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Lecture 14: Half Range Fourier Series: even and odd
functions

(Compiled 3 March 2014)

In this lecture we consider the Fourier Expansions for Even and Odd functions, which give rise to cosine and sine half
range Fourier Expansions. If we are only given values of a function f(x) over half of the range [0, L], we can define two
different extensions of f to the full range [—L, L], which yield distinct Fourier Expansions. The even extension gives rise
to a half range cosine series, while the odd extension gives rise to a half range sine series.

Key Concepts: Even and Odd Functions; Half Range Fourier Expansions; Even and Odd Extensions

14.1 Even and Odd Functions

Even: f(—z) = f(x)
Odd: f(-z) = —f(z)

14.1.1 Integrals of Even and Odd Functions

L L
/f(m) de = [ f(x) dsc—l—/f(w) dx (14.1)
“L 0

[f(—z) + f(x)] da (14.2)

O\h ‘h\o

2ff(:c) dx f even
0

_ (14.3)
0 f odd.
Notes: Let E(z) represent an even function and O(x) an odd function.
(1) If f(z) = E(z) - O(x) then f(—xz) = E(—2)O(—z) = —E(x)O(z) = —f(z) = f is odd.
(2) Eq(z) - Ey(x) — even.
(3) O1(z) - O2(x) — even.
(4) Any function can be expressed as a sum of an even part and an odd part:
f(@) = 5 @) + S-0)] +5 [f@) - f(=2)] (14.4)

even part odd part



2

Check: Let F(z) = %[f(x) + f(—x)]. Then E(—z) = %[f(—x) + f(z)] = E(x) even. Similarly let
O) = 5 [f(@) ~ F(~)] (14.5)
O(—z) = %[f(—:c) — f(z)] = —=O(z) odd (14.6)

14.2 Consequences of the Even/Odd Property for Fourier Series

(I) Let f(z) be Even-Cosine Series:

L

ap = %/f(x)cos (?) dx

—-L even

(14.7)
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b, = % / f(x)sin (T) dz = 0. (14.8)

Therefore

f(z) = % + Z ay, cos (?) PG = i/Lf(a:) Cos (nzx) dx. (14.9)
0

ap, = % / f(z) cos (nﬂ'x) dr =0 (14.10)

Therefore
T = ;bn sin (?) Pobn= Z/f(ff) sin (?) dx.
" -0

(ITI) Since any function can be written as the sum of an even and odd part, we can interpret the cos and sin series

as even/odd:

(14.11)



Fourier Series 3

where
L I
an—%/%[f()—&-f( )]cos(mTm i/f ) cos mr)dx
0
L I
bnzio/;[f(m)—f( )] sm(mm i/f sin mrx) dx

14.3 Half-Range Expansions

If we are given a function f(x) on an interval [0, L] and we want to represent f by a Fourier Series we have two
choices - a Cosine Series or a Sine Series.

Cosine Series:

flo) =3+ 3 n e (14.12)
x 5 ;a cos( 7 )
L
an, = %/f(x) cos (%) dx. (14.13)
0

Sine Series:

fl@) =Y bysin (?) (14.14)
L
by = %/f(:c) sin (T) dz. (14.15)
0

Example 14.1 Ezpand f(x) = 2, 0 < 2 < 2 in a half-range (a) Sine Series, (b) Cosine Series.

(a) Sine Series: (L=2)

L
2
Z/f sm—tdt (14.16)
0
z/tsinjtdt (14.17)
0
t cos 2
b i —/cos My at (14.18)
(%) nmw 2
0 0
4 2\? nmw \ |2
= —— — in(—t ’ 14.19
— cos(nm) + (mr) sm( 5 ) . ( )
4
=——(-1)" 14.20
ma—. (14.20)
Therefore
4 &K (—1)nHt nw
t) = — ——si 775)_ 14.21
F(t) = =3 ——sin (5 (14.21)
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FO=1== nz::l ——sin (?> (14.22)
1 1 1
therefore —=1— 3 + F T w + - (14.23)
(b) Cosine Series: (L=2)
212
aozg/tdt: L (14.24)
2 2|,

2 2
2 2 2
an:/tcosﬂtdt: — | tsid njt - = /sinn—ﬂtdt
2 nmw 2 o nmw 2
0

0

2\? nr 4
. _— - _ - — 5)
- (mr) syt 0 n2m2 {eosnm =1} (14.25)
Therefore
4 & [(-1)m=-1] nm

f)=1+ - nz::l .z cos ?t (14.26)

8 w= (2n+41) )
=1- 3 Zocos Tmt/@n +1)%. (14.27)

The cosine series converges faster than Sine Series.

2

8 — 1 7 1 1
N=2=14+—=> ——— —=14+—+—+---
2 +7r27;)(2n—|—1)2 8 +32+52Jr

Example 14.2 Periodic Extension: Assume that f(x) = x, 0 < 2 < 2 represents one full period of the function so
that f(x +2) = f(z). 2L=2= L =1.

L 1 2
1 22|?
ap=— [ fle)de= [ f(z)de= [ xdz=—| =2 (14.28)

since f(x +2) = f(2). (14.29)
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n>1
. L 1
nnx
an = 7 / f(zx) cos <T) dx = /f(m) cos(nmx)de L=1
—L —1
2
/xcos(nm:) dx
0
2
msm(mrx < )/
= sin(nmz)
nw
0
1 S
= ()2 cos(nmx) . = ()2 [cos(2nT) — 1] =0 (14.30)
. L 1
nwx
b, = T / f(z)sin (T) dzx = /f(x) sin(nnzx) dz
—L —1
2 , . 2
/xbln(mrx) de = |- cos(mrx)’ /cos(mm:) dx
nr o, (nm)
0 0
: ’e
-2 -2
_ =2 sin(omz) 7 (2 (14.31)
nw (nm)? |y, nw
Therefore
2 2 X sin(nrx)
—z_Z 14.32
=232 (14.32)
2 <= sin(nm)
= 1 —_ —
Py
(14.33)
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FIGURE 1. Left figure: Full Range Expansion Sy(z) =1—2 Y w Right figure: An odd function
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