SINGULAR PERTUROATIONS T

WE FIRST ONJIOER SiINGULAR  PERTURBATION Fok THE ROOTy
OF POLINOM(ALS. FoR INSTANCE (ONIDER
ex!-xl-xr20 0.
FINg A 2-TEAM EXPANJQN  FOR  EACH ofF T7hHE
ooty AJ £ -0,
et (xhaen) s Xt X (x-1) = 0
WE Wil HAVE onf RooT NEAKR X<l ANo AnoTHER
NEAR  X: -2.
Roo7 NEAR X:I : Xz 1+ 8% -+ {0 THAT
2(1+sx.)4- (3r8x)(ex) - £(l-3){,)+0(s’}=o
§o )((-.1/3 X: |t Eé ‘-
RooT NEAR Xt-2 LET X <2+t S)¥ +-~
t. EX -3+ 8X)" E(sx,-te)+0(£’J=o
fo X7 |6/3 Xr‘2+lb£/3 -

E(-14 €Y

FOR THE OTHER Two Rool LET x:s"y pPz0

1-4p

THEN £ \{4~(s'2Py2+z'Py—z):o.

l.4p  _-1p

WE  BALANCE § : ¢ /0 [-4p: -1p = P <.

THEN yq-(y1+£'/1y-2£)=o_




THE

A0 QTJ

ARE :

X: l+£/5f'"'

X —2+(6IE/3+--
i -'Z'l" b -

X+ ¢ /Z

-




®

EXAMPLE | FiNp THE EXACT AND A BOUNDARY LAYER yotu7ioN FOR

gl vl L ocxel +
Z £E—>0", uix; &)
gloy=0, (=l

!
T4 [xAcT doluTON 5 READILY Foump 1o BE

-y
ieps e x o
-1 ¢
NOTICE  THAT Im  uix;e): Lo+ X oulen hmir
§40 2 )
X#0
-Y
o urye) ¢ L€ INNER  LINIT.
¢ =0 1
Y= Xfg FIXED

WE Now  DEVE(OP A BOUNDARY LAYER THEORY 10 (ONsTRUCT THE

SOLUT(ON,
AWAY FROM X:=0 WE EXPAND
L]ouf: ”of ¢ U,f 27 'J)_""‘

(OLLECIINe PowIny of € WE GFT
Uo’xfc"

il L
02 2

U -l — U= C
WI CANT JATUFY  BOTA BOUNDARY (ONDITIONS AT X: 0, AND X 1.
ASSUME  TwAT  TRERE 0 MO BLONEAR X1 AND O JET Uogt (1)= 1.
Tay GNES  Uett)s 1 Awo U (1) 00 wE oBTAN (=0 AW Co: |
i, =0.

/

50 THAT I, (1+X)
]

TH) Uout = (X[ ol€').




Now JmcE Uggtto): i FO WE WuT NJEAT A BLNEM X:o 0,
WHERE U cuaNcEr RAPOLY  Awp £ W MO LONGER JNALL
WE REJCALE NEMR - X:0  BY LETTMe y: X/cp MD VIy)=u(£Py)_
THEN Ugs Yy et oA g
-1 -
£l P\I”fEPV/:‘/z . Y30
V({0)= 0
THE ONIY WONJUTENT  BALANCE 15 To TAKE  P: | AN S0

I I: o0
Vit oy f/) ON 0(Y¢

Vo) 0
WE EX PAND Vi Vot £V, #-. AN0 OBTAIN
It
otV 20 R
Vo(0)= 0

T4E foLdTION W Voly) : Ao“_e'Y)

THE  NNER EXPANION 14 Ve Ao ll-eY )t OE) .-
yAN- DYKE (1964 ) MATCHING P RINCIPLE:
NOw THE  MATCUNG JSTATEMENT — jy THAT  THE OUTER EXPANiN

WHIN  EXPREJIED (N NNER yAMABLES [ AND LETTIING £-0) Mugt
AGREE ASYMProTicALLY  wiTuw  THE  (NNER JOLUTION  WHEN
EXPREJJED IN  OUTER VARIABLES [ ANO LETIING £90),
N THIS JINPLE  CASE  THE  MATCHING C(ONDITION 1]

1l = LM UOUT = Jlm V(Y) = Ao — Ao‘ '/)

Loox=0 s
] - ¥e .
ogt (4] = (1 X, / Uy 1X) 5 _ZL(!—e ) . o)




A (OMPONTE  EXPANJION 15 OBTAINKD gy ADDING UouHX/rU,,le)
MO JUBTRAGING THE COMNON PART I} UJED W MATCHING,

THl NIFLDS Jonp © LI1X) 4 L((-e"’/f) Lo (X)) 1
2 I 1 9 2

RE MARK ANOTHER  WAY 70 MATCH INKER AND OQUTER SOUTIONS 1 FRoM THF

CONCEPT OF  (NTERMED(ATE LIMITS. TuE INNER  AND OUTER  FXPANJIONS
MusT AGREE  AJYMPTOTICALLY  oN  AcL INTFRMED(ATE JcALES.

F wE  DF FINE x,\=x//\(£) EcelNE)ecl )(,\ FIYED
T HEN \ : )(,\I\[sz/£ — P A £40 gwNe ANE)>> €
X LHhMs) — 0 A £90

TUE  INTERNEDATE  MATCUING  PAINCIPLE  OF KAPLUN [1964) ¢1ATEJ
THAT 74E  INNCR AND OUTER JOLYTIONS JHOULD AGREE  WHEN
WRTTEN W TERMW OF X

EXAMPLE CONJTRUCT THE JSOLUTION TO
eu e (We2)ue-1 el H0) o, STekel,

N Tyf OUurfR REgiOoN wf  WRTE
Uouf‘ UO*EUI""“'

THI VIE LDy (2- ¥ ) Uy ¢ |
(Z’ X”U,‘-Ua”
THU S U(): ’/ oyl AND 4o U0ut' : -—l—- "'O(E/
(2-X°) 1.0

Nw A X— ¢ Tl U,—=>t1l wWuicy D00Es NOT

- Xfe

6

SATURY  TUuF  bounNOPARY cOND(TIONI WE NCEKD A BUL WNEAR X:1]



conmFE R THE REGON NEAR X:-1, @
LET Yz (el M0 Vi) u(-le gty
THEN g"”v” -2 - (I+£'Y)z}v=-! 0¢ yg w
1o BALANCE TERM  TAXF P:'/Z- — v”-(z- [“25'/1)/,_})\/.--,
wE  E X PAND \I=Vofe'}’ Vot

/A
Vor = Yo - % — Vet leAetiBe?

Vol0): O

NO W THE MATCHYING GONDIT(ON W THAT

Uodf e V
X—0 y— o
Uouf A | N ( N "‘i'lly ..

pxt -(leghy) gy
V, - lohet v gl — 1 Ay Wi s O

To FLMINATE  ExPoNEwTiAL GROWTY,
THYS Y, AND U, MATCH

FINAL (Y MAKF Vo (01:0 — A:-1,

.l/)
ber © 1o e opehy YN
bot - v ofe) , drofshexerofeh
SO 'I .
e = o7V oeore™ Y= ET (1)

NOTICE  THE JYMMETIRY uUNDER XTo -X




TuE OMPouTE EXPANION IS ,} /
- “h - {]- ~h
Uiowp ™ _J__{ e (1+X)€ o I-X) € .
1-%
U
A X |
EYAMPLE  Fi0 THE LFADINe ORDER  WNER AND OUTER
sorutoN  FOR
ey’ x| S0, lexel
oUTER RFGoON: LET e ot EUt--
e (el — e Yy
Fl-XY U, s Uy
U~ Uy L=+ 0(E]
HENCE " 0 "
N BOUNDARY LANER REGION NEAR X:=1 WE LET
4=£'P(X+l) Cp>0o. TELM  OF y NOT[CE THAT
|
U4 & — ‘ =
o NI LA AR
THIS SUGGESTS  THAT TWE  INNER SOLUTION §4OUILD HAVE
Tuf  FORM r p
ot on) e V()
|
THEN zu’- ll-X1}U=-l TRANJFOMM) TO




To BALANCE TERM TAKFE p=’3 AND
EXPAND ViVet... THYI YIFLOJ

I
W Ve -yl ocycw

Volo)= 0, Vo ly)~ :/2 A Yo @ MATCAING
Y CONDIT LON

THE soLuToN  cAN  BE WRITTEN A
R IR AL RTATY

wiERE A Bi(z) e TUE 1w FuND AMENTAL joLUTION) OF

AIRY'S E QUATION a'iz)-zwiz)s 0

RE CALL  THAT A (z] DECAY  EXPONENTALLY A 2 —s ¥
B (z) chows EXPONENTALLY 4 Z >

TWE PARTICULAR S0 LuUTON  OF  (X] WHICH
Y——-)oo‘

Mo \plyl U
CLEARLY SATURIES vp (Yl '/ +d/\l4+ A

NENGE WE JET (=0 To KL FXPONENIAL GROWTH

AND C,A;lo)=~\/p(0) — C”Vf’m’/Ai(Ol

Voly) = Vply)- by I ),Jg
L

> O(E'I’)




MRk ) el (L Y-l kel 1o @

THEN  HlGuLy OJSCILLATORY  ON —I(X(\/I My L Xl
! V2

B.L WHEORY 1) NoT APPROPRIATE. NEED WKB TURN(NG

POINT  THEORY Ux) M

"'/5 0

GENERAL CAJE: LINFAR Two-POIN  BYP

EU”r Q(X}leb(mﬁo g2 4 €] £ B0
yloy= A, wl1): B
WE WLy MSUME  THATS QX)) >0 o8 OgX¢l OR
al) ¢0 oN O¢X¢l. WE WL EXCLUPE  Tuf T uaN e
powt " (AJE WHIRE  a(XJ:o  Xo € (o) FOr TuE  MOMEAT.

wWE  wWill J How
('4) IF qQ(X)>0 on [o,{j T S T AN &

i miEee. ol SRREIREE L. NEAR. - A

IN THE OUTER REGION  wk ExPAN e et £ 80~ 10 GET

oy
d(X) U°I+ ({1 0 alk] u;’ t b U= - U;.,! b

M ohrE () aRE . TIT Wl o) B AN i EREE el WE. CTAKE

Uo(0): A, TuEN  UPON INTEGRATING
l
: b(s/
(1) Ua(X)TB(’.XF(!J _(_JJ)

X q(y)

. X
(i) g el =R exr(- J il di)

o a(l}




_ x
CAVE ) aiX)>0. wE Pyt A BL NFAR X:O, @
CLET oy K e Iy (et ) wry pao

THEN gl—zPan E-PQ(EPY)VI* b(ZPY}V‘

-] -
a (shy)~ ato)+—-  blePy)~ blo)+-. WE THEN BALANCE € gf

7o obTAw Pl WE THEN  EXPAND Vi Vot £V 4. 10 OB TAIN

/
v+ ato) v, < 0 Vo (0) - A
Vo) UglO)  MATCHING
CONDITIQN
oncE alo)s 0 —> Vo DECAYS EXPONEWTALLY.
-q(0)y

THE SOLuTION 1S Vo ly) (A-C )+ Cot

TE MATCHING C(ONDITION G yEy A- Co= Uolo) 5o TuAr

l
ot h-lolo) s A-Bexp[ | PU ds |

0 aqlyy

N JUMMARY:  LEAON G OMFER NNER, DUTER MO (OMPOUITE

b = Bear( [ Bd ) 4B | _bws}e'“‘”

® qly

Yoyt = BGXP( ﬁ:_,“ (JJ)
G/

SR DU L

dqly

AREMARK (1) F WE INQRRECT(Y A UMED A BOUNDARY
LAYER AT X: | (NJTEFADQF AT X:Q0  WE  WOUD HAVE

I [ : ([-
V°~<I((]V°=O L 00y Y7 (- X)e

THI GROWS EXPTONENTALY A Y— 5o lll




CASE 2 NOW AJJUME THAT Q(X)<¢O o [0,1], @
WE  NnJERT A BL O NEAR X:=
wrooys ey, Wy s 0l TTEyT L T Gieg
I

/
_ELW '%_Q{l-iy)vv r b(!-gy)W: 0 0Cycm

WE  EXPAND We Wy + €W, ¢.
]
Wo -~ afl) Wo’= 0 Ocycy
/
Wolo)= B, Wo(®): Ugll ] MATCHING (ONDIT [ON.
SINCE  all)eo WE  HAVE  EXPONENTIAL DECAY A Y= ¢w

afl
THE  JOLUTON g W, - [B‘Cllf C(Q )y

[
MATCHING coNDiTION 15 Wo [®): Ugll) = Aexp[-]0 L“’JJ/rB-C,
afy)

T L o (4 e | q—i‘—j’ dS)*[B AUPH b”ds)] .

aty)
loat = Aexp [-|} 2 s

qlyy ‘
x | alt)(1-Y)
Ueomp * Aexp( bls) ds) " (B- Aexp(~[ bu) dJ))e e
au) > als)
EXAMPLE syl urrxgul e e
Ho)=0 yir): |

/

SINCE a(x)=1+2%X>0 oN [01] wF wiuw HAVE A Bl
AT %= 0. N TuE outEr RE CiON O¢ X< WL [ xpAnD

U ot E U, 4




(l;2x)ugl+uo= £ Ug (1)=]

I

(f+2x}1J,I+ Uy=-Uy , U (1):0
SOLVING FOR  lo WE GFT
o= _Co ¢ Ly Uoll): 1 — (V3
e 3
THE N ’ -3 :
, Coep)uy + = =3 G UP2X) 7 U (1) =0 ok

b1 (G
(2430

THW 1o Two TEIM) WE  HAVE

Uout (x) _E_ T I S
ST 3 (e

Now fUr A 8L NEAR  x: 0. |f7 Y- Xle , VIy) = U(ey)

THEN V"+(1+ZEY)V’+gv:z’y
Vfo):= 0.
WE  Exranp Vozyot EV +--

(1) Vo”* Vo/’ 0 Vo (0/2 0
I [
UI) Vl + V| =‘?Y Vol' VO/ V‘(O): 0

Now WwE WRITE oyt (X) I TERM  OF y:)(/£ OR

)(=£Y AN LET E4 0

Uout ~ _E t

1B
(;rZzy)'/‘ 3 i3 (l+25y}5/l

(-1+6y) + £ (2~zy-zzy’)+“



TH  YIELD)  THAT @

Ugyb ™ E[I—£Y+,.)—3L+ 5(31 +_Z_)+ O(Sz)

Uout A J’s"_&»_ +e(é; Al

COMPARING  WITH Py = Vot EV, -

1.
3

WE  REQUIRE  TuAT
(iQ) Vo —> J3~‘ %3 Yy — ¢ ¥

J

(i1 a) V, — \I.?ny(_s'_-\/_) , Yo

WE wow SOvE () aw U wadw o Lia) MD [iig)

NE optAn Vo(y): ({3 -‘-)("e-y)

/ ! '
el )yt W et ey (g (g ()
JoLyinGg  TH wiTH Vi (0)T 0 AV, — L +y('_a\[§)

Wk OBTANW




EXAMPLE  EWD A TWO-TFRN ExPAMiON FOR TNE ro(uron 7o (ED

h

eu s o w0, oeqer ; dopo, ugn)ee

SINCE alX)=l >0 o [0,17 WE ¢ET A BL AT X: 0,

N THE OUTER RECON  O¢X<[ WE EXPAND g lfot E0s-.

T YIE LDy :
| ),
Uy - Xlg= O Uoll)= @
ol- xue-nt w0
1 x1 }
WwF OBTAIN Uo* Qxl) AND U= e /2( 'X'X/j)‘

4
J
!
THUJ Uoyt = € /2 “* E( /5 -X- X3/3)+.. )
W THE NWER REGoN  wE LET Y Xfe o V) E u{ey),

THEN vy Lyl EYV: 0

o
¢ ¢
Vieyl-etyve o, o¢yee
Vi{o):= 0.

HENCE

NOW  TAXE TWE O yTER  SOLUTION AND LET  X=E Y AND

EXPAND A & 20 2/(

ot ~ 8 +_§r0(yvu+g+qg

3
MATCHING WITH V wE  ONcLydF

U= Vot e Nolw)o o Vi[w)e 4

f\’o’: o Vlh* V:/:O = Vg "e-Y, Vi’i“‘e-y)
N 4.5 {f-eY 3

o ur kR Nout = € ('*E(E’-X'Xé)) , M = (1-¢ /('+4£é'h. )

THEY Vg




TAE OMPOJTE g @
-x/g

I, - exl/z( l+£(4/5.x-x5/3)) - [I+4£/é)(’,

FXANPLE (A NONCINEAR PROBLEM)

EU“+ UI+U2=O/ o0¢X¢ |, O¢ £l
olors A wn) 2422

SINGE a(xXj:(>o wE ExPEcT BL AT X:O.

WE  THEN  EXPAND Uz Uy e U k. O (XL N ouTEr REGRN,
THIS 6 (VES |
Uolf u°2= 0 o (1) 2 '/Z
TR TN AT (IEY.
WE JorLvE 70 oBTAN  lo" -—'——, 4, - le G
X+l | (x”)z (7:'—)’

WE want WD so TaAT (o B2yl

THY 10 Two TERM) WE  HAVE

Uout (X): = l 102(3(*‘ 82103 ):I
X+l (Xst)? [ x+1)}
IN THE INNER REGON  wE  LET y=X/£ Viy) s u(Ey)
/
TWEN  WE OBTAIN NI L I LNTL \l(o) A
; g ’

WE  THEN  EYPAND 'E V°+£Vl+..




\‘o“*\‘o"'o/ 0¢y<?, V°Im):0 @

I
ey, ocyer, o

NOwW  LET )(=E‘j IN omleh EXPANS(ON  AND et €40,

Uyt ~ —L— + 5{ lojflffy) ;[ 8-2 Z)ka~gy+g[3-2{ojz)

ey (lrey)t (lrey /! L o(€Y)
WE OBTAN Vo(®) = |
CTESES R R TV T Ea
THY Vo :Co *do e_y Volto):o/ Volo0) sl —> Vo(‘f):'f
/. ) -Y
071 I P S Y VR E R UL TCY B S I A S A
oy h — - GeA

\["x-‘h%-“{ﬂ Y= ¥ IMP L (FJ C,=8-2!032,

THU) VH‘{)“WQ-ZMZ~(I+A)€-Y

IFTEEE s(-yr 8-”0}2 - ([fA)e'Y)

ouf = L+ E( ?le[x*‘) t 8-24012)
K+l (xet)} Tk

- X
U = Uout (x) - E[I+A)e € otey)



EXAMPLE ( ANOTHUER NONCINFAR PROBLEM)

©
Fiwo A [- TEAM NNER OUTER ANd (O MPOWTE S0 LUTION FOR

e -ulre s 0 ey
yloy= A, U(1):=0 A<O.

SNGE alX)=-(¢o WwE EXPECT A BL NEAR X:1.

IN THE  OUTER REGION FOR  O¢ xel WE FXPAND

U: UoTEU]*"
tae o viEy U el yo)cA

/

UMX)’-JD[Q'A-)(] SN Aco THE

SING ULARY AT Xf@’A
OCcun For X> 1.

WOTHE WNER QEGON NEAR il WE haT g sl(lox)
Mo NIy = U 1-ey) THEN

L'y LylieVso y2 0
: g

V{O)= O AN WE WRITE Ve Vg fVe-e
THE WA oWDmON 1 No[w) s Woll): - o &)

THEN V,,”f \/0/= 0 Jo THAT

= - I (g0 (1077 )
A

]eodmj ] dea om‘ekr Ugyt * - J'7 [3 -X} il
- (1-X

T N NP T

A A

L ¢ (OMPOJITE: Uconp * -Jn(e %) 4 ’n(e Ko €

REMARK (1) (F A>0 THEN Uo WA A

SING UCARTY  INNDE  7uF

DOMAIN O X<l i THU CAE TUN SUGGESTS NO J%UWENBVP.




7 I
ruf BL REcoN NEAR X:o WE LE] Y’X/EP/V(YPIJ[EPX).@

NOW IN
THIS  YIELDJ
by ghyyl o gPyva 0, ocyew
EP
V({io):9.

I‘ZP . £° _ Pf,/
1o BALANCE TFRM WE TAKE € ' 7.

|
Now WE  TAKE THE OUTER solurow Awp  LET X=& Y.

THs  LEAD) TO Uoufz e

WE

T 6 WE l)\/”+ Y\//-e'hyv= 0 0¢y v

V(0] ©
A

E’lz‘l [.;.IOj ‘) {on]

Uyt = |+ gllz(” -_2'_21035 -8(10\7,”2/2).

t

My e

THIS SuGGEST)  THE INNE R EXPANJION

\E \"“ o'l V) 1 {.”ojg) Vy + -

0BT AIN % Wyl o
\‘0(0): O/ Vo[bo):l

Vl”" ‘”ll’ ¥ Vs
\]\[0)=0/ Vyn Y A Y

/
V2“+ \{VZ + 0

V(0] 0, Vz(b"):*-i'-



REMARK (1) so FAR WFE HAVE ONLY (ONJIDERED JEC(OND ORDER B\/P@
of THE FQRM U”+Q\X)U/ WHERE  CyTHER Q(X)>0
ok alxJ¢o oN O&X¢ T,
U] WHAT WAPREND (F a(xX/ VANISHES AT AN EwpPoinT !
(BL WiOTH Wil Nor BE O[€) |

L) WHAT HAPPENS (F a4 [X,): O FoR JOME UNIQUE Yo (0,;)?
TUEJE POINTY  ARE CALLED T URN N POINTY,

EXAMPLE [ OF (i1) ABOVE)

ownir  su'y xul-xus0 0eK¢l, g0,
gioy: 0, wullj=e
(T 1§ §Tdt CLEAR THAT SINCE  alX):=X>0 NFEAR X:| WwWE

(ANNOT  HAVE A BL NEAR X:1.
N THE OuTFR RECION  WE  EXYPAND U= Uy + £ Uys--.
FoR  O¢ XS THIS YIE(DS THAT

Uo’-Uo"O , O(X{lé _ Uo=ex
Uo (1] % 2

X
TTIR T

TUE  Two - TERN OUTER §OLUTION 1§

ot = &g hogx 4o




WE  sowvE 30 (ET @
VO(QY)/I. - Ao
Voly)* of /4'\ '

bur - Nplw)= | — A[ A/ZJ’\ - A°'(Z ) '

0

THE NIFDDYy(y) s (é_)' [ 2/z 1
TWEN Ly QY’/ ) = ye"/z Vo
\;‘fe% : fy “«% Vo (1] dA

0

(N0 EED Ny A Y=

F A LY V, - -2'—(5)% LY e"\)/z n



EYANPLE ([ INTERNAL LAVER) @

WHEN  a(X) CHANGES JieN g0 THE ODOMAIN WE C(OuiId HAVE AN
INTEMNAL LAYER WHIRF U cHANGE) RAPIDLY W A NARROW QLG (oW
NEAR WHERE a(X) ChossEs THROUGH ZERO,
CONIIDE R ol v (X u'- U0 ogxel
o= d, w(t):=8  awf: K1y
SNCE alojeco AND  afl/s>O THIRD ARF N BL NEML X0 o0 K:],
N THE OUTER RECON  wWE EXPAND
By t E U 1.
X e - () Uet 0

WYERE  Uo(0):d A Uy (1) B 8uT o OIS CONTWNUOUL Achoy X”/z.

#f WRITFE X
e , 0¢Xdl
Uo(X}‘j t )
CRQX, '/z(X:”

|
SATuFYINg THE B.C. WE GET Uozj / 0.()((/2
de*' , exel,

NOW  WE INSERT AV NTERNAL JAYER NEM X"/z. wE LRT
{ e Pety), wiyle u[ Leefy]
THY IE 10, syl gty 0
NEOBALMCE  WITH  prly Ao Exrgm w=w°+£'/’w,+...
W0'!+\}Wol= 0 / -w/y“%’
ha(#) = peh Wolee)s e
(From MATCHNG COND (TION)




) st
WE SoivE 10 oBTAN  Woly]® Cﬂ”cllo ¢ /2‘)5' @)

! # 2 I
o aea (e st e )
- ! I
C; 'C,(’/Z)II :de /I
TS iy (" 7"(39.4“0(6’/1) /

4
WHICH  (OMPLETELY  OETERMINEY W"W'ﬁ«'lz

R e
W HEN o{€+'/’1 Be h WE GET
Ne‘/l

EXAMPLE (INTEINAL LAER)

CONIDER e v amuls 0 exe
(-1 o, 4048, 0

-f |
SUPPOSE THAT  Qo): O, alx)>0 FOR X >0 mp alX)¢0 For X¢o

AND  AlIUME  THAT le)w{Xm” Al X—=0 wiHEIl M>0 1 AN
INTEGER AN Y > 0.

N THE OUTER REGION U Dot €l #-- 40 THAT amxil, = O,
THEAS  wur BE No BL NEAR X=1f 00 THAT o MUIT JATWFY
THE  BOUNDARY CONDITIONS. THE OUTER so(uTioN IS

UO:% ‘ -ls’x<0
§ 0¢ X¢|

NOW  OmTRucT AN INTEMNAL IMNER  NEAR X: 0 wiTH
= X o Wiyl ufely),




] P e
THIS VIELDS THAT ey ¢ta ey w0 ),
[-1 - PH1Im)
ow  afehy) e Xs:““’"”’y”"”._ a pammee g P
THI YIEL |- 1p=Imp  do P '/Zmz

WE  THEN WRTE W: Wo t

X‘[ZM VRIT.
Wotbo ; / wo(’”)’ K
]
THE NTERNAL LANER  WOOTH 14 0( E/”m”)) Willch  WIDEN) A

M INREAJEJ.  WE JO(vF 710 OBTAW -
{ s
wo(“: C, ¢+ Czj 0 /[Zmoz)JS

¥ ")fl

! w | N I
NOW l e /(IMH) Jj (M)/zmn_LJ rlllﬂt)) 0 dr
0

Y m1

")
RCCALLING L gt e () M= gamma FUNCT (ON,

THEN L°° e*XJzM/umm A : ( Z_”E_Z){/ZM__L_ I ( I/szz ).: I.

! 2mn
THEN C,+ (T = 8 (Wo(w): B)
G-I d (Wo ()= o)
THY  YIE 1D G B, G LBy

M+
-1’ /(szz)ds




REMARKS ON INTEANAL  LAYERS @

su" s amgu e bu0 ogxe

Sup posk THAT  Fod JOME uUNtQuE X, € ‘0/’) T AT .
(,} QlX):0, alx)¢co Fol X¢Xo, alX/>0 FoR X> ¥, m

0
WITH Q’(xo)> 0. THEN W[  WAVE OUTFN JoLyTmOM ON

EipqEn SOF OF X, AND AN NTERNAL JAYER OF WDTH

I

o(¢h) WEAL X, THERE ARE WO BOUNDARY LMEN NER X:0, 1,

G IF @lX)=0, aiX)so FOk K¢ X, aix)eco FR XsK,

Wrn G (XeJ¢O. THEN U0 W THE OuWIFR Jo jyrioN
AND  THERE 0 NO INTEINAL [AYEL NEAR X: Ys. aly)

INTEAD THERE  ARE  BOUNDARY  (AYERS NEAR N’(

X:0, 0. THERE ARF SOME  EXCEPTONAL (AJES
T0 THE STATEMENT THAT =0 U0 OwTRl JoryToN

FXAMPLE (A COMNER LAYER: BOUNDARY (AYER v THE b FRIVATINE )

CONIDER gy’ s ' =0 -leXel g0
gl-t)=1, wuth)=2.

SNCE QiX):= X wirp o al-l)<o Mo a(l)>0 THERE ARf

NO  BOUNDARY LAYERS  NEAR X:o AWM X,

THE  OUTFR JolurioN 13 FXPANDED AJ
U:' Uo‘l'iu‘f.-.

§0 T HAT XUoI“ Up: 0 W [-1,0)  Aw (0,17

Wl 0B7 AN Uo® CX 14 THE JoruTioN,



O¢Y ¢l
THERT FQRE Uo (X) = % LE |
-x ,  clexeo

NOTICE THAT  lo 14 (onNTiNwol) BUT Uo’ Iy NOT,

WE MIT  comiTRUGa AN INTEMNAL LAYER To JNOOT 4E Uo/.

SUCH A LAYEL I CALLED A “CORNER' LAYED

wE  LET B X/él’ ;o Wly) (e y)
THY eI, YW/‘ W0 ¢ HOOJE P"/z.
THIS 6 (VES Wiy yw -w=o, -wiyee

NOW  wRiTmNe THE OUTER  EXPAMION L w TEIMI OF 10

087 AW s~ ] 2y yso

THUS  WE JET W: E"’ Wo t-- WHICH YIELDy

I [
Wo t Y Wo - W0 Rl K

Won 2y Yo S WMy A Yoo
ONE JotutoN b Wer Y, TO Fmp THE JE (OND fOLUTWON WE
(W WE  REDUCTON oF ORDER By JETTINe Wo:yV.
e wWels vyt we ey v T ey,
[ n
T TR R TP TR L IS UK
Y 2
vh
WE SOLVE 10 OBTAN W= @ ty

2
YQ-S/zdS.

o




THW 6 By THE JOLUT(ON (EQ
! Y _q 1 !
Wor Cyr Gofe y/Zf\’}. QJ/ZJS) ]es/zd&(?r}/z

»

NOW Wo =2y & Y— t ¥  GIVE C, + C,(Zn)% : 9

Wo = -y A Yo -¥  G0Es oz

HINCE , 3/(”):12

)
Wo:=-Yy+ 2 (e“y/zfy

y e-Jz/, JJ)
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|
ANd W: s"ww..

-l 0(gh) |

EYAMPLE [0 E TEAMINACY : (A OF (1) )

Ty EXAMPLE sHow AN APTARENT  FAnURE oF

BouNd ARY  [AYER THEORY,

s w0 clexel

Ul-1) =, dp) =2
SNGE )= -X THERE 1 N0 INTERNAL LAYER  NEAR X: O

WITEAD  WE  HAVE  Boumd ARY  LAYEM WEAR X:= 1.
IN THE OUTER REGION WE EXPAND e Uot EU 4 --

THIS  VIELDS THAT U+ Ut 0 = Ut AKX f ABITHAN,

MTICE THAT g =0 go THAT ot dX AT HES

THE Full  FaQuATON,




WF  Now comsmucr A BL NEAR X=-1, @
WELET s (0Ofg W) U (-THEY) A EXPAD W g+ EW, -

1o THAT ] | .
o'+ Mo+ 0 Z)=> ot + {dui)e”)
Wol0):] — Wo(¥):

SINIARCE WEAR X:0 WE LET s (X Iy)s (1 ey)
AND WE  EXPAND V= Vot EV t- S0 THAT
Vo”* Vo' o
Vo (0022, Vofw)= d

% —r Vof)’/’d*(Z—a()e-y‘ 2

]
odX
THIS  GINVES A (OMIOITE OR UNFOMN JOLUT (0N

. -{1-X
Uiwp = d X [d+l) @ (11l +{2-4)e }/E . !

A FUNO AMENT AL DeFFicyary 1o THAT  WE  (AMNoT  DE 7 FQMINE o(

REMARKS (i) A WenER ORDER  ANALYJIS To woRPORATE TERMS

e ey SISy

of oRoFR  O(¢%) rorsoMe § 0oFs NoT DETEMME 0.

Gi) TH PHENOMENON  wA) OBSERVED BY ACKB[Re- O'MALLIY (1170)
Mo GENERATED Yo PAPERS OVER THE YEARJ,

(1) S(NILAR  OIFF(CULT(ES OCcuh FOR
EU" t XU’= 0
gety=1  l)=12,

It
THE “5o LuTioN 15 BY 8L THFORY:

~ (X)) -0/
o = v (g IRy




