Math 400: Midterm 1: 2025 (40 points): Michael J. Ward
Instructions: One page (two-sided) of handwritten or LaTezed notes is allowed.
No other aids are permitted.

1. (18 points) Consider forced vibrations of a string of length 7 that is pinned at x = 0 and x = 7. The
small amplitude vertical deflection u(x,t) of the string is assumed to satisfy the forced wave equation

ey = gy +cos(wt), 0<z<m, t>0,

u(0,t) =0, w(mt)=0, fort>0,

u(x,0) =0, wu(z,0)=1, for0<Lz <.
Here ¢ > 0 and w > 0 are constants. We aim to obtain an infinite series representation for the solution
u(x,t) in the form u(z,t) = 3 .- | B, (t)®,(x) where ®,,(z) are the appropriate eigenfunctions.

n=
(a) (12 points) Determine @, () and derive a differential equation for B,(t) where you are to specify
the initial values B,{0) and B/ (0). Give your result in an explicit a form as you can.

(b) (2 points) For what values of w will resonance occur?
(¢) (4 points) For non-resonant values of w calculate the solution B, (t) explicitly for each n = 1,2,.. ..
2. (18 points) We will determine the axially symmetric steady-state temperature distribution u{r,z) in a

finite cylinder where both the bottom of the cylinder and its lateral side are insulating while the top of
the cylinder has a non-uniforin temperature. The PDE to be solved for u(r, z) is:

1
Upp + ~Up + Uz, =0, 0<r<a, 0<2<H,
r

u, =0 on z=0,0<r<a; u=f{r) onz=H,0<r<a,
u, =0 onr=a, 0<z<H; wu,u bounded asr — 0.
(a) (12 points) Find i@ an infinite series representation for the solution u(r, z) for an arbitrary smooth
function f(r).
(b) (3 points) From your soluton in part (a) calculate the total flux out of the top surface given by

a . . . -
fo ru.(r, z)| .=z dr. Here the notation in the integrand means to evaluate u,{r,z) on z = H. Is
there an alternative, and simpler way, not involving infinite series, to reach the same conclusion?

(¢) (3 points) Determine u(r, z) explicitly from your result in part (a) when f(r) =1lon0<r =< a.
3. (4 points) Two simple problems:
(a) (2 points) (Outside a sphere) Let « > 0. Find the explicit solution u(r) to

2
U+ —tup —9u =0, r>a; ule)=1, wuboundedasr—o0.
,

(b) (2 points) (Outside a disk) Let a > 0. Find the explicit solution u(r,8), in which v is 2r periodic
in 8, to

1 1
Uy + —tp + —ugg —u=0, r>a: ulef)=cost, u bounded as r —» 00
- 2
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