DELAYED LOGUIT ¢ Ry AT ION

wh BREuN wWiTH
(%) YIH)’ P(Yl’c)[l*‘ll’ﬁ'?}] K> 0.

(F THERR b N0 DRLNY T RN Y=0 1§ UNJfGH@, WJ'H!C y=1 1 dfa})le.

Now  AssuME  THAT T >0 AND  CuANeh  VARWELE) - b £t
THEN  WE (A wWRAE oy BUuivALRNT Y A

S I T T

NOW  LINFARIZE  AROuM  :i EamtibhiyM. Wb PdT y=f+u wiTH el

10 OFTAN We Py o [ ][] T T T T U
+ quadralic Tomn
Ty gtg - rult-1), 1 LNEARZED  PROBLEM

Wk eyt U= EMq 0 0 8TAM

At A -0 A

e 9{ N ¢ — ﬁv‘ F'e =0
NOW Ty f\: ;QI And I\I‘)O — iﬂj +F[[0J(QI)~}J5N[QI)]:0'

744/ rCOJA-_r’-O/ QI: FJ!N(AIJ.

WE CONCLUD R TUAT &Izﬁ/l 0o OFT (ROSING  —> r:Tf/Zz Ky

Y THE s MALLEY VALUR o T Fom A u40pE  BIFURCA TN

i AT T, Tf/”( wid Ay "y
it
Wi MAVE THE P EDopic 0T N gide h AT [ﬁ%/,,)mw(ﬂ/zjj

INCE DFLAY  INDUCES OUCluATON ABOUT y= [ Wy s ’”:W/ZK'

o b EANE  THE  LIMITiNG  FORM  OF BIF uR CATION  BRANcH  NEAR

THE  HB  Ponr  owk o PuT
J(t): Yit)- |,



Wik oBTAN  THM bty r Qo Iy -] - raliz) - rulifultr) @

]J/[,t}-:—- ruft-1) - T gLt d{t-1],

wow  NEAR  THE  HB POWT WP PUT

r:lfﬁlr
i

D J= e,

Thl 10 CLAJSIC SCaLiNG FoR A HB. WE ODTAN  THAT

et (e T U - (D zlr.) U U (1),

i

2
, . .
thow TAU FQUATON  WE S EE TaAr wE o Mwi bxpad W= Tor €U s £
HOWEVER, A1 N PochRf«afNDnEoT METHOD wE REguill A FREQUENCY

SHFT Wi Pt |
“U‘(s/w) with  S=wl, W’F/Z’rEsz

i) Vis-w)s V(-0 ) U (Y -f)= vitl)

THU )
J o YI(SJ" . }:-ﬂ/z,rg'l r:AJYU*W)" 8[12-}—-*21‘-{.!] \[{J) Y[j-UU)

oW W EXPAND
MR AR ATE
W "n/z+ bW, be Wit w{,é“ﬁ/l
A YIRS T OAAT
(] + ¢ w, )[fo/+ ey s sz“v’zl]z- (lz‘u Elr‘)['ﬁ, (o) + £V, (5w €, [J-WJ]
“E(%rﬁ’F;)[Y+£Y,][VOJW+SHJWJ'



: < X ol ©
st Yo u-w)e Yo l-uoe gt )e Vo L) st Yy fa- o )
i up w O(&2) renm:

*-I . k! - . 1 - -
() EW [ e 8 ] e (T s‘r,)[you.tg)f Y, lo-ws) 1 [yz“.woj.wiﬂ%

- E[‘Flz 1 2’ r')(Yc*f\[;)[Yo{J'W@HEY,[J-wO]}
wr 7 | ] - w + R
; g ]+£[{L‘f1+w,%j{=~3_‘{o{1wo) g[ A
TR Vi)

N[-I

on”” \[oy on]

o, 7 “\{/(J-wo) -1 Y, [J.wo)

2
-0 VOYIU'WOJ -1 Y Yo l4- Wo)
2

T N1 Ry THl FOLLOWING PROBLIMY

of1) "Y’QIHJH"Y’OILUJO) Wu‘ﬁ/z_
0{¢) YII“J +.‘Y‘[J‘wo)’“h\]o[f)vo“*wo)

0(¢") "\{llu) P we ) - W "\L,'u) roul, VO’(J~w0) - Ty Yols- wo)
UUQ WO

Yo l5) Vi (d-we) - ¥ (5) V’O[J‘UUO)

Now  THE IDFA U t0 cuomE W, Jo THAT whk OBTAW A

PENODIC JOLBTION,
ME THoD | Wl

rowE Fop Y, Al

¥, M cos S
NOW h\{o(j‘w:}): M [ ‘S'-ﬁ/z) b MS"‘ }

! 1 1
T Y 1B o Yilsmh) s - Mocors sus s M sw{2s)



Now wiiT i @

~ ~ M} 218
¥ 1) V8T & 4
~ ~ )
wb tEr Y MDY ] A Pl y:¢ 8
!
Wi orRN 0B -B7- W/,
?
THy g M
2(1-17)
- I, R ! fll [0 20¢ 10w 2s
Y, - Ml Y] %lMl,.z ‘ ]’ ( ’ ))J
Voo N[ 1o (2] sm(zu]
0

Now WE Mul look AT O(&Y) RQUATN

x [
'Yzlu)f Y, (o) = = Wi Ve WY, ewe) - o Y, (;.wa)
wg WO

*Vo “)V]—(J-Wo) - vj“} Vg [J- Wy )

whk  CALCWATE:

) L
Yoldfs Mo § ‘v;’mansj Vo [5-tg) s Msws Yo [d-ui): MeosS,
Now
¥ UJ\{U-WQ)‘ MCOJS[.M}][ 200 (24-7) 1 S -T ] __M_ ZCOJS toy?s - SJN?JCoJS]
Q | 0 1o
: ‘MB[QCOJSQOJ?-J TR (Q}J] _M_ [ms RS S'NS+ sms‘ﬂ
gk ” :
10

HERp whi  ui o

COJALOJBQ _%_ I: L {A'BJ*(OJ{AfB}]/ J{NAJINB : L Ly (A- B}~ CW[A*B)] ;

L
1

Swhw B L[sn(a-B) wuﬂlAéBJ]

L
1
IN A DDITION Y I Y- wg) = M [ 1oy (24 ImS + SN} S(M]
10

- M5 [_ sWs »SN3S + L LGJS*J..LO;SS]
2 2



5
T4f EQuATioN  For Yy 1Y O

"{1[[1)\‘_{1[5‘&10) MW; swS+ Mw cosS - M oSS

Wo U

+ﬂ3 l S+ w3l +2 SNS + 1 Sm.’)s]

10

¥ M3 [ SNS - Sm3S - L (o f_L(M3J]
'I“S 2 2

We W, 10 10

: SINJ( MI LM_ +ﬂ} Tﬂ_?) +(0JJ(MWIT_M_3*_M_3
lo 20

} hfj her  harmonic

T HYy M W, = - M}/20 FLUNNATR) (o0 d T RAM

)
3N, Mu, .o M Foe Wt 3 g
.+ i 20
10 W W

T ME L0 T HAT W= - Mi/lo.

[ Mz(-,,l_. t UU03)
0 10

WTH We: B[, whk o 0BTAN T
2 o

~M/zo Al

: ¢+ M ( 3w «Jﬂ) 2t

40 10 :

Now WE  OBTAN  TuAT  FoR

- )
= I 4 EI(Q‘L)M
2 40 10

i
WE HANE  THAT ye L ehcos (ul) W-.TT/1~ M/zo 3



£M='E, ©

WioG6 $ET
N A1
T Wi Y~ T o€ (wt) uJ'-W/z» s/w
WITH ¢ [ P ) 40 THb 10 N
) — 1 CAL DEsCRIPTIQN

OF  BrrulcATion BRANCH

METHOD 2wk RE TumW 1O THE EauATiom  for Yo%, Y,
wh o WRITE

- i s
\{Q: ¢ + C.C,

THEN Yo [f-wy e @ c-e Tt

THE EQuATioN  fok Y 1

_ . R Iy s el
VY, L e Vols) Yo (mwg ) se(@ v e “i-ie e )
. N TR B B RAR)
V'([[J}‘f“ Y‘]U‘Wa)z'("le f 1 ‘}: Fe + C(‘
. 24 . L
oo pu Ve Bet o Tib- B - Bt
- 147 -1;
. - 214
HBNCE V(o) —_¢ tCC (.C.» tampiex (onjigate.
[-1i
vt : o ! i N
now Yol e Mie Vo -ws s ek ce, Yolrwa)t -0
- 218 . 13
To L8 Y, l0-we )5 [ ¢ ][_1,_9 e
-2 1+21
313 )



Now 4 UDeTTUTE I THE Y, EQUATION:

‘{ZIIJ}»‘ Y, () s~ W (e’ o) +w,[e”rc.c.) g

W, Wo
X i . ; 3 .
-_L_QSJ“_'__. E”fc.(j_ A p J_mf____Q!Jf(_C'
I-1i |- 1i -2 I-2;
THIY  YIELD,  THAT
o ! i IJ‘_;w W r l : - . 3
"iz[J)*YHI-W”’[Q [ Ay Wt L 0om L ——m-)fC.CJ‘__J__e 1 (C.
Wo Wo  I-li L 7
304
pood t
-1
Tl o EUMINATE  RE SONANCE,
ST W T - (et) - k) - 0
Wy Wo 5 5
FRoM REAL Anp  (MACINAM PART)
pal W Lclio o Weofs
5 5
IMagnary - W - -2 20 —» N3 e
W Wy 5 5 Wo Wg
THY) Wl‘-'/S, M= o3 ooL s dm -l
i 5 5 10 b

WE  LoNCLURR  THAT
Twt - l
V= | E(El ‘f(:CJ’I*QSJW{Wt) W = JI/I*E/S,L-.

WiT Y f\r\ T 21[3762)/0 THIL 1 EQUIVALEN  To
2 | REJULT FARLITL.



NEXT WE  (oNspER  THE DFIAY  EQUATION

3
) x(4-T) - X7(t)
Fon LINFARIZED  PROB (FM  NEAR X=O/

FXnT) WHEN T="/1,wm{ Falaufvgey Wy !,

Wi FIRIT NOT R THAT K1) -X{4-T)

THAT A PRRODIC JOLUTION

WF 100K AT A NFICHBORHOOD

TeW) e Ep M X(t):=yE ult) win £>0,

THEN )
x/[t) s o x (3-T)- X7 (1)

8k E i 3
(OME gy - u(t-ih-ep) - g0 it)

U=, r £, 4. AND LET S =Wt Wele sk

NOW  WT RAP AND

TARN U(5)=u(fﬁu)
T P ( S-w (T el )) . € 1{3( S)

wl(s) = .

U (g w(hren ) - )
a,D‘(j-'g/Z- £(-,D+K;_T:‘/L) ) . XU;[J}
vef e - - . - ) -3
W U[.{)f»u{s-u/l)rs[,Llfmﬂl)U'{J H/L) 21}(!}

NOw  LET e Ut T, ..

t-‘\~—(

:‘HO’J"/) QU[JH H}j{.b{ )Uo
{.

- y

L Up tere § T {4+

(It S K )| Yo f I ]* -

’Euo {JJ
THIS YIELD THAT

1, () - Tad 57y )

3

DAL S R O TR U I U +P) 0 15 U (8),



wh  WhTE  THAT /
| Uo® Acoss, Lfo [4)=- AJINS w, (59],) = Acos §

I o3
THEN, uf (1) U, 7)) ASNS 4 (K;‘:I/Z+)J)A o1 - A S

3
= A SNS {Mfu‘/l +,U} beud - A (%twsfq_fws:)

Now  BUIMMAmNe §iwd Avo (u f TERM WR QB TANW

ih=o, i sy 3y
THY {20 AN A - 4’U/j — A m

Wi ONCLupE THAT

X~ Z_\[:U_gto) {4 W HIN T=?T/1,.£})
{3

m%ene L O(Slj]t



Mechanical vibrations

Hwnn.
—
= =

= = =
Z <

&2 =5 =2
o e
=g =z

o = 9 2 o T

<= - o B S -
—

ter 2 b=

P e T ~
TI.EN\._.’
Z2 - <2 =z

2 = = =
— ke ﬂ“dw

..I-.\.lUerrlu

PFBS

S —ra

- =

=
6.1 Control engineering 2
.
Control engineering saw rapid development in many countries in the pe-
ricd immediately following the Second World War. Research groups were
set up in industrial, academic, and government laboratories. Heretofore se-
cret wartime work was widely disseminated, and new military, industrial,
and other applications of the emerging discipline were identified. Alexandr
Aleksandrovich Andronov {1901-1852) was a key figure in the development
of control engineering in the former Soviet Union during this period, vet
his name, and his contributions to control theory and nonlinear dynam-
ics, are much less well known in the West than they deserve {30} Major
figures in the promulgation of his work in the English-speaking world in-
clude Princeton mathematician Solomon Lefschetz (e.g., in [4},{131]} and
Nicholas Minorsky [164}. The latter performed an invaluable service by
reporting the Soviet state of the art in a set of {at first classified} U.S. gov-
ernment reports, which formed the basis of later published texts. Lefschetz
was convinced that the Soviet nonlinear oscillation research was a vital fleld
of applied mathematics that had been neglected in the {United States. In
the context of heavy military support for basic research created by World
War II and the Cold War, he set up a “project on differential equations”
most specifically devoted to nonlinear equations {8}, p.291.
DDE problems naturally appear in control engineering. Any system in-
volving a feedback control will almost certainly invoive time delays. These
arise because a Anite time is required to sense information and then react

T. Brneux, Applied Delay Differential Equetions, Surveys and Tutorials 109
in the Applied Mathematical Sciences 3, DOI 10.1007/978-0-387-74372-1.6;

© Springer Science+Business Media, LLC 2008

110 6. Mechanical vibrations

to ::.F the 1930s and 1940s, studies began of certain stabilization prob-
lems in which delay plays a role (Minorsky! [164]). Consider, for example,
a system whose motion is described by the following second order linear
equation

Yy oy +y =0 (6.1)

The solution of this equation with arbitrarily specified initial conditions is
a function that decays exponentially toward zero. Let us assume that the
solution is underdamped {(a? < 4) and we wish to somehow increase the
damping coefficient ¢ in order to diminish the oscillations more rapidly.
If our system is a spring-mass system then we might simply immerse the
whole system in motor oil. However, if, as in Minorsky’s case, our system
15 a ship rolling in the sea and y is the angle of tilt from the normal upright
position [166] (Figure 6.1), we must be more ingenious. We might, for
example, introduce ballast tanks, partially filled with water, on each side
of the ship. We would also have a servomechanism designed to pump water
from one tank to the other in an aitempt to counteract the roll of the ship.
It is hoped that this will introduce another term proportional to ¥ in the
equation say, by’ :

v +ay + by +y=0. (6.2)

y

mm.mc:w 6.1: Ship rolling and its control. Two ballast tanks are partially filled
with water on each side of the ship. A servomechanism pumps water from

one tank to the other trying to counteract the roll of the ship (redrawn
from Driver [184]).

Nicholas Minorsky {(1885~-1870) contributed to several problems in ship navigation
In 1922 he presented a detailed analysis of a position feedback control system iinr.
today is refered to as Proportional-Integral-Derivative {PID} control [165]. Minorsky
was born in Russia and studied at the Imperial Technical Schoo! in St. Petersburg. He
joined the Russian Navy in 1917 but immigrated to the U.S. in 1618. His experiments




Thus nstead of Eq. (6.2), we should consider
y' ray by (t—7)+y=0. (6.3)

But what would happen if the delayed control was too slow? Could the force
by'(t — 7) initiate some undesired instability? We analyze this problem in
the next section by assuming small values of a and b.

6.2 The method of multiple scales

Equation (6.1) with y(0) = 0 and ¢/(0) = 1 has an exact solution. Its
expression simplifies for small o as

y = exp(—at/2)sin{f) + Ofa). (6.4}

The expression (6.4) displays the product of two functions with distinct
time-scales, namely a fast étme t and a slow fime s = af. This suggests
seeking a solution of the DDE (6.3) for small a and & = O(a) that is a
function of both ¢ and s. Specifically, we introduce a small parameter £
defined by

E=a (6.5)
and expand b as
b=zb +.... ﬁmmv
We then seek a solution of Eq. (6.3} of the form
Y ”@OAF%V..TN@HAP mv + AQNU

where s = ¢t is defined as a slow time variable. In the method of multiple
scales [22, 124], the two times ¢ and s are treated as independent variables.
This implies the chain rules

Y= YT EYs

Yy = Y+ 2Eyss T mmwmmu (6.8)
where the subscripts mean partial derivatives with respect to ¢ or s. The
two independent time variables also mean that y(t — 7} is now a function

of both £ — 7 and s — 7. Expanding for small ¢, we have

yt— 7y =yl 7,5 —er) =y{t —7,8) —eTys{t — T, 8) + ... (6.9)
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Period doubling and chaos for large ¢ Note that the
first two bifurcations occur at by =1 and b; = 9. Here,
c=0.5, o % 4@*’.



