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Math 551: Homeworlk 1 Solutions

is defined as the probability of reaching a specific

ProblemA: In a 3-D domain, the splitting probability u(x)
£ the other surrounding traps Qg, for

target trap g, from the initial source point & € S1\Qp, before reaching any o
j=2...,N. Then, it is well-known that u(x) satisfies Laplace’s equation

Au=0, x€MN,=UN,0;; Ooau=0, xe€df, (0.1 a)

u=1, xcg; w=0, x&UL00%;. (0.16)

Assume for simplicity that each trap Qg; is a sphere of radius ea; centered atb x5 € 1, where a; > 0.

(1) Show that & two-term expansion for u{x) in the outer region has the form

c 1 &
%~ 7\715 + dneCy | G(xix1) — el Z C;Glx%5) | +exa + Ofe?). {0.2)

g=1

Here & = (Cy + ...+ Cn)/N, where C; = a; Is the capacitance of the 5% trap, and G(x;xo) is the Neumann
. Green's fungtion satisfying

AG:ﬁ»«é(x—xo), xeQ;  0.G=0, x€bf, (0.3 0)
Gl ) ~ gy R 0) o), % 0; [ Gleso) dx =0, (0:35)

where R(xo;xq) is called the regular part of G(x;x0) at x = Xq. ’
(2) Determine explicitly the constant X, in {0.2) (Remark: you will need to use the divergence theorem on tho
problem for the third term of order O(e?) in the outer expansion).
(3) Interpret the leading-order term in the outer expansion, Is it moze or less Jilely to reach a small target sphere
or a large targel sphere? What information (qualitatively) is contained in the second order term with regards
to the probability of reaching the target site?

Solution:

(1) In the outer region, we expand u as

=g euy FEPup o (0.4)
Here ug is an unknown constant, and i for k =1, 2 satisfies »
Ay =0, x€ O\, %N} Opup =0, x€0, (0.5}

with certain singularity conditions as x -+ x; forj =1,... , N determined upon matching to the inner solution.
n the inner region near the j‘;h trap, we expand the inner solution w(y) = w(x;+ey), withy = e x-x;5),

as

w=wyEw F . (0.6)

Upon substituting (0.6) into 0.1 ) ang (0.1 b), we obtain that wy and w, satisfy
Aywp=0, y#Q; w=0du, vy, 0.70)
Hywy =0, ¥ &Sy w =0, y€oi;. 0.70)

Here Q5 = 5‘1051, and & is Kronecker's symbol, The far-fleld boundary conditions for wy and w are

determined by the maiching condition as x - %y between the the inner and outer expansions (0.6) and (0.4),

respectively, written as
U - EUy - E2Up A oo v Wy HEWL A (0.8)



(2)

The first matching condition is that wy ~ ug as Iyl = co, where up is an unknown constant. Then, the
solution for wy in the jth inner region is given by

wo = g + (G1 — u0) wely), we(y) = Ciflyl, Cj=a;m (0.9)

In this way we gel

T

C"
1wy ~ g + (851 = up) 137]' , a5 y-— 00, (0.10)

Here G = a; is the capacitance of the sphere Q; of radius a;.
From (0.10) and (0.8), we conclude that uy satisfies (0.5) with singular behavior uy ~ (81 —u0) C/1x ~ %4
as x - %; for j =1,..., N, Therefore, in terms of the Dirac distribution, w; satisfies

N
Auy = —dn > (61— ug) Gid(x~x5), x€Q5 G =0, x€dl. (0.11)
j=1 .
The solvability condition for uy, obtained by the divergence theorem, determines the unknown constant uy as

u(,:%, G (Gt Ch) . (0.12)
n terms of the Neumann Green’s function of {0.3), and an wnknown constant x1, the solution to (0.11) is
a 1
Uy = 4712(6,-1 —ug) CiG(xi x3) -+ x1, Xy = ﬁ [) uy de . (0.13)
i=t . : .

At this stage we have the two-terms expansion

Cy 1 N . : 2
w57 +AmeCy a(x;x,)—ﬁg;cja(x,xj) +ex1 4 O, (0.14)

where & = {C} + ... + Cn)/N, Cj = @; is the capacitance of the jth trap, and x1 is an unknown constant.
Next, we determine x;. We expand w; as X — Xj, and using the local behavior G(x;x;) ~ 1/ (4m]x - xil) -+ R
of G a8 x — x4 from (0.3 ), we obtain that

'(——~’|;l“,’3lc‘ + Ay x1, 88X X1, ) L
U~ “w0ls 4 Ay e e N (0.15 2)
m[x~xji"|~ g X1, BSX Xy, ] a0V

Here, the constants A for j=1,..., N are defined by

N ¥
Ay = 4dnCy Ry, 1—47Up <01R1_1 -} Z CiGI,i> i A= 4nCyGj1—4mug C;Ry5 + Z GGyl , §= 2.0, N
. i=2 ;;11
~{0.15b)
Upon substituting (0.15) into the matching condition (0.8), we obtain that the solution w; to (0.7 ) must
satisfy wy ~ A + x1 as Jy] = oo, Thus, wy = (A; + x1)(1 — w,), where w, = C;/|y|. Substituting this into
the matching condition (0.8), we obtain that ug satisfies (0.5) with singularity behavior

u2~~giécé_’;~1:jl<—]—)~, as x -+ x5, j=1,..,N. (0.16}
Pharefore, in terms of distributions, ug satisfies
N
Ay =4ny | Cy (A5 +x1)8(x - %), x€Q, 0.17)

i=



(3)

3
with Opun = 0 on x € 8§ The solvability condition for uy, obtained by the divergence theorem, determines
X1 as '

1 X
= ﬂﬁ;,{,-cj . (0.18)
Finally, we substitute: (0.15 b) for Ay into (0.18) and write the resulting expression for y1 in matrix form we

obtain that

4Gy 1 r ] )
X1 = NG [(gc)l Néc Gel . _ (0'1‘))
Here ¢ = (C4,...,Cn)T is the capacitance vector, and § is the Green's matrix
Ri1 Ghpg Gin
g=| G " : . (0.20)
; R Gp-1,v

Gyy 0 Guwn-1 Raw

From {0.2) we observe that u ~ C1/(N @), so that there is no Jeading-order effect on the splitting probability »
of either the location of the source, the target, or the surrounding traps. I1¢) =ay < Cyforj=2,...,N,the
the target sphere is smaller than the other spheres. The leading order term in w predicts that the probability is
less than 1/N, i.e. if all the spheres had the same radins then the loading order probability of hitting the target
first is asymptotically 1/N. However, this probability decreases when the target sphere has smaller radiug than
the others. The second order term in the expansion of u contains positional information of the initial starling
point, the target Jocation, and the location of the other traps. This term can show that the other braps can
act as a “shield”, making it more difficult to reach the target trap first. For examples of this please see seetion
3.1 of the paper “Optimizing the Principal Bigenvalue of the Laplacian in a Sphere with Interior Traps”, by
A. Cheviakov and M.J. Ward on my website.
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