MATH 400: MIDTERM November 2nd, 2015 (M. J. WARD)

Maximum=50 Points: Closed Book and Closed Notes; 55 minutes

PROBLEM 1: (15 Points) Consider the first-order PDE for u = u(z,y) given by

muw——yuy:uz, with u=1 on z=1y2.

(i) Determine the characteristics and an explicit form for the solution u(z,y).

(i) Plot the data curve and the characteristics. Determine the curve in the (z,y) plane

upon which v is infinite.

PROBLEM 2: {20 Points) Consider the traffic flow equation with traffic density p(z,t)
satisfying : ‘

| pe+20—p)pe=0, —oco<z<oo, £>0,
p(z,0)=1, for 0<z<1; p(z,0)=0, for z<0andz>1.

(i) For 0 < t < 1, determine p(x,t) in the various regions of the (¢, z) plane, inserting a
shock and an expansion fan as required. Plot the characteristics, the shock, and the
expansion fan in the (¢,z) plane for 0 < ¢ < 1. (Fit any shock with the flux function
a(p) =2 (p— 0*/2).) |

(i) Determine how the solution changes for ¢ > 1 and insert a new shock as needed.

(iii) Plot the solution p(z,t) versus z for 0 < ¢t < 1 and then for ¢ > 1. Calculate
I plz,t) dz at any time ¢.

PROBLEM 3: (15 Points) Consider the following eigenvalue problem for ¢(z) and A:

1 / A — . _— —
(z+2)¢ —¢+(x+2)¢_0, ~l1<z<2;  ¢(-1)=¢(2)=0.

(i) Write this problem in Sturm-Liouville form and state the orthogonality relation.
(i) Prove (without solving the equation explicitly) that the eigenvalues satisfy A > 0.

(iil) Determine the eigenvalues explicity. (Hint: think of Euler’s equation).
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