

0L UTION
TYE PROCED URE s

« REcau Fiow OVER A CYLNDER of RADIWG R W 4 -piANE

WITHuNibor M sTRean oS T whway W posawg REMY) DIRE crion

~ <1 K
REPLACE 4= G O TuAT FLOw W G-paNE AT W o /'/|

IR JoUKOWIHI  yap Z=§+'>2/5 10 MAt 10 Fruedrk.



PRAOBLEM 4
RECAL THAT FLOW AT AN ANGIE o To HORIZOMAL IS _D. VpZe

NOw THE Flow OVER A CRciE OF Radbay R us v puuf
nls)- Vo[5+ Rl/;) @ - P'W% 70(
/'/'

NOW  FOR A Flow AT ANeLE o LET § Se — N V 2 R/ie""‘
Now LET Z=S§+ Mo MAr §-paE o z-plane,
THEN  X:aswa, y:= bswa, 4:Re‘? 1yEw
: 1y = 1 1 - . 1 . 1
7: X+ iy (R:'T/R)cowu(n Mo ) sig a_.Rf?‘/Rj b.R.'r/R
THEN  R={asb)/,  AND i = acb > rhelab)larb) - a bt ye e ph
~ 4 4 -
i z-plawe

M
Z: ’;f'ﬂ/
G o

_ WHICH BapNCH cyTy

2 INSWOE Booy BETWEIN
. - - ) Bbt ez elatp
T Az [ e e BT 4=z+\/z’m‘b‘j
-id
e 'ty 2

(i) GET 5 FonMus FOR |A'(2)]

Now dh . dn dif AND d.ﬂ V‘,[e"d Ale M)
dz 9 4z ds i1

TR A R O )

LA e R Ly
dZ 4t ,-71/6; ‘ -
i | -1 2 7 d
Now LET 6: Re'Q 40 T HAT d__@ . Voe id ( Rle 1} Rle,
Rl ‘zlq "r’l

dz

| ! o 2iq N
WE THEN RECALL T . a-bh . B — @=V,e'd( 0 q‘e A
R 0+ b dz




114 174
HEN CE ,%\, E V,[ e -t [ gV o FoRmuis Foq
g .
e Jpced at any pom‘ o e”:PJC

( hue q paramﬁﬂw pou\f, 7 e”lﬁ/&j

(Ji:'/ ’JfQjNa'}IOM ’0!'\«{7 wlme Id.ﬂ/dzl-o JO( wf. 0(*/4ND (?;)O(HT
S=dTagNdr 00 pomT

NOW THl !pee,d.tkau’d be MAKImdm w;'eN C@= d’ﬁ/z, Qr e{+37i/2

(M=HAxpeed
NOW W})w Q: o(u‘;/2 , OR (p=37!/l+ o, pomb)

we gt ] i-ﬂl Vo [-2¢ %

dz , p it i3]
[ NoricE oY (d+1,) LT U, i
WECE | %ﬁ(: Vg = L% o 2y, .
z ]cmv‘B’ [(COJonB)zf -S!Nq'h(] !
where e g_—_é >0
| a+h
NoTick  1F d:0  THEN I+ 3= la
i b
N }di‘)= Vmag = _Lho -(.“.L_IZ)VO
dz 24 a
(arbh)



EXAMPLE Fiwo  (oMPLE X VELOGTY POTENTIAL FOR  NFORM @
Flow A7 INEWOY 8 possTivE X- DIREcrion wiTy COUMELCLOCcHw
JWikL b STRENGTA M[ o ovEL A4 PUTE o (ENery R
N Cuwko AT AW ANGE o A Jpow

- 2id
b-P LANE - Z: by Rze 2/$
- D /y warl
‘ =7~ = - -02»4-
. 1 :
nls) uolérﬂ_],"_LooH). N\_
4 i
TF Boudsary  4:Re'{  BEICOMD
- -0 -1k
Z: Re'(?i' RE'(PB
ool o (0rd) -0+ d)
oo il
Z =]Re LO/{Q*D()
SINCE -lecos(@Qea) el Tury T oD ppTl
2o wRER O+ o =10, e (?f-o(+2r‘——> Z:1R
TRAILIM  EDCE, |
« MUT 7A (OND T ON IMPOJE THAT VELOCIY 1 ZERO AT  TRAILWNG
ED ¢} N Y ~ (Z5-4)7i  .id
_n/(s)._. LIOl' “/sl]f_"u_ -0 AT 6’.’?6 :Re
1wk
. 274 - j o (T4 -pidy
. UO("Q')*{'EG,O(TO uo{e“*e.')rﬂ
L I
do V{‘:%FRUQ 5/”(7}'0() o HUTTA CONDIT 13N,




REMARX CONSmER A VERTICAL PLATE Wity N0 (JRCuA TION,

LTI A N T I ("“)/6] " z:§-R’/§.

DEF InF w:l,,R’/" T uE R’/szl,-z o w:16¢-7

Now 41-QZ-R)'-O - - Zu/z’wﬂl“"
: 2
{0 T4- 7 <2 an,
Wk CONclual  TuAT 2:R

N= 1y Z 4t

b TyE POTENTIALFOR A ek
VERT icaL Pupre




