Math 400: Midterm 1: 2026 (40 points): Michael J. Ward
Instructions: One page (one-side only) of handwritten or LaTexzed notes is
allowed. No other aids are permitted.

. (18 points} Cousider radially symmetric diffusion inside a sphere of radius a with an inhomogeneous
boundary concentration. The concentration u(r, £} satisfies

'U-L_D(urr"'%ur)y OSTSGJ t>0:

ufa,t)=1-e*; u,u, bounded asr — 0,
u(r,0)=0 for0<r<a,
where D > 0 and & > 0 are constants.

{a) (5 points) Show that by substituting u(r,t) = 1 — e *t + u(r,t), you obtain a PDE problem with
homogeneous boundary conditions. ¥Find the PDE for v(r,t) as well as ity boundary and initial
conditions.

(b} (10 points) Look for a solution in the form »(r,t) = 3 o | b, (t)®,{(r), where ®,(r) are the eigen-
functions of the underlying Sturm-Liouville eigenvalue problem to be found. Derive and solve the
ODE's for the cocfficients b,,(¢) in an explicit a form as you can (no integrals).

(c) (3 points) Define the flux out of the sphere by J(t) = —4ma®>D§%|,_,. Derive an infinite series
representation for J(t). If the dimensions of w arc moles/Length® what are the dimensions of J?

. (17 points) Consider time-dependent diffusion inside half a disk of radius a, given in polar coordinates
by 0 <r <eand 0 <0 <7, for which all three boundaries are insulating. In polar coordinates we have
that u(r, 6,t) satisfics

1 1
Uy D(u"-l-;u,--kr—zuga), 0<r<a, 0<0<m, t>0,

ur(a,0,t) =0, 0<0<m; wug(r,0,t)=0, 0<r<a; ulrmt)=0, 0<r<a,
%, u- bounded asr — 0,
u(r,0,0) =r+ f(r)cos(d), 0<r<ae, 0<O<T,

where D > 0 is a constant.

(a) (4 points) Ignoring the initial condition for the moment, by using separation of variables find the
appropriate cigenfunctions in both the angular and radial directions.

(b) (10 points) By exploiting the form of the initial condition, determine an infinite series representation
for the solution for an arbitrery f(r). You de not need to ealculate integrels involving any Bessel
functions.

(c) (3 points) From your separation of variables solution, calculate the steady-state value lim,_, o, u(r, 8,t).
Doces this value confirm what you expected intuitively?

. (5 points) A few simple problems:
(a) (2 points) (Inside a disk) Let @ > 0. Find the solution u(r,#), in which u is 2r periodic in 8, to
1
Urp + %ur + e Qu=0, 0<r<a; u(ad)=1+cosf, wuboundedast =0

(b) (3 points) (Sturm-Liouville). Let a{z) and b(z) be smooth functions on 0 < £ < 1 and assume that
b(z} > 0 on 0 <z < 1. Consider the eigenvalue problem for eigenpairs A and &(z) of
" +a(z)® + M\b(z)® =0, 0<z <1, with B(0)=0, (1) =-&(l).

Prove that A must be real-valued and satisfies A > 0.
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