REGULAR PERTURBATION THE ORY

PERTURBATION oF ROOTS oF POLYNOMIALS

CONJIDER  FindiNe  THE  ROOTs  of Pe (X)= O WHERE
Pe(x)= PUX)+ € 9(x)

WHERE PO ANo Q(X) ARE  PoLwoMaly with  deg p> dej 9.

TUERE  ART  Two CAJES:
(1) Xo A SMPLE ROOT of plx): 0 go Ta P iXy)#O.
(1) Xo 1S A RooT oF MULTIPLICITY M3 | wiTH p(¥0)=o=..=p‘m'”{¥o)=0
with  p™ iy # 0

CAVE | Xo 1§ A JIMPLE ROOT:
WE  LET Xt Mot €4+ € Ny 4o AND JET P (XotE X' Mt-) 7 0.

WE  GET P(xo,gx,fe‘x”.. )+ £3[X4+£X,+.. )0
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SETTING  T4E  COEFFIOEN  OF ¢ m g ZERO, AN0 wiTH piXe]:o WE GET
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(Plxal) (P1ta)

Ty VI Xgz Xot EXiboo

w -
M0 WE  CAN  GENERATE AN INFINTF JERMES A XS:ES")(J-
o

EXAMP LE X3+ xl‘ X- 1 +€Xz 0. Fwdb A 2-TEAM ExPAM(oN FoR Tuf
RoOT WITH Xg = | A1 £ 0. WE WATE X< [+EX, e 3Ny r-e; WE

SUBSTITUTE AND  GET :
1 3943 1 LI ! 3)(-
(,+EX‘"’E le's X_;) t (“’SX,"’E leg x.?a) N “’hsxlrE Yl+£ 3.) ‘
FE(ls EXrEN)E 0




Now  UJymNe [er)3=l+3b+3bl+h3l AND COLLECT POWER) OF € To GET
ele Ay 1o - ==/

gy AN 4o — Yy :0

AEEEE E AP PR AR S X3=-x.’/4=’é54,

NG, X g A
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VoW SUPPOSE prux) s pUX)+EQ(X) O wiTH p[xo,:,,’(x,,,-.__:P/’”‘”[Xg):o
mwo o P e Eo. WE LET Nt Ao glX k-

REcALL  p(X,¢ AR P“"’ mus*’x,)m foo
M s

THIS VIELM  THAT P ix) ey
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+Ej()(a)+—- 0

THOVIEW THAT gmel —> Dok g Uy

IN  ADDITION, x‘m

T . m'o 3(xa)
P™ (Yo

(1) JuPPosE 0 15 EVEN

cF qle) p™ )0 THe X" 0 M o

Y= ¢ ( N)L[f]li(o) /)'/m- ﬂ)/2 mun;ﬂmh FOR

Py, ) EAcW oF } JiGN |

o IF 3IX0)P'"’)(XO)>0 TUEN X/m‘o AND 40

Y = (m’o

iy 2mijf, t8
§(X) ) 0 J/m ")J 20,0, M-
P (X,

TRE  ROOTS HAVE JPuUT WP INTO m-1 (oMPLEX ROOTS .




(i) SUPPOJE THAT M 15 0D @

THEN x,m s0 OR X,M<o DEPENPING ON SIGN oF 3{)(@)?‘"”()(0)_

THERE  wit BF ONE  REAL Roor AND  M-~| (OMPLEX (OMUGATE ROOQTS,

EXAMPLE  CONIIDER (:-stz-sz . Fimd THE CORRE CTION T
THE  ROOT  X= ] g0 plX): (x-1)" , JWE- HERE M=17 FVEN.

WELET  xs Jr by g0 5“5,( T
HENGE  XY: 1 oR XEil
X peghe
THE  MU(TiPLE ROOT JPUTS INTo Two REAL ROOTS.

EXAMPLE  CONJIDER X3+ XL X-1+€X: 0. END A I-TERM EXPANsjON FOR

3
TWE ROoT FOR wHich X—>-[ As €90, LET pux): X N ST
plot) = P’[-I)=o, AND  ALIO P”(-l)r “*(’X’xnu: -4, Ao 3“():)(
WE THEN  PUT X:-1t a’I’Xﬁ.--, AND (0 WE OBTAIN
1 ”_ 1 . ) 1 - Z‘ . x:il
E(ZPH)X, PR ) e s0 Ll g0, /5

TS YIELD)  THAT X=-Ifi£'/’(’/ﬁ)+

EXAMPLE  (WILKINJON POLYNOMIAL)
9
CONIDER — PLX)= (X-)(X-2)-- (X-20) AW Q(XJ= X . WE waNT 710

FINO  THE  Room OF  Pg(x): PUX)+ € 9(X)=0. WwE couw WATE Pe (X) AS

Pox): k20 (u0-6)xM s 420}
THUS, THE PERTURBATION APPEARL ONLY N THE (OKEFF(CIENT OF XH,
SUPPOJE  TuAT € u TyE  MACHNE  PRECMION  AND €=I.OXIO~8. NOTICE THAT
PLKI=O WITH K31,%,.,20 WiTw pK)<O AND PKI#0. we CALCULATE,
X= K -€9(R) ¢ ... . WE CALCULATE p’txr{-t)“ m~:)'o[zo-x)!,,m THAT
i) Xk M e K ot
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REMARK (1) p’u()= (K1) (K=2) - [R-(K=10) (K- (Ke)) - (K-20) = (<1) (K1) b(20-K) 6.

l l
K*EQK"' a K‘]

TAE ROOT © WRITTEN AS X K+ (+1)
(k1)s |20k )}

UiiNe A oMPUTER WL CAlcutarE THAT Oy u LARGEST WHEN K= lp,

IN PARTICULAR, FOR THE RooTy K:lo Mo K=20 wE CALCIATE TwaT

X=1b -1.5 x[08£+-. X:20-4.311078*'- '

THY FOR K= 6 AND 8'—!.0”0-8

THE  PERTURBATION WA A LARGE
EFFECT oON THF RooT.
JPECIFICALLY, IF € W A ROUNDOFF  ERROR IN JINGLE PRECISION

WE  WOULO BF DOOMED IN cOMPUTING THESE RoOTY.




TRANSCENDENTAL
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ITERATINE  ME THODJ

CAy BFE WIED T0 JSOLVE

TRANSCENDENTAL EQUATIONS

APPROXINATE LY. WE RECALL TuAr AN ITERATION  PROCEDURE X, = T(Xa)

CONVERGES To A RooT
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EXAMPLE 3 Fm TRE Rooly OF  X¢ /x :ef\ by \ow 0

et - TR UM 10 9o, 9 20 ke X2,

W P1oT 1y A FOLLOwy:

3(;) A + S50 FOR ﬁ» [ WE HAVE ONE ROOT
_____ _..-e . _ ﬁ
WITH Xhe?
' !
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e !
X: | §0  THAT -xa\ '/A' ll+b)P': phs-.
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EXAMPLE  FINd THE hoo?s  of X TANX:= ) For X LARGE,

| ! ! ' - TH PicigRE SHOW THAT THE ROOTY
| ( I _
| | | ,//X witl 8 NEAR X: DT For D LARGE,
| - WHERE D) I AN NTEGER,
VNS
7| 1/ 7 |
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WE  WRITE ks Lo X: DleTAN(/X) WHERE
X

TAN-’Y w THE  PANCIPLE  VAWE OF  THE  ARCTANGENT . OUR ITERATION If
N
- T | z
)(m” : N7+ TAN ( /xm) WTH  Xo® NT.

wE  RECALL TAN"'y=y-‘!3/3+-. Al Yy 20  (TAYLOR JFME'J)

—_— -
WE 6T XI=DH+1AN(—)'(‘): L
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THy  NIELD X,

HENCE X~ s L - 4,



